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A methodology for the simulation of long-term differential track settlement, the development of voided sleepers
leading to a redistribution of rail seat loads, and the evolving irregularity in vertical track geometry at a tran-
sition between two track forms, is presented. For a prescribed traffic load, the accumulated settlement is pre-
dicted using an iterative approach. It is based on a time-domain model of vertical dynamic vehicle-track
interaction to calculate the contact forces between sleepers and ballast in the short-term. These are used in an
empirical model to determine the long-term settlement of the ballast/subgrade below each sleeper. Gravity loads
and state-dependent track conditions are accounted for, including a prescribed variation of non-linear stiffness of
the supporting foundation along the track model. In parallel, a two-dimensional (2D) non-linear finite element
model of layered soil is verified versus field measurements and used to determine the support stiffness of each
sleeper in the track model. The methodology is applied to a transition zone between a ballasted track and a slab
track that is subjected to heavy haul traffic. Analyses of the influence of higher axle loads and the imple-

mentation of under sleeper pads on sleeper settlement are demonstrated.

1. Introduction

In transition zones between two different track forms, there is a
discontinuity in track structure leading to a gradient in track stiffness.
Examples include transitions between different superstructures, e.g.,
slab track to ballasted track [1], and/or between different substructures,
e.g., embankment to a bridge or tunnel structure [2-5]. Differences in
loading and support conditions at the interfaces between track super-
structure and substructure on either side of the transition may lead to
differential track settlement, voided sleepers, and an evolving irregu-
larity in longitudinal level soon after construction. This results in an
amplification of the dynamic traffic loading along the transition
contributing to the degradation process of ballast and subgrade and
resulting in a further deterioration of vertical track geometry. Hence,
track adjacent to a transition is prone to deteriorate at an accelerating
rate, and costly maintenance work to rectify the geometry and support
conditions may be required on recurrent occasions [1,6-11].

Even though ballasted track is the most common track form, modern
infrastructure for high-speed railway traffic is often built using slab track
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[1,12,13]. Compared to ballasted track, slab track has several advan-
tages, e.g., higher lateral track resistance and eliminated problems with
ballast degradation. This reduces the need for regular maintenance and
extends service life. However, should maintenance work on slab track be
required, it is often more costly compared to maintenance work on
ballasted track. Furthermore, there is less tolerance for corrections
compared to ballasted track. Over the years, the use of optimised and
prefabricated slab track systems has increased, and the initial cost ratio
compared to ballasted track has been reduced [14]. For example, the
“Moulded Modular Multi-Blocks slab-track” (3 MB) concept is a rein-
forced standard precast slab designed for both mixed and high-speed
traffic [14]. As part of the European Union’s Horizon 2020 research
and innovation programme in the projects In2Track2 and In2Track3,
this particular design will be demonstrated in the field on a short section
of track on the heavy haul line Malmbanan in Sweden with tests starting
in autumn 2022.

To reduce the required maintenance work associated with transi-
tions, various types of transition zone designs can be implemented. A
key design idea is to reduce the stiffness gradient by making the softer
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track stiffer and the stiffer track softer adjacent to the transition. Ex-
amples of solutions include applications of under sleeper pads (USPs),
auxiliary rails, approach slab, varying sleeper length/width, etc., see the
review by Sanudo et al. [6]. Another review by Indraratna et al. [10]
discusses research work carried out using large-scale laboratory testing,
field measurements in transition zones, as well as mathematical and
computational modelling. Based on a three-dimensional (3D) finite
element (FE) model that had been calibrated versus field measurements,
Paixao et al. [9] investigated the influence of USPs and their layout
along the transition zone on the dynamic behaviour of transition zones
and the reduction of vertical stiffness gradient. Chumyen et al. [15] used
a calibrated 3D FE model to study the influence of distance between the
auxiliary rails, as well as soil improvement, on the dynamic character-
istics of the transition zone. It was found that a wider distance between
the auxiliary rails can improve the design, but the positive effect of soil
stiffening was greater.

Long-term settlement of transition zones has been studied exten-
sively in the literature. Two main approaches to model and predict track
settlement have been suggested. One approach involves either a 3D FE
(continuum scale) model, incorporating yield criteria, plastic flow rules,
and hardening rules, or a discrete element (DE) model framework to
simulate the local deformations and stresses in the substructure [16-20].
The alternative approach is using a simplified one-dimensional Winkler
type model coupled with an empirical settlement formula as in Refs.
[21,22]. Such empirical formulae are typically based on cyclic triaxial
test data, reduced-scale models [23], or in situ measurements. Reviews
of existing mechanistic-empirical settlement formulae can be found in
Refs. [20,24]. In Ref. [25], empirical parameters for the prediction of
subgrade settlement were obtained by conducting triaxial laboratory
tests on different soils to investigate the plastic deformation under cyclic
loading.

In several models, the settlement is calculated and extrapolated as a
function of the logarithm of the number of load cycles. However,
generally, these models do not account for the variation and redistri-
bution of loads supporting the adjacent sleepers that occur over time due
to accumulated differential settlement and the potential appearance of
voided sleepers. Further, track irregularities evolve with each axle load
passage as for each passing wheel, the dynamic wheel-rail contact force,
the distribution of stresses within the different track layers, and the
induced settlements might be different. Compared with using a consti-
tutive model, results from empirical models have been reported to be
similar in accuracy yet depending on a much smaller number of input
parameters [26]. Constitutive models are often associated with a higher
computational cost [27].

The stresses induced in the ballast and subgrade are a key input to
both the constitutive and empirical settlement models. A common
technique is to use an integrated approach where a model of the dy-
namic vehicle-track interaction in the short term is combined with an
empirical model of the long-term settlement. For example, Sayeed and
Shahin [28] considered the effect of a moving dynamic vehicle load
when applying a 3D FE model to compute the deviatoric stresses in the
foundation that were then used as input in an empirical settlement
model. A cyclic domain model integrated with an iterative approach to
compute differential track settlement accounting for longitudinal vari-
ations in load and track characteristics was developed by Li et al. [29].

By replacing the 3D FE model with a representative, discrete, state-
dependent spring-damper model of the supporting foundation, simula-
tion time can be reduced significantly. Nielsen and Li [22] used this
approach to predict the deterioration of track geometry due to differ-
ential settlement adjacent to a rail joint. Wang and Markine [2] applied
a 3D FE model of a transition zone in their simulations of dynamic
vehicle-track interaction and stresses in the foundation, combined with
an empirically-based 1D model to compute the resulting settlement per
sleeper. Their settlement model was applied to consider the linear (long-
term) evolution of ballast settlement. Further, Wang and Markine [11]
concluded that the influence of differential settlement on track
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degradation is higher than the influence of stiffness variation in a
transition between two track forms. Also, it was confirmed that the
dynamic vehicle-track interaction is different when comparing transi-
tions from soft to stiff or from stiff to soft track forms. Based on a model
of the behaviour of granular material subjected to cyclic loading com-
bined with a vehicle-track interaction model, Grossoni et al. [30] pre-
sented a semi-analytical approach that allows for the estimation of
evolving track irregularities due to differential ballast settlement. Var-
andas et al. [21] presented a methodology to predict the settlement in a
transition zone. Like the model to be presented in this paper, their
methodology is based on simulations using a non-linear vehicle-track
interaction model and an incremental settlement model. Zuada Coelho
[31] predicted track settlement on a network scale by considering the
effects of stochastic variations in traffic and soil conditions. A semi-
analytical, frequency-domain cone model [32] based on the solution
of a 1D wave propagation problem was applied to determine the dy-
namic stiffness and damping of the soil model. Examples of track models
involving one-layer models, two-layer models with elastic/rigid
sleepers, or three-layer models with sleepers and ballast masses used in
simulations of dynamic vehicle-track interaction are reported in Refs.
[33-36].

In this paper, a novel iterative procedure for the prediction of dif-
ferential track settlement in a transition zone between ballasted track
and slab track will be presented. The track model is a non-linear FE
model accounting for gravity load, state-dependent foundation stiffness,
and voided sleepers, while the empirical settlement equation is based on
a visco—plastic material mechanics model approach. Non-linear load-
deflection curves for the foundation/subgrade, rail pads and USPs can be
considered. The dynamic vehicle-track interaction is solved using an
extended state-space vector approach, and the redistribution of load in
the track structure due to the evolving differential settlement is
considered. To demonstrate the procedure, the influence of axle load in
heavy haul traffic, and the implementation of USPs, on the long-term
differential settlement in a transition between ballasted track and slab
track will be investigated. The effect of various levels of initial
misalignment in vertical rail level between the two track forms due to
early consolidation and densification of ballast will also be studied.

2. The Swedish heavy haul line: traffic load and soil conditions

The Swedish heavy haul line Malmbanan is a single-track railway
line in the northern part of Sweden. Traffic is dominated by iron ore
freight trains with axle loads 30 t (tonnes) operating from the mines in
Kiruna and Malmberget to the ports in Narvik (in Norway) and Lulea.
The freight cars are supported and guided by three-piece bogies, and the
speed of the loaded heavy haul trains is 60 km/h. The line is also used by
passenger trains at maximum speed 135 km/h and by other freight trains
with lower axle loads. The annual traffic load is of the order of 15 MGT
(Mega Gross Tonnes) involving about 850,000 (loaded and unloaded)
axle passages per year. The track design includes 60 kg/m rails, rail
fastenings with 10 mm rubber rail pads, and concrete sleepers designed
for an axle load of 35 t. The extreme weather conditions with temper-
atures down to —40 °C in the winter and relatively warm summers lead
to recurrent issues with freeze-thaw conditions and evolving irregular-
ities in track geometry due to differential settlement. The settlement rate
along Malmbanan varies significantly depending on the local conditions
and properties of the subgrade. Track geometry car recordings (longi-
tudinal level) in the wavelength interval 1-25 m (D1) have been studied
to provide information about typical levels of differential settlement
[37]. For a selected 50 m section on Malmbanan, the degradation rate in
terms of peak to mean value was of the order of 0.3 mm/year. This has
been used as an indication of the order of typical differential settlement
on Malmbanan in case of good track conditions [37,38].

In general, the resilient behaviour of ballast is highly governed by the
kinematics and evolution of the inter-particle contact forces of the
ballast when subjected to compressive and shear loading. On a particle-
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particle level, when two particles are gradually pressed against each
other, the contact surface increases and the rate of change of the contact
stress decreases, leading to higher stiffness at higher level of applied
pressure [39]. Furthermore, in these frictional materials the magnitude
of the normal stress directly governs the magnitude of the shear stress
that can be transferred (Coulomb friction). This partly explains the non-
linear stress-strain path of ballast under compression load, where the
aggregate stiffness is increasing with increasing stress levels. This was
demonstrated in a field measurement on a track along the Swedish West
Coast line (not Malmbanan) aiming to capture the relation between
railseat load and sleeper displacement [40-42]. In that field test, an
instrumented stationary railway wagon with two vertical servo-
hydraulic cylinders was used to apply loads on the track. The ballast
was a 300 mm thick layer of 32-64 mm granite macadam. The test was
repeated by applying loads on several adjacent sleepers which had been
unfastened from the rails. The sleeper with the applied load was
instrumented with accelerometers, strain gauges, and a displacement
gauge. At the test site, a stiff frame was constructed by driving four rods
2.5 to 4 m into the ground next to the track and connecting these by
horizontal beams. This frame, shown in Fig. 1(a), was used as a rigid
reference when the sleeper displacement was measured. The resulting
static load-displacement characteristics measured for five adjacent
sleepers are shown in Fig. 1(b). It is observed that the displacement of a
sleeper end varies significantly from one sleeper to the next. For
example, the spacing between sleepers S4 and S5 was only 0.65 m.
Nevertheless, the displacement of the sleeper end to a static 50 kN force
differed by a factor of two, which might be explained by that sleeper S4
was partially voided while sleeper S5 had better support conditions.
Although the seated support stiffness seems to be relatively similar be-
tween the sleepers, it can be concluded that the ballast/subgrade stiff-
ness may vary significantly from one sleeper to the next, and that the
load-deflection curve for the ballast/sub-ballast is highly non-linear.

The most widely used model to describe the non-linear stress
dependent stiffness of unbound granular materials (such as ballast) is
the K — © model, or power law model, see [17,39],

I—m
Er(p)_Ercl'<p > 3P<0 (1)
Pref

Here, the resilience of the material is quantified by the modulus E,
which is increasing considerably with increasing stress level p. Further,
E.efis the reference elasticity modulus determined at the reference stress
Pref (with a negative sign due to compression), and m is a calibration
parameter. In this study, the reference stress is taken as pyef = —100 kPa,

(@)
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while m = 0.35 [17,29].

As mentioned in Section 1, measurements of long-term differential
settlement in a transition zone between ballasted track and 3 MB slab
track on Malmbanan at a test site called Gransjo commenced in autumn
2022. An early report on these field measurements is available in
reference [43]. To determine the properties of the layered substructure
at this site, a Multi-Surface Analysis of Surface Waves (MASW) mea-
surement has been performed. The MASW survey was designed to ac-
quire Rayleigh wave data using vertical geophones (4.5 Hz natural
frequency). The input signals were generated by striking an 8 kg
sledgehammer vertically on an iron plate. The recording time was 1 s
with a sampling interval of 250 ps. Along each section of aligned geo-
phones, the measurements were performed at 2 m distance intervals,
resulting in eight measurements along two sections each 14 m in length,
and 13 measurements along one 24 m long section [44]. An example of
the distribution of measured shear wave speed along one of the sections
is shown in Fig. 2(a). The shear wave speed Vi is directly related to the
small-strain shear modulus Gy = pV?, while Young’s modulus is deter-
mined by E =2p Vf(l + v). Based on these measurements, four layers (q
= 4) of the substructure (including the ballast and sub-ballast) with
different properties have been identified, see Table 1. The stiffness
properties from these geophysical tests are for small amplitudes of
excitation, thus mostly reflect the integrated inter-particle stiffness at
continuum scale without large particle re-arrangements. This reflects
the state of a well compacted ballast layer.

Based on the data in Table 1, a 2D (plane strain) FE model of the
layered soil has been developed in the commercial finite element soft-
ware ABAQUS. The model includes four layers: ballast, sub-ballast and
two layers of soil down to a depth of 12 m. The lower boundary of the
fourth layer is rigid. Two versions of the model have been developed: (1)
all four layers are linear elastic, (2) the ballast and sub-ballast layers are
non-linear elastic based on the model in Eq. (1), while layers 3 and 4 are
linear elastic. A hypo-elasticity material model is used to model the
materials that exhibit non-linear, but reversible, stress and strain
behaviour even at small strains. The two bottom layers are taken as
linear elastic since it is assumed that the effect of the small stress am-
plitudes due to traffic loading has a negligible effect on their elastic
performance. On the other hand, the two upper layers are subjected to
higher stress amplitudes in the elastic or quasi-elastic regime, see
[17,45].

To calculate the static load-deflection curve of the layered soil at the
test site on Malmbanan, a 70 kN static load was applied on a rigid sleeper
model placed on the ballast surface. The results for the two model ver-
sions (linear and non-linear) are shown in Fig. 2(b). Further, the

70 - - yAy v . —
Sleeper S1 7 / //
Sleeper S2 K / /
60 - / / q
— — —Sleeper S3 j / /
— — — Sleeper S4 / / /
o Sleeper S5 J ; // |
/ /
I / /
byl / / // |
<40 ;o ,
Va /
8 ;) /
S 30t Yy )/ 1
[ 7 // ,
K ly /
/ /
20+ ¥ , i
, -
8 ’
7/
s e
10 2 s q
- -~
’° -
=
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0 01 02 03 04 05 06 07 08 09 1
Displacement [mm]

(b)

Fig. 1. (a) Sketch of track and stiff frame used in the measurements on the Swedish West Coast line, and (b) applied static force versus measured sleeper end
displacement for the case with unfastened rails and forces applied symmetrically on the two railseats of one sleeper. From [40].
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Fig. 2. Measured shear wave speed distribution of layered soil (from Ref. [44]), and (b) calculated force-displacement characteristic for foundation support stiffness
at Gransjo. Linear(ised) stiffness values [kN/mm] per sleeper are indicated in the figure.

Table 1

Measured properties of the substructure layers at Gransjo. Based on data reported in [44] with layer number g, layer depth H, density p, Poisson’s ratio v, shear velocity
Vs, reference elasticity modulus E,.¢ determined at reference stress p,es = —100 kPa, resilience of material E, and minimum elasticity modulus Ep;;.

Layer q H P v Vs E Eef m Enmin
(m) (kg/m>) (CD)] (m/s) (MPa) (MPa) ) (MPa)

Ballast (linear) 1 0.3 1800 0.2 125 67.5 - - -
Ballast (non-linear) 1 0.3 1800 0.2 125 - 115 0.35 15
Sub-ballast (linear) 2 1 2200 0.3 175 175 - - -
Sub-ballast (non-linear) 2 1 2200 0.3 175 - 175 0.35 30
Subgrade layer 1 3 2 1750 0.25 350 337 - - -
Subgrade layer 2 4 8 1750 0.25 >400 800 - - -

frequency-domain cone model [32] has been used to verify the FE model
of the layered soil. The secant stiffness was determined as the ratio of
maximum applied load to the corresponding maximum displacement.
The tangent stiffness was calculated as the slope of a line tangent to the
force-displacement curve at 0.9 mm deflection under sleeper. It is
observed that the curve for the non-linear case has a high similarity with
the measured curve in Fig. 1(b).

3. Simulation model

The simulation model is based on an iterative approach where a
time-domain model of vertical dynamic vehicle-track interaction in the
short term (accounting for voided sleepers and state-dependent prop-
erties of the ballast and subgrade at each sleeper—ballast interface) is

integrated with an empirical model of accumulated ballast and subgrade
settlement in the long term [22]. The simulation procedure is illustrated
in Fig. 3. In each iteration step, one time-domain simulation of short-
term vehicle-track dynamics is performed, where the pre-calculated
static track displacement due to gravity load is used as initial condi-
tions. The calculated load maxima at the interface between each sleeper
and ballast in the ballasted track section, generated by the combination
of gravity load and each of the passing wheels of the vehicle model, are
identified and used as input to an empirical settlement model. In each
iteration step, the track model is updated to account for the current
states of the support conditions, and it is assumed that the same set of
load maxima is generated by all passing vehicles. By taking several
iteration steps, the accumulated differential settlement in the long term,
the potential development of voided sleepers and the resulting

Initial track and
vehicle model

Track displacement
due to gravity load

Dynamic vehicle-track
interaction

Iteration step
J=j+1

| For each sleeper

Update track model and
| threshold value in
settlement model

Accumulated
settlement

Sleeper-ballast force
(maximum per
wheelset passage)

Settlement increment fe—

—J

Fig. 3. Iterative procedure to predict differential settlement in a transition zone
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redistribution of foundation loads between adjacent sleepers are calcu-
lated [8].

In this section, a 2D model for the simulation of vertical dynamic
vehicle-track interaction in a transition zone between two different
track forms is presented, see Fig. 4. The transition zone model consists of
two track forms: a ballasted track and a 3 MB slab track [14]. The bal-
lasted track model and the applied methodology to simulate the dy-
namic vehicle-track interaction have been verified in reference [46].
Based on the field measurements reported in [43], a calibration and
verification of the full transition model will be carried out as the next
step in this project. To reduce simulation time, symmetric vehicle and
track properties with respect to a centre line between the two rails of the
track are assumed. In addition, a symmetric excitation due to an initial
misalignment in longitudinal level between the ballasted track and the
slab track is prescribed. This means that only the wheels on one side of
the wheelsets, one of the rails, half of the slab, and half sleepers are
included in the model. In the demonstration examples in Section 4, the
vehicle is moving from the ballasted track section to the slab track, but
the opposite traffic direction could also be considered.

3.1. Vehicle model

The iron ore wagon used for heavy haul traffic on Malmbanan in-
cludes one car body and two three-piece bogies, each consisting of a
bolster, two side frames and two wheelsets. The vehicle model in Fig. 4
has 14 degrees of freedom (DOFs), where two of the DOFs represent the
motion (vertical displacement and pitch rotation) of the car body, four
DOFs represent the corresponding displacements and rotations of the
side frames (two DOFs per bogie), four DOFs the vertical displacement of
the four wheelsets, while the four remaining massless DOFs (one per
wheelset) are interfacing the rail and are used in the formulation of the
constraint eqs. [36]. The unsprung mass of each wheelset is denoted M.
Further, Mpog and Jpog are the mass and mass moment of inertia for each
of the two side frames, while M, and J,. are the mass and mass moment of
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model also includes the primary suspension stiffness k; and viscous
damping c;, and secondary suspension stiffness k3 and viscous damping
co. For traffic on tangent track, it is assumed that the car body and
bolster are rigidly connected.

The sliding friction between bolster and side frame is modelled by a
simplified Coulomb friction model using a hyperbolic tangent function
[47]. This means that the force in the friction coupling is determined by

F = F, tanh(a ® vy;) 2

where « is a factor that determines the rate of change of the tanh
function (from —1 to +1), while vy is the relative sliding velocity be-
tween the bolster (here part of the car body) and side frame. The
Coulomb sliding friction force is defined as F. = uN., where u is the
coefficient of friction and N, the normal load (car body load) in the
sliding contact. This modelling approach can be seen as a computa-
tionally more efficient alternative to a conventional Coulomb friction
model with the advantage that the force-velocity characteristic is
smooth without any discontinuity in force between negative and posi-
tive sliding velocities.

The equations of motion for the vehicle are written in state-space
form (with superscript v denoting vehicle) as

000 0 |[x0 K. K, 0 0]|x0 Fa 1)
00050 | KK, 0l [xo | ] o
100 0 |)%0) 0 0 -1 0% 0
010 0|0 0 0 o0 —1||x0 0
0 0
BN E0
0 0
0 0

inertia for the car body (including two bolsters). The axle distance ©)
within a bogie is 4y, while the bogie centre distance is Apog. The vehicle
.
—— — .
M. . ‘
%ﬁ %F ky ¢ i, N
| | [
ky, o
My
X
e —

7777,

777777

Fig. 4. Sketch of complete vehicle and transition zone model. The track model contains rail (r), top blocks (t.b) and base slab (b.s) modelled by beam elements. The
base slab is supported by a Winkler foundation. The sleepers (s) are rigid masses supported by a spring-damper connection (representing the ballast/subgrade) with

non-linear, and potentially random, stiffness properties.
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In Eq. (3), the vertical displacements of the four massless DOFs of the
vehicle interfacing the rail are collected in the 4 x 1 vector x3(t), while
xp(t) is a 10 x 1 vector containing the non-interfacial vehicle degrees of
freedom. The DOFs in xp(t) represent the vertical displacements of the
four (half) wheelsets of the leading and trailing bogies, the displacement
and rotation of one side frame of each bogie, as well as the vertical
displacement and rotation of the (half) car body. The contact forces
between the wheels and rail are assembled in the 4 x 1 vector Fa (t).
Prescribed external loads (gravity load) are assembled in FEX, while
F{‘,N(t) contains the friction forces between car body and side frames.
Submatrices of the static stiffness matrix K", the viscous damping matrix
C', and the mass matrix M" of the vehicle are indicated in Eq. (3). The
stiffness between each wheel (w) and the corresponding massless DOF is
modelled using a non-linear Hertzian contact stiffness

Knaw = Cu(Xoap — xad<»1r'>l/27d =Ltw=12 (©)]

where Cy is the Hertzian constant, the Macaulay brackets are defined as
(*) =1 (*+e|). Subscripts 1 and t denote leading and trailing bogies,
respectively. The matrices in Eq. (3) and the adopted parameter values
for the vehicle model are given in Appendix A.

3.2. Track model

The non-linear track model, cf. Fig. 4, is a FE model with rigid
boundaries at both rail ends and at the lower connection point of each
spring/damper model representing the ballast and subgrade. The length
of the track model is 60 m (corresponding to 42 m of ballasted track and
18 m of slab track). The 60E1 rail is modelled by Euler-Bernoulli beam
theory with four beam elements in each sleeper bay. For this application,
it has been confirmed that the selected track model length and the
number of rail nodes per sleeper bay are sufficient to reach a condition at
the transition where the effects of the boundaries and the discretisation
are negligible. Each sleeper in the ballasted track section is modelled by
a discrete (rigid) element with one vertical DOF and mass ms = 150 kg.
In this paper, the sleeper distance L = 0.6 m is taken as uniform, but this
is not a constraint of the model. The sleepers and rail seats in the bal-
lasted track are numbered with indexi (i =1, 2, ... Npays-1: i > 0) starting
from the transition, cf. Fig. 4. Further input data for the track model are
summarised in Tables A.1 and A.2 in Appendix A.

The 3 MB concept is a reinforced standard precast slab design that
strives to achieve fast and easy maintainability by the use of replaceable,
precast components [14]. The rail is discretely supported at rail seat
distance 0.6 m. The rail seats in the slab track are numbered with index i
(i=-1,-2,...:i < 0), cf. Fig. 4. The 3 MB track is based on 4.8 m long
modules. Each module comprises a base slab, consisting of two longi-
tudinal reinforced concrete beams that are connected by two transverse
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beams, and eight precast moulded concrete blocks, four on each longi-
tudinal beam of the base slab. Elastomeric strips at the interfaces be-
tween base slab and blocks provide vibration attenuation and prevent
the hammering of the moulded blocks against the base slab, see Fig. 5. In
this paper, the base slab is modelled by one continuous beam, labelled
by ‘b.s’, below the layer of discrete blocks, labelled by ‘t.b’. Both layers
are modelled by Euler-Bernoulli beam theory. Each top block with two
rail seats is represented by five beam elements, while the base slab has
three beam elements per sleeper bay.

The foundation stiffness in the slab track section is modelled as linear
and any evolution of settlement is neglected relative to the settlement in
the ballasted track section [1]. This is because the contact pressure be-
tween base slab and foundation is expected to be significantly lower
than the corresponding contact pressure at each sleeper. In each time
step, the sleeper-ballast contact force at sleeper i is calculated as

) k(X — Ai(n) ) F co ks (X6 — Ai(ng) ) )0
Fopi = { ( 0 (xs?i -~ Ai(ﬂs)g <0 )> 5)

where the sleeper displacement x;; is measured relative to the sleeper
position before any load (gravity load and vehicle load) is applied on the
track model and A;(ng) is the accumulated settlement for sleeper i in
iteration step n,. The accumulated settlement at each sleeper is evalu-
ated relative to the virgin ballast surface level before any cyclic loading
has been applied. Altogether this means that the sleeper—ballast force is
zero until the corresponding calculated sleeper displacement exceeds
the initial gap of a voided sleeper. Two alternative force—displacement
characteristics for the support stiffness ky,; are illustrated in Fig. 6. It is
assumed that the ratio ¢y, ;/ky, ; is constant (here taken as 0.001, cf. [48]).

It is acknowledged that the selected track model, where ballast and
subgrade is modelled by one-dimensional (non-linear) spring and
damper elements, does not reflect the three-dimensional continuum of
the foundation or the interaction between sleepers via the ground. An
extension of the model by adding a discrete ballast mass below each
sleeper and shear couplings between adjacent ballast masses, see [49],
would be a simple approach to account for sleeper interaction via the
ground at relatively low additional computational cost. It is suggested
that the current version of the model is an attractive representation of a
non-linear track that can be used for an optimisation of the super-
structure in the transition zone. For example, it can be applied to opti-
mise the (non-linear) stiffnesses of rail pads and USPs and/or the
implementation of auxiliary rails. However, for a full optimisation of the
transition zone design including its support conditions, an extended
three-dimensional (continuum scale) model would be required but at a
higher computational cost [16-20].

A potential initial misalignment in vertical level between the slab
track and ballasted track, for example as a consequence of a densifica-

Fig. 5. A view of the 3 MB slab design consisting of base slabs, top blocks, and an elastomeric layer between the concrete layers.
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Fig. 6. Principle illustration of two alternative force-displacement characteristics for the spring modelling the foundation support stiffness (a) non-linear force-

—displacement, (b) piecewise linear force-displacement.

tion of the ballast layer after a few load cycles, can be accounted for by
prescribing non-zero values for 4;;—; for sleepers i = 1, 2, ... Npays-1, cf.
[2]. Such an initial misalignment would induce an additional dynamic
loading of the vehicle-track system (due to a magnified pitching motion
of the bogie) that would increase the settlement rate. In second-order
form, the equations of motion for the track are written as

M 0 0 K (1) Chan 0 0 Ky (1)
0 Moy, 0 Xeoup(®) p+| 0

0 0 0 0

Mo Ko (1) Cotar X (1)
K 0 0 Ko (1)
0 Koy O Xeoup(t) p = NTF,(t) + Fyp (1) + F,, (6)

0 0 Kslab

where Mbpait, Mcoups Mslab, Cballs Ceoups Cslabs Kball Keoup and Kgap are the
linear contributions to the mass, damping and stiffness matrices for the
ballasted track, a short section of track including the interface between
ballasted track and slab track, and the slab track, respectively. Thus, the
DOFs of the track model can be assembled as x* = {xbali X¥oup XHab} - In
Eq. (6), as in Eq. (3), F,(t) contains the time-variant wheel-rail contact
forces. Further, the vector Fg/1, contains the sleeper-ballast forces acting
on each sleeper in the ballasted track section, while the constant vector
Fg includes the gravity load on the superstructure. The equations of
motion for the track can be rewritten in first-order form as

A 05 SHER)-5)

_ {F;/b(t)JrF; } .
0

Note that each wheel-rail contact force in Fa (t) is distributed as
consistent forces and moments on the adjacent rail nodes using Hermi-
tian interpolation polynomials contained in the block-diagonal matrix
N, see Section 3.3 and Ref. [36]. For the vehicle model with four
wheel-rail contact points applied in the present paper, N is a 4 x 16
matrix.

3.3. Constraint equations

In each time step, the position of the vehicle along the track model is

Ccoup 0 Xlnup (I) +.

determined, and each wheel-rail contact force is distributed on the two
adjacent rail nodes based on the Hermitian interpolation polynomials
[50-52]

32 23 22 3
R (8a)
352 253 52 53
No=Tr =Ty M= (8b)

The interpolation polynomials are assembled in the matrix N with &
being a local length co-ordinate for each beam element. The constraints
on the interfacial displacements, velocities, and accelerations for the
massless DOFs xy of the vehicle upon assuming a prescribed vehicle
speed v(t), and considering the Coriolis and centripetal accelerations
that occur because the vehicle model is moving along the track model,
are formulated as

X, (1) = Nxj, (1) +x" (9a)
dN '

X, (1) = N¥;, (1) +d—§vx:m (1) +x" (9b)

§ d>N dN . dN

Xa (t) = NX:m(t) + dTEJVZX:nl(Z) + 2 d_é VX:-'m(t) + d_évx:nl(t) +X (9C)

with X and X' defined as

. dxirr . dZXirr d)-(irr

X' = vand X" = V4 —— 10

ae T ae 10

The first term on the right-hand side of Eq. (9¢) can be recognised as
the acceleration of the track. Egs. (9b) and (9¢) can be rewritten as, cf.
[36],

X, (1) = T(0)%,, (1) + U(0)x;,, (1) + X (11a)

%, (1) = T(0)%,, (1) + R, (1) + S(Ox, (1) + X (11b)

where

T(1) = N, U(1) —‘(’iizv 110
_ 4N &N, dN

R(7) = 2d—§v,S(t) d_ézv +d_§ (11d)
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Here x'™ contains the prescribed wheel/rail surface irregularities
(neglected in the present paper), while x},; contains the four rail DOFs
that are adjacent to each wheel-rail contact.

3.4. Initial conditions of vehicle and track displacements

To reduce the time for each simulation of dynamic vehicle-track
interaction, the vehicle is set to start from a position between the left rail
boundary and the transition, but where the vehicle is not yet signifi-
cantly influencing the dynamic response of the transition. For the track

model, the initial displacement vector x&(t = 0) = {xf;al{ init XE’OHTP, init

x§1a£, init} due to the gravity loads of vehicle and track is calculated by
solving the non-linear matrix equation

Ko 0 0

0 Kcmlp 0 X;nil - Fs(al (X:nil) = 0-, (123)
0 0 Kslab
Fslal (X:ni&) = NTFa(t = 0) + F‘a‘ + F’/b (X:nil) (lzb)

Here each element in F4(t = 0) corresponds to the static wheel load
(half of the axle load). Eq. (12a) is solved in Matlab using the solver
fsolve (with the trust-region dogleg algorithm). As in Egs. (12a) and
(12Db), Kpai, Keoup, and Kg,p are the linear stiffness matrices for the bal-
lasted, coupled, and slab sections of track excluding the state-dependent
stiffness of the ballast/subgrade below each sleeper in the ballasted
track section.

3.5. Simulation of vertical dynamic vehicle-track interaction

For a case where the track model can be taken as linear and a
complex-valued modal superposition can be applied to reduce compu-
tational cost, the methodology for the simulation of vertical dynamic
vehicle-track interaction is described in detail in Nielsen and Igeland
[36]. In this study, where the track model is non-linear, the simulation is
instead performed by a direct integration in the time domain. However,
note that a methodology for the simulation of differential settlement in
ballasted track, using a complex-valued modal superposition approach
for the linear partition of a state-dependent track model, was presented
in [22].

An extended (mixed) state-space vector 2(t) is introduced as.

2(1) = {X"T T TR T F, (1) } (13)

It includes the displacements x' and velocities x' of the transition
zone track model and the displacements x’ and velocities x* of the
vehicle model. Further, it contains the impulses F,(t) = JFu(t) dt of
the wheel-rail contact forces. This allows for that all equations of motion
for vehicle and track, and the constraint equations coupling the vehicle
and track, can be assembled in one first-order matrix form as

A(z, 1) +B(z, 1)z = F(z,1) 14)
with
oM 0 0 0 0 -N
I 0 0 0 0 o 0
0 I 0 0 0 0 I
Azn=]|0 0 0 0 0 M, 0 (15a)
0 0 0 I 0 0 0
T 0 0 0 -I 0 0
R T -10 0 0 0
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K C 0 0 0 0 0
0 -T 0 0 0 0 0
0 0 K, K, 0 0 1
Bz)=|0 0 K, K, 0 C, 0 (15b)
00 0 0 0 -1 0
U 0 0 0 0 0 0
S 0 0 0 0 0 0

Eq. (14) contains the governing equations of motion for the track, Eq.
(7), for the vehicle, Eq. (3), and the algebraic constraint equations, Egs.
(9b) and (9¢). The mixed force vector F is written as

. . T
F(Z7 [) — {FZ}; (l) + F;T OT OT Fg.en.T ([) OT X i } (16)

The initial value problem for the solution of the transient vibration
problem is then obtained as

i=A"(F-Bz),z(t=0) =2z a7

where 2 includes the initial state from Section 3.4. In the present study,
the solution is obtained by using MATLAB’s moderately stiff differential
equation solver ode23s.

3.6. Settlement model

The aim of the iterative procedure, see Fig. 3, is to calculate the long-
term accumulated differential settlement and track geometry degrada-
tion for a given traffic load corresponding to a given number of load
cycles (wheel passages). In each iteration step, after solving the short-
term vehicle-track interaction problem in the time domain, the time
history of each sleeper-ballast force is calculated in a post-processing
step using the FE model of the track. For each vehicle model passage
in iteration step j (j = 1, 2, ... n), the incremental settlement §;; [m] at
sleeperi (i =1, 2, ... Npays-1) is formulated as a function of the maxima
of the sleeper—ballast contact force F

B
Ny Ni <max(F;/b,,-)n — Fny > ‘
&= % - 18)
n=1 | k=1 0

where Ny, is the number of wheels in the vehicle model (here, Ny, = 4).
Within each iteration step, it is assumed that the set of max (Fs ;) re-
mains the same for all vehicle passes such that a linear extrapolation of
the settlement increment to represent up to 10° load cycles can be car-
ried out, see below. The order Nj of the polynomial formulation and the
corresponding parameters ax and Sy are empirical, while Fp = 1 kN is a
reference contact force with a unit such that the term within the square
brackets becomes non-dimensional. The settlement model used here is
similar to the one suggested by Sato [53] in the sense that there is no
accumulation of permanent ballast/subgrade deformation if the
maximum sleeper-ballast contact force generated by a passing wheel is
below a certain threshold value Fy, ;. This is reflected in Eq. (18) by the
Macaulay brackets. Furthermore, it is assumed that the model provides
the permanent deformation accounting for all the layers of the
substructure.

The accumulated settlement at sleeper i after ng iteration steps
(corresponding to Ny wheel passings) is calculated by summing the in-
cremental settlements calculated for each preceding step j as

NGRS Y 19)
=

In the next iteration step, these accumulated settlements are applied
in the updated track model. For each sleeper i, it is assumed that the
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current threshold value Fy, ; is dependent on the accumulated settlement
A; as:

Fyi(4;) = Fineo — (Flh‘oo_Flh.())eiyA( (20)
where Fy, ¢ is the virgin threshold value before any traffic loading has
been applied, Fip,,  is the long-term threshold value corresponding to a
completely stabilised (consolidated) track, while y is a parameter that
determines the rate of hardening. The parameters of the threshold value
are track site specific. Thus, in future work, these parameters (as well as
ay and fy) need to be calibrated against field measurements. As inspired
by a visco-plastic material mechanics formulation, the threshold value is
dependent on the accumulated settlement. This leads to a non-linear
hardening (increase) of the threshold value with increasing settlement,
see Fig. 7, and consequently to a decreasing settlement rate with
increasing accumulated traffic load.

In each iteration step, up to 10° load cycles (corresponding to 3 MGT
of traffic with loaded iron ore trains) are considered. However, an
adaptive step length is applied such that the maximum allowed settle-
ment increment 5™ per iteration step is limited. If the increment ex-
ceeds 8™, a linear interpolation is applied. A convergence study on the
influence of the settlement increment per iteration step on the accu-
mulated settlement was presented in [22], and it was concluded that
5™ = 0.2 mm provides a reasonable compromise between accuracy and
computational cost.

The number of load cycles Nj;; in iteration step j is determined by the
maximum settlement increment appearing at any of the sleepers in the
model. Thus, if max(§; ;) > 6%, all calculated &; j are scaled linearly
such that

5max
ij = T e \Yij 21
! max(é,- J) ! @D
The number of load cycles accounted for in iteration step j is
N, = o 10°, (22)

max(&,»z,-)

where N is converted to the nearest integer. However, if max(§; ;) <
8™ then the & ; calculated by Eq. (18) are maintained and Ns; = 10°.
This procedure is used to limit the change of characteristics for the state-
dependent ballast/subgrade models between two consecutive iteration
steps.

75

70

55

Threshold value Fth [kN]

50 H

45

Fig. 7. Influence of hardening parameter y and accumulated settlement A; on
threshold value Fy, (here: Fy, o = 45 kN and Fy, o, = 75 kN).
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4. Demonstration of model

To demonstrate the iterative model presented in Section 3, a
parameter study has been carried out to investigate the influence of the
different input parameters of the empirical model on the predicted
sleeper settlement. Further, the effects of increasing the axle load and
implementing USPs in the transition zone on the dynamic vehicle-track
interaction and sleeper settlement will be studied. Piecewise linear and
non-linear models of the sleeper support (ballast and subgrade) will be
compared. One-way traffic of loaded iron ore trains at speed 60 km/h in
the direction from stiffer track to softer track is assumed.

A random variation of support stiffness can be prescribed along the
track model. However, in this study, it is assumed that the bed modulus
[(N/m)/m?] of the virgin foundation is uniform along and across the
track on both sides of the transition. Since the base area of the sleepers is
smaller than for the base slab, the stiffness of the foundation is lower on
the ballasted side. On the other hand, the rail pad stiffness is lower on
the slab track side. Altogether, the static track stiffness at rail level is
higher on the ballasted side leading to a gradient in track stiffness that
contributes to the dynamic (transient) excitation of the vehicle-track
system, see Fig. 8.

Based on the tangent stiffness evaluated for the non-linear soil
model, see Section 2 and Fig. 2(b), the linearised support stiffness per
half sleeper is taken as ky; = 100 kKN/mm (i = 1, 2, ... Npays-1). Since the
base area of half a sleeper is 0.34 m?, this corresponds to a bed modulus
kein the order of 300 MN/m?, see Table A.2 in Appendix A. It is assumed
that the same bed modulus can be applied on both sides of the transition.
Thus, the Winkler bed stiffness for the base slab ks = 168 (kN/mm)/m. In
combination with the different stiffnesses at each rail seat for the two
track forms, this leads to a gradient in stiffness at rail level occurring at
the transition, see Fig. 8. The selected value for the piecewise linear
stiffness of the sleeper support is used in the simulations referred to as
‘linear’, see below. For the ‘non-linear’ simulations, the non-linear
force-displacement curve illustrated in Fig. 2(b) has been applied for
all sleepers.

As an example, the calculated displacement for Sleeper 5 in iteration
1 is shown in Fig. 9(a). The corresponding sleeper—ballast contact force
is illustrated in Fig. 9(b). It is observed that the sleeper displacement
from the non-linear model is significantly larger than from the linear
model due to the lower support stiffness at low loads, while the
maximum sleeper-ballast contact force from the non-linear model is
slightly higher than from the linear model. For both sleeper support

140 w
= With USPs
—— Without USPs
130 -~~~ Transition
€
= 120 b
X,
12}
173
2110 }
b=
k7]
x
§ 100 ]
©
Q
£ 0 A
>
80 q
70 . .
-10 -15

Rail seat number [-]

Fig. 8. Static track stiffness at rail level along the transition with or without
USPs on the ballasted side. The vertical line indicates the position of the
transition. Rail seat numbers are positive on the ballasted side.
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Fig. 9. Calculated (a) sleeper displacement and (b) sleeper—ballast contact force evaluated for piecewise linear and non-linear models of the sleeper support stiffness.

Results are presented for Sleeper 5 from the transition, first iteration

stiffness models, the sleeper—ballast force drops to zero when there is
loss of contact between sleeper and ballast.

4.1. Parameterization of empirical settlement model

When applying Egs. (18)-(20) to predict the accumulated settlement
under each sleeper, the following input parameters are required: Fi, o,
Fih, o> 1> Ni, ax and fy. In this paper, it is assumed that a first-order form
of Eq. (18) is sufficient. Thus, Ny = 1 and $; = 1. The influence of the
remaining parameters Fi, o, Fih, o, 7 and a; on the simulated accumu-
lated settlement after three years of traffic is studied next. To tune the
input parameters, the uniform settlement rate of the ballasted track
model at sufficient distance from the transition is compared to the dif-
ferential settlement rate measured for well-supported track sections on
Malmbanan. Track geometry degradation on a 10 km section of track
between Kaisepakte and Stordalen (km 1484-1494) on the northern
branch of Malmbanan was evaluated in [38]. Based on recurrent track
geometry car measurements between 1997 and 2016, a representative
degradation rate in terms of peak to mean value for a track support in
good condition can be expected to be in the order of 0.3 mm/year.

For an accumulated traffic load of 45 MGT (three years of traffic with
loaded iron ore trains), the influences of Fy, o, Fih, o, ¥ and a; on the
accumulated settlement per sleeper along the transition zone are
quantified and illustrated in Fig. 9. The applied reference input to the
model was Fy, o = 45 kN, Fip, oo = 75 kN, y = 0.5, and @; = 1 mm per 10°
load cycles. Then, one parameter was varied at a time while the other
parameters remained at their reference values. An initial vertical rail
misalignment was assumed by prescribing Ajpiy = 2 mm uniform set-
tlement for all sleepers on the ballasted side in the first iteration. Note
that the stiffness gradient and the initial rail misalignment leads to a
pitching motion of the two bogies and the car body resulting in a tran-
sient dynamic loading of the track and higher sleeper-ballast forces
adjacent to the transition [54]. This leads to larger accumulated settle-
ments for the sleepers adjacent to the transition, which can be observed
as a local maximum in settlement near the transition in all figures.

In Figs. 10(a,b), it can be seen that the accumulated settlement per
sleeper is increasing with decreasing y and Fyp, o. For lower values of y,
the change in accumulated settlement is significant as the threshold
value remains relatively low also for larger accumulated settlements.
Further, in Figs. 10(c,d), it is observed that the accumulated settlement
is increasing with increasing values of @; and decreasing values of Fip, .
It can be argued that lower values for the initial and infinite thresholds

10

correspond to a track support that is more susceptible to settlement. By
comparing the accumulated sleeper settlement far from the transition
(as measured from the initial state) after three years of traffic with the
measured reference settlement rate from Malmbanan, see above,
reasonable input data to the settlement model can be determined. Based
on this initial parameter study, it is observed that the reference input
data listed above leads to a predicted accumulated settlement in the
order of 1.2 mm, which is in qualitative agreement with the measured
settlement rate. Thus, the applied settlement model with the reference
setup has been verified and will be used in the following simulations.
Further, an adaptive step length (number of load cycles) has been
applied such that the maximum allowed settlement increment 6™ =
0.2 mm, see Section 3.6 and Ref. [22]. A further calibration of these
input data will be carried out based on the long-term field test on
Malmbanan that commenced in autumn 2022, see Section 1 and [43].

The influence of different prescribed initial levels Ay, for all sleepers
in the ballasted track section on the accumulated sleeper settlement after
three years of traffic load is illustrated in Fig. 11(a). It can be concluded
that a large initial misalignment at the transition, for example due to
early consolidation and densification of the ballast or an error in the
initial levelling of the track, will lead to a substantial dynamic loading of
the system and a larger dip in rail level adjacent to the transition.

To illustrate a result from the iterative calculation procedure up to an
accumulated traffic load of 45 MGT, the calculated accumulated sleeper
settlement after each iteration step is shown in Fig. 11(b). For the
considered vehicle load and the given parameters in the applied settle-
ment model, a continuous accumulation of settlement below all sleepers
in the ballasted track is observed. However, as discussed above, due to
the stiffness variation and the misalignment in rail level there is a dy-
namic excitation of the vehicle-track system leading to more settlement
(local maximum) at the sleepers adjacent to the transition. This will
create a loop of increasing dynamic excitation of the system leading to
higher sleeper-ballast contact forces, further settlement, etc. Note that
the development of voided sleepers near the transition leads to a
redistribution of load to the adjacent sleepers (towards higher sleeper
numbers). This will generate higher settlement at these adjacent
sleepers, and a small shift in the location of the local maximum away
from the transition. However, due to the increase (hardening) of the
settlement threshold value with increasing accumulated settlement,
there is eventually a stabilisation (slowing down) of the settlement.
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Fig. 10. Influence of input parameters on accumulated sleeper settlement A after three years of traffic (45 MGT): (a) hardening parameter y, (b) initial threshold
value Fy,, o, (¢) scaling parameter a;, (d) infinite threshold value Fy, . Initial rail misalignment due to initial level of ballast Ajpj; = 2 mm. Sleepers are numbered
from the transition. Slab foundation stiffness 168 (kN/mm)/m, support stiffness per half sleeper 100 kN/mm.

4.2. Axle load and implementation of USPs

To evaluate the influences of stiffness gradient and initial misalign-
ment, the dynamic responses of the transition zone with or without
initial misalignment on the ballasted side will be compared. Thus, in the
model of the transition zone without initial misalignment, only the
stiffness gradient between the ballasted track and slab track has been
considered. The influence of axle load on the calculated time history of
the vertical wheel-rail contact force at the transition is illustrated in
Fig. 12(a). It can be concluded that the stiffness gradient at the transition
leads to a minor contribution to the dynamic load, while the influence of
the irregularity is more significant. The corresponding calculated rail
displacement due to gravity load (no vehicle load, cf. Section 3.4) due to
the accumulated sleeper settlement after a traffic load of 45 MGT is
shown in Fig. 12(b). For the same initial misalignment, it is observed
that an increase of axle load leads to a considerable increase of settle-
ment, both in terms of a higher uniform settlement away from the
transition and a larger local maximum (dip). The influence of stiffness
gradient and axle load is further studied in [54].
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Next, the influence of implementation of USPs in the transition zone
is investigated. USPs in transition zones are used as a specific measure in
track superstructure design to smoothen and reduce the gradient in track
stiffness at rail level. Based on input from Getzner [55], the dynamic
bedding modulus of the applied USP has been selected as 0.42 N/mm?®.
Considering a sleeper base area of 0.68 m? [56], this results in a discrete
spring stiffness of 142 kN/mm per half sleeper to represent the stiffness
of the USP that is coupled in series with the already considered support
stiffness kp; of the ballast and subgrade. The influence of implementing
USPs on the maximum sleeper-ballast contact force at the transition
after one iteration is illustrated in Fig. 13(a). As expected, it can be
observed that the USPs lead to lower sleeper—ballast contact forces due
to a better load distribution along the track model. When considering all
cases illustrated in Fig. 13(a), sleeper—ballast contact forces are gener-
ally higher for Sleepers 3-7 than elsewhere, and the maximum slee-
per-ballast contact force exceeds the initial threshold value for all
sleepers except Sleeper 1.

The maximum sleeper-ballast contact force evaluated over all
sleepers along the transition in each iteration step is shown in Fig. 13(b).
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It is observed that the maximum sleeper-ballast contact force for the
non-linear model without USPs (axle load 30 t) is higher than for the
corresponding linear model without USPs because the secant stiffness of
the non-linear model is lower than the linearised stiffness 100 kN/mm,
leading to a better distribution of load along the track model. Further, it
can be seen that the maximum sleeper—ballast contact force in the early
iteration steps is higher than in later iterations. In combination with the
lower threshold value for smaller accumulated settlement, this leads to a
higher sleeper settlement rate in the early iteration steps, see Fig. 13(c).
The use of USP reduces the track stiffness at rail level and leads to a
wider distribution of load along the sleepers and along the track. Thus,
by implementing USPs, the maximum sleeper-ballast contact forces are
reduced, see Fig. 13(b), as well as settlement rate and accumulated
settlement, see Figs. 13(c,d). Note that the influence of USP may vary
depending on the specific USP parameters and track configuration, see
Refs. [49,50]. For example, in this study an improvement can be found
at higher axle load compared to the results without USP due to more
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uniform contact pressure, see Fig. 13(d). As a result, to determine the
benefit of USP, a further investigation including predictions of long-
—term ballast settlement and dynamic behaviour is required.

5. Conclusions

An iterative procedure to predict the long-term degradation of lon-
gitudinal level in a transition zone between ballasted track and slab
track due to differential accumulated settlement of ballasted track has
been presented. Gravity loads and state-dependent track conditions are
accounted for, including situations involving a prescribed (and random)
variation of sleeper support stiffness along the track model. Non-linear
load-deflection curves for the foundation/subgrade, rail pads and
USPs can be considered. An empirical settlement model based on a
visco-plastic material mechanics model approach has been presented,
and the influence of its input parameters on the predicted settlement has
been investigated. The applied settlement model is similar to the one
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Fig. 13. The influence of implementing USPs on sleeper settlement after three years of traffic (45 MGT, Ajpir = 2 mm). Case A: linear model of the sleeper support
stiffness and axle load 30 t; Case B: linear model of the sleeper support stiffness and axle load 32.5 t; Case C: non-linear model of the sleeper support stiffness and axle
load 30 t. (a) Maximum sleeper-ballast contact force along the transition zone in the first iteration, (b) maximum sleeper-ballast contact force per iteration evaluated
over all sleepers, (c) maximum accumulated sleeper settlement per iteration evaluated over all sleepers, (d) accumulated settlement per sleeper along the transition

zone after 45 MGT.

suggested by Sato [53] in the sense that an increment in settlement only
takes place if the sleeper-ballast contact load exceeds a threshold value.
However, the threshold value is dependent on the accumulated settle-
ment. This leads to a non-linear hardening (increase) of the threshold
value with increasing settlement, and consequently to a decreasing
settlement rate with increasing accumulated traffic load. The level of
simulated uniform settlement away from the transition has been verified
against measured data from the field. The procedure has been demon-
strated for heavy haul traffic by simulating the long-term degradation of
longitudinal level as initiated by a prescribed misalignment on the
ballasted track side, as well as the influence of increased axle load and
the implementation of USPs.

It has been shown that the distribution of forces transmitted to the
ballast varies considerably along a transition zone. This is due to the
stiffness gradient at the transition, but even more so should there be an
initial misalignment in rail level at the transition for example due to a
densification of ballast after the first few load cycles. In both cases, a
transient pitching motion of the passing vehicles is generated leading to
a contribution to the dynamic loading. This results in higher levels of
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settlement at sleepers near the transition than elsewhere because the
sleeper-ballast contact forces are higher and exceed the prescribed
threshold value in the settlement model. The linearisation of the sleeper
support stiffness model, representing the properties of the track sub-
structure, leads to an underestimation of the accumulated settlement of
the ballast.

As expected, the uniform settlement ahead of the transition and the
vertical track irregularity (local maximum in rail displacement due to
gravity load) at the transition were found to increase with increasing
axle load. It was shown that the consideration of a non-linear hypo-
elastic model for the ballast and sub-ballast is a viable and adequate
option for the constitutive representation of the ballast and sub-ballast
in these long-term simulations. Nevertheless, the alternative of a
linear(ised) model is convenient from the point of view of computational
effort.
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Appendix A. Input data for track and vehicle models

The input data to the Euler-Bernoulli beam elements and discrete spring and damper elements used in the track model are presented in Tables A.1
and A.2. Each layer of beam elements has bending stiffness EIA,1 mass my per unit beam length, width ba and height ha that may vary along the
longitudinal track coordinate. Subscripts ‘r’, ‘t.b’, and ‘b.s’ denote rail, top block, and base slab, respectively. In Table A.2, the subscript ‘f* denotes
foundation, while ‘r/s’, ‘r/t.b’, and ‘t.b,b.s’ denote the coupling between rail-sleeper and rail-top block and top block-base slab, respectively.

The input data for the vehicle model collected from Refs. [1,57] are listed in Table A.3. However, the model of sliding friction between car body
and side frame has been modified. The vehicle model was validated against a more extensive and three-dimensional model in the commercial software
GENSYS. The masses M., Mpog, and M, denote the mass of the car body, bogie, and wheelset, whereas J. and Jy,og denote the pitch inertia of the car
body and bogie. Further the stiffness and viscus damping of the primary and secondary suspensions are denoted k3, ks, c1, and ca, whereas 4,, denotes
the longitudinal wheelset spacing in a bogie, and Ap,g denotes the longitudinal distance between the two bogie centra.

Table A.1
Beam properties in the track model.
Rail EI, = 6.4 MNm? m; = 60 kg/m
Top block Elp = 11 MNm? mep = 275 kg/m bip = 0.55m hip = 0.2 m
Base slab El, s = 23.45 MNm?> myp.s = 375 kg/m bps= 0.6 m hps = 0.25m
Table A.2
Stiffness and damping of resilient layers in the track model. Note that k¢ and cy are stiffness and damping per unit area, respectively.
Stiffness k¢ = 300 MN/m?® ke/s = 120 MN/m ke/eh = 40 MN/m Kkeb/bs = 1.0 GN/m®
Damping ¢f = 246 kNs/m® ¢r/s = 25 kNs/m ¢r/eb = 10 kNs/m Ctb/bs = 250 kNs/m
Table A.3
Parameter values for vehicle model with axle load 30 t.
M.=111x 10° kg Je = 1.7x 10° kgm? k; = 30 MN/m ¢1 = 70 kNs/m Apog = 6.77 m
Mpog = 800 kg Jbog = 730 kgm2 ko = 3.75 MN/m c2 = 10 kNs/m Aw=178m
M, = 1341 kg Jy = 100 kgm? a =5 u=0.25 N = 550x 10° N

For the vehicle model, the mass, damping, and stiffness matrices specified in Eq. (3) are given below. The four interfacial DOFs (between wheel and
rail) are indicated by subscript a. The 10 non-interfacial DOFs are indicated by subscript b, where DOF numbers 1-4 correspond to DOFs of the leading
bogie, DOF numbers 5-8 of the trailing bogie, and DOF numbers 9-10 of the car body.

M, O 0 0
M, O 0

110
My = Myip = 21 0 0 My, 0| (A.1a)
0 0 0 Joog
1M, 0
M. = 2 [ 0 Jc:| s (A.1b)

Mbl,bl 0 0
M;b = 0 Mbl,bl 0 ) (A 1 C)
0 0 M.

1 Replace B with k or ¢ depending on if it is a spring or a damper.
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