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Abstract
An important class of localized surface plasmon resonance (LSPR)–based sensors implies the fabrication of an array of 
plasmonic metal nanoparticles on the support in combination with a thin protective dielectric layer. If needed, this layer 
can be covered, e.g., by a suitable thin biological layer, e.g., a lipid bilayer with receptors. The attachment of analyte (e.g., 
protein molecules or vesicles) to such interfaces is tracked via its indirect optical effect on the LSPR-related peak extinction 
wavelength. Such sensors have been commercialized and are now used to study biological soft matter. The length scale of the 
local field able in probing analyte around plasmonic nanoparticles is in this case on the order of 20 nm. Conceptually, these 
LSPR sensors are similar to the SPR sensors which were developed much earlier. Herein, the similarities and differences 
in the formalisms used to interpret SPR and LSPR measurements are discussed in detail. In particular, the exponential and 
power-law attenuation functions employed in these formalisms to describe the drop of the field are compared from various 
perspectives. The applicability of the power-law attenuation function in the context of LSPR is illustrated by using a generic 
model describing spherically shaped plasmonic metal nanoparticles. This model is also employed to illustrate the sensitivity 
of LSPR sensors with respect to various quantities. Among more specific results, the available expressions for the signal 
reduction factor for analyte nanoparticles of various shapes are collected and complemented by new ones. In addition, the 
equation describing the LSPR signal related to analyte attachment to a rough surface is presented.

Keywords LSPR and SPR sensors · Formalism · Sensitivity · Attenuation function · Reduction factor · Evanescence field

Introduction

The current rapid progress in basic nanoscience goes side 
by side with the efforts to use the corresponding results in 
applications [1, 2]. One of the best illustrations here is nano-
plasmonics with its numerous applications (reviewed, e.g., in 
[3–5]). Among them, one of the best examples is the devel-
opment of LSPR sensors for studies of various processes at 
interfaces (as it was first reviewed in [6]). Typically, such 
a sensor represents an array of ∼ 100-nm-sized plasmonic 
metal nanoparticles, e.g., nanodiscs ( ∼ 100-nm diameter and 
∼ 20-nm height) fabricated (e.g., by using hole-mask colloi-
dal lithography) on a dielectric support and covered by a thin 

protective dielectric film. The location of metal nanoparti-
cles is disordered, and the average centre-to-centre distance 
between them is appreciable, roughly two times larger than 
the diameter. The LSPR measurements are usually conducted 
via transmission mode, whereby the spectrum of transmit-
ted white light that passes through the sensor surface is col-
lected for identification of the LSPR-related peak extinction 
wavelength, �max . Analyte is tracked by measuring the cor-
responding shift, Δ�max , of �max . Basically, such sensors are 
formed of plasmonic nanomaterials and typically aimed at 
nanomaterials. Depending on the type of the interaction of 
analyte with plasmonic nanoparticles, the sensors under con-
sideration can operate in the direct and indirect regimes [6].

In the direct regime, the analyte penetrates into plasmonic 
metal nanoparticles and literally interacts with them. The 
best example is perhaps tracking of the presence of hydro-
gen in air [7]. In the corresponding sensors, the protective 
layer lets hydrogen through, and it is reversibly absorbed by 
plasmonic nanoparticles, so that the sensor output, Δ�max , 
is determined by the hydrogen uptake. From the perspec-
tive of hydrogen absorption, the most suitable plasmonic 

 * Vladimir P. Zhdanov 
 zhdanov@chalmers.se; zhdanov@catalysis.ru

1 Section of Nano and Biophysics, Department of Physics, 
Chalmers University of Technology, S-41296 Gothenburg, 
Sweden

2 Boreskov Institute of Catalysis, Russian Academy 
of Sciences, 630090 Novosibirsk, Russia

http://crossmark.crossref.org/dialog/?doi=10.1007/s11468-023-01812-1&domain=pdf


 Plasmonics

1 3

metal is Pd. At room temperature, it easily absorbs appre-
ciable amount of hydrogen in the stepwise fashion due to 
the first-order phase transition. The latter is inconvenient 
in the context of sensing. To make the response gradual, 
Pd is alloyed with another metal, e.g., Au ( ∼ 5 − 8% ; see 
experiments [7] and DFT-based analysis of the correspond-
ing absorption isotherms [8]). Such sensors are now superior 
in the context of detection limit and response time but have 
not been commercialized yet.

In the indirect regime, the analyte is deposited on the 
protective layer or on a thin layer covering the protective 
layer and does not directly contact plasmonic metal nano-
particles. The light-induced electric field acting on analyte is 
composed of the intrinsic electric field of light and the field 
related to polarization of a plasmonic nanoparticle. Due to 
the difference of the analyte dielectric permeability and that 
of the surrounding medium (e.g., water), analyte influences 
the electric field inside plasmonic nanoparticles, and this 
feedback results in the observed signal, Δ�max . The LSPR 
sensors of this type were commercialized (e.g., by Insplorion 
AB, Gothenburg, Sweden) and are now in the use especially 
in studies of biologically relevant soft matter as reviewed in 
[9, 10] (among complementary reviews, I can mention, e.g., 
[11–14]). The focus is often on the changes in the shape of 
adsorbed biomolecules [15–17] and biological nanoparticles, 
such as lipid vesicles under various conditions [18]–[27]. 
Remodeling of a supported lipid bilayer with the formation 
of buds and tubules has been explored as well [28].

As usual for scientific instruments, the development, 
function, and interpretation of the output of the LSPR sen-
sors are based on the general physical concepts and corre-
sponding formalism. From this perspective, the theoretical 
basis underlying such sensors can be improved. Follow-
ing this line, I focus herein on the indirect LSPR sensors. 
Conceptually, the physics behind such sensors is qualita-
tively similar to that behind the SPR sensors employing a 
thin plasmonic metal film (typically Au). The latter sen-
sors and corresponding formalism were developed long ago 
(reviewed in [29–31]). With some reservations, this formal-
ism was literally used in the first applications of the LSPR 
sensors (reviewed in [32]). Despite subsequent modifica-
tions (briefly reviewed in [27]), the LSPR formalism is still 
incomplete and has not been systematically described in the 
available reviews (e.g., [9]–[14]) and original studies. My 
goal is to fill this gap at least partially.

The main presentation below (in the section entitled 
“Results and Discussion”) is focused on three general issues. 
First, extending the introduction, I outline the basics of the 
SPR sensors (in the first and second subsections) and the 
corresponding LSPR modifications (in the third subsection). 
In addition to the results already available in the literature 
(see, e.g., [27]), this part contains some novel elements from 
the SPR and LSPR perspectives including (i) illustration of 

the similarity and difference of two attenuation functions 
for the field and the corresponding reduction factors used to 
interpret the SPR and LSPR signals, (ii) explicit expressions 
of the reduction factor for some specific shapes of analyte, 
and (iii) equation for describing the SPR or LSPR response 
to attachment of analyte to a rough surface. Second, I use a 
generic exactly solvable toy model in order to illustrate the 
physics behind the LSPR sensors (in the fourth subsection). 
Third, I discuss the sensitivity of the LSPR sensors with 
respect to the analyte dielectric permeability and thickness 
(in the fifth subsection). A brief outcome of the analysis 
is given afterwards (in the section entitled “Conclusions”).

Regarding the presentation, I can add two remarks. First, 
I discuss various aspects of the SPR and LSPR formalisms 
and use various models. Under such conditions, the full-
scale detailed introduction is impossible. In particular, the 
introduction above contains primary references for general 
orientation. More specifical introductory references are 
given below. Second, my article is aimed at general read-
ership, including primarily the experimentalists using the 
indirect LSPR sensors. To make the presentation suitable 
for such readers, I use partly colloquial and informal style 
and partly textbook style where it is needed.

Results and Discussion

General Equations for SPR

In conventional SPR sensors, the output is induced by the 
interaction of analyte with the evanescent field,

where E
◦
 is the amplitude at the interface, k is the wave 

propagation constant, � is the penetration depth determined 
by the Fresnel equations, and x and z are the coordinates 
along and perpendicular to the interface, respectively. In 
measurements, the output, R, is identified with the shift in 
either SPR wavelength or observation angle. If the analyte 
film is thin ( ≪ 𝛿 ), the field extinction becomes irrelevant, 
and R is proportional to a product of the analyte mass or 
average thickness, ⟨d⟩ , and the difference of the analyte and 
solution refractive indexes, Δn ≡ na − ns . If the extinction 
is not negligible, the response is modulated by the corre-
sponding attenuation function, exp(−z∕�) , and can be rather 
accurately represented as [33]

where S is the sensitivity factor, and Δn(z) is the z-dependent 
factor averaged along the x and y directions. This expression 
is fairly general and applicable to uniform films as well as 
to heterogeneous systems with spatial distribution of attached 

(1)E = E
◦
exp(ikx − z∕2�),

(2)R = S∫
∞

0

Δn(z) exp(−z∕�)dz∕�,
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particles of different shape and composition. One of the condi-
tions of its applicability is that Δn is relatively small so that the 
value of � is close to that in solution in the absence of analyte.

For a uniform film of thickness d, Eq. (2) yields

where

is a dimensionless factor ( ≤ 1 ) taking the evanescent-field-
related reduction of R into account.

For attached nanoparticles of one type, Eq. (2) can be 
rewritten as (see Eq. (6) in combination with (4) in [34])

where c is the surface concentration of nanoparticles, v∗ is 
the integral volume of molecules forming a nanoparticle (if 
a nanoparticle has no hollows, this is its volume), v(z) is the 
integral volume of molecules in a nanoparticle in the region 
from 0 to z, and z∗ is the maximum value of z in a nanoparti-
cle (according to the latter two definitions, v(z∗) ≡ vm).

Regarding the transition from (2) to (5), one should bear 
in mind that (2) is directly applicable to films which are 
homogeneous along the x and y directions, whereas (5) 
is proposed for systems which are heterogeneous along 
these directions. In general, the scattering of light in het-
erogeneous systems is described by cumbersome equations. 
Although the corresponding theoretical studies have long 
history, the compact results relevant in the context of SPR 
or LSPR sensors are lacking. The use of (2) or (5) for such 
systems is possible provided one can operate by the effective 
refractive index which is independent of x and y. The cor-
responding necessary condition appears to be that 2�∕k (k is 
defined by (1)) is larger than or at least comparable with the 
size of analyte nanoparticles and the distance between them.

Some analyte nanoparticles of complex composition can 
be characterized by spatially dependent refractive index. In 
lipid nanoparticles containing mRNA, for example, the lat-
ter can be located closer to the center, and it results in the 
spatially dependent refractive index, because the lipid and 
mRNA refractive indexes are different. In such cases, Eq. 
(5) can be modified as

where Δn(z) is the refractive-index difference averaged over 
x and y.

The SPR technique can also be used to explore deposition 
of biomolecules or nanoparticles on a rough substrate fabri-
cated on the surface of a sensor (by analogy with the studies 

(3)R = SΔn[1 − exp(−d∕�)], or R = SΔnd�−1�,

(4)� = [1 − exp(−d∕�)]�∕d

(5)

R = SΔncvm�
−1�, with � = ∫

z∗

0

dv(z)

dz
exp(−z∕�)dz∕vm,

(6)R = Sc�−1 ∫
z∗

0

Δn(z)
dv(z)

dz
exp(−z∕�)dz,

performed by employing quartz crystal microbalance with 
dissipation and ellipsometry [35]). In this case, the substrate-
solution interface profile can be described by height, h(x, y), 
or, more specifically, the h distribution, Fs(h) , whereas the 
adsorbate can be characterized by thickness, d(x, y), or the d 
distribution, Fa(d, h) , calculated at each h. Then, according 
to (2) and (3), the adsorbate-related contribution to the SPR 
signal can be represented as

For thin substrate and adsorbate films ( ≪ 𝛿 ), as expected, 
this expression yields R = SΔn⟨d⟩∕� . In general, however, 
the calculation of the response is far from straightforward 
because one should first specify Fs(h) and Fa(d, h).

Reduction Factors for Specific Systems

For a uniform film or objects with well-defined thickness, 
d, in the direction perpendicular to the interface (e.g., ana-
lyte islands or disk-like nanoparticles), the evanescent-
field-related reduction factor, � , is given by (4). For analyte 
nanoparticles of other specific shapes, � is determined by 
(5) and can be calculated analytically or numerically. The 
corresponding results are applicable not only to SPR and 
LSPR but also in the context of total internal reflection fluo-
rescence microscopy (TIRFM; see, e.g., [36]).

For a thin spherical shell of arbitrary size, the expression 
� is identical to that for a uniform film despite the appar-
ent difference of the mass distribution [34, 36], i.e., one 
can use Eq. (4) and identify d there with the shell diameter 
(i.e., d = 2r , where r is the shell radius). This model is of 
interest in the context of vesicles linked to the substrate by a 
few bonds so that their shape remains spherical. Deformed 
attached vesicles can be viewed as a truncated thin spherical 
shell with a flat basement. For the latter model, Eq. (4) can 
easily be adapted as well [27, 34].

For fully filled spherically shaped nanoparticles of size 
2r, the reduction factor is given by Eqs. (10)–(12) in [27] 
and can be represented in a more compact form (compared 
to [27]) as

Its dependence on r∕� is explicitly shown in Fig. 1(a).
For a spherical shell of finite thickness, � can be calcu-

lated by using (8) for a whole sphere and then subtracting a 
similar expression for a core,

(7)

R = SΔn∫
∞

0 ∫
∞

0

exp(−h∕�)[1 − exp(−d∕�)]Fa(d, h)Fs(h)dddh.

(8)�s = 3
(
�

r

)3

exp
(
−
r

�

)[
r

�
cosh

(
r

�

)
− sinh

(
r

�

)]
.

(9)� =
r3
s

r3
s
− r3

c

[
�s(rs) −

r3
c
�s(rc)

r3
s

exp
(
−
rs − rc

�

)]
,
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where rs and rc are the external and internal radii. If rc → rs , 
one can prove that this expression becomes to be identical to (4) 
provided d is identified there with 2rs . The difference between 
(4) and (9) in the case of vesicles of ∼ 100-nm size is shown 
in Fig. 2.

For nanoparticles with the cylindrical symmetry, includ-
ing thin nanotubes, nano-rods (e.g., elongated viruses such 
as rhabdovirus), and nanotubes of finite thickness (e.g., 
lipid tubules), � is given by (4) in the case of orientation 
perpendicular to the interface as it has already been noticed 

Fig. 1  Reduction factor as a 
function of r∕� : a thin spherical 
shells (Eq. (4)) and fully filled 
spheres (Eq. (8)), and b thin 
cylindrical tubes (Eq. (10)) 
and fully filled cylinders (Eq. 
(11)). The factors for fully filled 
objects are somewhat smaller 
because the mass is located 
primarily in the central region 
and its contribution to the signal 
is reduced

(a)

(b)
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in the beginning of this section (d should here be identified 
with the nanoparticle length). If nanoparticles of these types 
lie at the interface, � is represented, respectively, as

(10)� =
1

� ∫
�

0

exp[−r(1 + cos�)∕�]d�,

(11)�r =
2

� ∫
�

0

exp[−r(1 + cos�)∕�] sin2 � d�,

(12)� =
r2
r

r2
r
− r2

c

[
�r (rr) −

r2
c
�r (rc)

r2
r

exp
(
−
rr − rc

�

)]
,

Fig. 2  Reduction factor for 
spherical lipid vesicles as a 
function of radius (from 40 
to 80 nm) in the cases when 
the lipid-bilayer thickness is 
neglected (Eq. (4) with d = 2r ] 
and taken into account (Eq. (9) 
with rs − rc = 4.5 nm). a and 
b show the results for � = 100 
nm (typical for SPR sensors) 
and 15 nm (typical for LSPR 
sensors), respectively. The 
thickness is negligible in the 
former case and not negligible 
in the latter case

(a)

(b)
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where rr and rc are the external and internal radii. The cor-
responding integrals (in (10) and (11)) are not expressed via 
elementary functions but can easily be calculated numeri-
cally (Fig. 1(b)).

Analytical expressions for � can be obtained in some 
other cases, e.g., for pyramidally or conically shaped nano-
particles contacting the interface by their base.

General Remarks Regarding LSPR

As already noticed in the “Introduction,” the SPR formal-
ism outlined in the previous two subsections (especially the 
simplest version given by Eqs. (3) and (4)) was used literally 
in the first applications of the LSPR sensors [32] and is still 
employed now (see, e.g., [27], references therein, and Sup-
plementary Information in [28]). In this framework, all the 
expressions for the SPR reduction factors for specific sys-
tems (in the subsection above) can be employed in the LSPR 
case as well. Concerning the corresponding reservations, one 
can notice that in SPR the decay of the evanescent field is 
exponential and the corresponding decay length, � , is defined 
by the light frequency and optical constants of the media; 
whereas in LSPR, the evanescent field around sensing metal 
nanoparticles contains different terms (dipole etc.), and the 
corresponding decay length is roughly proportional to and 
significantly smaller than the average nanoparticle size. For 
this reason, the exponential attenuation function, exp(−z∕�) , 
used validly in the SPR formalism should be viewed just as 
a fitting function if this formalism is employed in the LSPR 
case. For uniform analyte films and sensing plasmonic nano-
discs of 20-nm height and diameter ranging from 80 to 160 
nm, the applicability of this function was demonstrated, e.g., 
by electrodynamic simulations based on the finite-difference 
time-domain (FDTD) method [27]. With increasing diameter, 
� was found to increase from 10 to 20 nm.

Taking into account that the dipole interaction dominates 
in LSPR, the exponential attenuation function was proposed 
to be replaced by the dipole one, ∝ 1∕(R∗ + z)6 , where R∗ is 
the length scale (effective radius) characterizing plasmonic 
nanodiscs [18]. The latter attenuation function can be used 
literally as 1∕(R∗ + z)6 [18], or by analogy with the expo-
nential attenuation function it can be normalized so that its 
value is equal to unity at z = 0 , i.e., as R6

∗
∕(R∗ + z)6 [28]. 

This function appreciably drops at z ≃ R∗∕5 , and this value 
can be compared to � in the exponential attenuation func-
tion. For sensing nanodiscs of 20 nm height and diameter 
ranging from 70 to 210 nm, the effective radius is roughly 
in the range from 35 to 100 nm, and the scale characterizing 
the drop of the dipole function is expected to be from 8 to 20 
nm. This is in agreement with the results of the FDTD cal-
culations mentioned above and slightly smaller than in the 
experiments with sensing nanodiscs of 20 nm height and 74 

and 210 nm diameter [27]. In addition, the dipole approxi-
mation indicates that the drop of the exponential attenuation 
function is independent of the solution refractive index and 
explains why this is the case. This is in agreement with the 
results of the abovementioned FDTD calculations as well. 
For additional FDTD calculations, one can see ref. [20].

In the context of LSPR with the dipole attenuation func-
tion, Eq. (9) can be rewritten as

For a uniform film, this expression yields

where

is the reduction factor ( ≤ 1 ) defined by analogy with (4).
The use of Eqs. (13)–(15) implies that Δ�max is domi-

nated by the local effect of analyte on each plasmonic 
nanodisc. The multiple scattering of light by nanodiscs is 
not treated explicitly. For the LSPR sensors under consid-
eration (with appreciable average distance between nearly 
randomly located nanodiscs), the contribution of multiple 
scattering to Δ�max is typically small (about 10 nm; see, 
e.g., the calculations in [37]) and can be included into the 
LSPR measurement baseline, the contribution of analyte is 
small as well (also about 10 nm), and both factors can be 
considered as perturbations. The mutual influence of these 
factors is a second-order correction and can be neglected. 
In fact, Eqs. (13)–(15) are expected to be applicable also for 
regularly located nanodiscs (the multiple scattering can be 
included into S and the measurement baseline). For other 
types of LSPR sensors, e.g., those focused on analyte located 
in the narrow contact region in a pair of adjacent plasmonic 
nanoparticles which are very close together (reviewed, e.g., 
in [13]; for the related calculations, see, e.g., [38, 39] and 
references therein), the formalism should obviously be dif-
ferent. Although the latter case is of interest from various 
perspectives, its analysis is beyond my goals.

To compare the exponential and dipole attenuation func-
tions and the related expressions (4) and (15) for � , it is useful 
to introduce the distance, z0.5 , corresponding to the drop of an 
attenuation function by 50% . For the functions under consid-
eration, these distances are given by ln(2)� (or 0.693� ) and 
(21∕6 − 1)R∗ (or 0.123R∗ ). Then, the comparison can be done 
by using z0.5 for normalization of the abscissae (Fig. 2). This 
normalization helps to compare the shape of the normalization 

(13)Δ�max = S∫
∞

0

Δn(z)
5R5

∗

(R∗ + z)6
dz.

(14)

Δ�max = SΔn

(
1 −

R5
∗

(R∗ + d)5

)
, or Δ�max = SΔn

(
5d

R∗

)
�,

(15)� =
R∗

5d

(
1 −

R5
∗

(R∗ + d)5

)
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functions despite their dependence on different parameters. 
The agreement between the exponential and dipole attenuation 
functions is seen to be good provided z is not large (Fig. 3(a)). 
If z is large, the dipole attenuation function is larger than the 
exponential one. The agreement between the exponential 
and dipole reduction factors is fairly good as well (Fig. 3(b)). 

With increasing d, the dipole reduction factor is also somewhat 
larger than the exponential one, but the difference is smaller 
than that for the attenuation functions.

The conventional SPR or LSPR sensors imply one-band 
measurements. In the LSPR case, this means the use of sens-
ing metal nanodisks of one type. The dual-band modes of 

Fig. 3  a Exponential and dipole 
attenuation functions and b 
related reduction factors ((4) 
and (15)) for a uniform layer 
as a function of normalized 
coordinate and layer thickness, 
respectively. The factor marked 
by “sphere” corresponds to (32)

(a)

(b)
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SPR or LSPR measurements are also possible and allow 
one to obtain more information about analyte [27, 34]. The 
formalism presented above is applicable for both modes of 
SPR or LSPR measurements.

Generic Model of the LSPR Sensors

The results presented in the three subsections above are 
oriented to applications of SPR and LSPR sensors. In the 
context of physics, it is of interest to use an exactly solvable 
toy model in order to clarify the applicability of the dipole 
approximation and the way how the refractive indexes or 
dielectric permittivities can be taken into account. Follow-
ing this line, I scrutinize here the LSPR response, related to 
deposition of an analyte film on a single spherical plasmonic 
metal nanoparticle. For the LSPR sensors under considera-
tion, the analysis of this simplest situation is relevant because, 
as explained in the paragraph below Eq. (15), the effect of 
the interaction of nanoparticles can be viewed as perturbation 
and included into the LSPR measurement baseline.

Now, as already noticed in the subsection above, the LSPR 
sensors usually include metal nanodiscs. Such nanodiscs can 
be approximated by an ellipsoid or, in other words, “sphe-
roid” [40]. The specifics of the interaction of spheres and 
ellipsoids with light are similar [41]. The equations for an 
ellipsoid are, however, cumbersome. From the latter per-
spective, the focus on a sphere is preferable. In physics, the 
optical response of nanoparticles is customarily described in 
terms of dielectric permittivities and light frequency, � . This 
is a reason why I use in this subsection the analyte-related 
frequency shift, Δ�LSPR , and dielectric permittivities, despite 
the traditional use of Δ�max and refractive indexes in the arti-
cles related to LSPR sensors (e.g., in the subsection above).

A spherically shaped metal nanoparticle of radius R is 
considered to be covered by a uniform film of thickness 
d. Basically, this is a conventional core-shell model. In 
the context of plasmons, it can be analyzed analytically in 
terms of phenomenological dielectric permittivities [41] 
or numerically from first principles [42]. I employ the for-
mer approach. Earlier, it was already used in the related 
literature (see, e.g., [43, 44]) but not from the perspective 
of the LSPR sensors.

In the Rayleigh limit, the intensity of light scattering by 
a metal nanoparticle covered by film can be represented as

where � is the nanoparticle+film polarizability calculated in 
the static approximation, and A is a constant (this constant 
includes the squared tensity of the electric field of incident 
light). For a spherical nanoparticle in solution alone, the 
polarizability is well known to be given by [41]

(16)I = A|�|2,

where �m and �s are the metal and solution permittivities. For 
a spherical nanoparticle covered by a film, the polarizability 
can be represented as (see, e.g., Eq. (5.36) in [41])

where �f is the film permittivity, and

is the fraction of the metal+film volume occupied by the metal.
In the absence and presence of analyte, the LSPR fre-

quency, �LSPR , is determined, respectively, by the pole of 
(17) or (18), i.e., by the following conditions

In the latter equation, it is convenient to add unity to and 
subtract it from f and then to keep separately the term pro-
portional to 1 − f  . This yields

This form of Eq. (21) is preferable, because the second term 
vanishes in the absence of analyte (at f = 1 ), and in this limit 
one gets Eq. (20). In the presence of analyte, the second 
term inducing Δ�LSPR can be considered as a perturbation 
because its value is small.

Using (22) in the context of LSPR sensors, one should 
take into account that �m contains real and imaginary parts 
and is strongly dependent on � , whereas �s and �f can be 
considered to be real and independent of � . In addition, 
�f is typically close to �s . The latter means that (�m − �f ) 
is small and should be kept, whereas 3�f and (�m − �f ) can 
be replaced by 3�s and (�m − �s) . Thus, Eq. (22) can be 
rewritten as

Let us now introduce the LSPR frequency, �◦

LSPR
 , corre-

sponding to the analyte-free case. This frequency is defined 
by Eq. (20), i.e.,

In the presence of analyte, the LSPR frequency is repre-
sented as

(17)� = 4�r3
�m − �s

�m + 2�s
,

(18)

� = 4�(R + d)3
(�f − �s)(�m + 2�f ) + f (�m − �f )(�s + 2�f )

(�f + 2�s)(�m + 2�f ) + 2f (�m − �f )(�f − �s)
,

(19)f = R3∕(R + d)3

(20)Re (�m + 2�s) = 0, or

(21)Re [(�f + 2�s)(�m + 2�f ) + 2f (�m − �f )(�f − �s)] = 0.

(22)Re [3�f (�m + 2�s) − 2(1 − f )(�m − �f )(�f − �s)] = 0.

(23)
Re [3�s(�m(�) + 2�s) − 2(1 − f )(�m(�) − �s)(�f − �s)] = 0.

(24)Re �m(�
◦

LSPR
) + 2�s = 0.

(25)�LSPR ≡ �◦

LSPR
+ Δ�LSPR.
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This expression can be substituted into the first term in (23), 
whereas � in the second term can be replaced by �◦

LSPR
 

(because the latter term is small, and Δ�LSPR represents there 
the second-order correction), and then �m(�◦

LSP
) can there be 

replaced by −2�s (as it follows from (24)). This yields

As already noticed, Δ�LSPR is small, and accordingly 
�m(�

◦

LSPR
+ Δ�LSPR) can be expanded as

where

Substituting (27) into (26) and taking (24) into account, 
I obtain

or, using (24),

In terms of the reduction factor employed earlier (in the sub-
section entitled “Reduction Factors for Specific Systems”), 
this expression can be rewritten as

where

(In this case, z0.5 can be identified with (21∕4 − 1)R or 0.189R.)
In the context under consideration, the advantage of Eq. 

(30) (or (31) and (32)) is in its simplicity and transparent deri-
vation without the use of the specific dependence of �m on � . 
Regarding this aspect, I recall that often this dependence is 
represented phenomenologically in the Drude form [40, 43]

so that the LSPR frequency, defined by (20) or (24) in the 
analyte-free case, is

where �p is the bulk metal plasmon frequency, and � ( ≪ 𝜔p ) 
is the damping term. Using this expression in (28), one has

(26)
Re [�m(�

◦

LSPR
+ Δ�LSPR) + 2�s) + 2(1 − f )(�f − �s)] = 0.

(27)Re �m(�
◦

LSPR
+ Δ�LSPR) = Re �m(�

◦

LSPR
) + �Δ�LSPR,

(28)� ≡ Re
��m(�)

��

||||�=�◦

LSP

.

(29)Δ�LSP = −2(1 − f )(�f − �s)∕�,

(30)Δ�LSPR = −(2∕�)(�f − �s)

(
1 −

R3

(R + d)3

)
.

(31)Δ�LSP = −(2∕�)(�f − �s)
(
3d

R

)
�,

(32)� =
R

3d

(
1 −

R3

(R + d)3

)
.

(33)�m = �∞ −
�2
p

�(� + i�)
,

(34)�◦

LSPR
=

�p

(�∞ + 2�s)
1∕2

,

Comparing the expressions obtained here for a spherical 
plasmonic metal nanoparticle covered by an analyte film ((31) 
and (32)) with those proposed earlier in the dipole approxima-
tion for a film ((3) and (4)), one can draw four conclusions.

(i) The structures of the expressions are similar. In both 
cases, the response is described by the power-law functions.

(ii) The responses are identical, ∝ d∕R∗ or ∝ d∕R , in the 
thin-film case.

(iii) The exponents in the power-law term in the reduction 
factor are different, 5 in (4) and 3 in (32) (see also Fig. 3(b) 
for a more detailed comparison). The reason of this differ-
ence is that the former was proposed for a flat layer, whereas 
the latter has been derived for a layer covering a sphere. In 
the former case, an element of volume in the integral expres-
sion for the response is just proportional to dz. In the latter 
case, an element of volume is 4�r2dr , where r is the radius. 
In fact, the results obtained indicate that in applications the 
intermediate exponent, 4, might be equally applicable or 
even somewhat better than 5.

(iv) The model under consideration indicates that in the LSPR 
case one should operate with dielectric permittivities rather than 
with refractive indexes or, more specifically, with �f − �s rather 
than with nf − ns . This difference is, however, of minor impor-
tance, because �f − �s is anyway proportional to nf − ns.

Regarding these conclusions, one can notice that the 
model employed to draw them is based on the Rayleigh 
approximation and does not take dynamic depolarization 
into account. To what extent this depolarization should be 
taken into account depends partly on the properties of plas-
monic metal. For Au nanodisks, e.g., the experiments and 
theoretical analysis based the modified long wave-length 
approximation indicate that the role of dynamic depolar-
ization is not crucial for diameters up to ∼ 150 nm [40]. 
Roughly, this covers the range of typical sizes of plasmonic 
nanodisks used in LSPR sensors.

Sensitivity of the LSPR Sensors

The equations derived above can be used to characterize 
the sensitivity of LSPR sensors with respect to �s , �f , d, or, 
e.g., the size of sensing plasmonic metal nanoparticles. In 
general, the sensitivity can be defined in different ways 
by employing, e.g., the first-order derivatives of �max with 
respect to these quantities or the second-order derivatives 
of �max with respect of two of them (the latter was proposed 
in [45]). The use of the first-order derivatives appears to be 
more natural. For example, one of the physically reasonable 
dimensionless definitions of the sensitivity with respect to 
�s and �f is as follows

(35)� ≃ 2�2
p
∕(�◦

LSPR
)3.
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where �i is �s ( i = s ) or �f ( i = f ). By analogy, the sensitivity 
with respect to d can be defined as

In (36) and (37), the derivatives of �max and �LSPR with 
respect to the parameters can be replaced by the correspond-
ing derivatives of Δ�max and Δ�LSPR . In theoretical calcula-
tions, one can then use the expressions for Δ�max and Δ�LSPR 
presented in the third and fourth subsections above. It can 
be done, however, with some reservations. In particular, the 
expressions given in the fourth subsection above contain the 
sensitivity factor, and its dependence on the parameters is 
not defined. The expressions derived in the fourth subsection 
above are physically more complete, but the corresponding 
model implies that the sensing nanoparticles are spherical 
and fully surrounded by the analyte film and solution. In real 
LSPR sensors, the sensing nanoparticles are only partly in 
close contact with analyte and solution. With these reserva-
tions, I use below the expressions Δ�LSPR presented in the 
fourth subsection above. To take partial contact into account, 
I multiply the corresponding expressions Δ�LSPR by a factor 
� . Its value is expected to be ∼ 1∕3 . In principle, a similar 
correction can be introduced into Eq. (34) defining �◦

LSPR
 , 

but I do not keep it. In fact, I illustrate how the sensitivity 
can be calculated. If needed, one can easily perform similar 
calculations by using the expressions Δ�max presented in the 
third subsection above.

With the specification above, the sensitivity of LSPR sen-
sors with respect to �s can be characterized neglecting a film 
and substituting (34) into (36),

The sensitivity of LSPR with respect to �f can be calcu-
lated by differentiating (31) and using first (35) for � and 
then (34),

The sensitivity with respect to d can be calculated by anal-
ogy with (39), i.e., by differentiating (30) and using first 
(35) and then (34),

(36)�i =
1

�max

��max

��i
≡ −

1

�LSPR

��LSPR

��i
.

(37)�d =
1

�max

��max

�d
≡ −

1

�LSPR

��LSPR

�d
.

(38)�s =
�

�∞ + 2�s
.

(39)�f =
6�d

��◦

LSPR
R
� =

3�(�◦

LSPR
)2d

�2
p
R

� =
3�d

(�∞ + 2�s)R
�.

(40)
�d =

6�(�f − �s)R
3

��◦

LSPR
(R + d)4

=
3�(�f − �s)(�

◦

LSPR
)2R3

�2
p
(R + d)4

=
3�(�f − �s)R

3

(�∞ + 2�s)(R + d)4
.

Conclusions

The indirect LSPR sensors have already been commercial-
ized. To facilitate their use, I have discussed in detail various 
aspects of the corresponding basic physics. It has been done 
by employing various models. Although earlier these models 
were already introduced and discussed in the literature, my 
presentation contains five novel ingredients: 

(i) I have scrutinized the similarities and differences in the for-
malisms used to interpret SPR and LSPR measurements. 
In particular, the exponential and power-law attenuation 
functions have been compared from various perspectives.

(ii) The applicability of the power-law attenuation function has 
been illustrated by employing the generic model describing 
spherically shaped sensing plasmonic metal nanoparticles.

(iii) This model has also been used to illustrate the sensitiv-
ity of LSPR sensors with respect to various quantities.

(iv) Among more specific results, the available expressions 
for the signal reduction factor for analyte nanoparti-
cles of various shapes have been collected and com-
plemented by new ones.

(v) In addition, the equation describing the LSPR signal related 
to analyte attachment to a rough surface has been presented.

Finally, I can repeat that the LSPR and SPR sensors are 
highly complementary. The former and latter ones are sen-
sitive on the length scales of 10–20 nm and 100–200 nm, 
respectively. From this perspective, one can mention also 
QCM-D sensors which are sensitive on the length scale of 
250 nm for the first overtone and down to 50 nm for larger 
overtones [46, 47]. Taken together, these methods operate 
within the range, from 1 to 500 nm, corresponding to biolog-
ical soft matter, including proteins, lipids, vesicles, micelles, 
bicelles, virions, and lipid nanoparticles. Thus, the potential 
of these methods is far from exhausted, and accordingly the 
results presented in this work are expected to be useful in the 
context of various ongoing and following studies.
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