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A Minimal b Ghost

Martin Cederwall

The b ghost, or b operator, used for fixing Siegel gauge in the pure spinor
superfield formalism, is a composite operator of negative ghost number,
satisfying {q, b} = □, where q is the pure spinor differential (BRST operator).
It is traditionally constructed using non-minimal variables. However, since all
cohomology has minimal representatives, it seems likely that there should be
versions of physically meaningful operators, also with negative ghost number,
using only minimal variables. The purpose of this letter is to demonstrate that
this statement holds by providing a concrete construction in D = 10
super-Yang–Mills theory, and to argue that it is a general feature in the pure
spinor superfield formalism.

1. Introduction

The pure spinor superfield formalism (see e.g. refs. [1–3]) is a
general method to formulate supersymmetric field theory, which
for certain theories allows for an off-shell superfield formulation,
even with maximal supersymmetry. Due to the absence of world-
line reparametrisation invariance in the corresponding particle
models, the b ghost is absent as a primitive operator, and the anal-
ogous operator (with the same name) needs to be constructed
as a composite operator. Even the classical formulation of inter-
actions sometimes demands negative ghost number operators.
This applies to D = 11 supergravity,[4,5] and to higher derivative
terms like Born–Infeld theory.[6] Such operators typically has a
physical meaning in terms of mapping between different coho-
mology classes. They are traditionally constructed using non-
minimal variables, and have quite complicated expressions. The
purpose of this letter is to demonstrate how this may be done in
the minimal picture. The main focus will be on D = 10 super-
Yang–Mills theory.
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2. The Non-Minimal b Operator

The b ghost, or b operator, used for fix-
ing Siegel gauge in the pure spinor su-
perfield formalism, is a composite oper-
ator of negative ghost number, satisfying
{Q, b} = □, where Q is some version of
the pure spinor differential (BRST oper-
ator). In minimal variables, consisting of
xa, 𝜃𝛼 and 𝜆𝛼 with (𝜆𝛾a𝜆) = 0, the differ-
ential is

q = 𝜆𝛼D𝛼 . (2.1)

The b operator is traditionally con-
structed using non-minimal variables.[7]

Then, also �̄�𝛼 and r𝛼 = d�̄�𝛼 are included. This is natural from
many points of view, including integration.[7,8] The differential
is modified to Q = 𝜆𝛼D𝛼 + �̄�, where �̄� = d�̄�𝛼

𝜕

𝜕�̄�𝛼
is the Dolbeault

operator on pure spinor space.
However, since all cohomology hasminimal representatives, it

seems likely that there should be versions of physically meaning-
ful operators, also with negative ghost number, using only min-
imal variables, i.e., there should exist an operator b′ acting on
holomorphic functions of 𝜆, such that {q, b′} = □. The purpose
of this letter is to demonstrate that this statement holds by pro-
viding a concrete construction in D = 10 super-Yang–Mills the-
ory, and arguing that it is a general feature in the pure spinor
superfield formalism.
The construction and examination of the b operator (mainly

forD = 10 super-Yang–Mills theory andD = 11 supergravity) has
been the subject of many papers,[9–20] mainly because this and
similar issues is where the pure spinor superfield formalism be-
comes more complicated. In the present letter, we will work in
D = 10 super-Yang–Mills theory, although analogous minimal
operators should always exist.
The b operator is given in non-minimal pure spinor variables

as the cochain[7]

b = b0 + b1 + b2 + b3

= −1
2
(𝜆�̄�)−1(�̄�𝛾aD)𝜕a +

1
16
(𝜆�̄�)−2(�̄�𝛾abcd�̄�)

[
Nab𝜕c −

1
24
(D𝛾abcD)

]

+ 1
64
(𝜆�̄�)−3(d�̄�𝛾abcd�̄�)(�̄�𝛾aD)Nbc

− 1
1024

(𝜆�̄�)−4(�̄�𝛾abid�̄�)(d�̄�𝛾
cdid�̄�)NabNcd. (2.2)

For useful rewritings, see in particular ref. [21].We use conven-
tions where the torsion is T𝛼𝛽

a = 2𝛾a
𝛼𝛽
, i.e., {D𝛼 , D𝛽} = −2𝛾a

𝛼𝛽
. We

also write N = (𝜆w) and Nab = (𝜆𝛾abw). The derivative w𝛼 =
𝜕

𝜕𝜆𝛼
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does not respect the pure spinor constraint and is usually de-
manded to occur in such combinations.

3. The Minimal b Operator

Let V be the space of linear functions of an unconstrained spinor
𝜆𝛼 . DefineR = Sym∙(V) as the functions of 𝜆. Functions of a pure
spinor belong to the space S = R∕I, where I is the ideal generated
by (𝜆𝛾a𝜆). The derivative w𝛼 is an operator on R, but not on S.
There is, however, a generalisation of the derivative,

w̃𝛼 = w𝛼 −
1

4(N + 3)
(𝛾a𝜆)𝛼(w𝛾aw), (3.1)

that is well defined.[22,23] Its action between monomials 𝜆𝛼1…𝛼n in
the modules (0000n) is identical to the action of w, but maps the
ideal generated by (𝜆𝛾a𝜆) to itself. This is indeed the most proper
definition of w̃, since neither of the terms in Equation (3.1) is
well defined on S. The concrete form is useful for explicit calcu-
lations, which then formally are performed in the space R, after
which I is modded out. This is consistent thanks to (w̃I)∕I = 0.
Note that double contractions are needed for the gauge invariance
(well-definedness) of w̃, so it is a genuinely quantummechanical
operator, and that it is not a “covariant derivative”—it does not
satisfy a Leibniz rule. It follows from w̃ respecting the ideal that
(w̃𝛾aw̃) = 0. This is also straightforwardly obtained from a direct
calculation. A useful relation in calculations is

[w̃𝛼 , 𝜆
𝛽 ] = 𝛿𝛼

𝛽 − 1
2(N + 3)

(𝛾a𝜆)𝛼(𝛾aw̃)
𝛽 . (3.2)

It immediately leads to

[w̃𝛼 , 𝜆
𝛼 ] = 16 − 5N

N + 3
,

interpolating between 16 (the dimension of the spinor module)
atN = 0 and 11 (the dimension of pure spinor space) asN → ∞.
Using w̃, it is possible to formoperators of negative ghost num-

ber, built entirely out of minimal pure spinor variables. One such
operator is the b operator. In D = 11 supergravity,[4,5] or in any
supersymmetric model where the constraint on 𝜆 does not put it
on a minimal orbit, demanding w̃ to respect the ideal does not
uniquely define it,[22] and one will have access to more than one
operator on S with ghost number −1. The condition that it acts
as w between the modules in S will specify it uniquely.
We will now show concretely how a minimal b operator can be

constructed, first by adding trivial terms to the non-minimal b,
then by making a general Ansatz and solving it.
Normally, it is stated that b3 represents �̄� (operator) cohomol-

ogy. This may be slightly confusing—since there is no 3-form
cohomology, and any operator cohomology should map between
cohomologies, one might think that b3 is trivial. To understand
this better, it is instructive to examine exactly why b3 is closed,
and in what sense it is not exact.
We use Dynkin labels for denoting highest weight modules,

where 𝜆 ∈ (00001), �̄� ∈ (00010). The factor �̄�(d�̄�)3 in b3 comes
in the module (02000). The prefactor (𝜆�̄�)−4 implies that {�̄�, b3}
will contain �̄�(d�̄�)4 antisymmetrised in the five spinor indices.
There are two compeletly antisymmetric modules, (11001) and
(00003). The second of these is not reached from (00010)⊗

(02000), so one is left with the first one. It is a 𝛾-traceless 3-index
(hook) spinor, contracted with an object in the conjugate module
(11010), formed from one 𝜆 and two Nab’s, which thus takes the
form containing a leading term (𝛾d𝜆)𝛼NabNcd. However, sinceNab
is constructed from 𝜆, one has (𝛾b𝜆)𝛼Nab ∝ (𝛾a𝜆)𝛼N. There is no
room for the module (11010), and {�̄�, b3} = 0. The closedness of
b3 relies on Nab containing 𝜆.
Why, on the other hand, is b3 non-trivial? If “naked” w’s where

allowed, b3 would be trivial and formed as [�̄�, a2], where a2 ∝
(𝜆�̄�)−3(d�̄�𝛾abcd�̄�)(�̄�𝛾aw)Nbc. This is of course not allowed since this
operator is ill defined. But if we replacew by thewell defined oper-
ator w̃ of Equation (3.1), we have a well defined operator a2 such
that b3 + [�̄�, a2] = 0. It is well defined on all holomorphic func-
tions, i.e., on all elements of the cohomology of �̄�, but not on
arbitrary cochains, since it it is singular on functions of a certain
integer negative degree of homogeneity (−2) in 𝜆. This makes
it likely that it is possible to continue the procedure, and find
a = a0 + a1 + a2 such that b′ = b + [Q, a] only contains a 0-form
term and is holomorphic, {q, b′} = □ and {�̄�, b′} = 0. This can in-
deed be done, but at the price of obtaining an operator which is
singular on functions of some negative degree of homogeneity
in 𝜆.
At each step in the calculation (starting from a2 and going

down in form degree) one needs bi + [q, ai] + [�̄�, ai−1] = 0. The �̄�-
exactness of the first two terms follows, roughly speaking, from
the extra factors 𝜆 introduced by the commmutator (3.2). The op-
erator a is determined by a lengthy calculation to be

a = a0 + a1 + a2,

a0 = (𝜆�̄�)−1
[
−1
2

(
1 − N + 6

(N + 4)(N + 5)

)
(�̄�𝛾aw̃)𝜕a

− 1
384(N + 4)

(�̄�𝛾abcw̃)(D𝛾abcD)

+ 1
128(N + 4)(N + 5)

(�̄�𝛾aw̃)Nbc(D𝛾abcD)
]
,

a1 =
1
384

(𝜆�̄�)−2(�̄�𝛾abcd�̄�)
[
(w̃𝛾abcD) −

3
N + 4

Nab(w̃𝛾cD)
]
,

a2 =
1
128

(𝜆�̄�)−3(d�̄�𝛾abcd�̄�)(�̄�𝛾aw̃)Nbc. (3.3)

The holomorphic b′ operator now takes the form

b′ = 1
(N + 4)(N + 5)(N + 6)[
−1
2
(N2 + 9N + 15)(w̃𝛾aD)𝜕a +

1
128

Nab(w̃D3
ab)

]
, (3.4)

where D3
ab is the antisymmetric product of three D’s in (01001),

(D3)𝛼ab = (𝛾 i)𝛼[𝛽 (𝛾abi)
𝛾𝛿]D𝛽D𝛾D𝛿

= (𝛾 iD)𝛼(D𝛾abiD) +
1
4
(𝛾[a𝛾

ijD)𝛼(D𝛾b]ijD)

− 1
72
(𝛾ab𝛾

ijkD)𝛼(D𝛾ijkD)

= (𝛾 iD)𝛼(D𝛾abiD) + 32(𝛾[aD)
𝛼𝜕b] − 12(𝛾ab

iD)𝛼𝜕i. (3.5)
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Seen just as an operator on functions of 𝜆, x and 𝜃, it is not at all
a priori obvious that a b′ with {q, b′} = □ should exist. A general
Ansatz would contain the two structures in Equation (3.4), each
multiplied by an arbitrary function of N:

b′ = f (N)(w̃𝛾aD)𝜕a + g(N)Nab(w̃D3
ab). (3.6)

The result of the anticommutator {q, b′} potentially contains
three other structures than□, two withD2𝜕 and one withD4. The
system naïvely looks overdetermined. The vanishing of the D4

term fixes the function g(N) to be proportional to 1
(N+4)(N+5)(N+6)

,

while the □ term gives an recursion equation for the function
f (N),

f (N) = − N + 3
(N + 6)(N + 8)

(
1 + Nf (N − 1)

)
. (3.7)

The general solution to Equation (3.7) is

f (N) = − N2 + 9N + 15
2(N + 4)(N + 5)(N + 6)

+
c(−1)N[

(N + 1)(N + 2)(N + 3)(N + 4)2

× (N + 5)2(N + 6)2(N + 7)(N + 8)

]

(3.8)

(for some reason, there is a close resemblance of the homoge-
neous termwith the coefficients in the pure spinorHilbert series,

Z(t) =
∞∑
N=0

[
(N + 1)(N + 2)(N + 3)2(N + 4)2

× (N + 5)2(N + 6)(N + 7)

]
2 ⋅ 32 ⋅ 42 ⋅ 52 ⋅ 6 ⋅ 7

tN .) (3.9)

Remarkably, when c = 0. the respective contributions of the
two terms to each of the D2𝜕 terms in {q, b′} take the same func-
tional form in N, and the result is b′ according to Equation (3.4).
Acting on a field 𝜓 = 𝜆𝛼A𝛼 , the second term in Equation (3.4)

gives 0, and one immediately gets

b′𝜓 = − 1
16
𝜕a(D𝛾aA), (3.10)

which shows that b′ implies exactly Lorenz gauge.

4. Physical Operators

In ref. [6], so called “physical operators” were defined, then with
the purpose of writing possible higher-derivative corrections. For
D = 10 super-Yang–Mills theory, these are ghost number −1 op-
erators obeying a sequence of relations obtained from inspection
of the pure spinor superfield equations of motion,

[Q, Â𝛼 ] = −D𝛼 − 2(𝛾 i𝜆)𝛼Âi,

{Q, Âa} = 𝜕a − (𝜆𝛾a�̂�),

[Q, �̂�𝛼 ] = −1
2
(𝛾 ij𝜆)𝛼F̂ij,

{Q, F̂ab} = ⋯ (4.1)

with non-minimal solutions

Â𝛼 = −(𝜆�̄�)−1
[1
8
(𝛾 ij�̄�)𝛼Nij +

1
4
�̄�𝛼N

]
,

Âa = −1
4
(𝜆�̄�)−1(�̄�𝛾aD) +

1
32
(𝜆�̄�)−2(�̄�𝛾a

ijd�̄�)Nij,

�̂�𝛼 = 1
2
(𝜆�̄�)−1(𝛾 i�̄�)𝛼𝜕i −

1
192

(𝜆�̄�)−2(�̄�𝛾 ijkd�̄�)(𝛾ijkD)
𝛼

− 1
64
(𝜆�̄�)−3(𝛾i�̄�)

𝛼(d�̄�𝛾 ijkd�̄�)Njk,

F̂ab =
1
8
(𝜆�̄�)−2(�̄�𝛾ab

id�̄�)𝜕i +
1
32
(𝜆�̄�)−3(d�̄�𝛾ab

id�̄�)(�̄�𝛾iD)

− 1
256

(𝜆�̄�)−4(�̄�𝛾abid�̄�)(d�̄�𝛾
ijkd�̄�)Njk,

… (4.2)

Suppose we would like to find physical operators constructed
from minimal variables. We then observe that Equation (3.2)
leads to

[q, w̃𝛼 ] = −D𝛼 +
1

2(N + 3)
(𝛾 i𝜆)𝛼(w̃𝛾iD) . (4.3)

So, in the minimal picture we can identity

Â𝛼 = w̃𝛼 ,

Âa = − 1
4(N + 4)

(w̃𝛾aD) . (4.4)

The rewriting of the b operator in terms of physical operators in
refs. [20, 21] is probably one of the deepest and physically most
meaningful ones. We expect it to hold equally in minimal vari-
ables.

5. Discussion

We have seen how, contrary to what is sometimes stated in the lit-
erature, negative ghost number operators, such as the b operator
or physical operators, are quite naturally constructed in minimal
pure spinor superspace. This will certainly apply also to the op-
erators used in the action of D = 11 supergravity[4,5] and to any
othermodels.[24–29] Theremay be a certain advantage in using the
minimal operators. The interpretation of the operators typically
is that theymap between different cohomology classes, and those
are most simply represented in the minimal picture. Therefore,
using minimal operators yields again minimal representatives,
without the need of adding trivial terms.
However, most likely, b′2 = {q,Ω}, Ω ≠ 0. The first term in

Equation (3.4) squares to zero, but we have not been able to show
this for the rest. Thismay present a drawback in comparison with
the non-minimal b.
The algebraic behaviour of b are essential for proving prop-

erties of amplitudes like color-kinematics duality and double
copy.[21,30–32] Its failure to be a derivation defines the brackets
for the kinetic Lie algebra. We have not examined this in detail
for b′.
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Finally, other versions of the pure spinor differential may
present other possibilities to construct negative ghost number
operators. In ref. [33], instead of using constrained spinors, the
Tate resolution of the constraint gives an alternative differential.
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