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Abstract

In this paper we present a space-time calculus for symmetric spinors, including a
product with a number of index contractions followed by symmetrization. As all
operations stay within the class of symmetric spinors, no involved index manipulations
are needed. In fact spinor indices are not needed in the formalism. It is also general
because any covariant tensor expression in a 4-dimensional Lorentzian spacetime can
be translated to this formalism. The computer algebra implementation SymSpin as part
of xAct for Mathematica is also presented.
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1 Introduction

When working with tensorial expressions, one usually encounters difficulties handling
index manipulations due to complicated symmetries. Techniques including group the-
oretical calculations and Young tableaux have been introduced to try to tackle these
problems. However, their complexity grows quickly with the size of the problem. The
purpose of this paper is to present a formalism based on 2-spinors that aims to simplify
the situation by utilizing the symmetry properties of irreducible spinors.

Let (M, gup) be a 4-dimensional manifold with metric g,;, of Lorentzian signature
and admitting a spin structure with spin metric €4 . It is well known that any tensor
field on M can be expressed in terms of 2-spinors, which in turn can be decomposed
into irreducible symmetric spinors [9, Prop 3.3.54]. For instance a valence (3, 0) spinor
can be decomposed as

Tapc = T(aBc) + %TDD(BGC)A - %EA(BTDC)D - %TADDGBC- (D

Therefore, it is sufficient to work with with symmetric spinors. To fully establish this
perspective, a symmetric product for symmetric spinors with a number of contractions
is needed. It is the intention of this work to introduce the corresponding algebra
and to derive its basic properties. In particular, with these operations we stay within
the algebra of symmetric spinors. This offers great simplifications, and speeds up
the calculations. Furtheremore, no relevant information is left in the indices, and we
therefore get an index-free compact formalism.

We would like to point out that we use the 2-spinor formalism with all its benefits, but
we only focus on the irreducible parts. This perspective naturally leads to the symmetric
product introduced below. It also includes differential operators and their commutators.
It turns out to be a convenient tool to perform lengthy spinor computations, either by
hand or by computer. All index manipulations, like index raising and lowering and
symmetrizations are no longer needed.

We have previously described the decomposition of the covariant derivative [4],
leading to four fundamental spinor operators, which can be viewed as a special case.
Also, the symmetric product is a generalization of some special operators, like the K’
operators defined in [1, Definition I1.4]. Therefore, all properties of such operators
can easily be derived from the corresponding properties of the symmetric product
described in this paper.

Even partial implementations of the formalism proved to be very helpful. In [1]
we studied linearized gravity on the Kerr spacetime and derived a covariant form of
the Teukolsky-Starobinsky identities (TSI) using projection operators X' and the fun-
damental spinor operators. For that work, the commutation relations between all the
operators where very important. As the TSI equations are fourth order, the correspond-
ing calculations would have been unfeasible with standard indexed spinor formalism.
In [3] we used similar techniques to derive symmetry operators for linearized grav-
ity on vacuum Petrov type D spacetimes. In [2], we used the formalism to analyze a
differential complex leading to a completeness result regarding a set of local gauge
invariant quantities for linearized gravity on the Kerr spacetime.
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As a simpler example, consider a condition of the form
0=Kas""LrCnc + Mxps)c. @)

for symmetric spinors K, L, M, ¢. For arbitrary ¢ a systematic computation, using
the techniques of this paper, shows that the conditions on K, L, M are of the form

KG(ABCL|G\F) =0, Mup = %KCFABLCF, 3)

see Sect. 3.2 for details. The same techniques have been used in [7] to derive conditions
on the spacetime for the existence of second order symmetry operators for the massive
Dirac equation.

The formalism is implemented in the SymSpin [5] package for xAct [8] for Mathe-
matica.

In Sect. 2 we introduce the symmetric product and state basic properties in Theo-
rem 3. The expansion of a product into symmetric products is discussed in Lemma 6.
The irreducible parts of the Levi-Civita connection, its commutators, curvature and
Leibniz rules are discussed in Sect. 2.4. A concise form the the dyad components of
such symmetric spinors is given in Sect. 2.5. The computer algebra implementation
is discussed in Sects. 3 and 4 contains some conclusions.

2 Symmetric spinor algebra
Let Sk be the space of symmetric valence (k, /) spinors. In abstract index notation,

elements are of the form ¢4, 4, AlA € Sk.1- Sometimes it is convenient to suppress
the valence and/or indices and we write e.g. ¢ € S or ¢ € Sk ;.

2.1 Symmetric product

Given two symmetric spinors, we introduce a product which involves a given number
of contractions and symmetrization afterwards.

Definition 1 Let k, [, n, m, i, j be integers with i < min(k,n) and j < min(l, m).
The symmetric product is a bilinear form

i,J
O Skt X Suym = Sktn—2i1+m—2j- 4)
For ¢ € Sk.1, ¥ € Sy m, itis given by

A|..A]_._||Bi..BiB|..B| LA )
1+m 2j ( [—j—1151- J —j o lm=2j
(¢ @ I'Zf)Al Aktn—2i ¢(Al Ag—i-1 1'//A <Ak4n—2i)B1.. B,'Bi...B;- (5)

For many commutator relations we will need the following coefficients.
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Definition 2 Define the associativity coefficients

i i [ o 0 [
Z Z (H—k—M—[H—l)(Mq—p)(k—2m+r) :

p=0 ¢=0 M—p t

Q)

Observe that the limits can be restricted to max(0, m —r +1¢) < p < mintk—m, M, t)
and max(OOM —m —p,M —i —p+1t) <qg <mink —m—p,M — p,t — p)

because the terms are zero outside this range.
m,n

For multiple products we will use the convention v © ¢ @ d=w @ (¢ @ ).

Theorem3 Let ¢ € S; j,w € Sp 5, ¢ € Sk1. The symmetric product © of Definition
1 has the following properties:

1. It is graded anti-commutative:
m,n m,n
¢ O w==D)""00¢ (7a)

2. It is non-associative:

o - min(i,k) min(j,/)
s t+u+M+N -t,m,M -u,n,N
© 0@ Oe Z Z( Dl Firk Fisi

t+m—M,u+n—N M,N
w © o O ¢. (7b)

3. Itis Hermitian:

PpOw=¢p 0O (7¢)

Combining the first two points, we get the following useful relation.

Corollary 4

2 ) M y ttm—Mu+n-N MN
280 P T

2.2 Irreducible decomposition

A key property of the symmetric product is that the product of two symmetric spinors
can always be decomposed in terms of symmetric products and spin metrics.

Definition 5 We will use the following notation for products of spin metrics.

B;...Bp B B
€A1A, = €Al ! S €A,T, (9a)
B/‘..B/ ’ ’
_ B - B
A,“_A‘Z = ey (9b)

@ Springer
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Lemma6 For ¢ € S; j, ¢ € Sk, with p unprimed and q primed contractions, we
have the irreducible decomposition

€1..C,C}...C, By..Bi_pB;..B]_,
ArAipApA_ Poic,c).c

min(i,k) min(j,/) ( ])m+n(l p)(kfp)(ij)(lfq)

—cn S Y (e

m—p n—q
(Bl By — p((p @ ) By— p+1-- -By— p)(B,l g+l Bl—q éB/ By/, q)) (10)
€(A... Am—pirAip) (AL AL CALLAL )

Proof Let ¢ and ¢ be symmetric of valence (i, 0) and (k, 0) respectively. By [9, Prop
3.3.54] the irreducible decomposition of the product must have the following form

min(i,k)

Bi...By m1---B)
¢A1"'A’-(pBl.“Bk = Z Cme((Ai m(¢ @ (p)Am:llAllC; (11)

Taking a trace of the summand, we find by partial expansions of the symmetrizations
that

@S g
= el @8 WP e S g
- el B oy s 0 S ol
e @0 D
O S i P
— miithem) (Bt (1) ) BBy (12)
Recursively for p < min(i, k) traces we get
AR
= R0
_ m(t+lclkm+l) (m(z—l)l()l(-lic_klf) ((i?; By 2(¢ @ )im 1 B/;:;:)A[—p+l~~Ai—2)
p—l
= @S g ] it izo
q=0
14+i+k—m
=S o r-tin U )) (13)

m—p+1---Ai—p) (:)(k)
p/\p
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51 Page6of 22 S. Aksteiner, T. Backdahl

Taking p < min(i, k) traces in (11) gives

¢ p Bl Bi—p
Al Aj- P Cl Cp

BBy Ai_ i1 A;
= (=DPa,..a,@"" Pk fizptid

min(i,k) mo B A, A
_ p (B1...Bm m+1Bi— p i—p+l-Ai
- (_1) Z Cme(Al )l(¢ @ )Am+l
m=0

min(i k) (i+k—m+l)(m) (B
= (=P Z em—2L Pl

By—p Bn—p+1---Bk—p)
L L B ) gy B )
mp () () -

Am7p+l---Aifp)

m,0
Withm < p, we get at least one contraction of the symmetric spinor (¢ © ¢) and the
term drops out. If we symmetrize over all free indices, only the m = p term survives,
and we get

)

m = (e mT) 3)
Hence
T
= (1P Z (—:}:”_@1(,’;) (Hk;}mi)@) etnr (g gy ir)
e () ()G)

min(i,k) ( l)m(l p)(k— ) (518 mo g B
— (_1\P m—p 1---Bm—p 2 m—p+1---Dk—p
- ( 1) Z (l+k m— p+1) 6(Al-uAmfp (¢ @ (p)Am—p+l-~'A[—p). (16)

m=p m—p

By complex conjugation we get the corresponding decomposition for the primed
indices. O

2.3 Proof of Theorem 3

To proof the main theorem and in particular (7b), we need the following intermediate
identities. We restrict to unprimed indices, as the effect of primed indices can be
superimposed. We begin with a partial expansion of symmetrization of B indices.

Proposition7 Let w € S, 0, ¢ € Sk,0. We have the partial expansion

m,0
(@ © ©)A|...Aksr—2m_:B1...B;
t  (k—m\(r—m
_ ( P )(lfp) Ci...Cpy
- Z k—2m+r pr+1-~-Bt(A1...Ar,m,,urpwAr—m—H—p+l-~~Ak+r—2m—r)BI~~chl~~cm'
p=0 ( t )
(17)
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The sum can be limited to the range max(0,t +m —r) < p < min(¢t, k — m).

Proof Partial expansion of the symmetry for the indices By, B;_1, . .. B; gives

m,0
(a) O] go)A]...AkJr, om—t B1...By

r—m CI .Cm
k+}’ 2m B,«(A] A m,l(pArfm---Ak-%—r—2m—tBl-<~Brfl)Cl~-Cm

k—m Ci.. Cm

+ k-l,-r—zmw(Al (pAr m+1-- Ak+r—2m—lBl-HBI—I)BtClmCm
_ Z t (r—m)!(k—m)!(k+r—2m—t)!
- (r—m—t+p)l(k—m—p)!(k+r—2m)!
=0 p
p
C1...Cpy
X wB;_H -Bi(A1...A m,,er(pAr—m—terH'~-Ak+r72m—t)Bl~~BpC1-~Cm)’ (18)
which can be simplified to (17). ]

We aso need to make an irreducible decomposition of a product of two spinors with
some contractions and symmetrizations.

Proposition 8 Let ¢ € S;.0, ¢ € Sk 0.

Cp(Bl ~-Bl—p Bl—p-H ~~Bt—p+m)

¢(A1 Ai—t+1.-Aitk—t-m-p)C1...Cp
=m(Z) 5~ D) O ) ()
i ()
M+p,0
St R F a9

Proof Let = mean equal after lowering the A indices, raising the B indices and sym-
metrizing over the A and B index sets separately. Using Lemma 6, performing a partial

. . .. Aj B; e,
expansion of the symmetries and noticing that € Ai/ = (0and e Bij = 0ifi # j, we get
¢ .. Ai—H—]<~-Ai+k—1—m—pBr7p+l-<~Br7p+m
Ay..Ai_(Bi..B._,%C|..C,
min(i,k)—p M+p (i—p\ (k—p
(=D ( M )( M )

=" Y

M=0

(i+k—1l§/[—2p+l)

x E(Ai—H»l i [+M(¢ _8’ 0 )Ai7t+M+l--~Ai+k7t7m7th7p+l~--Bt7p+m)
(A1...Ay AM+1.‘.A1_131.‘.Br,],)

min(i,k)—p M (i—p\ (k—p
. Z (=D ( M )( M ) ((t—p)(k—m—p)EAi—t+l(Ai—t+2~~~Ai—t+M
- (i+k7M—2p+l) (i—p)k—p) “Bi(A1...Am-1
M=0 M

(¢ M—i—@p,O )Ai—H—M-H--‘AH—k—l—m—thprrl---Btprrm)
2 Ap...AiBy..Bi_p)

i—t)m Bi— p+1(At 1o Ai M1
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51 Page8of22 S. Aksteiner, T. Backdahl

M+p,0

’ i—t4 M- Aitk—t—m—pBi—p42...Br— p+m)
@ O Q)i ) (20)

Repeatedly expanding, we find

¢ Ai7t+l~-~Ai+k—t—m—p31—p+1~~~Bz—p+m
LB B_,%c..c,

min(i,k)—p M (i—p\ (k—p M
~ Z =D (M)(M) Z M
- (i+k—M—2p+1) q
M=0 M q=0
(t=p)(k—m—p) (i =) Im!(i—p—M)!(k—p—M)!

(t=p=)!k—m—p—q)!(i —t—=M+q)!(m—M+q)!(i—p)!(k—p)!
Ai—t+1-Ai—t+qBr—pt1...Bi—prm—q

By..BjA1...Ap—q

M+p,0

Aj—tg+1--Aitk—t—m—pBi—p+M—g+1---Br—p+m
@ O Oy yitoAiiBysioBiop . 21

Moving the A indices down and the B indices up and writing out the symmetrizations,
we get

¢ Cp(BI Bt—p Bt—p+1~~Bt—p+m)
(Al Ai7t+1~-Ai+k7t7m7p)Cl-ucp

P M) D))

=L EEa) % MEDED

M=0 q
Br-ByBipi1Bipru—g ¢M+P’0
(AL t+1Ai g A1 AM—g
Bq+|~-~Bt7th—p+M—q+l--‘Bt7p+m)
)AM—qul-~~AifrAi7t+q+l~--Ai+k—t7m7p) : 22)
After rearranging the indices, and simplifying, we get (19). O

Proof of Theorem 3 Part 1 follows from the zee-zaw rule on the m + n contracted
indices and part 3 follows from complex conjugation of (5). Part 2 follows from the
following argument. Proposition 7, a renaming of the contracted indices and using the
zee-zaw rule gives

t,0 m,0
(PO ® O PIA Aipisrom—n

3t

t

wC]”.Cm ¢) @
Bpt1-Bi (A1 Ar—m—r+4p Ak+r 2m 141 Akt r—2m =21 Ar—m—t+p+1--Aktr-2m—1)B1...Bp Cy...Cn

o (k m)(rim)
- Z( ) (k 2m+r)
CpBlBl P B/*[H»lmBl—/H»m (23)

WBY..But1—p(Ai—t1k—m— p+1 - Aigktr—2m— 21¢A] Ai—t+1-+Ai—t4+k—m—p)C1...Cp
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Using Proposition 8, contracting the spin metrics, and using the zee-zaw rule, we get

t,0 m,0
(PO O YAy Aiskiroma
LR (020 D) T ) ()
ZZ Z Z( l)m k 2m+r l+k7qM72pt{H M —
b= M=0 4= ) ()
M+p0 By i B pim
X WBy...Byyi— p(Ai—itk—m—p+1--Aipkr—2m— 21€A1 AM(¢ © )Axi:ll...AtiJrZ:,m,p)
— imln(lzk) pi(_l)erquM (k Pm) (';—;7”) (Mniq) (kinq/lip) (lé:tq)(t;p)
(k—2m+r)(i+k—M—2p+l)(M)
p=0 M=0 ¢=0 t M q

M+p,0

By+1---Bi—p+m
X OByry 1. By p(AtecAriptspm—t (@ O @)

Ar+M+p—m—t+1 ‘..Ai+k+r—2m—2t)

LT M ) T G ) ()
t—p\ p -p —q q —-q/\ q
= Z Z Z(_l)q+ g (k—2m+r) (i+k—M—2p+1)(M)
p=0 M=0 ¢=0 t M q
B B M+p,0
(AMl+1 ,+M++t],p,,, ,(¢ ©) gu)AH—M—f—p—m—t-H~~-Ai+k+r—2m—2t)BM+l~~Bt—p+m' (24)
Hence
t,0 m,0
(POw O @)

R E DT D ) G ) ()
Z Z Z (k 2m+r)(t+k—M—2p+l)(M)

t M q

R A () ) ) ()
(

k—2m+ +k—M—p+1\ (M-
p=0 M:p q=0 ( ;"r)(l prp ) qp)
+m— M.,0
(w @ ¢ O ¢)
min(i,k)
l+m M,0 M,0
Z FM ¢ O ), (25)

where we have made the change M — M — p and re-ordered the sums. The limits
can be restricted to max(0,m —r +¢) < p < min(k —m, M, t) and max(0, M —
m—p,M—i—p+t) <qg <min(k —m — p, M — p,t — p) because the terms are
zero outside this range. The treatment of the primed indices is completely analogous.
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51 Page 100f 22 S. Aksteiner, T. Backdahl

2.4 Derivatives

In [4], the irreducible decomposition of the covariant derivative of a symmetric spinor
was done in terms of fundamental spinor operators. By extending the symmetric prod-
uct to the space of linear, symmetric differential operators of valence (k, /), O ;, we
can express the fundamental spinor operators in a compact way.

Remark 1 For V € O; 1 we have the fundamental spinor operators [4, Definition 13]

1,1 0,1 ; 1,0 0,0
P9=VOp, Cp=VOgp, FCo=VOyg, Te=V 0Og. (20

On ¢ € Sk we have the irreducible decomposition of the covariant derivative into
fundamental operators [4, Lemma 15],
AlLLA

Al AlLLA
VA] LQ Ay Agyy 2 = (e?()(;)mm“‘k+1 I+1

I -A" (A ALLALD
— et 2(%¢)A1---Ak+l 3141

k i Al LA,
- meAl(Az(% ) Az A

ki ZAl (A AL A
+ TEDaFD €A1(A2€ 1€ 2DP) Ay )3 L), (27)
Next, we write the commutators in the new notation. Define the operator
0,1
O=—(VOV)e Oy, (28)
and its complex conjugate [J € Oy ».

In index notation, it reads (Jap = V(A|Ar‘VB)A/. Acting on ¢ € Sk it can be
expressed in terms of curvature via

0,0 1,0 0,1

O0¢g= —k¥U Oo—100 g, (292)
1,0 2,0 1,1 0,0

00 ¢g=—-G(k-DV O 9—I1®0 ¢+ (k+2A O ¢, (29b)
2,0 3,0 2,1

O0¢p= k-2 0O ¢—I1d0 . (29¢)

Lemma9 [4, Lemma 18] Let ¢ € Sk ;. The operators 9, €, €' and T satisfy the
commutator relations

PCp=£5¢P29 -0 0 ¢, k>0,1>2, (30a)
B . 2,0

9€ 0= 5€" 29 -0 0 ¢ k=2,1=0, (30b)
0,0

gy(p:HLly%(p—D@go, k>0,1>0, (30c)
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T =

760 -0 00, k=0,1=0, (30d)

9T¢ = — (g + H%)%fw + 4527 76

2 =0l

ES) l+1

P2T¢=— (g + i€ Co+ 28 794

(k+1)2

k2= Ol
~ 00— 00, k20,021, (300)

1,0 —0,1
Tl =C"Co+ (729 -00e+00 ¢, k21121 (30

Example 1 Let ¢ € Sy be a spin-s field, i.e. €T¢ = 0. Then (30b) is the algebraic
consistency condition, also known as Buchdahl constraint, see [9, Section 5.8].

Let ¢ € Sk be a Killing spinor, i.e. ¢ = 0. Then (30c) is the integrability
condition restricting compatible geometries.

Lemma 10 For symmetric spinors ¢ € S; j, ¢ € Sk, we have the following Leibniz

rules.

T@E9) = ()"0 B T+ En G g S G g
(=) mp m—1,n—1 m,n n n=
+m(ﬂ © 9¢+¢@=7‘P+z+_1¢ © Cf(p
m—1,n—1
+ k+1¢ @ N ¢+ griT® © g, (31a)

<€(<z>"éf>n<p) =

G (PO ) =

9((15 o} @) =

(—lymmtl gy (=)™ (G —n)(j+—n+1)
¢ © T+ —rigH-m 0O

m4n+1 m—1,n+1
L&D m(—n) 3

+
G+nGH-In) ¥ ¢

(=D m(j—n)(j+l—n+1)
T GG 0" 0" 79 - e e & 7y

+ m%%fﬁ%n%w + &%(pm 6n+1<€7¢
el 6" 5" g, (31b)
Ui, "0" 79 + e S %y

4 ED o m Gkemt]) oty

@+ (i+k—2m)

(—l)m+"n(i—m)(i+k—m+1) m,n—1 i—m m+1,n
+ oG ¢ © 20— qiem® © Te

m+1,n—1

n(—i+m) (k—m)(i+k—m+1) i
T oo ® O Tt rharam pO%"y

n(k—m)(i+k—m+1) mn—1
+ T nanaE—m® © ¢ (3lc)

1)m+n(k —m)(—n) m+1,n+1
(l+k 2m)(j+I—2n) ¢
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51 Page120f22 S. Aksteiner, T. Backdahl

(=1L Gy =) (jH—nt1) M ELR
+ GFDG+k=2m)(j+—2n) © ¢¢

(=)™ i —m) (=) (i+k—m+1) "]
t i —amG—my ¢ © ¢
(=D"™ " (i—m)(j—n)(i+k—m+1D) (j+I—n+1)
+ GIDG+ DG Hh—2m) G H=2n) §O 70
(=m(—m) Lot
+ T ® © Te
m+1,n

(=i+m)(=n)(j+I—n+1)
+ G 2mG—2m ?
(j—n)(=k+m)(i+k—m+1) m,n+1
+ e © €'e

(k—m)(—n)(i+k—m~+1)(j+l—n+1)
L T T oy T g m)¢“39¢ Gld)

1, ,
Proof Collectively, the left hand sides can be written as V @” () nEDn @) where t,u €
{0, 1}. Let V4 and V,, be V only differentiating ¢ respectively ¢. From the relations
(7a) and (8) we get

tu

t,u m,n tu m,n
VO @O e = Vo O (@ © ¢9)+V, 0 (P O ¢)

mebn tu m,n tu m,n
= (=1 V¢®(<p O @)+ Vy O (P O ¢)

—-M,u+n—N _ M,N
_ m-+n t,m,M unN 1+m 2 i
=(=1) § Eﬂh o o) Vo ¢
M=0N=0

t+m—M,u+n—N M,N
+Z ZF{Z”,}” FiiNeg o} VOe (3
M=0 N=0

Explicit calculations of the F’ 1’ lmkM coefficients gives the relations (31). O

Example 2 Suppose ¢ € S; o is a spin-s field, €T =0and ¢ € Sk.0 is a Killing
spinor, .7 ¢ = 0. Then the right hand side of (31c) vanishes for m = k, i.e. the full
contraction of the fields is a spin-(s — k/2) field. This is known as Penrose’s spin
lowering, see [10, Equation (6.4.2)].

2.5 GHP expansion

In this section we collect equations to efficiently expand symmetric spinorial equa-
tions into GHP components. We point out that our older GHP package SpinFrames
first expands spinors into a dyad and then takes components. The expansion was com-
putationally expensive. In this section and the corresponding new package, there are
closed forms for components of symmetric spinors, which is a huge improvement in
performance.

Let us first briefly review the formalism, see [6] for details. Introducing a normalized
spinor dyad (04, t4), 0 44 = 1, a two dimensional subgroup of the Lorentz group is
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given by
04 — AO4, g —> k_lLA, (33)

with non-vanishing, complex scalar field A. A field ¢ is said to be of GHP weight
{p, g} if it transforms via

¢ — APA9g (34)

under (33) and its complex conjugate. The Levi-Civita connection has a natural lift of
the form

Oan = Vaa — poaa —qoan, withway =15Vp0p, (35)

and is of weight zero in the sense that it maps {p, g} weighted fields to {p, ¢} fields.
The GHP operators are given by the dyad expansion of (35),

Ouar = talarb—1404 0 —0alpar 0 +0p04 D . (36)

The connection coefficients are defined as follows,

Opa0p =T gatp, where ['g a7 = —talark +LA04 0 + 04lparp — 0404 T,
(37a)

Oaartg =T 0B,  where 'y ,, = —1ATa T + 1404 0" + 04Tar0" — 0404k’
(37b)

To express the dyad expansion of a general symmetric spinor, it is convenient to
define a symmetric spinor basis B:’nl; of weight {2n — k, 2m — [} by
’kA/..AA/ —(A/ AL A _A/
BZl’IAi_“Ai = 0(A; ---OA, LAy ...LAk)O( Lo oMt Ame L TAD. (38)

In particular this allows us to mostly avoid spinor indices for the rest of this section.
For a full contraction of two basis elements we find

nk 3 ik (n+m) Ny no em
B, ©B;; =(=1 ; ” 58" s (39)

where §; = 1 if a = b and zero otherwise. Now any ¢ € S can be expanded into

ko1
—igi—j (k) (! i
=D Y (~DfH j(i)(j>¢ij/8j’l’ (40)

i=0 j=0

where the scalar components of weight {k — 2i,[ — 2} are defined by
Lk
¢y =B 1] O 6. (41)
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The following two lemmas yield component expressions for general symmetric
products and derivatives of symmetric spinors. This allows to expand general sym-
metric spinor differential equations into dyad components, without expanding the
symmetrizations.

Lemma 11 For ¢ € S; j, ¢ € Sk the symmetric product has components

0 o) = Z ZGm G P e —— (42)

p=04g=0

with coefficients given by

e ()T G )
Gl = LY OO

Proof For ease of notation we assume d) € 5.0, ¢ € Sk.0- Using the observation that

(43)

Bp = 0 k P @ BO o » Where BO P is a symmetric product of 14 and Bp isa
symmetnc product of 04, we can use (17) to obtain

p.kBi..By,  _ 0,k—p D, P
Byoa,ar,, = Boo @ By, o)

Ak m
_ ( )(m ) O k—[?(Bq-HmBm p,pBl...Bq)
- 2(:) (k) 00 (A1 Ak—p—m+q 0,0 Ak—p—mtq+1---Ak—m)
q m
k
:Z()((]T) )Bp —q.k— mA A mquB] (44)
q=0 m

Using this in the expansion (40), we find

ICEATAp—

Ay AtmBi..By = Z Z( per 2 4, Al At BEO By B>
p=04g=0 (m)
(45a)
i i—r r
¢ Al - — ZZ( 1)1 r( )( ql)( )¢r0/Br —m+q,i— mA] A mBq ,mBy.. Bm.
r=0g=0 (m)
(45b)

Contracting the B indices, symmetrizing and using (39) yield

¢(A1 (pAl m+1--Aitk—2m)B1...Bp
WG GGDE)
— (- 1)k+1 r—p miq p/ \m—q/\q ¢r0’<p o
ZZZ ) :
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p+r—m,i+k—2m
BO,O Al Ajtk—om

q,m q.m B...B,
x By’ Bi...B.Boo "

i k m
— Z Z Z(_l)k+i—r—p+m—q

r=0 p=0¢g=0

D6 G) G E) pr—mitk—2m

- — éroepo By g Al Aiggom-  (40)
()G () ’ S

The relation (39) then gives

m,0 . : i+k—2m,0 m,0
2 k—2m—s,i+k—2 2
(¢ o (P)SO’ _ Bl-’r m—s,i—+ m o)

(@ O 9
= ZZZ( H~"~ prm—q— S()(lqr)(mr—q)(f;)(y];__lj{)() ms—p

my\ [ i+k—2m bro/@podr
r=0 p=04¢=0 (m)(rlrcl)(q)(t-ﬁ—-ltfhi—s) o
p=0¢=0 (m) (:1) (m) (li:fgi"iv)
k
=D Gl bistm-pr@p0- 47)

<
Il
o

The primed indices gives an analogous expansion and the combination yields (42). O

Lemma 12 The GHP components of fundamental spinor operators (26) on ¢ € S,
take the form

(D$)ijy = b=k —D)p — (L = NP+ 1)(j+1y + B =G+ Dp" = (G + D iy
—@—(k =)t =G+ Dby — @ =G+ D' = U = HDPi¢j41y
+ (k=i = Dkgyoyj+1y — k=i = Do) —io'di—1y(j+1y
iK'y + U= J = DRGGn 2y — (= j = D3ij4y
— J& b1y (j—1y + ik Bij—1y (48a)
(CP)ijr = (—k—i+D(p+ip— U — NP)bi(j+1y i +k —i+1)p’
— G+ DAV jrx + k=i + D@ +it — (j + DT
—i(@ +k—i+ D' — U= DDPG—1y(j+1y
—k—i+ Dk —=Dkditr1)+1y Tk —i+ Dk —Dodii)
—i(i =)o P2y jy1y +iG = D'G_2yjr — (k=i + 1D = j — DRy (j12y
—i(l = j = Dadi_1yjroy + k—i+1)jd'¢ij—1y
+ijE G —1y(j—1y)/ k + 1), (48b)
@)y = (U= j+DP+jp— k= iD)p)pis1)j + i
+U—j+ D =G+ Dp)ij—1y
+(—j+ D@ +jT =+ D)y
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—J@+A —j+ DT = k= D)OP41)(j—1y — C—j + DU = DEDGir1)(j+1y

+ (= j+ DU = Padijr1y — iU — D& big1yi—2y

+ G = D' j—ay

—(U=j+Dk—i—=Drggia)j—jk—i—1odii2)-1y

+ U —j+Dio'pi_1yj +iji'Pi—1yj—1y)/ A+ 1), (48¢)
(T¢)ijr = (k+1=D)U+ 1= )(p+ip+ jp)o;j

+k+1—i)j@+it+ 1 —j+ DT i1y

+ill+1 =)@ +k—i+ DT+ jDpi_1

Fij(p =i+ Do+ (= j+DE)G—1y-1y

+k—i+Dk—-DU+1—=Prdgqryj+k—i+ Dk —Djodgiiy-1y

il = DU+ 1= o' o)y +iG — 1) jK b2y -1y

+h+1 =00+ 1=)U=PEdigj1y Hil +1 =)A= DodG—1)(j+1y

+k+1=i)j(j = D& ¢y +ij (= Di'di_1)(j—2y)/(k + DT + 1))
(48d)

Proof To prove (48a), we start by expanding the argument of Z¢ using (40) and
contract with a symmetric basis as in (41),

(D9)y = BTG (99)

k\ (1
= ZZ<—1>k‘"+"”’<n>(m)Bl" TS @@ B, @9)

n=0m=0

Next, we use the Leibniz rule (31d), but switch to the GHP connection ® 4 4/ (so the
fundamental spinor operators are with respect to ® 4 4/ instead of V44/) as the GHP
components and the basis elements are GHP weighted,

0
7@t © B = BIA © T dun + bum © DB, (50)

From (36) and (37) we have

T bum = (0 um) By — @ bum)BY| — @ Gun) By + V' bum)Byy. (51

and

GBI =nT & B 4 (e —mT & B +mT O B+ - O BLE .
(52)
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Inserting (51), (52) back into (50) and expanding T, T/ into the basis we can use the
contraction rules

By & B = B (53a)
By, o Byi = - W%ﬁj_], (53b)
By o Bl = - @Bﬁ,,‘,i’f‘l, (53¢)
By 6Bl = Wlﬁfnﬁi}, (53d)

which are easily verified by expanding out the symmetries. The result can now be
substituted into (49). Each term has a full contraction of the form (39) which cancels
the double sum due to the § factors. After some elementary algebra, the end result is
given by (48a). The other expansions can be verified along the same lines, the only
minor computation that needs to be done is the analog of (52) and (53). ]

Example 3 For ¢ € Sas.0, (48c) corresponds to the dyad components of the spin-s
field equation, c.f. [9, Equation (4.12.44)]. For ¢ € Si,0, (48d) corresponds to the
dyad components of the twistor equation, c.f. [9, Equation (4.12.46)].

3 SymSpin: a computer algebra implementation in xAct

The xAct [8] suite for Mathematica is an open source project mainly devoted to
symbolic computation in differential geometry and tensor algebra. In this section
we introduce our contributed package SymSpin [5] which contains the formalism of
Sect. 2. For syntax and more examples, see SymSpinDoc.nb on that page.

3.1 Loading the package and defining structures

Load the package, define a four dimensional manifold M4, and Lorentzian metric with

In:= <<xAct SymSpin"
s$DefInfoQ=False;
DefManifold[M4,4,{a,b,c,d}]
DefMetric[{1,3,0},g[-a,-b],CD]

(54)

By default the valence numbers are displayed for each operator and complex conju-
gates are written with . To keep the notation the same as in the rest of the paper, we
can change the display form with
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In:= SetOptions[DefAbstractIndex,PrintAs->PrimeDagger];
SetOptions[DefSpinor, PrintDaggerAs->AddBar]; (55)
SetOptions[DefFundSpinOperators, ShowvValenceInfo
->Falsel;

Define the spin structure, initialize SymSpin and define the fundamental spinor oper-
ators with

In:= DefSpinStructurelg,Spin, {A,B,C,F,G,H,P,Q,R},¢c,
OICDe' {"; "I "V“}I
SpinorPrefix->SP, SpinorMark->"S"] (56)
InitSymSpin[o];
DefFundSpinOperators[CDe];

3.2 Example: coefficients

Assume that K, L and M are symmetric spinor fields, and we want to find under which
conditions of K, L and M the equation

0=Kap" " LrCouc +MuCopc. (57)

holds for all symmetric spinor fields ¢. The following calculation leads to the condi-
tions

K% uscLigir) =0, Myp = %KCFABLCP (58)

We first define the symmetric spinor fields. For clarity we have added the valence
numbers to the names of the spinors, but not the display form.

In:= DefSymmetricSpinor[¢20,2,0,Spin,"¢"]
DefSymmetricSpinor[K40,4,0,Spin, "K"]
DefSymmetricSpinor[L20,2,0,Spin, "L"]
DefSymmetricSpinor[M20,2,0,Spin, "M"]

(59)

One can start with the indexed version of the spinor equation.

In:i= OriginalEg=0==K40[-A,-B,F,H]L20[-F,C]l¢20[-H, -C]
+ImposeSym[M20[-A,C]*p20[-B,-C]] (60)

out= 0==Kag" LrConc + Sym[Mela€ pc
(13)
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To convert this to the new formalism, we need the irreducible decomposition of the
product of the L and ¢ spinor.

In:= IrrDecomposeSymMult [L20,¢20,{0,0}]

2,0 (61)
Out= Lapgcr == — Sym [€(L®¢)]ACBF + (L®<.0)ABCF +3 L Symleelacsr(LOg)
(13)(24) ( 3)(24)

It is convenient to work with the expanded and canonicalized version

In:= L20¢20IrrDecEg=ToCanonical@ExpandSym@%
0,0 ) 1.0 . 1.0 . 1,0
Out= Lappcr == (LO@)agcr — z€8F(LOP)ac — z€Bc(LOP)aF — zear(LO@)pc  (62)

—*SAC(LQ(P)BF"F GAFGBC(L(D(PH- EACEBF(LG(P)

To work efficiently we turn the original equation into an index-free version. One
could also use the index-free version as a starting point.

In:= IndexFreeEq=ToIndexFree[ToCanonical@ContractMetric[OriginalEq
/ .EqQToRule@L20¢20IrrDecEq] //.SymHToSymMultRule]
/.MultScalToSymMultRule [Spin]/.SortSymMult [Not@FreeQ[#, ¢20]&] (63)

1,0 2,0 1,0
Out= 0==MOp+KOLOY
We can turn the spinor valued equation into a scalar equation by contracting it with a

dummy spinor T to turn the free indices into contracted dummy indices. This dummy
spinor is defined by

In:= DefSymmetricSpinor[T20,2,0,Spin, "T"] (64)

As the field ¢ and the dummy spinor 7" both should be arbitrary, we see that the
irreducible components of their product can be treated as independent arbitrary fields.
For convenience we make a list of them with

In:= IrrDecComps=SymMult[T20,#,0,Spin] [¢20]&/@Range[0,2]
0,0 1,0 2,0 (65)
Out= {((TO¢), (TOp), (TOP)}

We can now contract our index-free equation with 7.

In:= SymMult[T20,2,0]/@IndexFreeEq

2,0 2,0 (66)
Out= 0 == T®M®¢+T®K®L®<p
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Commute 7 inside, so that T is directly contracted with the field ¢, so we obtain the
independent spinors in the list IrrDecComps.

Ini= %//.CommuteSymMultRuleIn[T20]

20 1,0 40 1000 40 00 10 (67)
ou= 0== —MOTOP+KOLOTOp+LKOLOT Op

Now, these independent spinors are moved out and to the left.

In:= %/.SortSymMultReverse [MemberQ[IrrDecComps, #]&]

//.Flatten[CommuteSymMultRuleOut/@IrrDecComps] (68)
1,0 2,0 0,0 40 1,0 L0 2,0 2,0
Out= 0== —(TOPYOM+(TOP)OKOL+ 5(TOP)OKOL

From this one can conclude that the coefficients of (T lé) @) and (T %) ¢) both have
to be zero.

Asaconvenience, we have implemented all of the steps from the index-free equation
to the final list of equations in one function.

In:= ExtractCoeffsIndexFree[IndexFreeEq, ¢201]

1,0 2,0 (69)
ou= {0==(KOL), 0== —M+1KOL}
This can be translated back to the indexed form with
In:= ToIndexed/@%
(70

out= {0==Sym[KL1% apcGr, 0==3KF apLcr — Mag}
(2346)

Performing this kind of calculation in the indexed form would require expansions

of symmetries and several steps of irreducible decompositions of different products.
This new method was heavily used in [7].

3.3 Example: derivatives

To also demonstrate how to work with derivatives we use the previously defined field
¢ and define a valence (3, 2) field  via

In:= DefSymmetricSpinor[y/32,3,2,Spin,"y"] (71)

The covariant derivative

In= CDel[-A,-Atl@y32[-B,-C,-F,-Bf,-Ct] )
Out= Vaa¥BcFp/c
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can be decomposed into the fundamental spinor operators with
In:= %==ToFundSpinOp[%]
Out= Vaav¥pcrpe == — 3éac GV apcre — 3ean GV apcre — 1ear (@ W pcasc
—teac @ V) prapc — eas E V) cram e + Hearéac(2W)scr (73)
+ 5 earéan (DY) pec + teacac (DY) prp + tyeacéas (V) prer

+ 5 easénc (D) crp + Seasean (2¥)cre + (TV)apcrasc
Commutators can be handled like

In:= DivCDe@CurlDgCDe@is 32

(74)
ou= (2€" )
Ini= %==(%/.CommuteOp [DivCDe, CurlDgCDe])
5 3,0 2,1 (75)
ou= (Z€"Y) == 3¢ Dy + VOY +200Y
Derivatives of products can also be handled efficiently
In:= CurlDgCDe@SymMult[¢20,1,0]@\32
10 (76)
ou= (€Tp0OY)
In:i= %==(%/.SymMultLeibnizRules [CDe])
(77

¥ 1,0 2 2,0 5 1,0 " 1 2,0 5 1,0 ¥
Ou= (€'oOY)==5Y0T¢ -5y 0C¢ ¢ — 300 TV + 200¢" ¥

4 Conclusions and discussion

In this work, we introduced an algebra on symmetric 2-spinors and the corresponding
SymSpin package for the Mathematica suite xAct. In various research projects of the
authors this algebra turned out to be a very efficient way to perform calculations.
For example in [7] it is used to derive conditions on the spacetime for the existence
of second order symmetry operators for the massive Dirac equation. This greatly
simplified the calculations compared to the earlier approach [4], where only parts of
the formalism were used to investigate symmetry operators for the massless Dirac and
the Maxwell equations. Potential future applications include higher order perturbation
theory as well as classification of symmetry operators for other field equations.

The formalism is very efficient for cases where each spinor appears only once in
each product. Choosing a preferred ordering of the factors in each product, one can use
the relations in Theorem 3 to rewrite them in a canonical form. However, if a spinor
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appears multiple times in a product the relations in Theorem 3 can give non-trivial
equations where a term of the same form can appear both in the left and right hand
sides as well as in several equations. Solving these equations, it should be possible to
develop a method to write such products in a canonical form. So far, we treat the cases
needed (i.e. for specific valences) separately, and plan to continue the development of
these tools for the general case in the future.
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