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Significant progress has been made with multipartite entanglement of discrete qubits, but continuous
variable systems may provide a more scalable path toward entanglement of large ensembles. We
demonstrate multipartite entanglement in a microwave frequency comb generated by a Josephson
parametric amplifier subject to a bichromatic pump. We find 64 correlated modes in the transmission
line using a multifrequency digital signal processing platform. Full inseparability is verified in a subset of
seven modes. Our method can be expanded to generate even more entangled modes in the near future.
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Superconducting quantum circuits have demonstrated
excellent unitary control and coherence of qubits at a level
sufficient to usher in the era of noisy intermediate-scale
quantum technologies [1]. So far, a vast majority of the
research is focused on the circuit-based approach to
quantum computing [2]. An alternative paradigm is the
measurement-based one-way quantum computer [3-5],
where computation is realized through a sequence of
measurements on so-called cluster states [6,7]. This para-
digm has received significantly more attention in optics,
where the continuous variable (CV) counterpart has
revealed large scale multipartite entanglement in optical
frequency combs involving many thousands of modes
[8-13].

Ever since the pioneering experiments of Yurke et al.
[14,15], single and two-mode squeezing has been observed
in a wide variety of systems, from superconducting [16—27]
to mechanical [28-30]. However, to generate an arbitrary
cluster state, multimodal squeezing [31] beyond two modes
is required. Tripartite squeezing has been demonstrated in
superconducting devices [32—-34] and multimode squeezing
has been demonstrated with parametrically coupled surface
acoustic wave modes [35]. But large multipartite entangle-
ment in the microwave spectrum with superconducting
circuits remains elusive.
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In this Letter we demonstrate squeezing of multiple
propagating modes in a transmission line connected to a
Josephson parametric amplifier (JPA) with a bichromatic
pump. Our digital signal processing platform enables
measurements of correlations between as many as 64
modes. While genuine multipartite entanglement between
so many modes is nontrivial to establish unequivocally
[36-39], we present compelling evidence of seven fully
inseparable modes. Our method provides a clear path for
scaling to many more modes and perhaps construction of
CV cluster states.

Our JPA is a lumped-element LC circuit (see Fig. 1)
cooled to 10 mK, where the inductor is replaced by a
superconducting quantum interference device (SQUID).
The JPA is overcoupled at the signal port to a circulator
which separates incoming and outgoing modes in two
transmission lines, with the outgoing modes connected
through a double isolator to a cryogenic low-noise ampli-
fier. The second port is inductively coupled to the SQUID
loop, through which we apply a time-varying flux pump to
modulate the circuit inductance. The flux pump together
with the flux bias permit a three-wave mixing process,
known to amplify small signals and generate two-mode
squeezing [40]. The overcoupled linewidth of the JPA
resonance is Ky = 27 X 124 MHz.

Noise quadrature data are collected by a digital multi-
frequency lock-in that simultaneously demodulates at many
frequencies, each being an integer multiple of the meas-
urement bandwidth. We measure the /Q quadratures of up
to 64 evenly spaced frequencies with no Fourier leakage
between the demodulated frequencies. The measurement is
facilitated by directly digitizing in the second Nyquist zone,
granting access to the 2.5-5 GHz band without analog

Published by the American Physical Society
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FIG. 1. (a) The JPA forms a LC circuit with tunable inductance

L; due to the SQUID. The inductance, and hence its resonance
frequency @, is modulated by an external flux field of the
monochromatic or bichromatic kind, labeled b and ¢, respec-
tively. The pump stimulates incoming vacuum noise scattering off
the JPA resonance to become entangled (right). The incoming and
outgoing noise is separated by a circulator. (b) A monochromatic
flux pump is applied at ®, =~ 2wy, which correlates modes
symmetrically around mode 0. We use a graph to indicate the
resulting correlations in the frequency comb. Numbered vertices
correspond to labels on the frequency axis and edges indicate
classical or quantum correlations. (c¢) A bichromatic flux pump
consists of two different frequencies at roughly 2@, We can
illustrate the correlations with graphs K°, K~!, and K'. The
superscript indicates the root vertex. In our Letter, A = 2z X
9.2 MHz and o, =~ 27 x 4.3 GHz.

mixers. Analog bandpass filters at the lock-in input reduce
the effect of aliasing. The digital multifrequency lock-in’s
clock is the reference oscillation for our external microwave
generator which supplies the flux pump. For additional
details, see the Supplemental Material [41], which includes
Refs. [42-64].

The frequencies at which we measure and demodulate,
the modes, are determined by the flux pump frequencies. A
bichromatic pump, with frequencies Q; and €,, is applied
at the flux bias port. The frequencies are approximately
centered at twice the JPA resonance %(QZ + Q) ~ 2wy
with a detuning A smaller than the JPA linewidth,
|Q) — Q| = A < Kyo1- Measurement is carried out at a
comb of frequencies f, =1 (Q +Q;)+nA/4, n€ Z,
with spacing A/4 [see Fig. 1(c)]. This particular frequency
selection ensures that signal-idler pairs associated with
each pump overlap, giving rise to multimode squeezing. In
our experiments we use A = 2z x 9.2 MHz for the pumps
and A/4 = 27 x 2.3 MHz for the frequency comb.

To help visualize the correlations induced by pumping,
we first consider the familiar case of a monochromatic
pump, as illustrated in Fig. 1(b). Every frequency in the
comb is labeled by an integer, with O signifying the center

frequency (Q; + Q,)/4. In the three-wave mixing process
2wy = w, + w_,, correlations arise between signal-idler
pairs labelled n and —n. A graph represents the correla-
tions, where vertices indicate comb frequencies and edges
connect signal-idler pairs satisfying the three-wave mixing
criterion. We find that all vertices (except vertex 0) have
only one incident edge. These vertices are said to be of
degree 1 and correspond to two-mode squeezing. Note that
vertex 0 is unique since it is single-mode squeezed and has
an edge to itself, i.e., self-loop.

Going beyond two-mode squeezing requires vertices of
higher degree and preferably without self-loops. We
achieve this with a bichromatic pump, as shown in
Fig. 1(c). We partition the entire comb into three infinitely
long subgraphs K°, K', and K~'. The superscripts indicate
the root vertices, defined as the leftmost vertex in Fig. 1(c).
The edges are color coded to indicate which pump
facilitates the interaction. The graphs for two pumps
suggest that a photon detected in any mode could be
correlated with an idler at another mode via either the red
pump or the blue pump. This ambiguity about exactly
which photons are involved in two-mode squeezing can be
viewed as an absence of which-color information [34,65],
in analogy to the absence of which-path information
required to entangle spatially separated photons [66].

We sample the noise output from the flux pumped JPA to
construct the measured covariance matrix C,,, = ((A,—
(A (A, — (A,)), where A, € {I,,,0,} is the measured
quadrature value for mode n. The measured matrix C,,,
(obtained in units of V?) is scaled according to

— Cnn'l
w1 Jo,0,Z B’

where ,, (w,,) denotes the frequency of mode n (m), while
Z., B and 1 are the characteristic impedance of the line
(50 Q), the measurement bandwidth (1 kHz) and Planck
constant, respectively. This scaling permits the covariance
matrix to be stated in units of twice the photon number (212)
and the vacuum state as the identity matrix. V,,, is
subsequently compensated for the frequency-dependent
gain and added noise of the amplifier chain using a
procedure documented in the Supplemental Material
[41]. The result is a calibrated covariance matrix V7,,.

A physical covariance matrix must be semi-positive
definite and it must not violate the uncertainty principle.
For a general covariance matrix V in our units, we express
these conditions as [67]

1%

(1)

V>0, V—iQ>0, (2)
with the symplectic matrix Q =Q,, (°, }).

When compensating the measured covariance matrix
V.m for added measurement noise, it may happen that
the calibrated covariance matrix V7, violates Egs. (2).

120601-2
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Therefore, we constrain this compensation to reconstruct a
physical covariance matrix, within experimental error o,,,,
that does satisfy Eqgs. (2), by minimizing the objective

function [68]
Vi =V
min (max M) . (3)

|4 nm Cum

Ideally the objective function should be less than unity for a
plausible reconstruction (i.e., the reconstructed matrix is
within experimental error of the calibrated matrix). With
this reconstructed covariance matrix, we proceed to analyze
the entanglement properties.

We first test for entanglement generated by a mono-
chromatic flux pump, (—3 dBm output power) well known
to generate pairs of entangled modes, known as two-mode
squeezed states [16—27]. We measure the covariance matrix
of the closest seven modes around the half-pump frequency
with 1 kHz measurement bandwidth, acquiring 6 x 103
data points over 10 min. To minimize the effect of phase
drift in this long-time measurement, we divide the dataset
into six equal segments. Reconstructing a physical covari-
ance matrix in each segment, we find a maximum deviation
4 x 1073 ¢ from the calibrated matrix. We present one of
these covariance matrices in Fig. 2(a). The 0 mode is
located at exactly half the pump frequency. Consequently,
all modes symmetric around the 0 mode create two-mode
squeezed states, as indicated by the checkered blue-red
antidiagonal. The three pairs are analyzed for entanglement
using the PPT test [69] and the Duan criterion [70]. The
weighted results for the six matrices are presented in
Fig. 2(b). Analysis indicates the three pairs exhibit bipartite
entanglement. See the Supplemental Material [41] for
details.

As depicted in the graphs of Fig. 1, a monochromatic
pump generates only bipartite states which are either
entangled or separable. In contrast, a bichromatic pump
generates a multipartite state which may belong to one of
many possible entanglement and separability classes—
ranging from fully separable to genuinely multipartite
entangled (GME). As a generalization of the bipartite case,
a n-partite (n > 2) mixed state is fully separable if it can be
written as a convex combination of product states.
Furthermore, an n-partite state can be arranged into k < n
partitions. If the state is fully separable with respect to k
partitioning (or expressed as a mixture of k partitions), we
call it k-separable, if not, k-inseparable [71]. We call the
n-partite state fully inseparable if it is not separable with
respect to any partitioning [72]. Additional details are given
in the Supplemental Material [41].

To establish whether an n-mode state is fully inseparable,
it suffices to establish that the state in question is insepa-
rable with respect to any bipartitioning, i.e., it exhibits
bi-inseparability. For pure states, bi-inseparability is a
necessary and sufficient condition for GME, as it implies
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FIG. 2. (a) Reconstructed covariance matrix generated by a
monochromatic pump. The mode at the half-pump frequency is
visible at the center where the red diagonal and the red-blue
antidiagonal intersect. The red diagonal contains noise, while the
red-blue antidiagonal indicates pairwise correlations. For clarity,
only the I quadratures are labeled on the x and y axes. The Q
quadratures are interleaved between / columns and rows. The
subscripts label different modes. The covariance matrix is given
in units of twice the photon number 27. (b) Each mode-pair
symmetric around the half-pump frequency 4.3 GHz is analyzed
for entanglement using the PPT test [69], the Duan criterion [70],
and a SvL test [37,68] using optimization; see Eq. (4). With our
convention, non-negative values correspond to separable states.
All three tests return negative results. The bottom x axis indicates
the detuning between mode n € [+1, £2, 3] and the half-pump
frequency mode. Because of our choice of covariance matrix
normalization, the criteria are consequently given in units of
twice the photon number. The error bars and values are the
weighted mean and uncertainties (1 standard deviation) from an
ensemble of six measurements lasting 10 min each.

entanglement for any other k partitioning of modes.
However for mixed states, bi-inseparability substantiates
only the claim of full inseparability [73]. To establish the
latter we test for entanglement on all possible bipartitions of
the n-mode state; a computationally demanding task that
grows exponentially with the number of modes n (the
number of bipartitions is 2"~! — 1).

120601-3
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We use a bipartition test developed by Shchukin and van
Loock [37,68], henceforth referred to as the SvL test.
Consider the case of a covariance matrix V with zero 1Q
correlations (or, equivalently, zero xp correlations [67]).
This state is equally well characterized by two smaller
matrices V! and V2€ containing only /I and QQ corre-
lations respectively, a reduction which is always possible
with local Gaussian transformations such as single mode
phase rotations. Local Gaussian transformations can only
transform entangled states into other entangled states, and
separable states into other separable states [70]. If » modes
are divided into bipartitions Z and J, then the SvL
condition for separability between Z and J reads [68]

E=Tr[V(h @ h)] + Tr[V2(g ® g)]

—2[(hz, 91)| = 2(h7, 97)| 2 0, (4)
where h and g are arbitrary real valued vectors with lengths
n, and each element is assigned to every mode. Depending
on whether the mode belongs to the Z or J partition, we
extract the corresponding elements from & and g to create
vectors hz, gr and hy, g;. For example, consider three
modes {1,2,3} and the vectors h = (hy, h,, h3)T,
g = (91,92, 93)". If the bipartition is {Z|J} = {1]2,3},
then we have hy = (hy), g7 = (g91) and h; = (hy, h3)T,
97 = (92.93)".

If the bipartition is separable, then the inequality Eq. (4)
holds for all 4 and g. Thus, bi-inseperability is established if
we find at least one pair of vectors & and g which violates
the inequality, i.e., for which & is negative, in each possible
bipartition. To check for consistency with other entangle-
ment tests we apply the SvL test to the monochromatic
pump data with the result shown in Fig. 2(b). The vectors h
and g are optimized to minimize the ratio £/6€, where 6€ is
the uncertainty in £. From Fig. 2(b), it is clear that all three
tests agree on the states’ entangled character.

We use the SvL test to demonstrate our main result: the
generation of a fully inseparable multipartite state with a
bichromatic pump. Figure 3 shows the measured covari-
ance matrix of 64 modes generated by a bichromatic
flux-pump each with —7 dBm output power (left). The
measurement is qualitatively well reproduced by our theory
(right) provided in the Supplemental Material [41]. With 64
frequencies the number of possible bipartitions exceeds
9 x 10'8. This number is reduced by exploiting the con-
nection topology shown in Fig. 1. We divide the covariance
matrix into the three smaller subsets of modes: K°, K~!,
and K', analyzing each separately and thereby reducing the
number of modes to 32 for K and 16 modes for K*!. But
the number of possible bipartitions remains large, roughly
2 x 10° and 32767 respectively. We therefore analyze an
even smaller subset: the seven center modes in the K°
set (K* modes € {0, 42, +4, +6}, and four modes in the

mode index mode index
30 20 -10 0 10 20 30 30 20 -10 0 10 20 30
o X . X A A A X . X A ) A
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FIG. 3.

Experimental covariance matrix reconstructed from measurement of 64 modes generated by two pumps (left). The presence of

off-diagonals indicates at least the presence of classical correlations. To determine whether these are quantum correlations requires
further analysis outlined in the main text. Our theory reproduces a qualitatively similar matrix (right). The finite bandwidth of the JPA
weakens correlations among modes at the edges of the frequency comb. For clarity, we omit / and Q labels on the x and y axes. Instead
they are labeled by the mode index, such that mode O lies at exactly half of the average pump frequency, cf. Fig. 1(c). Each mode is
spaced by 2.3 MHz. Covariance matrix elements are given in units of twice the photon number (272), making the identity matrix

correspond to the vacuum state.
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FIG. 4. Bipartition test for the seven center modes in the K set
and four center modes from K*!. For K°, all tests violate the
requirement for separability by at least 2.5 standard deviations,
indicating that we have strong evidence for full inseparability. For
K', we have full inseparability with a significance of 2 standard
deviations. However evidence for full inseparability for the K~
set is significantly weaker.

K*lsets (K~!' modes € {-5,-1,3,7} and K'! modes
€ {-7,-3,1,5}).

As for the monochromatic pump case, we divide a
10 min measurement with 1 kHz bandwidth into six
segments, reconstructing the covariance matrix in each,
with maximum deviation of 1.156, 0.95¢, and 0.92¢ for
subsets K~!, K°, and K, respectively. We perform the SvL
test Eq. (4) on each matrix of each subset, with vectors h
and g that are individually optimized to minimize &£/6E.

The results are summarized in Fig. 4 as a weighted mean
entanglement significance X, = £,,/6E,, (€,, is the mean
and 6&,, is the corresponding uncertainty). For example, if
X, = —5, entanglement is established with a statistical
significance of 5 standard deviations. Since all bipartitions
violate the inequality Eq. (4) by at least 2.5 standard
deviations, we have substantial evidence for full insepa-
rability of seven modes. We probably have full insepa-
rability for four modes in K', while evidence for K~! is
weaker.

In conclusion, direct digital modulation and demodula-
tion methods provide a powerful tool for generation of
multipartite entanglement in a microwave frequency comb.
We demonstrated this with 64 modes using a bichromatic
pump and used the SvL test to show full inseparability of a
subset of 7 modes in the comb. A direct extension of our
technique should allow for the creation of multimodal
Gaussian cluster states through precise control of the
amplitude and phase of the multiple pumps [74]. For
example, pumping at 2w, in combination with pumping
at the comb spacing A/2, should control the scattering
between nearest neighbour modes, as in Ref. [75]. Other

possible applications include quantum simulation [76,77]
and reservoir computing with continuous variable Gaussian
states [78].

We acknowledge fruitful discussions with Giulia Ferrini
and support by the Knut and Alice Wallenberg Foundation
through the Wallenberg Center for Quantum Technology
(WACQT). R.B., M. O.T., and D. B. H. are part owners of
the company Intermodulation Products AB, which produ-
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