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This paper introduces a unified approach for coupling the classical linearized Navier-

Stokes equations (LNSE), the original Helmholtz equation and a modified form of the

Helmholtz equation for porous material modelling in frequency domain. This approach is

termed the unified LNSE (ULNSE). It accounts for viscothermal losses of sound propaga-

tion in acoustic liners with small-scale perforation. This method also provides a possibility

to switch from LNSE to the classical and modified Helmholtz equations depending on lo-

cal acoustic properties. The ULNSE is validated and applied to simulation of conventional

and hybrid liners in three dimensions (3D), and also compared to a semi-empirical model

and experiments. The hybrid acoustic liner consists of a perforated plate, a porous foam

layer, and a rectangular cavity. Unlike the hybrid liner, the porous foam is not mounted in

the conventional liners. In the perforated plate where the viscothermal effect plays a role,

sound waves are solved using the LNSE. The modified Helmholtz equation is formulated

with a complex wavenumber to model the porous foam as an equivalent fluid model. In

the liner cavity and external duct, the original Helmholtz equation is utilized. The ULNSE

is cheaper than the classical LNSE since the Helmholtz equations, which consume less

computational resources, are used locally where the viscothermal losses are negligible.

Meanwhile, the ULNSE can maintain high numerical accuracy. The liners are analyzed in

terms of critical parameters such as the porous foam material, and perforated plate thick-

ness and porosity. The porous foam proves to be effective in sound absorption.
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I. INTRODUCTION

Noise emitted from turbomachines is one of the main contributors to environmental pollution

caused by commercial aircraft1 or future electric aircraft2. This type of noise can be effectively

reduced by installing acoustic liners in the walls of engine intakes and bypass ducts3. There is an

increasing need for liners that are capable of absorbing noise over a wide range of frequencies,

rather than just a few specific frequencies. In addition, liner technology has proven effective in

reducing landing-gear noise through liners installed in landing-gear bay walls4.

The acoustic performance of a liner can be in general analyzed via semi-empirical models

and experiments. However, semi-empirical models are less reliable to predict the acoustic per-

formance, when the liner structure has a significant geometry change5, or when an extra layer of

porous material is assembled within the liner. In an experimental test, the acoustic performance

of a liner is in most cases initially measured with an impedance duct, for example, the previous

studies in Zhou and Bodén 6 and Kabral, Du, and Åbom 7 . However, in the early stage design of

liners, rapid numerical methods with high accuracy are more useful for the purpose of technical

iterations.

Due to the recent blooming of Computational Aeroacoustics (CAA), there have been a wide

body of researches on numerical methodologies for liner acoustics 8–12. For example, Zhang and

Bodony 13 studied the interaction between grazing laminar flow and turbulent boundary layer in

a cavity-backed circular orifice using Direct Numerical Simulation (DNS). Sovardi, Jaensch, and

Polifke 14 analyzed the aeroacoustic scattering and noise sources in a duct with an orifice using

Large Eddy Simulation (LES). However, DNS and LES, as well as other advanced high-fidelity

CFD methods, are often computationally demanding15. It is of interest to develop a reduced-order

numerical approach, which is less expensive.

Linearized Navier-Stokes Equations (LNSE) have been proposed in terms of the physical char-

acteristics of flow and sound waves, e.g. by Aurégan, Starobinski, and Pagneux 16 , to reduce

computational cost but provide an accurate acoustic prediction. The LNSE can resolve viscother-

mal losses in acoustic boundary layers, which have a strong damping effect on sound waves. The

viscothermal losses usually exist inside small geometrical structures such as holes of perforated or

micro-perforated plates. As acoustic liners feature in small openings, the losses have been taken

into account in the relevant assessment17–19.

Vandemaele et al. 20 used the LNSE in time domain to simulate sub-millimeter orifices in a
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quiescent medium and in the presence of grazing flow. On the other hand, the LNSE in the fre-

quency domain have also been put forward21–24. Weng, Boij, and Hanifi 25 studied turbulence at

Mach numbers in pipes with rigid walls. By developing an eddy-viscosity model for the LNSE

in the frequency domain, an eigenvalue approach was proposed to identify the wavenumbers of

axisymmetric plane waves inside the pipes. Sack, Abom, and Efraimsson 26 developed a multi-

port eigenvalue method to analyze high-order modes of flow in ducts with the viscous-thermal

damping. Temiz et al. 9 established an incompressible LNSE method to investigate end-correction

coefficients for flow in a duct with an orifice.

As sound waves propagate within ducts or cavities such as Helmholtz resonators, the propaga-

tion is usually regarded to be isentropic because of negligible viscothermal effects. The case can

be directly simulated using the wave propagation equation with or without flow convection, or the

Helmholtz equation in the frequency domain. The LNSE’s advantage to capture the viscothermal

effects is not needed for the linear propagation. And the LNSE accounts for more computational

costs than the wave propagation equation and Helmhotz equation.

However, acoustic liners comprise distinct parts: Helmholtz resonator cavities and perforated

plates. A conventional liner commonly contains a perforated plate between rectangular cavities

that are Helmholtz resonators. In contrast, a perforated plate in a hybrid liner is added with a

porous metallic foam to increase acoustic absorption. The viscous effects are only significant

near the perforated plates. It is less efficient to use the LNSE to simulate all the parts including

the Helmholtz resonators. Therefore, the current study is motivated to develop a unified LNSE

(ULNSE) approach that couples the classical LNSE and Helmholtz equations and sets them to dif-

ferent regions in a computational domain in terms of the significance of the viscothermal damping

effects. Based on the previous studies21–24, the present ULNSE approach will be developed to

be applicable for 3D cases. It is worth noting that the approach will be validated based on lin-

ers within quiescent mediums in the current study. When a flow is present, the convection effect

can be accounted for by including an additional convection term in the governing equations of

the present approach, as in previous studies20. Nevertheless, it is interesting to extend the present

approach to include this feature in the future.

The paper is organized as follows: In Section II, the ULNSE approach is presented. The

algorithms for coupling the LNSE and Helmholtz equations in the unified approach are validated in

terms of the continuity of acoustic perturbations at the interface between the two equation systems

in Section III. A typical hybrid liner is described in Section IV A, followed by the description of
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the numerical model established based on the ULNSE approach in Section IV B. The results of a

conventional liner, in which a perforated plate is designed with different parameters, are analyzed

in Section V. And the ULNSE approach is compared to a semi-empirical model and experiments.

Afterwards, the new approach is applied to simulating a hybrid liner with a porous metallic foam

in Section IV D. The conclusions are summarized in Section VII.

II. GOVERNING EQUATIONS OF ULNSE

In this section, the governing equations of the ULNSE approach are presented. We first present

the three-dimensional LNSE in the frequency domain, including the energy equation. Thereafter,

an equivalent fluid model is introduced to model sound propagation in a porous material. Then, the

algorithms for coupling the LNSE and the Helmholtz equations are described. The post-processing

method for results is a two-microphone method (TMM).

The ULNSE approach proposed in this study has the advantage of computing viscothermal

losses and sound propagation simultaneously. In the practice of the ULNSE, the classical LNSE is

used in regions where the sound attenuation caused by the viscothermal effects is significant, and

the Helmholtz equation in the rest of the computational domain. The coupling of these equations

consumes less computational resources but retains numerical accuracy compared to the classical

LNSE.

A. Classical LNSE in frequency domain

A modeling framework of LNSE in either the 2D Cartesian coordinates or axisymmetric

cylindrical coordinates was proposed by Kierkegaard, Boij, and Efraimsson 21 and Kierkegaard

et al. 22 . After that, the modeling framework was extended to 3D in the Cartesian coordinates

by Kierkegaard, Efraimsson, and Agarwal 27 and Na, Efraimsson, and S.Boij 28 . However, these

previous studies adopted an isentropic assumption to relate acoustic pressure perturbations to

acoustic density perturbations. By doing this, the acoustic energy equation was decoupled in the

previous methods. In contrast, the ULNSE includes both viscous losses (due to acoustic velocity

gradient) and thermal losses (due to temperature gradient).

The classical LNSE is derived based on the compressible Navier-Stokes equations. The fluid is
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assumed to be a perfect gas, yielding

e = cvT, p = RρT, cp = cv +R, (1)

where e is the internal energy per unit mass, and cv and cp are the heat capacities of constant

volume and constant pressure, respectively. The coefficient R is the specific gas constant.

The governing equations of the compressible Navier-Stokes equations regardless of body forces

read:
Dρ

Dt
+ρ

∂ui

∂xi
= 0 , (2)

ρ
Dui

Dt
=− ∂ p

∂xi
+µB

∂ 2u j

∂xi∂x j
+

∂τi j

∂x j
, (3)

cpρ
DT
Dt
− Dp

Dt
=

∂

∂xi

(
kth

∂T
∂xi

)
+φ(µ,µB,ui) , (4)

where ρ denotes the density, ui (i = 1,2,3) is the component of the velocity vector, p is the

pressure. The coefficient µB is the bulk viscosity that accounts for the rotational and translational

modes of molecular motions in mutual thermodynamic equilibrium, and µ denotes the dynamic

viscosity29. The viscous stress tensor is τi j = µ
(
∂ui/∂x j +∂u j/∂xi−2∂uk/3∂xkδi j

)
. In the last

equation, T represents the temperature, and κth the thermal conductivity. Due to the shear viscosity

and fluid relaxation losses, the viscous dissipation of mechanical energy, φ , is defined as

φ(µ,µB,ui) = µ

(
∂ui

∂x j

∂ui

∂x j
+

∂u j

∂xi

∂ui

∂x j

)
−
(

2
3

µ−µB

)(
∂ui

∂xi

)2

. (5)

To describe acoustic attenuation or absorption, the terms associated with the bulk viscosity

µB must be considered in the momentum equations. The reason is that the mean pressure in a

deforming viscous fluid is different from the thermodynamic pressure29–31. Moreover, the energy

equation is required to describe viscothermal effects, for example, heat conduction or energy losses

in a acoustic boundary layer32,33.

The first step in the linearization of the compressible Navier-Stokes equations is to decompose

every physical quantity into mean and perturbed parts. Take the density for example, ρ = ρ̄ +ρ ′,

where the over-bar denotes the average operation, and the prime denotes the perturbation. The

perturbed part is assumed to be harmonic time-dependent. For the density, the perturbed part is

written to ρ ′(x, t) = Re{ρ̂(x)eiωt}. Here the hat ·̂ denotes the variable in the frequency domain,

and ω is the angular frequency34.
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Considering sound wave propagation in a quiescent medium (i.e., the mean velocity ūi = 0),

the LNSE is written as

iωρ̂ +
∂ ρ̄ ûi

∂xi
= 0 , (6)

iωρ̄ ûi =−
∂ p̂
∂xi

+µ

(
∂ 2ûi

∂x jx j
+

1
3

∂ 2û j

∂xi∂x j

)
+µB

∂ 2û j

∂xi∂x j
, (7)

iωρ̄cpT̂ + cpρ̄ ûi
∂ T̄
∂xi
− iω p̂− ûi

∂ p̄
∂xi

=
∂

∂xi

(
κth

∂ T̂
∂xi

)
. (8)

To close the equation system, an additional relationship based on the linearized ideal gas law is

introduced:
p̂
p̄
=

ρ̂

ρ̄
+

T̂
T̄
. (9)

B. Modified Helmholtz equation and equivalent fluid model for porous material

The sound propagation in a porous material can be modeled with an equivalent fluid model.

The porous material is treated to be equivalent to a “fluid” with damping. To take into account

the damping effect, complex wavenumbers are introduced to replace real wavenumbers in the

Helmholtz equation. It yields the modified Helmholtz equation:

∂ 2 p̂
∂xi∂xi

+ k2
eq p̂ = 0 , (10)

where keq is the complex wavenumber.

The complex wavenumber can be modeled in various ways. One of the ways is the Delany-

Bazley model, while the use of the model is limited due to a number of restrictions35. The model

was then improved by Miki 36 as

keq =
ω

c0
(1+7.81X−0.618− i ·11.41X−0.618) , (11)

where ω represents the angular frequency, and c0 denotes the speed of sound. The dimensionless

parameter X is defined as

X = ρ0 f/σ , (12)

where f represents the frequency, ρ0 is the density, and σ is the resistivity of the porous material.

The subscript ’0’ indicates that the density and speed of sound are counted in the freestream flow

rather than in the porous material. This model is empirically based. It is valid for 0.01 < X < 1.0,

corresponding to 1000 < σ < 50000 Pa · s ·m−2.
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C. Coupling algorithms

To couple the LNSE with the modified Helmholtz equation, algorithms are developed for the

acoustic pressure, acoustic particle velocity and acoustic temperature at an interfaces between

different regions where either the LNSE or the modified Helmholtz equation is applied to.

The viscous term is neglected at the interface. Thus, the momentum equation in frequency

domain, Eq. (7), is reduced to iωρ̄ ûi = ∂ p̂/∂xi. This relates the acoustic particle velocity to the

acoustic pressure. As a result, the coupling algorithm for fulfilling the continuity of the acoustic

particle velocity at the interface is written as:

ûL
i nL

i =
1

iωρ̄

∂ p̂H

∂xi
nH

i , (13)

where nL
i is the interface-normal vector pointing outwards from the side imposed with the LNSE,

and nH
i is the interface-normal vector points outwards from the other side imposed with the clas-

sical Helmholtz equation.

By substituting Eq. (13) into the left-hand side of Eq. (7), the coupling algorithm for satisfying

the continuity of the acoustic pressure at the interface is obtained:[
−p̂L

δi j +µ

(
∂ ûL

i
∂x j

+
∂ ûL

j

∂xi

)
−
(

2
3

µ−µB

)(
∂ ûL

k
∂xk

)
δi j

]
nL

j = p̂HnH
i . (14)

Based on the assumption that no heat transfers across the interface, the coupling algorithm for

the continuity of the temperature is derived:

κth
∂ T̂ L

∂xi
nL

i = 0 . (15)

D. Finite element method for ULNSE

The LNSE of Eqs. (6) – (8) are discretized using a standard Galerkin finite element method

(FEM)8,37. A weak-form solution with weighted residuals for the governing equations is adopted

in the FEM. The procedure of the discretization is explained as follows.

Based on the governing equations, variable residuals are multiplied with weighting functions.

Integration in space is then performed for the residual equations, leading to the weak-form solu-

tion. The solution function space is defined as S
ρ̂,ûi,T̂ . The variables in the weak-form equations

are ρ̂ , ûi, and T̂ . The weighting function space is defined as ψ
ρ̂,ûi,T̂ with the variables in the
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weighting function such as wρ̂ , wûi , and wT̂ . The weak-form governing equations are written as:

(wρ̂ , iωρ̂)Ω +

(
wρ̂ ,

∂ ρ̄ ûi

∂xi

)
Ω

= 0, ∀wρ̂ ∈ ψρ̂ , (16)

(wûi , iωρ̄ ûi)Ω +

(
∂wûi

∂xi
, p̂
)

Ω

−
(

wûi,µ

(
∂ 2ûi

∂x jx j
+

1
3

∂ 2û j

∂xi∂x j

))
Ω

−
(

wûi,µB
∂ 2û j

∂xi∂x j

)
Ω

+(wûi,hui)∂ΩN = 0, ∀wûi ∈ ψûi ,

(17)

(wT̂ , iωρ̄cpT̂ )Ω +

(
wT̂ ,cpρ̄ ûi

∂ T̄
∂xi

)
Ω

−
(
wT̂ , iω p̂

)
Ω
−
(

wT̂ , ûi
∂ p̄
∂xi

)
Ω

−
(

wT̂ ,
∂

∂xi

(
κth

∂ T̂
∂xi

))
Ω

= 0, ∀wT̂ ∈ ψT̂ ,

(18)

where (·, ·)Ω and (·, ·)∂ΩN mean the L2-inner product in the domain Ω and on the Neumann bound-

ary ∂ΩN , respectively.

For the momentum equation, a neutral condition is imposed on the Neumann boundary, read-

ing38:

(−p̂δi j + τi j(ûk))n j = hûi on ∂ΩN . (19)

The computational domain is discretized into finite elements to derive the weak-form solution.

The variables in the solution is discrete, denoted with the superscript h. The approximations of the

discrete variables are formulated with polynomial functions to yield

ρ̂
h =

Ndo f s

∑
A=1

NAρ̂A, ûh
i =

Ndo f s

∑
A=1

NAûiA, T̂ h =
Ndo f s

∑
A=1

NAT̂A , (20)

where ρ̂A, ûiA and T̂A are the unknowns, and NA is the shape function defined for the variable

approximation. which are mostly represented by polynomial functions. The number of degrees of

freedom (DOF) is denoted by Ndo f s.

The approximations of the weighting functions are written as

wh
ρ̂
=

Ndo f s

∑
B=1

NBwρ̂,B, wh
ûi
=

Ndo f s

∑
B=1

NBwûi,B, wh
T̂ =

Ndo f s

∑
B=1

NBwT̂ ,B . (21)
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where NB is the shape function specified for the weighting function.

The Lagrangian shape functions are adopted in Eqs. (20) and (21) in this study. Then, the

standard Galerkin finite element equations in the discrete form are derived as follows.

B(wh
ρ̂
, ρ̂h)Ω = (wh

ρ̂
, iωρ̂

h)Ω +

(
wh

ρ̂
,
∂ ρ̄ ûh

i
∂xi

)
Ω

, (22)

B(wh
û, û

h)Ω =(wh
ûi
, iωρ̄ ûh

i )Ω +

(
∂wh

ûi

∂xi
, p̂h

)
Ω

−

(
wh

ûi
,µ

(
∂ 2ûh

i
∂x jx j

+
1
3

∂ 2ûh
j

∂xi∂x j

))
Ω

−

(
wh

ûi
,µB

∂ 2ûh
j

∂xi∂x j

)
Ω

,

(23)

B(wh
T̂ , T̂

h)Ω =(wh
T̂ , iωρ̄cpT̂ h)Ω +

(
wh

T̂ ,cpρ̄ ûh
i

∂ T̄ h

∂xi

)
Ω

−
(

wh
T̂ , iω p̂h

)
Ω

−
(

wh
T̂ , û

h
i

∂ p̄
∂xi

)
Ω

−
(

wh
T̂ ,

∂

∂xi

(
κth

∂ T̂
∂xi

))
Ω

.

(24)

Simulations are carried out in COMSOL 5.0, which is a commercial finite element method

(FEM) solver.

E. Post-processing with two-microphone method

The two-microphone method (TMM) has been put forward to compute the acoustic impedance

and reflection coefficient39–41. In this tudy, the TMM is employed to identify the acoustic charac-

teristics of liners in an impedance duct.

In an impedance duct that has rigid walls, sound waves below the first cut-off frequency are

plane waves. Therefore, the acoustic pressure of the sound waves in the frequency domain is

formulated to

p̂(x, f ) = p̂+( f )exp(−ikx)+ p̂−( f )exp(ikx) , (25)

where the symbol ± means the positive and negative wave propagation direction along the x-axis.
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According to Eq. (25), the incident wave at a specific wavenumber in the straight duct accounts

for p̂+, and the reflected wave for p̂−. To capture the acoustic pressure of the waves, two micro-

phones are positioned using the TMM. The setup in both numerical simulations and experiments

is shown in Fig. 1.

FIG. 1. Schematic of the TMM setup in the straight impedance duct, which is set in both numerical simula-

tions and experiments. Here the distance between the microphones is s = 0.01 m, and the distance between

Microphone 2 and the sound wave actuator is l = 0.06 m. The acoustic absorption cavity is positioned at

the duct end on the left side.

The total acoustic pressure at the two microphones, p̂1 and p̂2, are expressed as

p̂1 = p̂+( f )+ p̂−( f ) , (26)

p̂2 = p̂+( f )exp(−iks)+ p̂−( f )exp(iks) , (27)

where s is the distance between the microphones (see Fig. 1).

By manipulating the equations of the total pressure, it yields the pressure components p̂+ and

p̂−:

p̂+( f ) =
p̂1( f )exp(iks)− p̂2( f )
exp(iks)− exp(−iks)

, (28)

p̂−( f ) =
−p̂1( f )exp(−iks)+ p̂2( f )

exp(iks)− exp(−iks)
. (29)

The reflection coefficient is defined to be:

R( f ) = p̂−( f )/p̂+( f ) , (30)

This coefficient should satisfy the physical condition of |R| ≤ 1. In other words, the reflected wave

pressure cannot exceed that of the incident wave.

The normalized impedance is derived on the basis of the reflection coefficient:

Z( f ) =
1+R( f )
1−R( f )

. (31)
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III. VALIDATION OF COUPLING ALGORITHMS

In this section, the coupling algorithms are validated based on a benchmark case that a sound

wave propagates across two regions that are solved with the LNSE and the Helmholtz equations.

Figure 2 illustrates the benchmark case. A plane sound wave propagates in a straight rectan-

gular duct with a constant cross sectional area. The computational domain in the duct is divided

into four segments. The acoustic methods are applied to the segment in the order from upstream to

downstream as: the Helmholtz equation, the LNSE, the equivalent fluid model based on the mod-

ified Helmholtz equation, and the Helmholtz equation. The source of the plane wave is positioned

at the upstream boundary of the computational domain.

FIG. 2. Schematic of the benchmark case set to validate the coupling algorithms of the ULNSE. The dash

line indicates the duct central line. The lengths of the segments are scale for the easy of illustration.

To verify the continuity of the acoustic pressure, its amplitudes and gradients are monitored

along the central line of the duct. See the position of the center line in Fig. 2. The segment in

X ∈ (0.5,0.55) is solved using the LNSE, and the remaining three segments using the original and

modified Helmholtz equations. An equivalent fluid model is established in the modified Helmholtz

equations.

The numerical results computed using the ULNSE approach are plotted in Fig. 3. As can

be seen, the acoustic pressure amplitudes are continuous across the four segments of the duct,

which are simulated with the different acoustic methods. The same continuous phenomenon is

also observed for the acoustic pressure gradients. This demonstrates the continuity of the acoustic

pressure obtained from the ULNSE, since there would be sudden pressure jumps at the interfaces

between the segments if the discontinuity exists. In other words, the coupling algorithms of the

ULNSE approach in Eqs. (13), (14) and (15) introduce negligible numerical reflection and losses
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at the segment interfaces.
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FIG. 3. (a) The amplitudes and (b) gradients of the acoustic pressure along the central line of the duct in the

x-axis direction, which are computed for the benchmark case to validate the ULNSE approach. The seg-

ment solved with the LNSE is highlighted in blue, and the other segments with the (original and modified)

Helmholtz equations in magenta.

IV. APPLICATION OF ULNSE TO HYBRID LINER

A. Description of hybrid liner

The hybrid liner investigated in this paper is shown in Fig. 4. A single cell of the liner com-

prises a perforated plate, porous metallic foam and Helmholtz cavity. The liner has also been

tested in experiments regarding different component parameters. A test sample contains 32 cells.

In the numerical simulations performed in this paper, we assume that aerodynamic or acoustic

interactions between the cells of a liner are negligible. Besides, the vibration of the liner structure

is excluded from the simulations although the vibration were noticed in the experiments. Based

on these assumptions, the numerical models in the simulations are established for only single cells

with different parameters, to save computational resources.
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the plane wave scattering matrix of the lined section could be measured. Also here, the stepped sine excitation with a 
frequency step of 50Hz was used. 

In order to characterize the flow field, a Pitot tube and temperature sensor section was included upstream of the 
sample. Both the Pitot tube and temperature sensor were traversed over the height of the duct. This section was 
removed during the acoustic tests i.e. the temperature and the flow was measured at the position of sample holder in 
acoustic testing. In addition, a temperature sensor was traversed inside one of the liner sample cavities.  

In the high temperature test case the test duct was on the upstream side (left in Fig. 3) connected to four commercial 
hot air blowers and the downstream side was an open end. Surface heaters were used to increase the temperature and 
decrease temperature gradients. In the high flow speed configuration the upstream side (left in Fig. 3) was connected 
to a high capacity compressed air source in the CICERO lab at KTH. The downstream side was connected to a chimney 
leading to the outside. The test pipes were made from stainless steel with a square cross section 36x36 mm inside. 

The starting point for the liner sample development was the so-called SAAB hybrid liner24 studied in the EU 
project SILENCE(R). This liner had a perforate top sheet with 20% open area, thickness 0.65 mm, hole diameter 
0.75 mm in combination with a metallic foam and a cavity with depth of 19 mm. The perforate sheet and honeycomb 
cavities were made from Inconel 625 and the metallic foam was Nickel based. In the present study a modular liner 
test sample, see Figure 4, has been utilized consisting of a solid back plate, a cavity section with 4x8 rectangular cross 
section cavities with the inner dimensions of 6.9x6.9 mm, metallic foam layer and perforated top sheet. 

 

 
 

The back plate and two cavity sections with depts. of 19 and 10 mm were made from stainless steel. Three Nickel 
based foam layers had surface weights of 400, 600 and 800 g/m2. The perforates were made from Inconel and their 
specifications are summarized in Table 1. 
 

Table 1. Perforated plate specifications.  
 

Perforate 
name 

Hole diameter 
[mm] 

Plate thickness 
[mm] 

Number of 
holes/cell 

Percentage 
open area 

P1 0.75 0.6 23 16.3 
P2 1.50 0.6 6 17.0 
P3 1.50 0.6 9 25.5 
P4 1.50 1.2 9 25.5 
P5 1.50 1.2 6 17.0 

 
Measurements were made for a large number of test configurations. In the present paper only results obtained using 
perforate P1, with or without a metallic foam layer (surface density of 600 g/m2), and the 19 mm cavity were included.  
 

 
Figure 4. Photo of modular test sample. The geometrical parameters of perforated plates are given in 

Table 1. 
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FIG. 4. (a) Schematic of a single cell of the hybrid liner. (b) The components of the test sample of the liner

with 32 cells: the cavities (top left and middle), the porous metallic foams (top right), the perforated plates

(bottom).

B. Numerical setup

The computational domain and numerical settings are schematized in Fig. 5. A rectangular duct

is installed with a single hybrid liner cell at the end of the duct. The computational domain is split

into four segments, each of which is simulated with an acoustic method constituting the ULNSE.

The thickness of the perforated plate is tp = 1.2 mm. The thickness of the metallic foam (i.e., the

porous material) is t f = 1 mm. The flow resistivity of the metallic foam is [σ ] = 34300 Pa · s ·m−2.

The original Helmholtz equation is applied to the domain segments of the duct and liner cavity.

The equivalent fluid model for the porous medium based on the modified Helmholtz equation

is used in the segment where the porous metallic foam is located. The LNSE is used in the

circular passages in the perforated plate, to resolve the acoustic boundary layers bringing about

the viscothermal losses. The coupling algorithms are applied to the interfaces between the domain

segments.

For the walls of the domain segments simulated with the original and modified Helmholtz

equations (i.e., the duct, porous metallic foam and liner cavity), the boundary condition is set to

the acoustic hard wall:
∂ p̂
∂n

= 0 . (32)

The walls of the domain segment simulated with the LNSE (i.e., the circular passages formed
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FIG. 5. The computational domain of the impedance duct installed with the hybrid liner. The acoustic meth-

ods constituting the ULNSE applied to the domain segments are outlined. The segment of the perforated

plate with the use of the LNSE has a thickness of 1.2 mm.

by the small circular holes in the perforated plate) is imposed with the non-slip and rigid boundary

condition:

ûi = 0. (33)

Moreover, all the walls in the computational domain are set with an additional isothermal

boundary condition, pertaining to a constant temperature:

T̂ = 0 . (34)

C. Computational mesh

The simulation accuracy is affected by the mesh resolution in acoustic boundary layers. The

thickness of an acoustic boundary layer is defined as:

δA =

√
2µ

ωρ0
, (35)

This equation indicates that the acoustic boundary layer thickness is dependent on the angular

frequency of a sound wave.

The current mesh generation strategy is demonstrated by testifying at the frequencies of 1000 ,

3000 and 5000 Hz. The generated meshes near the perforated plate holes are illustrated in Fig. 6.

The frequencies result in the boundary layer thicknesses of δA = 6.96×10−2 , 4.02×10−2 and
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3.11×10−2 mm in the perforated plate holes. As can be seen in the figure, the acoustic boundary

layer becomes thin as the frequency increases.

(a) (b) (c)

FIG. 6. The meshes with the refinement of the acoustic boundary layer in the perforated plate holes at the

frequencies: (a) 1000 Hz, (b) 3000 Hz, and (c) 5000 Hz. The view from the incident acosutic wave direction.

The testified meshes for the sound waves at 1000, 3000 and 5000 Hz are adopted in the LNSE

simulation of the corresponding waves. The acoustic particle velocity at 5000 Hz is shown in

Fig. 7. As the results at the other frequencies are similar, they are not shown for the sake of brevity.

The acoustic boundary layer is well resolved by the generated mesh. Thus, the present mesh

generation strategy is sufficient for the following simulations involving the LNSE. The existence of

the boundary layer proves the necessity of the use of the LNSE instead of the Helmholtz equation

that is incapable of resolving boundary layers.

z
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12

0.001

FIG. 7. Contours of the acoustic particle velocity near the perforated plate, to demonstrate the mesh gener-

ation strategy at the testified frequency of 5000 Hz. The unit of the acoustic particle velocity is [m · s−1].

In the numerical modelling a sound source is applied at the upstream end of the impedance

16



duct. The excitation is in the plane wave regime from 1500 Hz to 5500 Hz yielding a maximum

wavelength of the acoustic wave of 229 mm and a minimum wavelength of 63 mm. With a grid

element size of 3 mm , there are at least 7 elements per wavelength for the highest numerical

frequency42.

(a) (b)

FIG. 8. (a) Overview of the mesh. (b) The mesh near the perforated plate.

The meshes used in the simulations are unstructured mesh with a total number of around 95000

– 10000 elements, which varies with respect to the boundary layer thickness δA. An overview of

the mesh and a closer view of the mesh at the perforated plate is shown in Fig. 8. The hybrid mesh

consists of tetrahedrons in the cavity, a swept mesh in the straight duct and tetrahedrons in the

boundary layer of the perforated plate. A transition zone with tetrahedrons is generated to connect

the swept mesh and the tetrahedral mesh at the perforated plate. When the mesh is generated, a

meshing technique for boundary layer adjustment is used, thus the thickness of the boundary layer

is varying with the frequency. By using this technique, the mesh with the quality to resolve the

acoustic boundary layer is generated.

D. Analysis of hybrid liner

1. Comparison of ULNSE and Helmholtz equation

Figure 9 shows isosurfaces of the acoustic pressure for a plane sound wave at 3000 Hz prop-

agating within the duct and hybrid liner, which is computed using the ULNSE approach. The

acoustic pressure decays along the propagation direction of the sound wave. Negative pressure is
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found inside the hybrid liner and in the duct close to the perforated plate. Wave fronts are distorted

to become relatively round near the perforated plate holes.

FIG. 9. Isosurfaces of the acoustic pressure (unit: Pa) generated by a sound wave at 3000 Hz.

In addition to the ULNSE, the hybrid liner is also simulated using the coupled original and

modified Helmholtz equations. That is, the modified Helmholtz equation solving the equivalent

fluid model is set for the domain segment of the metallic porous form, and the original Helmholtz

equation is used in the rest of the computational domain including the perforated plate holes. The

coupling algorithms imposed on the interfaces between the segments are the same as the ULNSE.

Figure 10 displays the acoustic characteristic coefficients of the hybrid liner that are computed

using the ULNSE approach and the coupled original/modified Helmholtz equations. The param-

eters are the resistance and reactance of the acoustic impedance, and the magnitude and phase of

the reflection coefficient. In comparison with the ULNSE, the coupled Helmholtz-equation ap-

proach shows obvious differences regarding the acoustic impedance resistance and the reflection

coefficient magnitude. This suggests that the viscothermal losses inside the holes of the perforated

plate play an important role in the sound propagation, as these effects can only be resolved by the

ULNSE. The acoustic dissipation caused by the viscothermal losses introduces a significantly ad-

ditional acoustic resistance into the hybrid liner system, and also reduces the reflection effect. On

the other hand, the two approaches give similar predictions for the acoustic impedance reactance

and reflection phase. It indicates that the viscothermal losses have limited influences on these

acoustic characteristics.

2. Effects of porous material

To understand the effects of the foam that is placed next to the perforated plate, the foam is

made of different porous materials such as glass fibre and mineral fibre in addition to the metal
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FIG. 10. The acoustic characteristic coefficients of the hybrid liner: (a) the resistance and (b) the reactance

of the impedance, and (c) the magnitude and (d) the phase of the reflection coefficient. The numerical

results of the ULNSE approach and the coupled original/modified Helmholtz equations are compared.

that is tested in the experiments. The flow resistivity, σ , of the glass fibre (G1) is 4300 Pa · s ·m−2,

and that of the mineral fibre (M2) is 15000 Pa · s ·m−2. The metallic foam has 34300 Pa · s ·m−2.

As mentioned in the previous sections, the foam is modelled as an equivalent fluid within a porous

medium. The modified Helmholtz equation is used to simulate this equivalent fluid.

The acoustic coefficients obtained from the different foam materials are shown in Fig. 11. The

impedance resistance and reflection magnitude are obviously dependent on the flow resistivity. As
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the flow resistivity becomes larger with the different porous materials, the impedance resistance

of the hybrid liner is increased over all frequencies of interest between 1500 and 5500 Hz, while

at the same time the reflection magnitudes are reduced. For all three materials, the troughs of the

reflection magnitudes are seen between 3000 and 3500 Hz. Besides, the largest flow resistivity of

the metallic foam leads to the most significant reduction in the reflection magnitudes within the

magnitude trough zone, as compared with the other two materials. The impedance reactance and

reflection phases are, however, almost not affected.
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FIG. 11. The acoustic characteristic coefficients of the hybrid liner installed with the foams made of differ-

ent materials: (a) the resistance and (b) the reactance of the impedance, and (c) the magnitude and (d) the

phase of the reflection coefficient. The ULNSE approach is used.
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V. APPLICATION OF ULNSE TO CONVENTIONAL LINERS

A. Conventional liners

The ULNSE approach is also applied to the simulation of conventional liners, which do not

contain a porous foam next to the perforated plate. The geometry of a conventional liner and the

setup for ULNSE are illustrated in Fig. 12. As compared with the numerical setup for the hybrid

liner (see Fig. 5), the only different setting for the conventional liner is that there is no segment

assigned with the equivalent fluid model since the porous foam is excluded. The critical geometric

parameters of the perforated plates of the conventional liners (termed C-liners 1–3) are presented

in Table I. The holes in the perforated plates have the same diameter of 1.5 mm. Given the plates

of C-liners 1 and 2 contain 6 holes, the porosity is φp = 22.2%. And the set of 9 holes of C-liner 3

leads to φp = 33.3%. The thickness of the perforated plate is 1.2 mm for C-liners 1 and 3, and 0.6

mm for C-liner 2. These liners have been tested in experiments43, and the test results are compared

to the results of the current ULNSE and a semi-empirical model from a previous study44 in the

following analysis. The frequencies of interest range from 1500 Hz to 5500 Hz with an interval of

200 Hz.

FIG. 12. The geometry of the conventional liner and the numerical setup of the ULNSE approach.

TABLE I. The geometric parameters of the perforated plates of the conventional liners43.

Case No. Perforation diameter (d) Porosity (φp) Plate thickness (tp)

C-liner 1 (baseline) 1.5 [mm] 6 holes / 22.2% 1.2 [mm]

C-liner 2 1.5 [mm] 6 holes / 22.2% 0.6 [mm]

C-liner 3 1.5 [mm] 9 holes / 33.3% 1.2 [mm]
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B. Semi-empirical model

A number of studies have been conducted to develop empirical or semi-empirical models for

predicting the acoustic impedance of perforated plates with circular holes45–47, although the mean

flow is disregarded in the modeling. The present study adopts the semi-empirical model proposed

by Bauer44. The normalized acoustic impedance zn of is modeled as:

zn =

[(√
8µρ0ω

ρ0c0φp

)(
1+

tp

d

)]
+ i
[

k(tp +0.25d)
φp

− cot(kHc)

]
, (36)

where ρ0c0 is the characteristic impedance of the fluid medium (i.e., air). The properties of the

air are: the density ρ0 = 1.225 kg ·m−3, the speed of sound c0 = 343 m · s−1, and the dynamic

viscosity µ = 1.81×10−5 kg ·m−1 · s−1. The perforated plate has the porosity φp and the thickness

tp. The diameter of circular holes is d. The depth of the cavity is Hc = 0.019m in the present study.

The normalized acoustic impedance in Eq. 36 includes real and imaginary parts. The real part

is the resistance of a liner that is dependent on the properties of the perforated plate. The imaginary

part means the reactance caused by the perforated plate and cavity.

C. Effects of perforated plate thickness

As the perforated plate is the only component controlling sound wave propagation within a

conventional liner, the critical parameters of the perforated plate can be explored based on the

liners listed in Table I. To understand the effects of the plate thickness, C-liner 1 (the baseline

case) and C-liner 2 are investigated, which have tp = 1.2 and 0.6 mm, respectively. Both plates

contain 6 holes with the same diameter of 1.5 mm.

Figure 13 shows the acoustic characteristic coefficients for C-liners 1 and 2. The results are ob-

tained using the present ULNSE approach, Bauer’s semi-empirical model44, and from the previous

experiments at KTH43. The ULNSE results in general agree well with those of the semi-empirical

model. On the other hand, the experimental results for the resistance and the reflection phase are

different from ULNSE and semi-empirical modeling results, although the reactance and the reflec-

tion magnitudes from all three methods are similar. Compared to the experiments, the other two

methods exhibit obvious discrepancies for the prediction of the resistance at relatively low frequen-

cies. The reason is that the measured resistance has a decaying trend with respect to frequencies,

but the results predicted with the other two methods increase with an approximately linear trend.

Regarding the reflection magnitude, large discrepancies between the experiments and the other
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two methods are mainly seen between 2500 and 4000 Hz. The discrepancies in the resistance and

reflection magnitude might be caused by nonlinear effects or measurement uncertainties. The non-

linear effects are not considered in the simplified governing equations of the ULNSE approach,

and are also missing in the semi-empirical model.

As can be seen in Fig. 13, as the thickness of the perforated plate increases from 0.6 mm to

1.2 mm, all three methods present similar trends in the evaluation of the acoustic characteristic

coefficients, although the experimental results deviate from the other results as discussed above.

The overall trends are: when the thickness increases, the resistance and reactance are enhanced,

whereas the magnitude and phase of the reflection are reduced. Nevertheless, there are some

exceptions such as the measured values of the resistance below 3000 Hz, the measured values

of the reflection magnitude below 2000 Hz and above 3500 Hz, and the reflection magnitude

obtained using the ULNSE and semi-empirical model at comparatively high frequencies larger

than 4700 Hz.

D. Effects of perforated plate porosity

The porosity effects of the perforated plate on the acoustic performance are analyzed by com-

paring C-liners 1 and 3 (see Table I. The difference between the two liner geometries is that the

perforated plate of C-liner 1 has 6 holes, whereas that of C-liner 3 has 9 holes. Consequently, the

plate porosity is 22.2% for C-liner 1 and 33.3% for C-liner-3.

The acoustic impedance and reflection coefficients of these liners are displayed in Fig. 14. The

experimental results show larger differences in the resistance and reflection magnitude, compared

to the ULNSE and semi-empirical approaches. This phenomenon is also observed in Fig. 13,

which could be attributed to the neglect of nonlinear effects in the numerical and modeling meth-

ods. Despite this, the three methods provide similar trends in capturing the reactance and reflection

coefficients.

As can be seen in Fig 14, increasing the porosity gives rise to reduced resistance and reactance

of the acoustic impedance, but the reflection magnitude and phase are increased correspondingly.

These effects are generally identified using all three methods, despite a small inconsistency exist-

ing in the measured reflection magnitude at the frequencies above 4300 Hz. By cross-comparing

Figs. 13 and 14, it is found that the impedance coefficients are always changed oppositely against

the reflection coefficients When the liner geometric parameters are adjusted.
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FIG. 13. The acoustic characteristic coefficients of the conventional liners (C-liners 1 and 2) with the

perforated plate thickness of tp = 1.2 and 0.6, respectively. (a) The resistance and (b) the reactance of the

impedance. (c) The magnitude and (d) the phase of the reflection coefficient.

VI. DISCUSSION OF HYBRID AND CONVENTIONAL LINERS

The hybrid liner is installed an additional porous metallic foam compare to the conventional

baseline liner, C-liner 1 (see Table I). The foam has a thickness of t f = 1 mm and the flow resistivity

[σ ] = 34300 Pa · s ·m−2.

Figure 15 shows the impedance and reflection coefficients of the hybrid liner and C-liner 1,

which are measured in the experiments at KTH MWL43 and computed using the current ULNSE
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FIG. 14. The acoustic characteristic coefficients of the conventional liners, C-liners 1 and 3, with the

perforated plate porosity of φp = 22.2% (6 holes contained in the perforated plate) and 33.3% (9 holes),

respectively. The acoustic impedance coefficients: (a) the resistance and (b) the reactance. The reflection

coefficients: (c) the magnitude and (d) the phase.

method. The numerical results are in overall agreement with the experimental results. Neverthe-

less, obvious differences between the numerical and experimental results are seen for the resistance

and the reflection magnitude of C-liner 1. A possible reason for low frequency deviations in nor-

malized resistance and reflection magnitude could be that there are very small leakages between

the assembled test samples and the tube wall. Regarding the reactance and the reflection phase,

the differences mainly exist at frequencies below 3500 Hz. It is interesting to see that the ULNSE
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FIG. 15. Comparison of the hybrid liner and the baseline conventional liner – C-liner 1. The acoustic

impedance coefficients: (a) the resistance and (b) the reactance. The reflection coefficients: (c) the magni-

tude and (d) the phase.

overestimates the resistance of the hybrid liner above 2200 Hz but underestimates this variable for

C-liner 1 at all frequencies of interest. Conversely, the reflection magnitude predicted with the

ULNSE is underestimated for the hybrid liner but overestimated for C-liner 1. The results of the

hybrid liner exhibit the largest differences in the resistance and reflection magnitudes between the

methods. The measurement uncertainties for the resistivity of the metallic foam could account for

the discrepancies. Moreover, since the thickness of the porous metallic foam is only 1 mm, elastic
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deformations of the structure can be stimulated by sound waves during the tests. But this effect is

not considered in the present ULNSE method.

Comparing the hybrid liner and C-liner 1 in Fig. 15, a common observation is that the metallic

foam brings about small changes into the reactance and the reflection phase. This is observed in

both numerical and experimental results. However, the resistance and the reflection magnitude are

significantly altered owing to the metallic foam. According to the ULNSE results, the resistance

of C-liner 1 is around 0.05, while that of the hybrid liner is increased to the range from 0.2 to

0.3 because of the inclusion of the metallic foam. The experimental results present in a similar

trend: the metallic foam increases the resistance of 0.05 – 0.1 for C-liner 1 to 0.15 – 0.35 for

the hybrid liner. In contrast, the reflection magnitude is noticeably reduced by the metallic foam.

The ULNSE approach produces the prediction that this coefficient of C-liner 1 is 0.87 at 1500

Hz, and decays to 0.61 at nearly 3200 Hz. It then rises to 0.81 at 5500 Hz. Although a trough of

this coefficient predicted with ULNSE is also observed for the hybrid liner, it is much smaller. Its

maximum value is 0.98 at 1500 Hz, and the minimum value is 0.93 at about 3250 Hz. Despite

that there are discrepancies between the numerical and experimental results, it is seen that the

reflection magnitude measured also shows a similar trend.

VII. CONCLUSIONS

A unified linearized Navier-Stocks equations (ULNSE) approach in the frequency domain is

proposed for 3D scenarios in the present study. This approach couples the classical LNSE, the

original form of the Helmholtz equation, and a modified form of the Helmholtz equation that

takes into account an equivalent fluid model for porous mediums. The coupling algorithms of the

ULNSE approach are put forward and validated. The proposed approach is numerically imple-

mented based on the finite element method. In principle, it can also be used for other numerical

methods, for example finite volume methods. The ULNSE approach enables separate definitions

and settings for different regions, given that the acoustic wave propagation is dependent on local

fluid and structure conditions. In particular, local viscothermal effects can be resolved using the

classical LNSE, and the acoustic wave propagation in porous mediums can be modelled by the

modified Helmholtz equation. If only plane waves propagate, the Helmholtz equation is sufficient

for the simulation, and its computational costs are much more lower than the classical LNSE.

Thus, the advantage of the ULNSE approach is that it uses much less computational resources but
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maintains numerical accuracy in comparison with the classical LNSE.

The ULNSE approach is valided and applied to simulate a hybrid acoustic liner in which a

porous foam is assembled next to a perforated plate, i.e., the outlet of the liner cavity connecting to

an external duct. The porous foam is the only difference between the hybrid liner and conventional

liners, which are also investigated in this study. Moreover, it is necessary to use the LNSE in the

simulation of the acoustic wave propagation in the porous foam, since the foam accounts for

viscothermal losses. The simulation results of a set of hybrid and conventional liners using the

approach are compared to those from Bauer’s semi-empirical model44 and from the experiments43.

Three materials (glass fibre, mineral fibre, and metal) are used to make porous foams for the

hybrid liner. Correspondingly, the flow resistivity is increased in the order. The flow resistivity

is found having a significant effect on the impedance resistance and reflection magnitude, while

its influence on the impedance reactance and reflection phase is nearly negligible. Increasing the

flow resistivity results in an increase in the impedance resistance but a reduction in the reflection

magnitude over the frequency band of interest (1500 – 5500 Hz). Furthermore, a comparison

of the hybrid liner and the baseline conventional liner also proves that the metallic porous foam

has a very minor effect on the impedance reactance and reflection phase. On the other hand, the

porous foam significantly increases the impedance resistance but reduces reflection magnitude.

This means that the hybrid liner mounted with the porous foam has better acoustic performance

than the conventional liner without the porous foam.

The perforated plate between the liner cavity and external duct is analyzed in terms of its

thickness and porosity. The porosity is derived based on the number of holes in the perforated

plate. The porosity of 6 and 9 holes is 22.2% and 33.3%, respectively. As the plate thickness

increases, the resistance and reactance of the impedance are enhanced. Conversely, the magnitude

and phase of the reflection are decreased. Regarding the porosity, an increase in this parameter

causes reduced resistance and reactance, but increased reflection magnitude and phase.

The present ULNSE approach can be extended to consider a moving medium where the flow

has a convection effect on the sound wave propagation. This is realized by an additional convection

term that is included in the governing equations of the present approach20. In addition to aerospace

applications, similar scenarios of noise in ducts are also noticed in other fields, for example, fans

in HVAC systems48,49. It will be interesting to apply the current technology of liners to noise

absorption in such scenarios.
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