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In conventional solar cells, photogenerated carriers lose part of their energy before they can be extracted
to make electricity. The aim of hot-carrier solar cells is to extract the carriers before this energy loss,
thereby turning more energy into electrical power. This requires extracting the carriers in a nonequilib-
rium (nonthermal) energy distribution. Here, we investigate the performance of hot-carrier solar cells for
such nonequilibrium distributions. We propose a quantum transport model in which each energy-loss pro-
cess (carrier thermalization, relaxation, and recombination) is simulated by a Büttiker probe. We study
charge and heat transport to analyze the hot-carrier solar cell’s power output and efficiency, introducing
partial efficiencies for different loss processes and the carrier extraction. We show that producing electrical
power from a nonequilibrium distribution has the potential to improve the output power and efficiency.
Furthermore, in the limit where the distribution is thermal, we prove that a boxcar-shaped transmission for
the carrier extraction maximizes the efficiency at any given output power.

DOI: 10.1103/PhysRevApplied.19.044038

I. INTRODUCTION

The efficiency of solar cells is continuously improving
[1] thanks to developments in nanotechnology and man-
ufacturing. Despite that, they are still far from the ideal
Carnot efficiency, due to a variety of loss mechanisms. One
of the most important loss mechanisms in standard solar
cells [2] is that the extra energy (above the semiconductor
band gap) given to the charge carriers by solar photons is
lost, rather than being exploited for power production. This
loss mechanism alone typically reduces the maximum effi-
ciency from about 95% (the Carnot limit) to about 30%
(the Shockley-Queisser limit) [2]. However, hot carriers,
namely charge carriers with energies significantly above
the band gap, have seen use in chemistry [3,4], local heat-
ing [4], and photodetection [4,5]. A long time goal has
been hot-carrier photovoltaics [6–9], which are now being
developed using nanostructures [10–22]. There fast hot-
carrier extraction allows one to harvest the excess energy
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before it is dissipated as heat to the lattice. In most of these
experiments [10,12,14–22], this requires energy-selective
contacts, implemented by nanostructuring the material.
This highlights the analogy between hot-carrier solar
cells and thermoelectric devices that use nanostructures to
select the energy of carriers to improve their performance
[23–30]. The performance of hot-carrier solar cells has
been theoretically analyzed under the assumption of
reversible operation [6,7,31], or for irreversible opera-
tion under the assumption of thermalised hot carriers with
narrow energy filters [32–36], or quantum wells [37].

In this paper we lift both assumptions: we consider cases
where extraction is fast, so the system is not reversible,
and the hot-carrier distribution is nonthermal. To do this,
we take a phenomenological approach to modelling the hot
carriers, which enables us to consider a generic nonequilib-
rium distribution of hot carriers and investigate its effects
on the performance of the device. For this, we use a method
taken from the theory of quantum transport, known as
Büttiker probes [38–43]. We use those probes—together
with further model contacts with fixed distributions—to
describe each of the inelastic processes involved in the car-
rier’s energy loss; the carrier thermalization, the relaxation
to the lattice temperature, and the recombination of quasi-
particles. This allows us to model the interplay between
these processes with the carrier extraction, and to show that
they result in a nonequilibrium distribution of the extracted
carriers.
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We demonstrate that a nonequilibrium distribution can
improve the power production compared with a fully
thermalized distribution. We also find that wide energy
filters improve the power output compared with the nar-
row energy filters (resonant transmissions) considered
previously. For this, we focus on conductors with an
energy-dependent transmission probability characterized
by a boxcar function, which we demonstrate maximizes
the efficiency of hot-carrier solar cells with thermalized
hot carriers. We find this optimal transmission probabil-
ity using a variational approach, thereby extending the
results for thermoelectric heat engines of Refs. [26,27] to
devices using both heat and electrochemical energy to pro-
duce power. In order to fully analyze the performance of
the hot-carrier solar cells we introduce partial efficiencies
taking into account and elucidating the role of the dif-
ferent loss mechanisms. Together, these loss mechanisms
limit the efficiency of the device, which can thereby be
viewed as a dissipative heat engine, transforming part of
the energy absorbed from the sun into electrical energy,
while dissipating the rest of that energy as heat. The aim of
hot-carrier solar cells is to maximize the proportion turned
into electrical energy.

The paper is organized as follows. We describe the
multiprobe model in Sec. II and define performance quanti-
fiers, namely power and (partial) efficiencies. In Sec. III we
compare the performance of thermoelectric heat engines,
and conventional solar cells, compared to thermalized and
nonequilibrium hot-carrier solar cells. In Sec. IV we ana-
lyze the performance of the hot-carrier solar cell under the
assumption of fast thermalization and optimize the effi-
ciency at a given output power. The conclusions are drawn
in Sec. V.

II. MODEL AND OBSERVABLES

A hot-carrier solar cell can be pictured as in Fig. 1(a).
It consists of an absorber region, where electron-hole
pairs are created due to the absorption of (sun)light. The
absorber region has band gap EG. The collectors are used
to extract the carriers, separating electrons and holes and
allowing a charge current to flow through the device.
Power is produced by driving the charge current against
the collector chemical potential μcol. The special feature of
hot-carrier solar cells is the purposefully designed energy
filters connecting the absorbers and collectors, which allow
us to use the excess energy of carriers with respect to the
band gap for increased power production. For simplicity,
we consider the electron-hole symmetric case, in which
electron and hole dynamics are equivalent. This means
that we only need to calculate the power generated by the
electrons, and then multiply by two to get the full power
generation of the solar cell.

A. Charge and energy currents

In order to characterize the output power of the solar
cells as well as the energy influx and energy loss due to dif-
ferent relaxation mechanisms, we analyze charge, energy
and heat currents. In this section we introduce the current
definitions adopting a scattering theory formalism. This
level of description neglects carrier interactions (or treats
them at a mean-field level) [44–46], which will then be
introduced via probes.

In the multiterminal scattering approach, the particle and
energy currents entering reservoir α are given by

(a)

D′(E)

D(E)

EG

− col

col

h collector absorber e collector

(b)

Su
n

electron-electron electron-phonon Recombination

e collector

hole-hole hole-phonon Recombination

h collector

FIG. 1. Energy diagram (a) of the electron-hole symmetric hot-carrier solar cell. The black dash-dotted line is the zero energy
reference lying in the middle of the absorber band gap EG. The black dotted lines are the collectors’ chemical potentials. The energy
filters D(E), D′(E) are used to separate the electron and hole transport. The red wavy arrow is the sunlight exciting carriers, making the
absorber distribution (shown in orange) broader than the collector distributions (shown in blue). Multiprobe model (b) for the transport
of electrons and holes. The injected carriers may interact with each other, leading to thermalization, interact with the phonons, leading
to relaxation and energy loss, or recombine before the extraction to the collector takes place. The arrows distinguish between electrons
(solid) and holes (dashed) flowing into (gray) or out of (colored) the corresponding terminal. The electron-hole symmetry allows us to
focus on the electronic part alone in the remainder of the paper.
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I (N )
α =

∑

β

1
h

∫ ∞

EG/2
dEDα,β(E)[fβ(E) − fα(E)], (1)

I (E)
α =

∑

β

1
h

∫ ∞

EG/2
dEEDα,β(E)[fβ(E) − fα(E)], (2)

where the zero of energy is taken at the midpoint of the
absorber band gap. As there are no electrons in the band
gap, the energy integrals start from the band edge at EG/2.
The incoming and outgoing particles are described by the
distribution functions fα(E) and fβ(E), which are Fermi
functions when thermalized contacts are considered. We
later specify the transmission probabilities Dα,β(E) for our
models of interest.

B. Multiprobe description

We model the creation and extraction of quasiparti-
cles as well as the loss mechanisms occurring in a solar
cell by using multiple probes, as shown in Fig. 1(b). We
thereby capture the interplay of these effects, resulting in a
nonequilibrium distribution, which is of particular interest
for the carriers extraction, where power is produced. While
some of these terminals have fixed distributions, others are
Büttiker probes, i.e., probes whose distributions are deter-
mined by imposing constraints on the currents flowing into
or out of the probes. In the following we describe the char-
acteristics of the different effects and how they are modeled
in terms of electronic (probe) contacts. Their combina-
tion creates the nonequilibrium distribution of extracted
particles, as discussed in more detail in Sec. III.

The sun reservoir (sun) represents sunlight creating
quasiparticles in the absorber, providing the energy from
which the solar cell will produce electrical power. Thus,
this reservoir injects a thermal distribution of carriers at
temperature Tsun and zero chemical potential μsun = 0.
This ensures that if the carriers are only coupled to the solar
photons, then they would reach thermal equilibrium with
the bath of solar photons at temperature Tsun � 6000 K.
Here, of course, the carriers never thermalize with the sun,
because they are coupled to many other (probe) reservoirs,
that we now list. The distribution of the sun reservoir can
be changed according to the specifics of the setup consid-
ered. In particular, it can be used to describe the carrier
distribution with different light spectrum and absorption
properties of the material by modulating the transmission
probability to the sun reservoir.

The collector reservoir (col) allows for the extraction
of carriers and thereby the production of electrical power.
It is characterized by a thermal distribution at fixed tem-
perature Tcol equal to the environment temperature [47].
Conversely, the chemical potential μcol can be controlled
by an external voltage or is determined by a resistance
characterizing power extraction in a closed circuit. The
collector distribution is hence described by the Fermi

function

fcol(E) =
[

1 + exp
(

E − μcol

kBTcol

)]−1

. (3)

The electron-electron probe (e-e) is used to model col-
lisions between electrons that relax them to a thermal
distribution at temperature Te-e and chemical potential μe-e.
The thermalization happens through elastic carrier-carrier
scattering, meaning that the total number and energy of
carriers are conserved during the thermalization process.
This motivates us to model the electron-electron interac-
tion by a Büttiker probe, where both carrier and energy
flows entering the probe vanish, namely

I (N )
e-e = 0, I (E)

e-e = 0. (4)

Imposing these constraints fixes Te-e and μe-e. Such volt-
age and temperature probes have previously been used to
model thermalization in mesoscopic conductors; see, e.g.,
Refs. [38,39,48,49]. These temperature and electrochem-
ical potential, as well as the following intensive parame-
ters, describe the electron carrier distribution. Given the
electron-hole symmetry, the holes have the same tempera-
ture, but a chemical potential with opposite sign, yielding
a chemical potential splitting between the carrier types.

The electron-phonon probe (e-ph) is used to model scat-
tering between the electrons and the lattice phonons, relax-
ing the charge carriers to the temperature of the phonons,
which is assumed to be the same as the collector’s, Te-ph =
Tcol. This relaxation process conserves charge, and this sets
the charge carriers’ chemical potential after relaxation to
μe-ph. In contrast, it does not conserve the charge carriers’
energy, because they lose energy to the phonons. This is
modeled by the carrier flow into the probe vanishing while
the energy flow does not,

I (N )

e-ph = 0, I (E)

e-ph �= 0. (5)

Imposing I (N )

e-ph = 0 fixes the value of μe-ph.
The recombination reservoir (rec) is used to model car-

rier recombination, giving their energy to the environment
photons, where it is lost. Thus, we can describe it as a
reservoir with a thermal distribution at the environment
temperature Trec = Tcol and chemical potential μrec = 0.
This ensures that if the sun is absent, then the carriers
would all relax to the thermal equilibrium state at the
environment temperature, Tcol. The recombination results
in a reduction of both energy and carrier number, which
is modeled as finite charge and energy flows into the
recombination reservoir,

I (N )
rec �= 0, I (E)

rec �= 0. (6)

The probe conditions of Eqs. (4) and (5) form a non-
linear system that we solve numerically, as detailed in
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Appendix A. These different probes and reservoirs are
connected to each other by the transmission probabilities
Dα,β(E), which characterize the strength and resulting time
scales of the different loss mechanisms. For the extraction
of quasiparticles into the collector in a hot-carrier solar
cell, the transmission probabilities of going from any ter-
minal α to the collector needs to be considered energy
dependent. Here, we assume the energy dependence to be
of the kind

Dα,col(E) = Dα,colD(E), α �= col, (7)

where Dα,col is constant and D(E) describes the energy fil-
ter. In the following, we consider a boxcar transmission,
namely

D(E) =
{

1 for E0 < E < E1,
0 otherwise. (8)

We make this choice because we show in Sec. IV that
it is the optimal transmission function for the thermal-
ized hot-carrier solar cell. We therefore also use it for
the nonthermal distributions—such as case D discussed in
Sec. III (where it is not expected to be the optimal transmis-
sion)—to make a fair comparison between the two cases.
An arbitrary boxcar function is a challenge to engineer,
although it should be possible with narrow-gap conduc-
tors and tight-binding chains; see, e.g., Ref. [27]. However,
we give many of our results for infinite-width boxcars
(step functions)—see Sec. III F— which are easily realized
experimentally using quantum point contacts [50] or thin
layers of wider band-gap materials [19–22].

All other transmission probabilities model how fast the
loss processes are compared with the carrier extraction.
Assuming these processes to be weakly energy dependent,
we approximate the transmissions as constant, namely [51]

Dα,β(E) = Dα,β , α �= col, β �= α, col. (9)

These transmission probabilities then model a given phys-
ical energy conversion process [52]. For example, if
only Dsun, e-e and De-e,col are nonzero, all carriers are
extracted after they have thermalized between themselves,
but before having lost significant energy by thermaliz-
ing with the lattice phonons or by recombining. In direct
contrast, if we take Dsun,col = De-e,col = 0 with all other
transmissions being finite, then all relaxation processes
occur, but no carriers are extracted before they have lost
energy by thermalizing at the lattice temperature. This sec-
ond example models the physics of a conventional solar
cell.

C. Performance quantifiers

We are interested in characterizing the performance of
hot-carrier solar cells via both the power output and the

efficiency of power production. The solar cell generates
electrical power by driving a charge current into the col-
lector against its chemical potential μcol, so the power
generated at the electron collector is

P = μcolI
(N )

col . (10)

Due to electron-hole symmetry, the same power is gener-
ated at the hole collector, so the total power generated by
the solar cell is 2P.

Which efficiency describes best the energy conversion
process? The answer depends on the resources one takes
for granted and on the losses one wants to take into
account. Here, we therefore consider three different types
of efficiencies that highlight the underlying physics best.
We start by introducing the total efficiency with which
energy from the light source is converted into electrical
power. The total efficiency is hence defined by the ratio

ηtotal ≡ P

−I (E)
sun

, (11)

where −I (E)
sun is the energy flow of the light source gen-

erating carriers in the absorber. This efficiency is the one
typically of interest to anyone using the solar cell, it
describes the device globally by including all the energy
losses incurred from the generation of carriers to their
extraction.

The problem with the above efficiency is that it treats
the whole solar cell as a single blackbox. If we want to
understand better the physics, it is useful to look inside the
blackbox. To quantify the efficiency with which electrical
power is generated from a given nonequilibrium distribu-
tion of carrier in the absorber, it is insightful to define
a quantity where the resource is given by the total free
energy of these carriers. Indeed, if the device is exploiting
the nonequilibrium nature of the carriers, then the nonequi-
librium free energy is the resource [53–55], rather than heat
or energy. Thus, it is natural to define an efficiency as the
power divided by the nonequilibrium free energy [54,55],

ηfree
global ≡ P

−∑
α �=env Ḟα;env

≤ 1. (12)

The nonequilibrium free energy Fα;env is the maximum
work that can be extracted from terminal α of the nonequi-
librium resource in contact with the environment, which is
at equilibrium and has temperature Tenv. It is defined as

Fα;env ≡ Uα − TenvSα , (13)

where Uα is the internal energy and Sα is the entropy of
contact α of the nonequilibrium resource; see the deriva-
tion in Appendix B. Since the nonequilibrium free energy
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corresponds to the maximum work, the corresponding effi-
ciency in Eq. (12) will be less than one for any system,
due to the second law of thermodynamics. In our case, the
relevant environment temperature is the collector temper-
ature, Tenv = Tcol. Thus, Fα;env = Fα;col is the free energy
of reservoir α that can be exploited by reservoir col to pro-
duce power. Notably, only the nonequilibrium free-energy
currents of the reservoirs α �= col enter the denominator of
Eq. (12) [56].

Since we assume that all separate (probe) reservoirs
have thermal distributions with temperature Tα and chem-
ical potential μα , see Sec. II B, the entropy change Ṡα is
proportional to the heat current into reservoir α,

Tα Ṡα = Jα = I (E)
α − μαI (N )

α . (14)

Therefore, the rate of change of the free energy can be fully
expressed in terms of particle and energy currents. The rate
of change of free energy is given by

Ḟα;col =
∫ +∞

EG/2

dE
h

[
E − Tcol

Tα

(E − μα)

]

×
∑

β

Dα,β(E)[fβ(E) − fα(E)] ≡
∑

β

Ḟα,β;col.

(15)

This allows us to highlight two different resource
contributions,

Ḟα;col = ηCarnot
col,α Jα + μαI (N )

α , (16)

to produce power: the heat current Jα multiplied by the
Carnot efficiency ηCarnot

col,α calculated with the temperatures
of the collector and reservoir α,

ηCarnot
col,α = 1 − Tcol

Tα

, (17)

and the reservoir α’s rate of increase of electrochemical
energy, μαI (N )

α . The former is the fraction of heat that can
be converted into power, while the latter is electrochemical
energy that can be extracted from the resource.

In our solar-cell model, the three probes or reservoirs
labelled e-e, e-ph, rec do not provide any free-energy
resources for the carrier extraction, Ḟe-e;col = Ḟe−ph; col =
Ḟrec; col = 0, for the following reasons. Firstly, the electron-
electron probe just transforms the resources injected into it
into heat and chemical resources (I (N )

e-e = 0, I (E)
e-e = 0). Sec-

ondly, the electron-phonon probe transforms the resources
injected into it into chemical resources (meaning that an
electrochemical potential builds up satisfying the condi-
tion I (N )

e-ph = 0), while the temperatures of the collector and
electron-phonon probe are equal (ηCarnot

col,e-ph = 0). Thirdly,
the recombination reservoir absorbs the resources injected

into it, without providing any resources in return, because
it has the same temperature as the collector (ηCarnot

col,rec = 0)
and zero chemical potential build up (μrec = 0).

These three probes do not affect the thermodynamic
maximum power that can in principle be extracted by the
collector. Nonetheless, they affect the actual power that
is produced by modifying the currents flowing into the
collector.

The simple form of Eq. (16) shows explicitly that
without the temperature bias, ηCarnot

col,α = 0, only the elec-
trochemical energy can be extracted, reducing the system
to a conventional solar cell. Similarly, without the electro-
chemical energy μα = 0, power is produced by conversion
of heat only, reducing the device to a thermoelectric heat
engine.

If we are to treat the whole solar cell as a blackbox,
connecting solar photons (at about 6000 K) and the cold
carriers (at about 300 K), as in Eq. (11), then this free-
energy efficiency would give the same information as ηtotal.
Its only difference from ηtotal is a factor of the Carnot
efficiency; i.e.,

ηfree
global = ηtotal

ηCarnot
col,sun

. (18)

Thus, the second law constraint that ηfree
global ≤ 1 is the

same as the well-known constraint that ηtotal cannot exceed
Carnot efficiency.

However, our concern here is to look inside the blackbox
and understand how the efficiency depends on the speed at
which carriers are extracted compared with the speed at
which losses occur (as modeled by the coupling strength
of the probe contacts introduced in Sec. II B). The ratios
between these speeds determine the distribution of carriers
extracted by the collector. To take this into account, we
consider the resource to be the free energy that the collector
receives from all other contacts α, i.e.,

Ḟneq ≡
∑

α

Ḟα,col;col =
∑

α

∫ +∞

EG/2

dE
h

Dα,col(E)

× [fcol(E) − fα(E)][(E − μα)ηCarnot
col,α + μα]. (19)

This nonequilibrium free-energy current corresponds to
the maximum power that can be extracted from the
nonequilibrium distribution entering the collector, without
counting the free-energy current lost when creating the dis-
tributions of any of the contacts α. Instead, the sum of free-
energy currents in Eq. (12) corresponds to the total free-
energy current that is made available from each contact α,
and, therefore, also counts the losses incurred in establish-
ing the probe distributions as part of the resource. Based
on this, we define the partial free-energy efficiency as

ηfree
neq = P

−Ḟneq
, (20)
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which tells us how efficiently we are extracting electri-
cal power from a given distribution of charge carriers. By
combining this with the global free-energy efficiency in
Eq. (18)—or its more familiar equivalent in Eq. (11)—we
get a picture of what is happening inside the solar cell. For
example, imagine a case where ηfree

neq is close to one, but
ηfree

global is small. This means the power extraction from the
nonequilibrium carrier distribution is efficient, but that the
nonequilibrium distribution itself has experienced a lot of
relaxation through loss mechanisms, and has thereby lost
much of the solar energy before extraction.

III. NONEQUILIBRIUM POWER AND
EFFICIENCY

The goal of this section is to analyze the performance
of the hot-carrier solar cell under different conditions con-
cerning the speed of carrier extraction compared with the
loss mechanisms, i.e., thermalization, equilibration, and
recombination. We therefore use the multiprobe model
described in the previous Sec. II B and compare setups with
different transmissions Dα,col. These transmissions con-
trol the distribution of carriers extracted by the collector
because they quantify the speed of the different occurring
processes. The current into the collector writes

I (N )

col =
∑

β �=col

1
h

∫ ∞

EG/2
dEDcol,β(E)[fβ(E) − fcol(E)],

= 1
h

∫ ∞

EG/2
dEDcol(E)[fneq(E) − fcol(E)]. (21)

The second line has been found by grouping together the
terminal distributions entering the currents of Eqs. (1)
and (2). We identify the effective transmission Dcol(E) and
the distribution of carriers extracted by the collector at
energy E, fneq(E), as

Dcol(E) ≡
∑

α �=col

Dα,col(E), (22)

fneq(E) ≡
∑

α �=col Dα,col(E)fα(E)

Dcol(E)
. (23)

Different choices of the transmissions Dα,col modify sub-
stantially this extracted distribution and, consequently, the
performance of the solar cell.

From now on we take the transmission to the collec-
tor as the boxcar function in Eq. (8). For this choice,
the nonequilibrium distribution function fneq(E) is only
defined in the energy window from E0 to E1. However,
we see that this is sufficient to calculate all the transport
observables of interest to us. Note that fneq(E) is restricted
to describing transport to the collector. Instead, it does not
describe the particle occupation of the full absorber region;

see Appendix C for how the absorber occupation can be
obtained using this model.

Let us first analyze the four limiting cases of main
interest illustrated in Fig. 2. Their extracted distributions,
defined in Eq. (23), are shown in Fig. 3. In all cases we
take Tsun = 20Tcol, since physically Tsun � 6000 K and
Tcol � 300 K. To keep the modeling easy to understand,
we make one simplification, namely we assume that loss
mechanisms happen on very different time scales. In par-
ticular, first the electron thermalization (e-e interaction)
is dominant, only then does the relaxation to the lattice
phonon temperature (e-ph interaction) become important,
and only then does recombination take place. It means

(a) Solar engine

electron-electron electron-phonon Recombination

Su
n

Collector

(b) Thermal (th) hot-carrier solar cell

electron-electron electron-phonon Recombination

Su
n

Collector

(c) Conventional (conv) solar cell

electron-electron electron-phonon Recombination

Su
n

Collector

(d) Nonequilibrium (neq) hot-carrier solar cell

electron-electron electron-phonon Recombination

Su
n

Collector

FIG. 2. Main cases considered. (a) Ideal solar engine in which
there are no loss mechanisms. (b) Thermalized hot-carrier solar
cell, in which the extracted carriers have thermalized and reached
a well-defined temperature Te-e and chemical potential μe-e.
(c) Solar cell, in which the extracted carriers have relaxed to
the lattice temperature Tcol while having chemical potential μe-ph.
(d) Nonequilibrium hot-carrier solar cell, in which the extracted
carriers are governed by a nonthermal distribution, in this case a
combination of the former.
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0.5 1.0 1.5
0.0

0.5

1.0

E (EG)

f n
eq

neq hot carrier
th hot carrier
conv solar cell
solar engine

FIG. 3. Distribution of carriers extracted by the collector. The
boxcar transmission with E0 = 0.8EG and E1 = 1.2EG allows
extraction only in the green region. We set kBTsun = 20kBTcol =
2μcol = EG and De-e,rel = 20De−ph,rec = 0.2 for all curves. The
nonequilibrium hot-carrier solar cell (black) has Dsun,col =
De-e,col = Drec,col = Dsun,e-e = 0.2. The thermal hot-carrier solar
cell (orange) has De-e,col = 0.6, Dsun,e-e = 0.2. The solar cell
(blue) has De−ph,col = 0.6, Dsun,e-e = 0.2. The heat engine (red)
has Dsun,col = 0.6, Dsun,e-e = 0. The unspecified Dα,β with α �= β

are zero, see also Appendix D.

we set

Dsun,e-ph = Dsun,rec = De-e, rec = 0. (24)

This is a reasonable approximation when e-e scattering is
stronger than e-ph scattering, which is in turn stronger than
carrier recombination [8,57]. In all cases, except case A,
we take

Dsun, ee = De-e, e−ph = 0.2, De-ph,rec = 0.01. (25)

We have not discussed yet the time scales of the extraction
to the collector: The value of the transmissions to the col-
lector (Dsun,col, De-e,col, and De−ph,col) are different in each
case, as explained below. See Appendix D for tables con-
taining the values for all transmission probabilities of the
four concrete cases discussed here, as well as a discussion
motivating their specific choice.

A. Case A: Ideal solar engine

The ideal (but unphysical) case is when there are no
loss mechanisms at all, see Fig. 2(a). Then carriers take on
a thermal distribution with the temperature of solar pho-
tons, Tsun. In our model this corresponds to taking Dsun,col
to be the only nonzero transmission probability [we recall
Eq. (25) does not apply in this case]. Then the solar cell
acts as a thermoelectric heat engine working between a hot
reservoir at the temperature of the sun and a cold reservoir
at ambient temperature.

B. Case B: Cell exploiting thermalized hot carriers

A cell exploiting thermalized hot carrier is one that
extracts electrons after they have thermalized between
themselves (e-e interaction) but before they have started

losing energy to the phonons; see Fig. 2(b). In our model
this corresponds to having the collector only coupled to the
probe e-e, with the carrier distribution fe-e. Hence, we take
De-e,col = 0.6 with Dsun,col = De−ph,col = 0, while the loss
mechanisms are given by Eqs. (24) and (25).

In this case, the collector extracts carriers that have a
finite electrochemical potential μe-e, and are at a tempera-
ture Te-e that is hotter than the lattice. The cell uses both of
these as a source for electrical power.

C. Case C: Conventional solar cell

A conventional solar cell is one that cannot exploit
the carriers before they have relaxed to the lattice tem-
perature; see Fig. 2(c). In our model, this corresponds to
having the collector only coupled to the probe e-ph, with
the carrier distribution fe-ph. Hence, we take De−ph,col = 0.6
with Dsun,col = De-e,col = 0, while the loss mechanisms are
given by Eqs. (24) and (25).

The collector extracts carriers that have a finite electro-
chemical potential, μe-ph, but are at the same temperature
as the lattice. Thus, μe-ph is the only available resource for
generating electrical power.

D. Case D: Cell exploiting nonequilibrium hot carriers

Finally, we take one example of a cell that exploits the
nonequilibrium nature of the hot carriers; see Fig. 2(d). In
previous examples, we assume the carrier is extracted at
a given moment in their evolution under the loss mech-
anisms. Here, in contrast, we assume that the collector
will extract whatever carriers come to it (if they are in
its energy window), irrespective of where they are in their
evolution under the loss mechanisms. In other words, the
extraction time scales for all carriers are comparable. In
our model, this corresponds to having the collector cou-
pled about equally to the sun reservoir, e-e reservoir, and
e-ph reservoir, with their carrier distributions fsun, fe-e, and
fe-ph, respectively. Thus, we take

Dsun,col = De-e,col = De−ph,col = 0.2. (26)

In this case the collector extracts carriers that have a
nonequilibrium distribution, that is, not well characterized
by a single temperature and a single electrochemical poten-
tial. More specifically, from Eq. (23), the distribution of
carriers extracted by the collector at energy E is given by
fneq(E) = 1/3

(
fsun(E) + fe-e(E) + fe-ph(E)

)
.

E. Comparing different cases

We now compare the performances of the different cases
in Fig. 4. The power and global efficiency ηfree

global are plotted
as a function of the electrochemical potential of the collec-
tor contact in (a) and (c), showing that the device is able to
produce power up to a stopping voltage of the order of the
band gap. The maximum in the power and in the efficiency
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FIG. 4. Power, global efficiency ηfree
global, and partial efficiency

ηfree
neq when varying μcol. We show the results for the nonequilib-

rium hot-carrier solar cell (black), the thermal hot-carrier solar
cell (orange), the standard solar cell (blue), and the ideal solar
engine (red). All parameters are chosen as in Fig. 3. The boxcar
transmission with E0 = 0.8EG and E1 = 1.2EG allows extraction
only in the green region, indicated in Fig. 3.

as a function of μcol are close to each other, a fact that is
confirmed by the lasso plots in (b).

For the thermalized hot carriers, and the nonequilibrium
hot carriers, the global free-energy efficiency, ηfree

global, never
exceeds 1/2, while ηfree

neq reaches higher values (typically
reaching a little above 3/4). This indicates that for the
parameters chosen in our models, the losses in imperfectly
exploiting the hot-electron distribution (given by devia-
tion of ηfree

neq from 1) are similar in magnitude to the losses
between the solar photons arriving and the exploitation
of the hot-electron distribution (given qualitatively by the
deviation of ηfree

global from ηfree
neq ).

The conventional solar cell is very different. It can very
effectively exploit the carrier distribution, with ηfree

neq → 1,
but has the lowest overall efficiency, ηfree

global. This can be
understood as follows, ηfree

neq is high because it is easy to
efficiently exploit the carriers that have cooled to the lat-
tice temperature, meaning they are all in a very narrow
energy window close to the band edge. In other words,
what is left of the solar energy given to them is con-
verted by the loss mechanisms into an electrochemical
potential, μe-ph, and the extraction process consists of a
work-to-work conversion. However, as this conversion by
the loss mechanisms is rather inefficient, meaning the car-
riers have lost a large part of their energy to the lattice, one

is efficiently exploiting a small part of the injected energy,
while losing all the rest. Hence, ηfree

global is smaller than in
other cases.

Of course the ideal solar engine has the highest global
efficiency, ηfree

global, since it has no loss mechanisms in the
absorber region. This also means that it has ηfree

global = ηfree
neq .

Intriguingly, the ideal solar engine’s ηfree
neq is below the

other cases in most parameter regimes. This is because
the other cases have the nonequilibrium distribution that
has been partially converted to an electrochemical poten-
tial by the loss mechanisms, losing a lot of useful energy
in the process. However, those distributions are easier to
exploit than the purely thermal distribution of the ideal
solar engine; hence, their larger ηfree

neq .

F. High power output

To achieve high power output, one typically aims to
choose a good energy filter D(E) on the collector. The
power produced increases when the carriers going into
the collector increasingly outnumber those leaving it. In
the case of a thermal distribution of the carriers being
extracted, we prove analytically that the flow of carri-
ers entering the collector is larger than the flow leaving
the collector, above a certain energy Ẽ0 as will be given
by Eq. (27). Thus, power output is optimized by a step-
function transmission with the step at Ẽ0. In the case
of nonthermal distributions, no such proof exists, but we
observe that same conclusion appears to apply to the dis-
tributions studied here [58]. Thus, we can expect that the
power output will be close to maximal when D(E) is a
step function, even if we have no simple expression for
the optimal step position Ẽ0.

Using this motivation, Figs. 5 and 6 give results for such
a step function, D(E) = �[E − E0] with varying E0 for
all cases; thermal and nonthermal distributions of carriers
being extracted. The advantage of taking the same trans-
mission, D(E), for all cases is that it allows us to make
a fair comparison between the effect of different distribu-
tions, without the added complication of each distribution
having a different D(E). This choice is furthermore experi-
mentally convenient, because a step-function transmission
is regularly implemented in experiments by inserting a
quantum point contact [50] or a thin layer of a material
with a larger band gap than the absorber [19–22].

Figure 5 shows that the conventional solar cell reaches
its absolute maximum power when E0 is minimum (i.e.,
at the band gap, E0 = EG/2). In other words, for the con-
ventional solar cell, where all of the excess energy is lost,
the energy filtering provided by D(E) can not improve the
power production. In contrast, the other cases (the ideal
solar engine, and the cells exploiting thermal and nonequi-
librium hot carriers) reach maximum power at E0 > EG/2,
as shown in Fig. 5(a). The additional carrier energy per-
mits charge to flow against a larger voltage μcol, thereby
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FIG. 5. Maximum power over μcol and corresponding efficien-
cies for the infinite boxcar transmission (step function) start-
ing from E0. We set Tsun = 20Tcol = 2μcol = EG and De-e,rel =
20De−ph,rec = 0.2 for all curves. We show the case of the
nonequilibrium hot-carrier solar cell (black), the thermal hot-
carrier solar cell (orange), the standard solar cell (blue), and the
ideal solar engine (red). All parameters are given in Fig. 3 and
Appendix D.

improving the power output. At large E0, the power is
exponentially small in all cases, as expected, since the
carriers in each probe follow Fermi distributions with
exponentially few carriers at very high energies.

Likewise, the global efficiencies of a conventional solar
cell, nonequilibrium and thermalized hot-carrier solar cells
decrease exponentially, see Fig. 5(b), because they include
loss mechanisms that are independent of the extraction,
here characterized by E0. These losses dominate when the
flow into the collector becomes exponentially small, mak-
ing the efficiency decrease. In contrast, in the ideal solar
engine ηfree

global → 1 as E0 → ∞, because there are no loss
mechanisms, and each carrier that gets into the collec-
tor (even if the process is exponentially rare) generates
maximal work and minimal entropy [59]. Similarly, since
the partial efficiency, ηfree

neq , accounts only for the extrac-
tion process, it tends to a finite value at large E0 for any
distribution because both power and the nonequilibrium
free-energy current of Eq. (19) decrease exponentially.
Notably, as the power becomes exponentially small, the
ideal solar engine, thermal and nonequilibrium hot-carrier
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FIG. 6. Thermalized absorber: Maximum power for infinite
boxcar transmission (step function) as a function of E0 (a)
and temperature difference (b). The power is optimized over
μcol in both panels. In (a) the parameters are μabs/EG = 0 and
Tabs/Tcol = 15 (red), μabs/EG = 0.1 and Tabs/Tcol = 15 (orange),
μabs/EG = 0.5 and Tabs/Tcol = 5 (green), and μabs/EG = 0.5 and
Tabs/Tcol = 1 (blue). In (b) temperatures are not fixed and the
optimal value Ẽ0 is used for the four lines. The dashed lines indi-
cate the maximum power reached at a fixed temperature. In (b)
the gray solid line is the maximum power of an ideal solar engine
Pte

max, obtained for EG = μabs = 0. Here we fixed 20Tcol = EG.

solar cells all reach partial efficiencies comparable with the
solar cell.

These comparisons show that both thermal and nonequi-
librium hot-carrier solar-cell performances lie in between
the conventional solar cell and the ideal solar engine work-
ing directly between the sun and collector. In particular,
it shows that exploiting the nonequilibrium hot-electron
distribution can lead to higher power outputs than the
thermalized hot-electron distribution, but thermalized hot
electrons still give more power than a conventional solar
cell [respectively, the black, orange, and blue curves in
Fig. 5(a)].

IV. OPTIMAL ENERGY FILTER FOR
THERMALIZED ABSORBER

Here we find the optimal shape of the energy filtering
D(E) for any carrier distribution that is thermal, irrespec-
tive of its origin temperature or electrochemical potential.
In hot-carrier solar cells this occurs whenever the carrier
thermalization is much faster than their extraction. There-
fore, it applies directly to cases A, B, and C in Sec. III.
We show that this shape is the boxcar function identified
in Refs. [26,27], which we here show to even apply in
the presence of an electrochemical potential (which was
absent in Refs. [26,27]). Note that the proof that the boxcar
function is optimal does not apply when the carriers have
a nonequilibrium distribution, such as the nonequilibrium
hot carriers; case D in Sec. III. However, we expect that
with a suitable choice of position and width, it will still be
close to optimal.
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A. Maximum power

We start by analyzing the maximum power that can be
obtained by the thermalized hot-carrier solar cell, which
we describe by a Fermi function fabs with Tabs and μabs.
The transmission leading to maximum power is given by a
boxcar transmission with E1 → ∞ and where Ẽ0, namely
the lower boxcar energy maximizing the output power for
a given μcol (indicated by a tilde), is found as the energy at
which the Fermi distributions cross, fcol(Ẽ0) = fabs(Ẽ0), so

Ẽ0 = μcolTabs − μabsTcol

Tabs − Tcol
. (27)

The maximum power that is achieved with the infinitely
wide boxcar transmission starting from Ẽ0 is given by

Pmax = μ̃colkB

h

{
Tabs log

[
1 + exp

(
− Ẽ − μabs

kBTabs

)]

− Tcol log

[
1 + exp

(
− Ẽ − μ̃col

kBTcol

)]}
, (28)

where Ẽ = max{Ẽ0, EG/2} is the band-gap limitation and
μ̃col is the collector chemical potential that maximizes
the above expression. When the temperature difference,
Tabs − Tcol, is large enough, the crossing energy satis-
fies Ẽ0 > EG/2, see Fig. 6(a), such that only all those
carriers contributing to a positive power production are
extracted. In this regime, combining Eqs. (27) and (28),
the maximum power becomes

Pmax = μ̃colkB

h
(Tabs − Tcol)

× log
[

1 + exp
(

μabs − μ̃col

kB(Tabs − Tcol)

)]
. (29)

Furthermore, in the limit of a gapless thermoelectric heat
engine (EG = μabs = 0) the maximum power can be fur-
ther reduced to

Pte
max = Ak2

B
(Tabs − Tcol)

2

h
, (30)

which is the quantum bound found in Refs. [26,27], in
which A ≈ 0.316 is the maximum of x log(1 + exp(−x)).
While having a finite EG decreases the maximum power
at low temperature differences, the gap becomes irrele-
vant at higher Tabs − Tcol because Ẽ0 > EG/2, as shown in
Fig. 6(b). However, importantly, thermalization and relax-
ation in the presence of the gap results in electrochemical
energy as a resource, the conversion of which increases
the maximum power at a given temperature difference,
allowing us to overcome Pte

max.

B. Maximum efficiency at any given power

As a next step, we optimize the transmission D(E)

between the thermalized absorber and collector to max-
imize the efficiency ηfree

global = P/(−Ḟabs;col) at any given
power output P. Here, Ḟabs;col is the nonequilibrium free-
energy current, as defined in Eq. (15), flowing between
the two reservoirs. While this corresponds to the partial
efficiency of Eq. (20), the global efficiency of Eq. (18)
reduces to the same quantity when only the thermalized
absorber and collector are considered. Consequently, the
nonequilibrium free-energy current Ḟabs; col describes only
the losses incurred in the carrier extraction, and the effi-
ciency does not account for the resources spent to generate
Tabs and μabs.

In the limit of a thermalized absorber distribution, the
maximum efficiency at any given power can be found
by applying a variational analysis analogous to that of
Refs. [26,27]. This variational approach, see Appendix E,
shows that the maximum efficiency at a given output power
is found to be a boxcar-shaped function with the limits
given by Ẽ0 from Eq. (27) and

Ẽ1 = − μcolTabs

Tabs − Tcol

∂colḞabs;col

∂colP
− μabsTcol

Tabs − Tcol
, (31)

with Ẽ1 ≥ Ẽ0. Here, the derivative ∂col is done with respect
to the collector chemical potential μcol at fixed transmis-
sion D(E). This result corroborates our choice of a boxcar
function for the carrier extraction in Sec. III. When setting
EG = μabs = 0, we reduce the device to a quantum thermo-
electric heat engine, and recover the result of Refs. [26,27].
While the lower end of the boxcar Ẽ0 is the lowest energy
at which power can be produced by extracting carriers, the
upper end Ẽ1 is needed to maximize the efficiency. Indeed,
extracting carriers at higher energy is less efficient because
they produce more entropy in the collector. Thus, the best
efficiency is obtained when carriers are extracted only up
to the energy Ẽ1. As discussed in Sec. IV A, when the box-
car is infinitely wide, Ẽ1 → ∞, the power is maximized.
Instead, when the transmission window is small Ẽ1 → Ẽ0,
see Fig. 7, the power output becomes much smaller than
Pmax and the efficiency approaches unity. The efficiency
can in this limit of small power production be expanded in
powers of hP/μ̃2

col as

ηfree
global = 1 − 2

3

√√√√2ηCarnot
col,abskBTcolhP

μ̃3
col f̃ (1 − f̃ )

+ O
(

hP
μ̃2

col

)
, (32)

where f̃ = fcol(Ẽ0) = fabs(Ẽ0) is the Fermi distribution
at the optimal lower bound of the boxcar transmission
with respect to the collector chemical potential μ̃col that
maximizes the above efficiency. Interestingly, the term of
order

√
P in the expansion vanishes in the solar-cell limit,

044038-10



THERMODYNAMIC PERFORMANCE. . . PHYS. REV. APPLIED 19, 044038 (2023)

1
4

1
2

3
4

1
η m

ax
(a)

0

2

4

Ẽ
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FIG. 7. Maximum free-energy efficiency (a), and optimal box-
car boundaries Ẽ1 (b) and Ẽ0 (c) as a function of the power P. The
vertical black dashed lines lie at the maximum power. The inset
in (a) shows the low-power regime with the analytical expansion
(dashed). Only the conventional solar-cell efficiency is linear in
the power. In (b),(c) the horizontal gray solid line at EG/2 limits
the lower position of the boxcar transmission. All parameters are
given in Fig. 6(a).

where the reservoir temperatures are the same, because
ηCarnot

col,abs = 0, whereas the term of order P remains finite,
as illustrated in the inset in Fig. 7(a). Therefore, intro-
ducing a temperature difference reduces the efficiency at
low power. However, having heat as a resource improves
the efficiency at higher power and boosts the maximum
achievable power significantly. On the other hand, adding
electrochemical energy conversion always improves the
efficiency because, unlike heat, all the electrochemical
energy can be converted into power.

These results are obtained for a single-channel conduc-
tor but can be generalized to the multichannel case. In
that case, which we do not present in detail here, the

transmission of each channel has to satisfy the boxcar
condition of Eq. (8) for the same energies Ẽ0, Ẽ1. Hence,
power and the nonequilibrium free-energy current only
need to be multiplied by the number of channels to obtain
this more general result.

V. CONCLUSIONS

We develop a phenomenological quantum transport
model to analyze the thermodynamics of a hot-carrier
solar cell. Its strength lies in its versatility; it can be used
to explore broad regimes of parameters, without needing
heavy microscopic simulations of photon absorption or
dissipation mechanisms. It relies on a multiprobe model
to account for the main extraction and energy-exchange
processes happening in the device.

We characterize the performance of the device through
the power and the efficiencies of power production. Specif-
ically, we introduce both a global efficiency that accounts
for all the losses, and a partial efficiency that accounts only
for the losses incurred during the extraction. We compare
the performance of the device in the various regimes by
studying different working conditions, characterized by the
distribution of extracted carriers.

We observe that the conventional solar cell has a high
partial efficiency because it is easier to efficiently extract
power from a carrier distribution that has a shifted elec-
trochemical potential. This potential shift is a consequence
of the carrier’s relaxation to the band edge, meaning that
the carriers have lost a lot of energy, but what remains
is almost entirely electrochemical energy, which can be
directly converted to electrical power. At the same time,
the energy loss during the relaxation to the band edge
means that the global efficiency and power production is
less than the other cases we study. Indeed, it is when the
extracted carriers take on a nonthermal distribution that the
global performance of the device is improved.

For the opposite case, when the carrier distribution is
thermal, we show that a boxcar-shaped transmission is
the optimal transmission function that maximizes the effi-
ciency at any possible power output. This result extends
the quantum bound for thermoelectric devices [26] to
devices exhibiting both thermoelectric and photovoltaic
effects. In this context, we find that the photovoltaic effect
allows for higher efficiency, whereas the thermoelectric
effect allows for greater power output. In contrast, the opti-
mum transmission for a nonthermal carrier distribution
remains an open question.
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APPENDIX A: NUMERICAL PROCEDURE TO
OBTAIN PROBE POTENTIALS AND

TEMPERATURES

The probes and model contacts described in Sec. II B are
characterized by a set of parameters for which the temper-
ature Te-e and the electrochemical potentials μe-e, μe-ph are
not given and need to be found from a system of nonlinear
equations given by Eqs. (4) and (5). Here, we describe how
to find these parameters, see also the flowchart in Fig. 8
that sketches the procedure.

First, we choose one tentative value of Te-e and solve
the zero particle current conditions in each probe for
the two remaining parameters μe-e and μe-ph by iterating
until convergence. The result of this procedure are the
electrochemical potentials at the chosen electron-electron
probe’s temperature, namely μe-e = μe-e(Te-e) and μe-ph =
μe-ph(Te-e). Finally, to determine the correct value of Te-e,
we solve the zero energy current condition on the electron-
electron probe I (E)

e-e = I (E)
e-e (μe-e(Te-e), μe-ph(Te-e), Te-e) by,

for instance, bisection on Te-e. This corresponds to evalu-
ating the current I (E)

e-e iteratively at different temperatures
Te-e until it converges to zero. This final step results
in the temperature Te-e and the electrochemical poten-
tials μe-e(Te-e) and μe-ph(Te-e) that solve the zero current
conditions considered.

Choose Te-e

I
(N)
e-e (µ(n)

e-ph) = 0 → µ(n+1)
e-e

I
(N)
e-ph(µ

(n)
e-e ) = 0 → µ(n+1)

e-ph

Find µe-e(Te-e), µe-ph(Te-e)

Solve I
(E)
e-e (µe-e(Te-e), µe-ph(Te-e), Te-e) = 0

Find Te-e, µe-e, µe-ph

FIG. 8. Flowchart of the numerical approach implemented
to find the temperature and electrochemical potentials of the
considered Büttiker probes.

APPENDIX B: NONEQUILIBRIUM
FREE-ENERGY CURRENT

Here, we provide a derivation of the nonequilibrium
free-energy current starting from the second law of thermo-
dynamics. First, we separate the total entropy production in
the multiterminal system into

Ṡ = Ṡcol +
∑

α �=col

Ṡα ≥ 0. (B1)

The entropy production in the collector, Ṡcol, is particu-
larly interesting because the collector is used to produce
power. In particular, when the collector is at equilibrium,
i.e., described by a thermal distribution, its entropy pro-
duction is related to the heat current Jcol flowing into the
collector through

Ṡcol = Jcol

Tcol
= 1

Tcol
(I (E)

col − μcolI
(N )

col ), (B2)

where I (E)

col and I (N )

col are the energy and particle currents,
respectively. In Eq. (B2) we recognize the power pro-
duced by extracting particles to the collector, namely
P = μcolIcol. Substituting Eq. (B2) into Eq. (B1), and
using energy conservation, we can write the total entropy
production as

TcolṠ = −P +
∑

α �=col

(TcolṠα − I (E)
α ) ≥ 0. (B3)

The inequality stemming from the second law of thermo-
dynamics allows us to define the efficiency of (positive)
power production as

ηfree
global ≡ P

∑
α �=col(TcolṠα − I (E)

α )
≤ 1. (B4)

The quantity in the denominator corresponds to the max-
imum power that can be generated from the resource
reservoirs. In particular, defining the nonequilibrium free-
energy current of each reservoir as

Ḟα;col ≡ I (E)
α − TcolṠα , (B5)

we find the global efficiency in Eq. (18). Note that, since
both energy and entropy are extensive quantities, the
nonequilibrium free-energy current is well defined also in
the case of nonequilibrium reservoirs, hence, the name.

APPENDIX C: ABSORBER DISTRIBUTION

In the main paper we introduce a nonequilibrium distri-
bution function, fneq(E), which describes the distribution
of particles transported into the collector. In this appendix
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FIG. 9. Diagram of the multiprobe model with an absorber
dephasing probe connected to the other terminals, described in
Sec. II B. Here, the absorber distribution is well defined.

we show how a well-defined distribution of the particles
occupying the absorber can be constructed as a special case
from the general multiprobe model.

To have a well-defined absorber distribution, we con-
sider the model in which the absorber itself is a dephasing
probe connected to the terminals described in Sec. II B, as
shown in Fig. 9. The absorber distribution is then deter-
mined by imposing the particle flow into the absorber at
each infinitesimal energy interval to vanish. Namely, call-
ing T abs

α the transmission between the absorber probe and
terminal α, the absorber distribution is given by

fabs(E) =
∑

α T abs
α (E)fα(E)∑
α T abs

α (E)
. (C1)

Therefore, substituting the absorber distribution in the
currents, we can describe transport according to the mul-
tiprobe model discussed in Sec. II B. For example, the
particle current flowing from contact α becomes

I (N )
α = 1

h

∫
dE

∑

β

T abs
α (E)T abs

β (E)
∑

γ T abs
γ (E)

[fα(E) − fβ(E)],

(C2)

and similarly for other currents. From this, we can identify
an equivalent transmission for the multiprobe model in the
main text, namely

Dα,β(E) = T abs
α (E)T abs

β (E)
∑

γ T abs
γ (E)

. (C3)

Therefore, the model in which the absorber is described by
a probe connected to the other terminals is a particular case
of the multiprobe model.

APPENDIX D: TRANSMISSION PROBABILITIES

In this appendix we provide all transmission prob-
abilities to the probe and model contacts described

in Sec. II B as used for the concrete results plot-
ted and described in Sec. III. The magnitude of these
transmission probabilities corresponds to the rate with
which different relaxation and thermalization processes
occur.

There is some uncertainty in experimental values for
the rate processes, which would be the origin of the
transmission matrix elements in our model; for a recent
review, see Ref. [21]. Thus, rather than trying to extract
these time scales from a given experiment, we take num-
bers broadly representative of the cases of interest, in
which electron-electron relaxation is faster than electron-
phonon relaxation, which is faster than carrier recombi-
nation. Like in proposed experiments, we assume that
the rate of carrier extraction by the collector can be
varied across this range of time scales, giving the dif-
ferent regimes discussed in the following. We set the
value of

∑
α �=col Dα,col to be fixed across the different

regimes, such that all cases have the same—significant
but not perfect—net transition probability 0.6D(E) to the
collector.

To model the ideal solar engine, see Table case A, we
suppress all loss mechanisms by setting the transmissions
towards the e-e, e-ph, and recombination probes equal to
zero. Only direct coupling between the sun reservoir and
the collector is allowed.

In all remaining regimes, see Tables case B, C, D, loss
mechanisms are present. In order to model the situation
where electron-electron relaxation is faster than electron-
phonon relaxation, we set Dsun,e-ph = 0, while keeping
finite both Dsun,e-e and De-e,e-ph. As a consequence, the car-
rier thermalization establishes a temperature Te-e �= Tsun
and finite electrochemical potential μe-e because of the
presence of the e-ph loss mechanism. Finally, in order to
model the carrier recombination to be the slowest pro-
cess, we choose Dsun, rec = De-e, rec = 0, and allow the e-
ph carriers to recombine with finite, yet small, transition
probability, namely De−ph, rec = 0.01 � 1.

The selected transmission probabilities reported below
reflect these choices and allow us to compare the different
regimes. For the conventional solar cell, the only transmis-
sion Dcol,α differing from zero is the one for α = e − ph,
such that all extracted carriers are at temperature Tcol, but at
an electrochemical potential stemming from the interplay
between thermalization, relaxation, and recombination. In
contrast, the hot-carrier solar cell exploiting thermalized
hot carriers is modeled by a transmission into the collector
stemming from the probe contact e-e only, where tem-
perature and potential of this thermal distribution are the
result of all other occurring processes. Finally, the gen-
eral nonequilibrium hot-carrier solar cell is modeled by
allowing transmission from all probe contacts into the col-
lector equally, meaning that the extracted carriers are not
modeled by a distribution with a unique temperature and
electrochemical potential.
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Dα,β sun e-e e-ph rec col

sun 1 − 0.6D(E) 0 0 0 0.6D(E)

e-e 0 0 0 0 0
e-ph 0 0 0 0 0
rec 0 0 0 0 0
col 0.6D(E) 0 0 0 1 − 0.6D(E)

Case A: Ideal solar engine.

Dα,β sun e-e e-ph rec col

sun 0.8 0.2 0 0 0
e-e 0.2 0.6[1 − D(E)] 0.2 0 0.6D(E)

e-ph 0 0.2 0.79 0.01 0
rec 0 0 0.01 0.99 0
col 0 0.6D(E) 0 0 1 − 0.6D(E)

Case B: Cell exploiting thermalized hot carriers.

Dα,β sun e-e e-ph rec col

sun 0.8 0.2 0 0 0
e-e 0.2 0.6 0.2 0 0

e-ph 0 0.2 0.79 − 0.6D(E) 0.01 0.6D(E)

rec 0 0 0.01 0.99 0
col 0 0 0.6D(E) 0 1 − 0.6D(E)

Case C: Conventional solar cell.

Dα,β sun e-e e-ph rec col

sun 0.2[4 − D(E)] 0.2 0 0 0.2D(E)

e-e 0.2 0.2[3 − D(E)] 0.2 0 0.2D(E)

e-ph 0 0.2 0.79 − 0.2D(E) 0.01 0.2D(E)

rec 0 0 0.01 0.99 0
col 0.2D(E) 0.2D(E) 0.2D(E) 0 1 − 0.6D(E)

Case D: Cell exploiting nonequilibrium hot carriers.

Note that here the energy-dependent transmission D(E)

between the collector and absorber, defined in Eq. (8),
also enters in the diagonal transmission matrix elements of
the probe contacts modeling thermalization and relaxation
processes. This is due to the unitarity of the total scattering
matrix (required by current conservation) and is not a spe-
cific choice to model the loss processes. However, since the
additional energy-dependent terms (on top of those actu-
ally connecting to the collector) only enter the diagonal
elements of the scattering matrix (meaning reflection coef-
ficients), they do not modify the transport (and, hence, the
distribution) properties.

APPENDIX E: VARIATIONAL OPTIMIZATION OF
THE TRANSMISSION FUNCTION

In this appendix we provide the variational approach
used to determine the conditions that an arbitrary trans-
mission D(E) of a two-terminal conductor with thermal
contacts has to satisfy to maximize the efficiency at any
power P. First, we consider both power and the nonequilib-
rium free-energy current as functionals of μcol and D(E).
Therefore, the power variation in terms of the variations of
D(E) and μcol is

δP = δDP + ∂colPδμcol, (E1)

where the first term is the variation of P with respect to the
transmission D(E) at fixed μcol, while ∂colP is the deriva-
tive of P with respect to μcol at fixed D(E). An analogous
expression can be written for Ḟabs;col. Since we are inter-
ested in finding the maximum efficiency at a given power,
we maximize the nonequilibrium free-energy current while
keeping the power fixed. This means that a variation of
D(E) and μcol leads to

δP = 0, δḞabs;col < 0. (E2)

The constraint on the power variation allows us to find
how much μcol has to vary to keep the power fixed after

a change in D(E). This allows us to write the variation of
the nonequilibrium free-energy current in terms of δD(E)

alone as

δḞabs;col =
∫ +∞

EG/2

dE
h

δD(E)[fcol(E) − fabs(E)]

×
[
(E − μabs)η

Carnot
col,abs + μabs + μcol

∂colḞabs;col

∂colP

]
. (E3)

The expressions in the two square brackets each change
sign at a specific energy: the first one is the crossing energy
Ẽ0 of Eq. (27), whereas the second one is

Ẽ1 = − μcolTabs

Tabs − Tcol

∂colḞabs;col

∂colP
− μabsTcol

Tabs − Tcol
≥ Ẽ0. (E4)

By looking at the sign of the integrand of Eq. (E3), we note
that when E lies between Ẽ0 and Ẽ1, any negative variation
δD(E) decreases the nonequilibrium free-energy current.
This means that in such an interval the optimal trans-
mission function takes maximum value. Instead, when E
lies outside the interval [Ẽ0, Ẽ1], any positive variation
δD(E) decreases the nonequilibrium free-energy current.
This means that the optimal transmission function takes a
minimum value outside the interval. Therefore, the trans-
mission that maximizes the efficiency at any given power
is a boxcar transmission, see Eq. (8).
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