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Magnetically levitated superconducting microparticles offer a promising path to quantum experiments
with picogram to microgram objects. In this work, we levitate a 700 ng ~ 10'7 amu superconducting
microsphere in a magnetic chip trap in which detection is integrated. We measure the center-of-mass
motion of the particle using a dc superconducting quantum interference device magnetometer. The trap
frequencies are continuously tunable between 30 and 160 Hz and the particle remains stably trapped
over days in a dilution-refrigerator environment. We characterize the motional-amplitude-dependent fre-
quency shifts, which arise from trap anharmonicities, namely, Duffing nonlinearities and mode couplings.
We explain this nonlinear behavior using finite-element modeling of the chip-based trap potential. This
work may constitute a first step toward quantum experiments and ultrasensitive inertial sensors with

magnetically levitated superconducting microparticles.

DOI: 10.1103/PhysRevApplied.19.054047

I. INTRODUCTION

Systems of levitated nano- and microparticles in vac-
uum [1] offer extreme isolation of the particles from the
environment as well as in sifu tuning of the trapping
potential [2,3]. These platforms provide novel opportuni-
ties for realizing ultrasensitive force [4—7] and acceleration
sensors [8—12], for studying thermodynamics in the under-
damped regime [13—15], for exploring many-body physics
with massive objects [16-20] and for exploiting rota-
tional degrees of freedom [21-24]. Recently, the center-
of-mass (COM) motion of optically levitated nanospheres
has been cooled to the motional ground state [25-29],
opening up the possibility of performing quantum exper-
iments with levitated nanoparticles [3,30,31]. There has
also been tremendous progress in the field of electri-
cally levitated nanoparticles toward reaching the quantum
regime [22,32-35].

To extend quantum control from nano- to microparti-
cles, magnetic levitation [36] has recently gained renewed
interest [12,37—44]. Magnetic levitation can be used to

*witlef. wieczorek@chalmers.se

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI. Funded by Bibsam.

2331-7019/23/19(5)/054047(14)

054047-1

levitate objects of different shapes [45,46] with masses
ranging from picograms to tons [36]. It offers extreme iso-
lation from the environment [38—40,43,47,48] and allows
for tunable potential landscapes [49]. This combination
of properties makes magnetically levitated particles par-
ticularly well suited for high-precision sensing of forces
and accelerations [5,8-10,12,50], as well as for funda-
mental physics experiments with picogram to microgram
objects [47—49]. Recent experimental developments in
this direction include levitating micromagnets on top of
superconductors [12,38,51-53], diamagnetic particles in
strong magnetic fields [37,39—41,54], and superconducting
microparticles in millimeter-scale superconducting mag-
netic traps [43,44,55].

We pursue magnetic levitation of superconductors in
a superconducting magnetic trap, since this approach
promises the least intrinsic mechanical dissipation [47,48].
Levitated superconductors in the Meissner state do not
suffer from magnetic moment drift or intrinsic eddy cur-
rent damping, unlike levitated magnets [5,12,38,52,53]. By
using a persistent current magnetic trap [56], the trap can
be made perfectly stable, unlike systems of diamagnetic
particles levitated between strong magnets [39,54,57].

We levitate a superconducting microsphere in a fully
chip-based system. The chip-based approach [44,58,59]
enables higher magnetic field gradients and trapping
frequencies, as well as the potential to scale up the system
to levitate multiple particles on the same chip. We measure

Published by the American Physical Society
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the motion of the particle using magnetic pickup loops,
which are coupled to a superconducting quantum interfer-
ence device (SQUID) magnetometer. The pickup loops are
integrated in the chip; this allows for precise positioning
and enhanced measurement sensitivity. In future work, we
will replace the SQUID by a flux-tunable superconducting
microwave cavity [60—65] to achieve quantum control over
the COM motion of the levitated microparticle [10,47—49].
In this work, we demonstrate stable levitation of a 48-
pm-diameter (700-ng) superconducting microsphere over
days. We smoothly tune the COM frequencies of the parti-
cle between 30 and 160 Hz by varying the trap current. We
observe that the COM frequencies depend on the motional
amplitudes. This arises from trap anharmonicities [32,66—
70]. The observed behavior is consistent with estimations
of the trap anharmonicities extracted from finite-element
modeling (FEM) of our system. In future work, we will
employ cryogenic vibration isolation [71,72] and feedback
cooling [26,27,73] to reduce the motional amplitudes; the
effects of trap anharmonicities will then be mitigated.

II. EXPERIMENTAL SETUP

The magnetic trap is produced by a current flowing in
two superconducting coils, which are patterned on two sil-
icon chips. The chips are stacked on top of each other to
form an anti-Helmholtz-like configuration (see Fig. 1; for
details, see Ref. [44]). The superconducting particle sta-
bly levitates near the minimum of the magnetic field of
the trap. The particle is confined within a closed container
given by the side walls of the hole in the top chip, the top
surface of the bottom chip, and a glass slide on top of the
hole. The force due to the magnetic trapping field is restor-
ing within the bounds of the container, with a trap depth
larger than 1 x 10'° K. To detect the particle motion, we
use two pickup loops, which are integrated on the same
chips (see Fig. 1).

As the particle moves, it changes the magnetic flux
threading the pickup loops and thus the current induced
in the loops. The pickup loops are connected to a com-
mercial de-SQUID magnetometer, which transduces the
flux into a measurable voltage. Typical pickup efficiencies
are {ny, ny,n:} = {1.58,3.3,19.4} m¢py um ™' for the three
COM modes, in terms of the flux coupled into the SQUID
and where ¢y is the magnetic flux quantum. n. > n,,n,
due to the geometry of the system (see Appendix B).
The measurement noise floor (0.32 mdy Hz~*3) is lim-
ited by magnetic field fluctuations caused by trap-current
fluctuations and corresponds to a noise floor of 200, 97,
and 17 nm Hz=%3 for displacements along the x, y, and
z directions, respectively. We connect the pickup loops in
series to reduce the sensitivity to these field fluctuations.
In future work, we will mitigate this noise by driving the
trap using a persistent current [56], which should enable
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FIG. 1. The chip-based magnetic levitation setup. (a) A
schematic of the experimental setup. The superconducting par-
ticle is levitated in a magnetic field minimum (magnetic field
lines are shown in green). The magnetic trap coils and pickup
loops are patterned on two stacked chips, which are housed in a
dilution refrigerator. The vertical separation between the top and
the bottom coils is 280 pwm. Readout of the particle motion relies
on coupling flux from the pickup loops into a SQUID magne-
tometer. (b) A microscope image of the two-chip trap. Through
the 180-pum hole in the middle of the top chip, we see a 48-um-
diameter lead microsphere resting on the surface of the bottom
chip. (¢) A scanning electron microscope image of the top view
of the two-chip trap, with false coloring.

reaching the intrinsic noise floor of the SQUID (approxi-
mately 1 wdo Hz70).

The magnetic trap and the SQUID magnetometer are
thermally connected to the mixing stage of a dilution
refrigerator. This allows the experiment to operate between
temperatures as low as 50 mK and as high as the criti-
cal temperature of the superconducting particle (6.2 K for
lead). Before levitating, the particle thermalizes on the bot-
tom chip surface to the temperature of the chip substrate
[see Fig. 1(b)]. To lift the particle off the chip surface, we
ramp the trap current up to 0.8 A to overcome the adhe-
sive force between the particle and the chip surface. With
a current of 0.8 A, the lift force is approximately 300 nN,
which is usually sufficient to lift the particle. After that, the
current is ramped down to the operating trap current.

III. CHARACTERIZATION OF CENTER-OF-MASS
MOTION

Near the trap center, the particle experiences a harmonic
trapping potential. The COM frequencies depend on the
trap geometry, the density of the particle, and the trap cur-
rent. The penetration depth (approximately 40 nm for lead)
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is much smaller than the particle radius (24 pm) and so the
particle can be modeled as an ideal diamagnet with a mag-
netic susceptibility of —1 and its trapping frequencies w;
are given by [74]

3 NI 3
w; = VB = é,[ltoz ; (1)
2P R 2uop

where V;B is the magnetic field gradient along the i direc-
tion at the trap center, p( is the vacuum permeability, /
is the trap current, N is the number of trap-coil wind-
ings, R is the trap-coil inner radius, p is the density of the
particle, and ¢ is a geometric factor. At the center of an
ideal anti-Helmholtz configuration 2¢, = 2¢, = ¢, = 0.86.
In our system, ¢, = 0.04, ¢, = 0.06 and ¢ = 0.12 (our
coils are separated by 280 wm and have inner radii of
approximately 125 pwm, as shown in Appendix B). The trap
axes are indicated in Fig. 1(a).

Figure 2(a) shows the power spectrum of a levi-
tated microsphere. Throughout this work, unless otherwise
stated, we levitate a 48-pm-diameter lead sphere using a
0.5-A trap current and the cryostat temperature is 4 K.
The peaks corresponding to the COM motion are col-
ored. We identify these modes by comparing the peak
frequencies with predictions from FEM simulations of our
system [44,45]. We find good agreement between the mea-
sured and simulated COM frequencies. Peaks at the second
harmonic of the COM frequencies are pronounced, partic-
ularly the second harmonic of the 40-Hz peak at 80 Hz.
These peaks arise from the nonlinear pickup efficiency,
rather than being due to actual particle motion at these fre-
quencies. We describe these peaks further in Appendix C.
In future work, we will feedback cool the particle, so that
the effects of the nonlinear pickup will then be negligible.

The linear relation between the COM frequencies and
the trap current given by Eq. (1) is shown in Fig. 2(b). We
observe no significant difference between measuring this
effect with a cryostat temperature of 50 mK or 4 K. We find
good agreement between the measurement results and the
FEM simulation results for the x and y modes. We attribute
the 4% discrepancy for the z-mode frequency to simulation
uncertainties in the FEM.

We confirm the inverse relation between the trapping
frequency and the particle density of Eq. (1) by compar-
ing the trapping frequencies of a lead particle and a tin-lead
particle as we vary the trap current [see Fig. 2(c)]. The ratio
of the frequencies is given by the square root of the ratio
of the material densities.

We can stably levitate the superconducting sphere for
days in the chip-based magnetic trap. Figure 3(a) shows the
fluctuations of the COM frequencies of a levitated sphere
over a 35-h measurement. We have yet to observe an upper
limit to the levitation time, provided that the particle is not
illuminated. When the particle is illuminated, as in Ref.
[44], it heats up, loses superconductivity, and falls onto the
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FIG. 2. The trap frequencies. (a) The power spectrum of the
SQUID signal. The frequencies of the COM motion of the par-
ticle along the x, y, and z directions are highlighted. The black
lines show the expected trap frequencies obtained from FEM
simulations. The secondary y axis (green) shows the z amplitude
in units of displacement. To obtain the x and y amplitudes in units
of displacement, the secondary y axis has to be multiplied by 151
and 35, respectively. (b) The COM frequencies increase linearly
with the trap current, as expected from Eq. (1). The results are
similar when the cryostat temperature is at 50 mK and at 4 K.
The lines show the simulated frequencies obtained from FEM.
(c) When the same trap settings are used, a tin-lead sphere has a
higher trap frequency than a lead sphere due to its lower density

(see [Eq. (1)]).

bottom chip. When the particle is kept in the dark, as in
this work, we have not yet observed any upper limit to the
levitation time; we have measured up to 48 h.

Around once per day, we observe a sudden jump of
all the COM frequencies of around 1 Hz (see Appendix
E). We attribute these jumps to changes in the magnitude
or orientation of trapped flux in the particle. Figure 3(a)
shows 35 h of data in which we do not discern any such
frequency jumps. The trapped flux will be the topic of a
dedicated future investigation.

The COM motion of the particle does not thermalize
at the cryostat temperature, since it is strongly driven by
the vibrations of the cryostat. We estimate the mean ampli-
tudes of the three modes to be 24, 10, and 7 wm for the x,
v, and z modes, respectively, corresponding to an effective
temperature of about 1 x 10° K. The energy in each mode
(ma),»2 (rf)) fluctuates on a time scale of approximately 80 s,
as shown by the autocorrelation functions in Fig. 3(b). The
mode-energy fluctuations are due to the mode-amplitude
fluctuations that occur over this time scale. By fitting the
autocorrelation functions to exponential decay functions,
we extract quality factors of 3400, 4500, and 9300 for the
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FIG. 3. The trap stability. (a) The particle levitates stably over

35 h and its COM-mode frequencies do not drift over that time.
We explain the fluctuations of the frequencies by fluctuations of
the COM-mode amplitudes together with frequency pulling. (b)
The correlations of the COM-mode energies decay over around
80 s, because of fluctuations of the mode amplitudes over this
time scale. The lines represent exponential fits.

x, y, and z modes, respectively [39]. We expect the quality
factors to be limited by eddy current damping caused by
normal-conducting metals in the vicinity of the levitated
particle. In future work, we will mitigate this damping
mechanism by surrounding the particle with a supercon-
ducting shield, with no normal-conducting metal within
the shield.

IV. FREQUENCY PULLING

We can explain the COM-frequency fluctuations of
Fig. 3(a) as resulting from the fluctuating mode ampli-
tudes [Fig. 3(b)] together with frequency pulling, which
describes the dependence of the COM frequencies on
the mode amplitudes. It arises from quartic terms in the
trapping potential of the form

Upan = Z Zm)/ij’%’”]g, (2
i

which cause the motional frequencies to be shifted depend-
ing on the motional amplitudes according to [75]

3Yii 2yy
Awy = 2042y 430 4,2, (3)
@i A

The y;; terms in the potential are called Duffing nonlinear-
ities, while the y;; terms describe couplings between the
modes.

Experimental data showing frequency pulling are shown
in Fig. 4. The spectral peak corresponding to the x mode
(y mode) shifts depending on the amplitude of the x-mode
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FIG. 4. Frequency pulling. The frequencies of (a) the x mode
and (b) the y mode depend on the amplitude of the x mode;
spectra represented in lighter colors have higher x-mode ampli-
tudes. The (c) x- and (d) y-mode frequencies change linearly
with the mean-square amplitude of the x mode. The slope of
each model line is given by estimation of the trap anharmonic-
ity obtained from FEM and by the estimated pickup efficiency
ny. (€)Hg) The fluctuating mode frequencies of Fig. 3(a) are
described by asymmetric distributions. These distributions are
reproduced well by using the same frequency-pulling model as
in (c) and (d), together with the distribution of mode amplitudes
from the experimental data.

motion in Fig. 4(a) [Fig. 4(b)]. This is described by Eq. (3).
The remaining seven graphs showing the dependence of w;
on (rf) are included in Appendix D.

The linear relation between the mode frequencies and
the mean-square displacements [Eq. (3)] are shown in
Figs. 4(c) and 4(d), in which the spectral peak frequen-
cies wy and w, are plotted against the spectral peak area
corresponding to the x mode (the remaining graphs of the
same form are included in Appendix D). The slopes of
these lines depend on the values of y,, and y,, as well as
the pickup efficiency n,. We extract estimates of y; from
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FEM simulations of our system (see Appendix A); this
allows us to use the nine gradients (i.e., the nine linear rela-
tions between w; and (sz), fori € {x,y,z} andj € {x,y,z})
to estimate the three efficiencies 7; (the values are quoted
earlier). The estimated efficiencies are used to convert the
lower x axes of Figs. 4(c) and 4(d) into the upper x axes
and yield the secondary y axis of Fig. 2(a).

The estimation of the three efficiencies is an overcon-
strained problem, it yields fairly consistent results for the
nine graphs. For instance, the estimation of n, together
with the FEM estimations of y,, and y,, describes the
slopes in both Figs. 4(c) and 4(d) well.

To observe the frequency-pulling effect presented in
Fig. 4 we do not control the motional amplitudes of the
particle; instead, we filter a long 35-h data set in which
the motional amplitudes fluctuate randomly. We separate
the data into 10-s chunks and extract the mode frequencies
and mode areas from each chunk.

To investigate the dependence of the mode frequencies
on, e.g., the x-mode amplitude, we filter out the data in
which the y- and z-mode amplitudes are high. Each point
in Figs. 4(c) and 4(d) corresponds to one 10-s chunk. To
produce the seven spectra in Figs. 4(a) and 4(b), we bin
the power spectrum of each 10-s-long data set into seven
bins, based on the x-peak areas and then we average the
power spectra for each of the seven bins.

The mode-amplitude fluctuations together with fre-
quency pulling describe the frequency fluctuations of
Fig. 3(a). We represent the frequency distributions by
histograms in Figs. 4(e}—4(g); we note that they are asym-
metric. We also plot histograms based on the frequency-
pulling model; the model histograms are constructed by
predicting the mode frequencies for each 10-s interval
of data based on the measured mode amplitudes, the
nonlinear coefficients y;;, and the pickup efficiencies n;.
The model histograms describe the observed frequency
fluctuations well.

Because the modes are coupled via the trap anharmonic-
ity [Eq. (3)], we expect the average energies of the modes
to be similar. We can estimate the mean energies of the
modes E; ~ mw?(r?) using the estimated pickup efficien-
cies n; and we find that £, = 2.1E, = 1.6E.. Because the
estimated average energies rely on the estimated pickup
efficiencies, the similarity of the average energies lends
credence to our estimates of 7;.

V. CONCLUSIONS

In conclusion, we demonstrate an integrated supercon-
ducting chip device for magnetic levitation and detection
of superconducting microparticles at millikelvin tempera-
tures. We show a good understanding of the trap potential,
the COM motion, and inductive coupling by comparing
the trap models with measurements. Further, we demon-
strate that the COM frequencies can be tuned via the trap

current and that the system is stable over days. For the
large motional amplitudes in our experiments, we observe
nonlinear behavior and mode coupling of the COM parti-
cle motion, in the form of amplitude-dependent frequency
shifts.

Future experiments will employ a cryogenic passive
vibration isolation system [71,72], which will decouple the
particle motion from external mechanical vibrations. Such
vibration-isolation systems can attenuate our measured
mechanical vibrations of about 1 x 1078 m Hz=> by more
than 6 orders of magnitude to achieve thermally driven
COM motion at 50 mK. Further, the detection noise floor
can be greatly reduced by the use of a persistent current
trap [56] and improved magnetic shielding, which should
allow us to reach the intrinsic noise floor of 1 iy Hz~%> of
our commercial SQUID. Alternatively, the particle motion
can also be measured using flux-sensitive superconduct-
ing microwave resonators [60—62,64,65]. Furthermore, the
pickup efficiency can be increased by placing the pickup
coil closer to the particle, by using multiwinding coils, and
by improving the flux-transfer efficiency to the SQUID.
We estimate that these measures will yield an improve-
ment in the pickup efficiency of 4 orders of magnitude.
This improvement is enabled by our understanding of the
chip-based particle motion detection and the flexibility in
the microfabrication of pickup loops of our chip-based
approach. Overall, the reduction of technical noise and
increase in pickup efficiency should enable feedback cool-
ing to the quantum ground state [26,27,73] of the COM
motion of microparticles, which would serve as a gate-
way to generating quantum states of nano- to microgram
masses [10,47,48].

The supporting data for this article have been made
available [76].
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the potential landscape.

APPENDIX A: EXTRACTING THE TRAP
ANHARMONICITY FROM FEM

We consider anharmonicities in the trapping potential up
to quartic terms. The potential can then be described as

1.2
UZZE’"“%‘"?
;

+ Z Z Zmﬂijk”il’jl’k
ik

The force acting on the particle is

dU
Fi=——

& (A2)

The FEM simulations give us the force acting on the parti-
cle due to the trapping potential at different displacements,
as described in Ref. [45]. We fit the FEM results by using
Eq. (A2), with the coefficients of the trapping potential of

+ Z Z Z Z myl-j’-klrﬂy rrr. (A1)  Eq. (Al) as free parameters. In this way, we extract the
i k1 trapping potential coefficients from the FEM simulations.
(@) e Experiment (b) 0.0008 A (c) 1
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FIG. 6. A comparison of the fundamental- and second-harmonic-mode spectral areas. The areas of the spectral peaks at the second-
harmonic frequencies increase quadratically with the areas of the spectral peaks at the fundamental frequencies.
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Note that in comparing y’ with y from the main text,

I
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/ r_

1 1
370G 3y]”j

(A3)

= i
The potential energy that we calculate based on fitting the
FEM simulations is represented in Fig. 5. We calculate the
potential energy in three dimensions; in Fig. 2(d), slices are
shown. Figure 5 also shows the relative contribution of the
cubic and quartic terms to the potential.

APPENDIX B: MEASUREMENT OF PARTICLE
MOTION

As the particle displacement oscillates, the magnetic
flux threading the pickup loops oscillates in response. This
oscillating flux of the pickup loops is transferred to the
SQUID loop. The flux at the SQUID loop is converted into
a voltage signal. In this appendix, each of these steps is
described in turn.

1. Inductive coupling to particle motion

We estimate the response of the change of flux thread-
ing the pickup loops in response to the displacement of the
particle along x, y, and z by treating the trapping field as a
magnetic quadrupole field (which is a good approximation
near the center), using Eq. (5) from Ref. [74] and using
knowledge of the geometry of our system (represented in
Fig. 7). The results are shown in Fig. 8. The response to
displacement along all directions is nonlinear; that is, the
response has strong quadratic components (—7.5, —6.0,
and —3.7 m¢y pm~2), which we describe by the param-
eter u; in Appendix C 2. We note that the response of the
pickup to displacement along the z direction is largely lin-
ear, whereas the response to the x and y displacements
has a clear quadratic component. The response can be
made more linear along the x and y directions by chang-
ing the geometry such that the particle equilibrium position
is displaced further from the center of the pickup loops.
Because the pickup loops are connected in series, the
overall pickup-loop flux is the sum of the fluxes in each
loop.

2. Flux transfer from the pickup loops to the SQUID
loop

Figure 9 shows how the pickup loops are electrically
connected to the SQUID via an input coil. The flux transfer
is given by

Minput
Lpickup + Linput + Lparasitic)

= Nflux X ¢pickupa

¢squip = ( Ppickup

(B1)

300 um
(@) 2 *30 pm
| 1 umim

' 1 IJqu

(b) (c)
300 pm 210 pm

y y

Lx Lx

FIG. 7. The chip trap. (a) A schematic of the cross section

of the stacked two-chip trap. The layout of the (b) top and (c)
bottom coils. The inner radius of the bottom coil is reduced to
achieve a stronger lift force on the particle.

where Lo &~ 24 nH is the input coil inductance,
Lparasitic ~ 33 nH is the parasitic inductance, which is dom-
inated by the inductance of the twisted wire pairs, Lyickup ~
0.72 nH is the pickup inductance, and M;np,c ~ 0.87 nH is
the mutual inductance between the SQUID loop and the
input-coil inductance. Using these values, we estimate the
flux-transfer efficiency ng,x = 3.1 x 1072, By improving
the inductance matching, ng.x can be improved to 0.5.
Based on the dependence of the pickup-loop flux on
the particle displacement (Fig. 8) and the flux-transfer effi-
ciency from the pickup loops to the SQUID loop Eq. (B1),
we make independent estimates of the pickup efficiency in
the pickup loop nzgﬁffﬁeld =40, 15.3, and 600 mdo jpm~".
These values are close to those found by using the mea-
surement data and the model for the potential energy,

where we obtain 77221;321 =50, 106, and 625 mdpy pm™".
We note that we obtain the latter values by dividing the
pickup efficiencies in terms of flux in the SQUID, n; =
1.58, 3.3, and 19.4 mdy wm~', by the flux-transfer effi-
ciency nfuy, i.€., 15 ickup ni/Naux. The small discrepancy
ux» > i model 1 u
may arise because our estimates of the response of the
pickup loops to displacements along x and y using the data
in Fig. 8 depend critically on our knowledge of the equi-
librium position of the particle, due to the nonlinearity of
the pickup efficiency. Additionally, we make the simplify-
ing assumption in Appendix B 1 of a magnetic quadrupole

field at the trap center.

3. Flux in SQUID loop converted to SQUID voltage

We operate the SQUID in flux-locked loop mode. Then,
the SQUID output voltage Vy, is related to the SQUID
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FIG. 8. The dependence of flux in the pickup loop on the particle displacement. The pickup-loop flux responds quadratically to the

particle displacements along all directions. There are also linear components to the response. The response to displacement along the z
direction is near linear. The nonlinear response of the pickup-loop flux leads to additional peaks in the spectrum of Fig. 10 and explains

the behavior of Fig. 6.

IOOp flux ¢SQUID by

M, Finput VFLL

RF out * (Bz)

¢squip =

where MFinpy = 38 pH is the mutual inductance between
the feedback electronics and the SQUID and Rg = 10 k€2
describes the resistor used in the feedback electronics.

APPENDIX C: HARMONICS IN SPECTRA

As well as observing the peaks in the spectra at frequen-
cies wy, w, and w. corresponding to COM motion along
the x, y, and z directions, we observe strong peaks at fre-
quencies 2w,, 2w, and 2w, (see the power spectrum in
Fig. 10).

We observe that the peak areas of the second-harmonic
peaks grow quadratically with the peak areas of the respec-
tive fundamental peaks, as shown in Fig. 6. The funda-
mental and harmonic peak areas A; and A4;; are related
by

Ap = R 45 (CI)
_VUFUITL
L R:
Finput
) K pickup (DSQUID
+
ox
- -
parasitic Mir\put

FIG. 9. A schematic circuit diagram of the single-stage dc-
SQUID magnetometer used to detect the particle motion [77].

The factor R describes the observed quadratic relation
between the peak areas; it is different for each mode. From
the data in Fig. 6, we extract R°" = 1000, 870, and 7.2 V2
for the x, y, and z modes, respectively (in this appendix, we
work with the spectral peak areas in units of V2, which is
why R has units of V72).

The construction of Fig. 6 involves breaking the 35-h-
long data set, which is used in Figs. 3 and 4 of the main
text, into 10 s chunks. We then calculate the power spec-
trum for each 10-s chunk and extract the peak areas for the
three fundamental and three second-harmonic peaks and
compare them.

Below, we estimate that the actual motion of the par-
ticle at frequencies 2w,, 2w, and 2w, arising from the
trap anharmonicity is negligible. Instead, we believe that

8f. 3f;

1o | | | ‘ ‘ I|h|l ,UIMJMHLMIMh

50 100 150 200 250 300 350 400
w/2x (Hz)

FIG. 10. The power spectrum displays peaks at the harmon-
ics and at mixing frequencies, as well as peaks at the COM
motional frequencies of the particle (the fundamental peaks are
colored). The harmonics arise primarily from the nonlinearity of
the pickup.
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the second harmonics arise primarily due to the pickup
nonlinearity.

1. Particle motion at the second-harmonic frequency
arising from the trap anharmonicity

In a potential of the form

1,22 1 3
U= smwix” + smPuax’,

(C2)
the particle will move with a component at frequency wy
and a component at frequency 2w,. The amplitudes of
these motions, at the fundamental frequency and at the
harmonic frequency, are related by

2 242
xxx<xf>

18wt €3)
provided that the cubic term in the potential is a per-
turbation and provided that the motional amplitudes are
small.

We derive this equation by solving the equation of
motion in this potential looking for a solution of the form

x(f) = X sinwyt + Xo sin Ryt + 0) (C4)
in the regime where X, < X.

Because the peak areas are related to the mean-square
amplitudes by (x?) = 1;4;, we expect the nonlinearity of
the trapping potential to give

2
trap Ahi _ :Biiini

R =2 .
A 180]

(©5)

Thus, using the values pB;; extracted from FEM
(see Appendix A), we expect R™ = {6 x 107!,1.9 x
1074,2.1 x 107%} V2 for the x, y, and z modes. These
values are much smaller than the observed values R°* and
so the second-harmonic peaks do not arise from motion of
the particle at the second-harmonic frequencies.

2. Second-harmonic peaks caused by the pickup
nonlinearity

A particle in a one-dimensional harmonic potential
moves according to

x() = X sinw,t. (C6)

As described in Appendix B 1 and Fig. 8, the flux thread-

ing the pickup loops depends nonlinearly on the parti-
cle position x(¢). This can be captured by the quadratic

function
() = ux(t)* + vx(t) +w (C7)
uX? .
= T(l — cos2wt) + vX sinwt + w. (C8)

Here, v and u are conversion factors from particle displace-
ment to pickup-loop flux; v describes the linear response of
the pickup loop, while u describes the quadratic response.
w is an offset.

The SQUID voltage signal is related to the flux thread-
ing the pickup loops by

V(0 = ko (), (C9)

where we define the conversion factor &, and so the voltage
signal is related to the particle position by

V() = px(£)® 4+ gx(t) + r (C10)

pX? .
= T(l — cos2wt) + gX sinwt + r,

(C11)
where ¢ and p are conversion factors from particle dis-
placement to SQUID voltage; ¢ describes the linear
response of the SQUID, while p describes the quadratic
response and 7 is an offset. We see that

- =-. (C12)

In the power spectrum of the voltage signal, the area of the
fundamental peak is Ay and the area of the harmonic peak
is Ay, and so

2X4
4, =2 . (C13)
and
2X2
4 =15 (C14)
Earlier, we have defined
XZ
= o) =, (€15)
so we identify
1
n=-. (C16)
q
Overall, the nonlinearity of the pickup should give
A 2
RU=2h T (C17)

-2 2
Ap
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FIG. 11. Frequency pulling. The spectral peaks corresponding to the COM frequencies depend on the COM-mode amplitudes. In

each panel, the lighter-colored spectra have higher mode amplitudes. (a)—(c) (x?) is different for different spectra (both (y2) and (z?)
are relatively low). (d)~(f) Similarly, (y?) is different for different spectra (both (x?) and (z?) are relatively low). (g)(i) Similarly again,
(z?) is different for different spectra (both (x2) and (y?) are relatively low).

We extract «; and v; for the different directions x, y, and
z using the data in Fig. 8 and we extract 1 from the com-
parison of the observed frequency pulling (see Appendix
D) with the trap anharmonicities given by FEM (see
Appendix A). Thus, we estimate R°V = {2.5 x 104,2.3 x
10%,1.6 x 1073} V2. These are order-of-magnitude esti-
mations, since the estimations of v; depend critically on our
estimation of the position of the trap center. The estimates
RPY are similar in magnitude to the observed values of R°*

for the x and y modes and so we believe that the spec-
tral peaks at the second harmonics arise from the nonlinear
pickup.

APPENDIX D: FREQUENCY PULLING

Figures 11 and 12 employ the same data set and analysis
method as is used to construct Figs. 4(a)-4(d) of the main
text. While Figs. 4(a)-4(d) shows the dependence of w,
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FIG. 12. Frequency pulling. The COM frequencies vary depending on each of the mode amplitudes. Linear fits to the data are
represented by blue lines, while the linear relations obtained using the trap anharmonicities extracted from FEM are shown by black
lines. In most cases, both lines show a similar slope and capture the behavior reasonably well.

and w, on (x?), Figs. 12 and 11 show the dependence of
wx, y, and o, on (x?), (y?), and (z?).

In Fig. 11, the blue-colored straight lines represent lin-
ear fits to the data; they are meant as guides to the eye.
The model curves are given by Eq. (3) in the main text.
We extract estimates of the y;; values from FEM (details in
Appendix A). In Figs. 12(a)-12(i), the x axes are the mean-
square displacements in units of m# and thus the gradients
of the nine model lines depend on the three pickup effi-
ciencies 7; [in Figs. 12(a)(c), the gradients depend on 7,
in Figs. 12(d)—f) they depend on 7, and in Figs. 12(g)—(i)
they depend on 1, ]. We treat the three pickup efficiencies as

free parameters and we obtain three estimates for each 7;,
from the data in each of the panels. We choose the values
that provide the best agreement between the observations
and the model. In this way, we use the frequency-pulling
data to estimate the pickup efficiencies ;.

APPENDIX E: FREQUENCY JUMPS

When we levitate a particle, we occasionally observe
sudden changes of all the COM frequencies at once. These
changes appear to happen at random times. We expect that
these frequency jumps are due to reorientation of trapped
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FIG. 13. The COM frequencies measured over 48 h. The
arrows indicate times when there are sudden simultaneous jumps
of all the COM frequencies.

flux in the particle or due to a change of the amount of the
trapped flux in the particle. In Fig. 13, three such frequency
jumps are indicated by arrows. Here, the particle has been
levitated for two days. The 35-h data set used in Figs. 3
and 4 uses the data between time 4 h and 39 h of this data
set.
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