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A Lemmas

We present in this section two lemmas that are needed for our main results. Proofs are provided in Appendix B.

Lemma 1
Let w = (m1,...,mNn) and consider the function

subject to the constraints

i=1
71'7;6(0,1), i=1,...,N.

Then, the function f(m) is minimised by choosing m; according to

Wi:%, Z:].,,N
Zj:l\/wj

Lemma 2
Under assumptions A1 - A3 in Section 3, it holds that

Var (0; — 0y) = H(0y) 'Var,(S(00))H (0o) " + o(t™),
where for vector-valued random variables o(-) is interpreted elementwise as its scalar analogue.
B Proofs

B.1 Proof of Lemma 1

Using the method of Lagrange multipliers, we introduce the auxiliary function

N
A(m,\) = f(7) + Aa(w), h(w) = Zw -1.

Critical points of the Lagrangian are found by solving the equation system

h(m)=0

VA(m,A\) =0 < {—V-,rf(ﬂ') = AV h(m)
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5} f(7r) 6h(w)

Since —w; /72 and = 1, this implies that A = wy/7} = ... = wy /7%, and further that

T X /Wi .
By the constraints 7m; > 0 and Z _, ™ = 1, we obtain

A
m = Nil . (S.1)
> j=1 \/‘TJ
Thus, the point (7*, A\*) with entries 7} defined according to (S.1) and \* = wy/7}? is a stationary point of
A(m,\). Hence, w* is a stationary point of f(7) under the specified constraints. Furthermore, the Hessian of

f(ar) is positive definite on the domain specified by 7; € (0,1), so * is a local minimum. By convexity, this
implies that 7* is the global minimum of f(7) under the specified constraints. O

B.2 Proof of Lemma 2

The result follows from Binder (1983). A sketch of the proof is provided here for completeness.
We will need the following error bounds, deduced from assumptions A2 and A3:
6; — 0y = O, (t71/?),

¢ (8000) - 5(00)) = 0,677, (52)
1 N

N (H(Oo) - H(OO)) =o0p(1),

where for vector and matrix-valued random variables O, (-) and o,(-) are interpreted elementwise as their scalar
analogues. These error bounds in turn imply that
0p(0: — 00) = 0y (Op(t™1/%)) = 0, (t7/?), (S.3)
1 - - 1 A
~H(00)(8: — 80) = - H(80)(6: — 6o) + op(t™1/?). (S.4)

We point out that the limiting procedure is such that N — oo, t = oo and N — ¢t — oo, and that we implicitly
assume the existence of a sequence of (hypothetical) populations Py, Ps, ... of increasing sizes Ny, N, ... such
that A2 and A3 holds. We do, however, omit the dependence on this sequence from the notation.

Under the assumed regularity conditions, we first note that 0, may be defined as the solution to the estimating

equation S(8) = 0, where S(8) := Vg/;(8). A Taylor expansion of §(6) in a neighbourhood of the optimal
parameter 6, gives

5(6) = 1. 8(00) + - H(00)(6 — 00) + 0(0 — 61).

Taking @ = 0, and using that S(6;) = 0, we obtain by (S.3) and (S.4) that

= 1 5(60) + - H(00)(81 — ) + 0,(8, — 60) <~ H(00)(6: — 60) = is*wo) +o,(t717?)

< _%H(QO)(ét —6) = 5'(90) +op(t1?).

= \

Taking variances and using (S.2), we get

H(HO)Var,T(ét - GO)H](\?O) _ Vafn](\i(ao)) +o(t ),

where we have used that H(6y) = H(6o)" since the Hessian is a symmetric matrix. The desired result is now
obtained by a final rearrangement of the terms:

Varg(8; — 09) = (NH(8,)~ )W(NH(@O)*HW*)

= H(0)) 'Varg(S(60))H(80) "' +o(t™}).
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B.3 Proof of Proposition 1

Using multinomial sampling, i.e. for Q, := (Q¢1,. .., Q¢ n) ~ Multinomial(1, 7r;), we have that

Varﬂ'(Qt z) = (]- - 7Tt,i) s
COV‘I\'(Qt,i, Qt,j) = —Tt5iTt,j5 -

Taking y := (y1,...,yn) as fixed, we therefore have that

Qtz 1 Wt,i(l—ﬁt,i) 2 Tt,iTt,5
Varﬂ.( Zﬂ'tz yhmue) :t72 ZTgi_Zﬂ-tzﬂ_t]ég

i€P i€P 2 i,jEP
L 1#£]

:t% nyz,:cu Z Uys, i, 0)(y;, 2;,0)

iG’P 1,jEP

t2 Z yzamu tk,

1€EP Tt

where k is a constant not depending on ;. The anticipated variance (5) is thus given by

Varﬂ( fo“ o B)|¥ )] 15 Bolt07 2007 a:z,H)]Jer’
t,i

i€EP

Eq

where the outer expectation is taken respect to {Y;*},cp under the model fg(y|x) and ks is a constant not
depending on ;. The desired result is now obtained by application of Lemma 1. O

B.4 Proof of Proposition 2

First, a second order Taylor expansion of the total loss in a neighbourhood of the optimal parameter 6y gives
1
£0(8) = £o(80) + Valo(8)"|,_o (8 — 60o) + 50— 60)" H (60)(8 — 60) + o(||6 — 6o][*) - (S.5)

We next note that 6y, under the assumed regularity conditions, may be defined as the solution to the estimating
equation Vgly(6) = 0, implying that the second term in (S.5) vanishes. Taking 8 = 0,, we thus get

Ex [;fﬁo(ét)] = %50(00) + %Ew [(ét —00)"H(80)(6, — 00)} +o(t™h), (5.6)

using the fact that op(||ét — 09]|) = 0,(t71/2), as implied by assumption A2. By properties on quadratic forms
in random variables (Mathai, 1992), we may next write

1
N

%tr (1 (80)Vare (B, — 0)) + %Eﬂ (6.~ 00)"] H(B0)E [(6, — 60)]

_ % tr (H(80) Vare (8, — 80)) + (™), (S.7)

Ex (B, — 60)" H (6)(8: — 0o)

where tr(-) denotes the trace of a matrix, and the second equality follows from assumption A2. By Lemma 2,
we also have that

Vary (0; — 00) = H(0o) ' Var,(5(80))H(80) ™ + o(t™1),

where, in analogy with the proof of Proposition 1 (Appendix B.3), the variance-covariance matrix of S (8g) is
given by

t N
Varn(8(00) = 5 Y03 SO O

s=1i=1
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and K is a constant matrix not depending on 7ry.;. Using the linearity and cyclic properties of the trace, we may
now write

%tr (H(OO)Var.,,(ét - 00)) = tr <]1VH(00)H(90)1 (tlz Et:l ﬁ; W + K) H(0)" + o(t1)>
— tr <le ié Si(eozr‘z(eo)TH(eo)—l Ty o o(t—1)>
— tr <N12 zt: ZN: Si(eo)Tng)lsi(e(ﬁ) +ks+o(t™)
% t f: ;ZEHO)THS?)_I&(HO) + ks +o(t ™), (S8)

s=1 =1 ’

where k3 is a constant not depending on 7r1.;. Combining (S.6) - (S.8), we obtain the desired result:

t

N _
Ex [;ﬁo(ét)] = %50(00) + 21\1”2 ZZ Si(eo)THif(i)) 'si(60o) Fhi+o(th),

s=1i=1 ’

where k4 is a constant not depending on 7y.;. This proves the first part of the theorem. The optimality of the
sampling scheme (8) now follows by application of Lemma 1. O

B.5 Proof of Proposition 3

Under assumption A2 and by application of the Delta theorem (DasGupta, 2008), we have, for a differentiable
function g : RP — R, that

Varx (9(8,) — 9(00)) = Vog(0)"[,_p, Vars(B: — 00)V0g(0)]o_g, +o0lt™). (5.9)

provided that the first term of the right hand side is greater than zero. By Lemma 2, we also have that
Vary (8; — 0y) = H(0) ' Var,(S(00))H (0,) ™" +o(t™1), (S.10)
where, in analogy with the proof of Proposition 1 (Appendix B.3), the variance-covariance matrix of §(6y) is

given by
¢

Varr(8(8o)) = %ZZM+K, (S.11)

s=1i=1

~~

and K is a constant matrix not depending on 7ry.;.

Next, a Taylor expansion of u(x,0) in a neighbourhood of 6 gives
u(@,60) = u(x,60) + Vou(,0)"|,_, (6 — 86) + o(]|6 — 6o]))
Thus, for a single term p(x, 8;) — u(x, 8,), we have that

Eﬂ' M(ma ét) - lu(ma 00):| = Eﬂ' |:[L(ZB, 00) + VGILL(CC, 0)T|g:90 (ét - 00) + OP(Hét - 00”) - Iu(m? 00)i|
n [ Von(@.0)7|o_g, (6: = 80) + 0,116 60|

= Vou(x,0)"|,_p Ex [ (81— 00)] + e [0,(116: — 601
_ o(til/Z) ,

(S.12)

where the last step follows from assumption A2.
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Now, combining (S.12) with (S.9) - (S.11) and taking g(0) = u(x, ), we get

2

B | (10.00) ~ e, 00)) | = Vorr (n(e.01) — . 60)) + (Ex [ua,80) ~ (o 60))

= Varp (u(w,ét) — p(z, 90)) +o(t™h)

:Vgu(w,O)T|0:90Var,,(0t 00)Veu(xz,0) |9 00 +o(t™1)
t N
1 di( y,X 6o) _
=Gy ) 2 4y ot (S.13)
s=11i=1

where

4,(4. X, 00) = (Von(.0)"|,_y H(00)"5:(60))”

and ks is a constant not depending on 7r1.;. Considering all the predictions {u(z;, 9t)}i€p, the result in (S.13)
generalises to

N t
1 ) 2 1 di( ,Xe -
W[Nz(u(wi’et)_u(mi’%)] N2 E &lw. X, 80) +ks+o(t™),
i=1 s=11i=1

where d;(y, X, 0) now is given by
di(y, X,0) = ||M(60)H (6,) " s:(60)|I,

and ks is a constant not depending on 7y.;. This proves the first part of the theorem. The optimality of the
sampling scheme (10) now follows by application of Lemma 1. O

B.6 Proof of Corollary 1

Before giving the proof of Corollary 1, we need the following preliminaries concerning the exponential family and
generalised linear models. See McCullagh and Nelder (1989) for additional details.

Preliminaries

For a random variable Y; in an exponential family with parameters ({;, ), we can write the density function on

the form
{ yiGi — b(Gi)
¢

(s Gy @) = exp +v(yi,¢)}7

where (; is the called the canonical parameter, ¢ is a dispersion parameter, and b(-) is a function satisfying
v'(G) = E[Yi],

b(G) = éVarm»

In generalised linear models, the mean of the response variable Y; given the predictors x; is related to the
parameter @ through the relation Eg[Y;|x;] =: u(x;,0) = g~ (x'0) for some function g(-), referred to as the
link function. Similarly, the canonical parameter ¢; is related to the parameter 6 through h((;) = =7 @ for some
function h(-). Using the canonical link function, h(-) is simply the identity function and ¢; = =7 6.

(S.14)

Given independent observations (x;,y;), ¢ = 1,..., N, and using the canonical link function, we can write the
log-likelihood of 0 as

Z e 0 0) + V(Z/ia ¢) )
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and the maximum likelihood estimator is defined as the maximiser of this function. However, for the purpose of
estimating the parameter 8, we note that the dispersion parameter ¢ and the terms (y;, ¢) can be ignored, and
we may equivalently define the maximum likelihood estimator of 8 as the minimiser of the loss

N
lo(0) = = yix] 6 — b(x]6).
=1

The corresponding score vector and Hessian matrix are given by

N
5(8) := Vglo(0) = — Zym —V(xl0)x; = — Z(yi — p(xy,0))x; (S.15)

¢

where V' (0) is the diagonal matrix with entries Varg(Y;|x;), ¢ = 1,..., N. Within this class of models, the
statistical leverage score pertaining to instance 4 is given by the i-th diagonal element of the matrix

N
H(0) =) V'(z]0)z;z] = 1XTV(e)X,
i=1

V1/2X(XTVX)_1XTV1/2 ;
which we also may write as

h”(e) = (Vl/ZX(XTVX)—lXTvl/2)

= SDg(Yi|z;)xT (X V X)) tx;SDe(Y;|x;)
o Varg (Y;|z;)x! H(0) ', ,

which for a linear regression model with constant error variance simplifies further to h; =z (X Tx ) la,.

We are now ready to present the proof of Corollary 1.

Proof of Corollary 1la

We first note that assumption Al is immediately fulfilled for the class of the models under consideration. As-
suming that A2 and A3 also hold we may apply the result of Proposition 2, stating that the expectation of the
total loss £o(8) of the active learning algorithm with respect to the subsampling mechanism can be expressed as

1 ~ 1 1 L Ci(vaveo) —1
o [Nzo(et)] = 500(00) + 51y ;; Tkt

where ¢;(y, X,0) = s;(0)TH(0) 's,(0), H(0) is the Hessian matrix of the total loss, s;(@) the gradient of the
individual loss ¢;(0), and k is a constant not depending on 7y.;.

Taking 6y = 0, the anticipated generalisation error can thus be expressed as

t N

1 ci(Y*,X,H) _

2Nt2 ZZ e s +k +O(t 1)
s=1i=1 $?

Eg [E,, Heo(ét)yY*H = %Ea [¢6(80)] + Eo

= %Ee [0o(00)] + L Z Z Bo[c:(Y", X, 0) +ko4o(t™),

Ts,i

where the outer expectation is taken respect to {Y;*}icp under the model fo(y|x), and k2 is a constant not
depending on 71.¢. By application of Lemma 1, this expectation is minimised by choosing

Ts,q X \/EG [Ci (Y*a Xa 0)]

foralli € Pand s =1,...,t, normalised so that ZiGP ms,; = 1. What remains is to show that this is equivalent
to choosing

Tsi X \/Varg(Yi* |z;)eT H 'a;
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within the specified class of models, i.e. that
Eo [c;i(Y*, X, 0)] o Varg(Y;*|x;))xl H 'x;,
where H o« X'V X.

According to the preliminaries, we may, for a generalised linear model with canonical link function, write the
total loss as £o(0) = — Zf\il yixl 0 — b(xT ), ignoring terms that do not involve the parameter 8, and the
individual losses as £(y;, z;,0) = —(y;xl @ — b(x1'9)). We further have that the Hessian matrix of the total loss
is given by H(0) = %XTV(O)X, and, in analogy with (S.15), that the gradient of loss pertaining to instance 4
is given by
8i(0) :== Vol(yi, i, 0) = —(yi — pi) i,
where u; := p(x;,0) = Eg[Y;*|x;]. Taking expectation with respect to Y;*, we thus have that
Eolci(Y*,X,0)]: = Eg [5:(60)" H(0) 's,(0)]
= Eo[(Y;" — )l H ',
= Varg (Y} |x;)xl H 'x;
o Varg (Y |z)xl (XTVX) a; . (S.16)
This gives the desired result and completes the first part of the proof. For a linear regression model with
constant error variance, we further have that Varg(Y;*|z;) =: 0 does not depend on i. From this, it follows that
V = 02Inxn, where Iy is an (N x N) identity matrix, and that H XTX. This now implies that
Varg (Y |z:) el H ey oc 27 (XTX) 7!
= hn 9

which is known as the statistical leverage score for linear regression (Rawlings et al., 1998). O

Proof of Corollary 1b

We first note that assumptions Al and A4 are immediately fulfilled for the class of the models under consideration.
Assuming that A2 and A3 also hold we may apply the result of Proposition 3, stating that the mean squared
error of the predictions {u(x;, 6:)} can be expressed as

N t

% > (u(mi, 0,) — p(x;, 00))2] = Niﬁ > Z iy, X.00) o(t™1),

T s
i=1 s=1 i=1 8

Er

where d;(y, X,0) = || M(0)H(0) 's;(0)||2, H(8) is the Hessian matrix of the total loss, s;(8) the gradient of
the individual loss ¢;(6), M () the matrix with rows Veu(z;,8)T, and k is a constant not depending on 1.

Taking 69 = 6, the anticipated mean squared error of the predictions {u(x;, ét)} can thus be expressed as

}

t N *
[ N Z( fEuet (1:1, ) ’Y* %ZZ dz Y X 9) —I-k —I—O(t_l)
s=131=1
N *
ZZEG i 7*’”” ha+o(t™Y),

where the outer expectation is taken respect to {Y;*};cp under the model fg(y|x), and k2 is a constant not
depending on 7y;;. By application of Lemma 1, the anticipated asymptotic mean squared error of the predictions
{p(x;,0)} is thus minimised by choosing

ﬂ'“oc\/Eg J(Y* X, 0)]

foralli € P and s =1,...,t, normalised so that ZieP ms,; = 1. What remains is to show that this is equivalent
to choosing
Tsi o ||SDe (Y |2, VX H 2|
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within the specified class of models, i.e. that

Eg [di(Y™*, X,0)]  ||SDe(Y;" |z ) VX H ;| |*.

According to the preliminaries, we may, for a generalised linear model with canonical link function, write the
total loss as £o(0) = — Zf\il yixl 0 — b(xT9), ignoring terms that do not involve the parameter 8, and the
individual losses as £(y;,x;,0) = —(y;xl0 — b(x'0)). In analogy (S.15), the gradient of the loss pertaining to
instance i is given by

5i(0) := Vol(yi, i, 0) = —(yi — pi)x;

where u; = p(x;,0) := Eg[Y;*|x;]. By (S.14), we also have that the gradient of the mean function p(x;, 8) with
respect to 6 is given by

1
Vou(zi, 0) = Vb (x! 0) = V' (x] 0)x; = g\/arg(Yﬂmi)mh
and consequently that M (0) = %V(B)X. The coeflicients d; (Y™, X, 0) can thus be written as

* - * 1 — *
di(Y", X,0) = | M(6)H(8) 'Vol(Y; ,x:,0)|]* = IIgV((’)XH(G’) Y il
Taking expectation with respect to Y;*, we now get
* 1 - *
Egldi(Y™, X,0)] = Eg |I$VXH NYE - )l

1
= Bl — i)l H' X VX H

1
- ?Varg(Yi*|a:i)a;iTH’1XTV2XH’1mi

1
= ?I\SDo(Y{"Imz')VXIfluvill2
o ||SDg(Y;*|2:) VX H a4 2.

This gives the desired result and completes the first part of the proof.

For a linear regression model with constant error variance, we further have that SDg(Y;*|x;) =: o does not
depend on 3. From this, it follows that V' = o2Iyy«n, where Inyn is an (N x N) identity matrix, and that
H «x X" X. This now implies that

|ISDo (Y| ) VX H o] |* o [| X (X7 X) a2
=2l (XTX)IXTX(XTX) ay
= m?(XTX)_lgci
=: hy;,

which is known as the statistical leverage score for linear regression (Rawlings et al., 1998). O

C Additional experiment results

In all tables and figures that follow, 'Prop. 1’ refers to unbiased active learning with a sampling scheme that is
optimised to minimise the anticipated variance of the estimated loss, ’Cor. 1a’ to leverage sampling, optimised
to minimise the anticipated generalisation error in terms of total loss of the active learning algorithm, 'Cor.
1b’ to sampling optimised to minimise the anticipated mean squared error of the predictions, 'Prob. un.” to
probabilistic uncertainty sampling (Chu 2011, Ganti and Gray 2012), 'Det. un.” to deterministic uncertainty
sampling (Lewis and Gale, 1994), and ’Uniform’ to uniform or simple random sampling, i.e. passive learning.
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Table S1: Descriptive statistics of benchmark datasets.

Feature Abalone Australian E. coli German Red Wine White Wine
Number of records 4177 690 9090 1000 1599 4898
n (%) in minority class 1447 307 3861 300 217 1060
(34.6%) (44.5%) (42.5%) (30.0%) (13.6%) (21.6%)

Number of predictors® 10 35 15 24 11 11
Performance under optimal model®

Accuracy® 0.75 0.88 0.81 0.78 0.88 0.80

AUC 0.83 0.94 0.85 0.82 0.88 0.79

@ After re-coding of categorical predictors and removal of redundant variables.
b Using Lo-penalised logistic regression on the entire data set.

¢ Using 50% probability cut-off.

AUC, area under the receiver operating characteristic curve.

Abalone Australian Credit Approva E. coli

0.291 0.27-

0271 0.241
g
© 0.25
c 0.21
2
= 0.23-
L . .
= White Wine
& 0.301
3
S 0.28 0.22

0.26 0.21

0.24 ]

0.120- 0.20-
0.22 '
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Size of labelled sample
Prop.1 == =— Cor.la === Cor.1lb === =" Prob.un. = = = = = Det. un. Uniform

Figure S1: Average misclassification rate in 10 000 active learning experiments. The grey solid line shows the
performance when using the entire dataset for training.
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" Abalone Australian Credit Approval
Q 0.90
o et 0.70-
S .

0.55- -
S 0.80 0.654
2 0.70-
2 0.501 : 0.60-
o _
£ 0.60 0.55-
€ 0.45
S 0.50-
@ 0.50-
‘% 0.40- 0.40-
[}
S German Credit Data Red Wine
> Ve
< 0.28 -~ 0.24-
5 0.40- -
(&) .
.§ 0.24- 0.20-
§_ 0.30-
2 0.201 0.16

0.20-

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Size of labelled sample
Prop.1 == =— Cor.la === Cor.1lb === =" Prob.un. = = = = = Det. un. Uniform

Figure S2: Average of the proportion correctly classified minority examples in 10 000 active learning experiments.
The grey solid line shows the performance when using the entire dataset for training.

Abalone Australian Credit Approval E. coli

0.821 0.924 0.844

0.821
0.80- 0.90-

0.80-
0.784 0.884

0.784

O . . .
2 German Credit Data White Wine

0.88

0.80- 0.784
0.86

0.754
0.757 0.84-

0.734
0.821

0.704 0.70-

T T T T T 0.80- T T T T T 0.68_ T T T T T
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Size of labelled sample
Prop.1 === == Cor.la === Cor.lb ====- Prob.un. = = = = = Det. un. Uniform

Figure S3: Mean AUC in 10 000 active learning experiments. The grey solid line shows the performance when
using the entire dataset for training. AUC, area under the receiver operating characteristic curve.
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Abalone Australian Credit Approval E. coli
0.58-
0.60- 0.60
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| 4
o 0.50
9 0.48
[}
=
g
8 0.52
z 0.35
< 0.58 0.50-
(]
< 0.32-
O 0.544 0.484
2

0.50 0301 0.45

T T T T T 0.28 T T T T T 043 T T T T T
50 100 150 200 250 50 100 150 200 250 50 100 150 200 250
Size of labelled sample
Prop.1 == =— Cor.la === Cor.1lb === =" Prob.un. = = = = = Det. un. Uniform

Figure S4: Median of the negative log-likelihood (scaled by a factor 1/N) of the predicted class probabilities in
10 000 active learning experiments. The grey solid line shows the performance when using the entire dataset for
training.

Abalone Australian Credit Approval E. coli
0.154 0.301 0.20-
0.12 0.25
0.16
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Prop.1 === == Cor.la == == Cor.lb === =" Prob.un. = = = = =« Det. un. Uniform

Figure S5: Average root mean squared error (RMSE) of the predictions in 10 000 active learning experiments,
as compared to the predictions obtained when using the entire datasets for training. The RMSE was computed

as \/% Zf\; (pi — pi)?, where p; = Py (Y = 1|z;) and p; = Po, (Vi = 1|x;).
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Abalone Australian Credit Approval E. coli
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Figure S6: Mean of the ratio between the observed and predicted (expected) number of minority examples
in 10 000 active learning experiments, computed as Zi\il vi/ Zfil Pi, where p; = Py, Y; =1x;) and Y =1
is coded as the minority class. The grey solid line represents the ideal performance, i.e. perfect agreement
between observed and expected number of minority examples. A value greater than 1 corresponds to a bias in
the predicted probabilities towards the majority class, and a value smaller than 1 to a bias towards the minority
class.
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Figure S7: Median of the calibration slope between the observed outcomes and predicted probabilities in 10 000
active learning experiments, computed as described in Steyerberg and Vergouwe (2014). The grey solid line
represents the ideal performance. A value > 1 correspond to conservative predictions that are shrunk towards
the overall mean, and a value < 1 to overfitting in the sense that the predicted class probabilities are too extreme:
low predictions too low and high predictions too high.
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Size of labelled sample, active learning
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Figure S8: Number of training examples needed for active learning to achieve equal performance in terms of
misclassification rate as passive learning with a given sample size. The diagonal line represents no improvement
compared to passive learning.
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Figure S9: Number of training examples needed for active learning to achieve equal performance in terms of
AUC as passive learning with a given sample size. The diagonal line represents no improvement compared to
passive learning. AUC, area under the receiver operating characteristic curve.
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Figure S10: Number of training examples needed for active learning to achieve equal performance in terms of
the negative log-likelihood of the predictions as passive learning with a given sample size. The diagonal line
represents no improvement compared to passive learning.
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Figure S11: Number of training examples needed for active learning to achieve equal performance in terms of
the RMSE of the predictions as passive learning with a given sample size. The diagonal line represents no
improvement compared to passive learning. The RMSE was computed as \/ % vazl (p; — pi)Q, where p; =

P@p(Yi = 1|x;) and p; = Py, (Y; = 1|z;).
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Table S2: Label complexity of active vs. passive learning, presented as the relative increase (ratio > 1) or decrease
(ratio < 1) in the sample size needed for active learning to achieve equal performance as passive learning with
n = 250 training examples.

Ratio of sample sizes using active vs. passive learning

Dataset Performance metric Prop. 1 Cor. 1a Cor. 1b  Prob. un.  Det. un.
Abalone AUC 1.00 0.93 0.91 0.91 0.56
Misclassification rate 1.01 0.93 0.88 0.87 0.41
Negative log-likelihood 1.02 0.96 0.95 1.00 0.71
RMSE of predictions 1.01 0.94 0.94 0.97 >2.00
Australian Credit Approval AUC 1.06 0.86 0.94 1.12 0.80
Misclassification rate 1.07 0.93 0.92 0.95 0.47
Negative log-likelihood 1.06 0.89 0.93 1.06 0.68
RMSE of predictions 1.07 0.91 0.94 1.08 0.89
E. coli AUC 1.11 0.82 0.84 1.39 1.18
Misclassification rate 1.10 0.84 0.85 1.32 0.77
Negative log-likelihood 1.08 0.82 0.85 1.28 1.56
RMSE of predictions 1.16 0.90 0.92 1.58 >2.00
German Credit Data AUC 1.04 0.97 0.98 1.04 1.11
Misclassification rate 1.03 0.96 0.96 1.01 0.50
Negative log-likelihood 1.04 0.97 0.98 1.05 1.29
RMSE of predictions 1.04 0.98 0.98 1.05 1.36
Red Wine AUC 0.98 0.80 0.79 0.92 1.27
Misclassification rate 0.97 0.79 0.77 0.80 0.42
Negative log-likelihood 0.96 0.81 0.80 0.87 1.12
RMSE of predictions 0.98 0.80 0.78 0.89 1.14
White Wine AUC 1.01 0.96 0.96 1.10 1.68
Misclassification rate 1.02 0.97 0.95 1.03 0.50
Negative log-likelihood 1.01 0.99 1.00 1.13 >2.00
RMSE of predictions 1.02 0.98 0.98 1.12 >2.00

AUC, area under the receiver operating characteristic curve; RMSE, root mean squared error.
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