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CAUSAL SPARSE DOMINATION OF
BEURLING MAXIMAL REGULARITY OPERATORS

By

TuoMAS HYTONEN* AND ANDREAS ROSENT

Abstract. We prove boundedness of Calderén—Zygmund operators acting in
Banach function spaces on domains, defined by the L; Carleson functional and
L, (1 < g < oo) Whitney averages. For such bounds to hold, we assume that
the operator maps towards the boundary of the domain. We obtain the Carleson
estimates by proving a pointwise domination of the operator, by sparse operators
with a causal structure. The work is motivated by maximal regularity estimates for
elliptic PDEs and is related to one-sided weighted estimates for singular integrals.

1 Introduction

We prove estimates of Calderén—Zygmund operators (CZOs) acting on functions
f(z, x) defined on a half space RI*" = {x = (z, x) : t > 0, x € R"}, in function spaces
defined by L,(R") norms of the classical Carleson and non-tangential maximal
functionals (Cf)(x) and (Nf)(x) respectively. We recall their definitions in (3) and
(2) below. For CZOs to be even locally bounded inside R1*", it is necessary to mod-
ify C and N since these build on L;(R}*") and L..(R}*") norms respectively. Fol-
lowing Kenig and Pipher [19], Auscher and Axelsson [3], Hytonen and Rosén [17]
and Huang [14], we use Whitney L, averaging W, f(z, x) with 1 < g < oo, as
defined in (4) below, and consider function spaces defined by norms

[CWe )l and  [IN(Wgf)llp,

which encode interior local L, regularity, transversal L or Ly, regularity, and L,
regularity along the boundary R". It was shown in [17] that the norms [|[N(Wyf)l|,»
and |C(W, )|, are dual, 1/p+1/p’=1, 1/g+1/q’=1. Inapplications to elliptic partial
differential equations (PDEs) as in [19, 3], the case ¢g=2 is particularly important,
since for gradients f of weak solutions to elliptic equations, in general we do not
have pointwise interior bounds but only local L, estimates on Whitney regions.

*T. H. was supported by the Academy of Finland (grant No. 314829 “Frontiers of singular integrals”).
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645

JOURNAL D’ANALYSE MATHEMATIQUE, Vol. 150 (2023)
DOI 10.1007/s11854-023-0285-0



646 T. HYTONEN AND A. ROSEN

A general CZO on R}*"
s = [ keeyyoay.

where x = (7, x),y = (s, ), fails to be bounded in any of the norms above, even
with Whitney averaging. A key observation that we make is that for causal CZOs,
bounds in some of the norms hold. By causal we mean that we consider either an
upward mapping CZO, denoted S*, where k = 0 for 7 < s, or a downward mapping
CZO0, denoted S~, where k = 0 for ¢ > 5. In our main Theorem 5.1, we prove that
downward mapping CZOs S~ are bounded in Whitney modified Carleson norms
IC(W, ), and that, dually, upward mapping CZOs S* are bounded in Whitney
modified non-tangential maximal norms [|[N(Wyf)|l, .

In Section 6, we discuss motivating examples: maximal regularity operators
arising from integration of elliptic PDEs in the variable transversal to the boundary
as in [3]. At the end of the present paper, we explain how our Theorem 5.1,
in the presence of pointwise kernel bounds, sharpens the estimate of half of the
maximal regularity operators in [3]. In the case of the Laplace equation in R2, the
maximal regularity operators S* appearing are the two causal parts of the Beurling
transform, in which case one of the key estimates from [3] independently has been
proved by Astala and Gonzélez [2]. We recall that the kernel k(x, y) = (x —y)~2 of
this Beurling transform is symmetric and as a consequence its causal parts S* are L,
bounded. Hence they are examples of rough CZOs: their kernels are discontinuous
across the hypersurface r = s. With a slight abuse of notation we refer to such
rough CZOs simply as CZOs below.

Our Carleson estimate for S~ uses the method of sparse domination of CZO by
A. Lerner. In Section 4 we adapt the proof for general CZO from Lerner [22] and
prove a domination of causal CZOs by certain causal sparse operators. Here we
take a direction somewhat against the mainstream of recent activity, where the trend
has been to establish sparse domination for ever more general classes of operators;
in contrast, we deal with operators having additional structure (the causality), and
the point is to preserve at least part of this structure in the dominating sparse
operators as well. The one-dimensional special case, n = 0, of our Theorem 4.1
reads

a+2¢
(1) ISTrors >, ! |f(s)lds,

te(a,a+l)eDy att/2

where the sum is over a sparse collection Dy of dyadic intervals (a, a + £), but the
average is over the right half and a right neighbourhood of this interval.
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There are a number of previous results dealing with causal (also known as
one-sided) operators and related weight classes. Due to the intimate connections
of sparse domination and weighted norm inequalities, which have been explored
in the recent literature, we briefly comment on these works. Sawyer [28] found
that the one-sided maximal operator on the line satisfies weighted estimates if and
only if the weight satisfies a one-sided A, condition. Later, Aimar et al. [1] showed
that the one-sided A, condition is also the right condition for the boundedness of
one-sided singular integrals on the line. Versions of these results for operators on a
half-line (case n = 0 of our setting in R1*"), including extensions to operator-valued
kernels and applications to maximal regularity of Cauchy problems, are recently
due to Chill and Krdél [11]. We refer to this paper for an extensive bibliography of
other related works.

A sharp form of the one-sided maximal function estimates was found by Martin-
Reyes and de la Torre [25]. The corresponding problem (a “one-sided A, conjec-
ture”) for one-sided singular integrals remains open, but the analogous result for
one-sided martingale transforms has been achieved in Chen, Han and Lacey [10].
At the time of writing, the established methods of reducing continuous singular
integrals to their dyadic models (including [20, 21, 22, 23, 24] in the case of reg-
ular CZOs and [9, 13] for some rough extensions, to name but a selection of the
extensive literature) are not available in a form that would respect the one-sided
structure. In the present work we obtain a result that may be seen as a version of
sparse domination for one-sided operators. While this version serves our present
purposes, it is not strong enough to make progress on the mentioned weighted
questions. The problem is that our dominating sparse operators are not strictly
one-sided (for that, the integral in (1) should be over (a + ¢, a + 2{) only) and
cannot possibly be estimated in terms of one-sided A, weights.

As mentioned above, one-sided weighted estimates for vector-valued singular
integrals have been applied to maximal regularity operators for Cauchy problems
in [11]. However, our Carleson estimates cannot be viewed as such weighted
estimates, but rather correspond to the end-point norms r = 1 and r = oo in the
scale of L, tent spaces from Coifman, Meyer and Stein [12]. Estimates for maximal
regularity operators in tent spaces based on the L, area functional are in Auscher,
Kriegler, Monniaux and Portal [S]. Tent space estimates of horizontally mapping,
that is, acting in the R” variable, CZOs are in Auscher and Prisuelos-Arribas [6]. In
Section 2, we include counterexamples that show that for non-causal Ri"” CZOs,
as well as horizontally mapping R" CZOs, the Carleson estimates considered in
this paper fail in general.
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2 CZOs on non-tangential and Carleson spaces

We denote cubes on the boundary R” by O, R, . .., and cubes in the half-space Ri"”
by boldface Q, R, . ... We denote n or n+ 1 dimensional measure by | - | depending
on the dimension of the cube, and we denote by cQ, ¢ > 0, the cube with the same
center as Q and sidelength £(cQ) = c¢£(Q). For @ c R!*" we form cQ in R'*" as
above, and define c@ C R!*™ as the intersection with R1*", which may not be a
cube if @ is near R". A Carleson cube in R}*" is a cube of the form

0=0"=(0,40) %0,

where Q is a cube in R” with sidelength £(Q). The corresponding Whitney region
is the top half

0" =(UQ)/2,L( Q) x O

of O, and is the union of 2" cubes in R of sidelength £(Q)/2. We denote
points in R” by x, y, ..., and points in R}f" by boldface x = (z, x),y = (s, ), .. ..
Indicator functions of cubes and more general sets E are denoted by 1. Subsets,
not necessarily strict, are denoted A C B.

In particular we use dyadic cubes, and let D = UjeZ D; denote a system of
dyadic cubes in R", with D; being the cubes of sidelength £(Q) = 27/, such that the
dyadic cubes in D form a connected tree under inclusion. Let D = J,.; D; denote
the associated dyadic system for RL*, where D; consists of dyadic cubes of the
form Q = (k27,(k+ 1)27) x Q, Q € D;, k =0,1,2,.... We note that also D
form a connected tree under inclusion where the dyadic Carleson cubes, the cubes
touching R”, will play the special role.

We consider CZOs acting on functions defined on the half space Rl*", n>1,
and belonging to endpoint spaces in the scale of tent spaces from [12], whose
definitions use the non-tangential maximal and Carleson functionals

(2) Nf(x) = ess Sup|y—x|<al‘ v(t: J’)L

_ -1
©) crw=suplol™ [ ifc o

where the second supremum s over all cubes Q C R” containing x, and the Whitney
averaging operator

(4) Wo f(t, ) = 10" 1" If llL,i0m)-

where Q C R" is the cube with center x and sidelength 7. More precisely, we consider
the norms [|N(Wy /)L, ), introduced in [19], and predual norms || C(W, )|, &)
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considered in [17]. We exclude p = 1, where the former norms are co except
for f = 0, while the latter norms are |W,fll. To avoid technicalities we also
exclude p = oo, although this endpoint case sometimes is of interest and some of
our results hold for p = oo, mutatis mutandis. We recall from [17, 18] that up to
constants these two scales of norms are independent of the choice of aperture o > 0
and the precise shape of the Whitney regions and Carleson cubes. Moreover, for
the dyadic functionals

Npf(x)= sup fo,

QeD,0>x
Cof)= sup 017" > IR"If,
Q0eD.,0ax ReD,RCQ

acting on sequences (fp)pen, and dyadic Whitney L, averages

(W 4o =10"I"Ifllr,en, Q€ D,

we have

INDWop g fllpy = INWgh)lly  and  [|CoWp g fll, = ICWe )l

for 1 <p, g <oo. Finally, we recall that if 1 <p < oo, then ||Cf||, ~ ||Af|,, where

Af(r) = / /| I duds,
y—x|<at

but the estimate 2> breaks down at p = 0o, and < breaks down at p = 1.

We are interested in boundedness of CZOs in the norms ||[C(W, f)l|,, or equiv-
alently, by duality, in the norms [|[N(W,f)||,y. As discussed in the Introduction, it
is necessary to require 1 < g < oo, and main applications concern g = 2. For
the Carleson functional, which builds on L, integrals, it is natural to make use
of the recent technology of sparse domination of CZOs. We recall the following
estimate of A. Lerner [22]. Assume given a standard CZO S on Ri"” and a function
f € Li(R*) with bounded support. Then there exists a collection Dy C D of
cubes, which is #-sparse, for some 0 < # < 1 independent of f, such that

Sfol s S f}ngmy

QeDys,0ax

holds pointwise almost everywere. Here #-sparse means that there exists subsets

EoCQ, QeDy, such that |[Eg| > 5|Q)| for all Q € Dy, and Eg N Eg=0 if Q#R.
The method of sparse domination has proven very successful in proving optimal

bounds for CZOs on weighted L, spaces. We apply in this paper the technique
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to the scales of Banach function spaces described above. Since N and C involve
an L., and L; norm respectively however, it is not surprising that in general we
have the following counterexamples.

Example 2.1. A sparse operator, that is a sublinear operator of the form

S = Y ][3Qm>|dy,

Qe@,an

with a fixed #-sparse collection D independent of f, is not in general bounded on
IC(W,)ll, for any p, q. An example is as follows. Let n = 1 and fix a dyadic
Carleson cube Q, = O with £(Qo) = 1. Consider

(5) S =2Y10.2-v)xg,

and let D be the collection of all dyadic Carleson cubes contained in Q.
Then Wp ,fv = fv since fy is constant on Whitney regions, Cpfy = 1 on Qg
since sup,cp, foldet =1, and ||Cpfyll, S 1 for any fixed p > 1. However, for
x=(t,x) € Q¥ with Q C Qo, £(Q)=27%,0 < k < N, we have

k
St =Y @MV 2y /@) =2 — 1~ 1y
=0

Hence C@(ng) pe le,N % ~ N at each point in Qp. It follows that S fails to
be bounded in the norm ||C(W,f)||, for any 1 < p,q < oo, since g — W, is
increasing.

Example 2.2. Although domination of CZOs by sparse operators is consid-
ered to be quite sharp, Example 2.1 does not disprove that CZOs are bounded in
these Carleson norms. And indeed, by direct calculations one can show that the
Beurling transform on the upper half plane

—1
(6) Sf(z) = p.v.— / SW)
T

Imw>0 (w - Z)2

maps fy from (5) boundedly in the Carleson norms. To find a counterexample for
the Beurling transform, it is convenient to consider a weak limit

(7 S, %) = g(x)do(2),

of functions like fy, to be modulated by a function g(x) supported on Qy = (0, 1)
that remains to be chosen. In this limit we have

g(x)
G—22 dx,

-1 1
S =pv— /0
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and for real-valued g we note from Cauchy—Riemann’s equations that

1Sf(2)| = [Vu(2)I,

where u is the Poisson extension of g. As discussed in [18, Intro.], by contructing g
via a lacunary Fourier series, it is known that the bound

(8) ICVll, S 1Igllp

cannot hold uniformly for g, for any fixed 1 < p < oco. Replacing dy in (7)
by 2V 1(0.2-», it can be shown that § fails to be bounded in the norm ||[C(W, f)l|,
for any 1 < p, g < co. The technical details of this counterexample are found in
the Appendix of this paper.

Example 2.3. We next demonstrate that R” CZOs acting horizontally, that
is pointwise in ¢, in general are not bounded either in the norms [|[N(W, /)],y or
IC(W,f)ll,- A concrete counterexample is the following. Let

. [ty dy

1
Hf(t,x) = ;p.v R x—y

be the Hilbert transform acting horizontally in R2, and consider the function

N 2*_1

In(t,x) = Z Z 2k1(2*",21*")(1‘)1(k2*f—l,(k+1)2*f—l)(x)
J=0 k=2

with support in [0, 1]2. The terms in this double sum are supported on thin
rectangles, with integrals equal to their lengths in the x-direction. Consider a
Carleson square Q with sidelength 27", The terms for a given 0 < j < N will have
in total at most integral 27" inside @, so C(Wqp «fy) S N on [0, 1], since the thin
rectangles are unions of Whitney regions. We conclude that || C(Waofy)|l, S N for
each p > 1, since fy is supported on [0, 1]*>. However, an explicit computation
reveals that

1 1 =i .
/ |Hfn (2, x)|dx ~ / 2%1n (1 + —)dx ~ 2K+ 1)
0 0 x

fort e (275, 2175, 2 < k < 2/*!,0 < j < N. Therefore

N 2*1_1 N

/ Hfylddx = Y 027G+ DY (1) AN,
[0,1]

j=0 k=2 j=0

so C(Hfy) 2 N? on (0, 1). It follows that H fails to be bounded in the norm
IC(W,)ll, forany 1 < p,q < oo, since g = W, is increasing.
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3 Causal Calderon—-Zygmund operators

We consider a Calder6n-Zygmund (CZ) kernel k(x,y) on R, More precisely,
we assume kernel bounds

©) ke, )| < e =y~
and regularity
(10)  max(Jk(x,y +8)) — k(x,y)|, [k(x +2,y) — k(x, p)]) < [¢]” /e =y,

forall |¢t|] < |x —y|/2andafixed0 < y < 1.
We consider a linear operator operator S* which is bounded L (R}*) — L, (R1*)
and has rough CZ kernel

k((7, %), (s,¥)), 1>,

0, r<s.

K (2, %), (5,¥) = {

We also consider a linear operator S~ which is bounded L,(R}*) — L, (R}f") and
has rough CZ kernel

0, r>s,

(1, %), (5, y)) = {
k((ta X), (sa y)), r<s.

(Here k is assumed to satisfy (9) and (10) in all R}f".) Thus S* are (rough)
CZOs, where S* is upward mapping away from R” and S~ is downward mapping
towards R". We refer to S* as causal operators. They are simple examples of
singular integral with rough kernels, in that k*((z, x), (s, y)) may be discontinuous
on the hyperplane ¢ = s in R?!*"_ with a simple jump discontinuity when x # y
and 7 =s.

Lemma 3.1. The kernels k* satisfy the Hormander regularity condition
g QG2 = e y2) #6501, ) = K0, 5 1
uniformly for all cubes Q c R\ andy,,y, € Q.

Proof. For Q = (a, b) x Q, this follows from using (10) for # < a and ¢ > b,
and using (9) fora <t < b. ]
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Denote by Mf the standard Hardy-Littlewood maximal function of f. As
in [22], we also require a weak L, estimate of Lerner’s maximal singular integral

Mg-f(x) = SQUP 1S*(1ae )o@, X € R,
o2X

with supremum over dyadic cubes @ C R!*, into which S* maps from the
complement of the enlarged (non-dyadic) cube 3Q.

Proposition 3.2. The causal CZOs S* and the maximal singular integrals M-
are all bounded from Ly (R} to Ly oo(RL™).

Proof. (1) The weak L, estimate for ST itself follows from the standard proof
employing the Calderon—-Zygmund decomposition, since this only requires the
Hoérmander regularity estimate from Lemma 3.1.

(2) Following the standard proof of Cotlar’s lemma, see for example [26,
Sec. 7.7], we write

fi=lsof and fo=1aoyf,
for a cube Q with center xo. We estimate S¥(13g)f) = SEf> at each fixed x; € Q,
by comparing it to the value at a variable pointx € @, writing

SEThH(x1) = (SThH(xe) — STHX)) + STf(x) — STA(x) = 1+ 1T + I11.

Raising the terms to power 1/p, p > 1, and taking the average over Q, terms I/
and /I are estimated in the usual way: f, |S*f|"/?dx < M(IS*f]'/?)(xo), and

— 1 — 1
][Q ISEA1Pdx < 1QI7 ISR, S 1@ PIAILY S (Mf(eo)”

by Kolmogorov’s inequality and weak L; estimate (1) above.
For I, we define

—(14n+y) _ _
D(z) = D(u, 7) = (I+1z) N, ue(—oo,—1)U(l,0),
A+zh~ M, we(—=1,1).
Using (10) and (9)
|(5=01) = S50 S Maf (o),

where Mg is the maximal operator
Maf = sup(|f| » =" D@(./1)).
>0

By [29, Sec. 1.4, Prop. 2], My is weak-type (1,1). This completes the proof, since
we have

|M-f(x0)| < Maf (x0) + M(IS™f1V7)(x0) + M (x0)
and M is bounded on L, , and weak-type (1,1). g
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4 Causal sparse domination of S~

To state our causal sparse domination, we need the following subsets of the neigh-
bourhood 3Q. For Q = (a,a+¢) x Q € D, Q € D, we define the upper and lower
halves of Q

O'=(a+t/2,a+?) x Q,
O =@a,a+t/2)x 0,

the parts of (a, a +2¢) x 3Q above and below t =a + /2

Ol =(a+€/2,a+20) x 30,
Ol =(a,a+/2) x 30,

and the part of 3Q \ a abovetr=a

0" = ((a,a+20) x30)\ 0.

Forx = (¢, x) € Q we let

0. =0"N{(s,y): s> min(a+¢/2, 1)},

so that Q" c QU < Q". The following sparse estimate is a causal adaptation of
the estimate in [22]. We specifically note that the very argument of [22] seemed
more amenable to this adaptation than either its predecessors or successors in the
sparse domination literature.

Theorem 4.1. Let S~ be a downward mapping causal Calderon—Zygmund
operator as in Section 3. Letf € L{(R"™") have bounded support. Then there exists
a 1/4-sparse family of cubes Dy C D such that

ISTF@IS D) ][ F)ldy, fora.e.x € RI*™.
0eD, 0o’ 9

We remark that an essential point in Theorem 4.1 is that the sum uses the same
dyadic system as we start out with. If we allow ourselves to replace D by a finite
number of other dyadic systems, then the result is immediate from [22], but cannot
be used to prove our Carleson bounds.

We also remark that the one-dimensional result, n = 0, is somewhat cleaner.
In this case D is the standard dyadic intervals and for Q = (a, a + £), the average
in the sparse sum is over (a + ¢/2, a + 2(), independent of x € @, as in (1). The
reason why Q7 which is the direct analogue of (a+£€/2, a+2¢) forn > 1, must be
replaced by the larger set @Y in Theorem 4.1, is the term /I; appearing in its proof.
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The even larger set Q"' is too large, since it cannot control the term II; appearing
in the later proof of Theorem 5.1: it is important that these sets do not touch 7 = a.
However, we have found that Theorem 5.1 is valid when QY is enlarged to a set,
to be denoted by QE, which goes down to the ¢ coordinate of x also inside Q.

Proof. (1) Fix Q € D and assume that the closure of 3Q contains the support
of f. Write f” := 1,1 and define the set

E ::{x eRM 17T (x)| > ¢ o mdy}

U {x e RI™ : [Ms-f"(x)| > ¢ o Vldy}.

LetRy, ..., R denote all the children of Q (maximal subcubes strictly contained
in Q) contained in @', and let 0,,0,, ... be an enumeration of all the maximal
subcubes of Q" such that

(11) 10, N E| > alQl.
Here ¢ > 0 and a € (0, 1) are parameters to be fixed below. We obtain a family
{R;, Q;} of disjoint subcubes of @ that give us a disjoint union

e=0uve=(Ur)u(Ueg)uw\Jo
i J J

Hence, splitting the indicator 1y outside S~ in the first step and the function f
inside S~ in the second one,

198~ f = Z 1r,S™f + Z lo,S™f +1gvyUo,S™f
i J

D 1k S~ (larf)+ > 10,5 (Isgf)+
i J

+> RS (LgurS) + lonue ST+ 105 (Ligygf)
i j

=L+ L+ +1I,+115.

Using causality for S~, we have replaced f by f7 in terms II, and II5.

(2) We next show that terms /I are bounded by fQ; |f|dy, for almost every
x € Q. For 11}, this follows from (9) and the downward mapping property of S~
since |x —y|~1* < QY| forally € (3Q) \ (3R;) and x € R;. For II, it follows
from Lebegue’s differentiation theorem that

Eng“cl]o,
j

modulo a set of measure zero. The estimate of /1, then follows from the definition
of E.
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For II5, consider one of the stopping cubes Q.

|Q; NE| > a|Q;|. We require an upper estimate of the measure of E. It fol-

By definition, we have

lows from Proposition 3.2 that

—1
a1 (ef ay) [ ey ~ 101

Moreover, if QJP denotes the dyadic parent of @, (the minimal dyadic cube such
that Q7 2 @), then by maximality of @, its parent does not satisfy (11) and we
have

10, NE| < Q) NE| < alQ]| = a2'™|Q}].

Let a = 272", Then in particular there exists x € Q; \ E since

IO\ E| = 19;1/2> 0

with this choice of a. From the definition of E it now follows that
IS Gooney™ = Mss " S f idy

on almost all of Q;. This proves the estimate of 11.
(3) We have shown that for f supported on 3Q, we have

1057F = 3 1e S~ (lrf) = 3 1,5 (i)l < ][Qm IFldy
; J A

at almost all x € Q. To conclude the proof, we iterate this estimate for all the
subcubes R; and Qj. To this end, we note that

> IR =1Q1/2
and, since JQ; C {M(1g) > a}, that
Sl <a / Ledy = |El/a < |Q1/(ca).
J
Fix ¢ large enough so that 3, Rl + Y, 1Q;| < 3|Q1/4. Define
Eo =0\ (UrLUJQ).
7S

so that |Eg| > |Q|/4.
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Finally consider a disjoint union
Ri+n — U Qk:
k

modulo zero sets, where Q° € D are constructed as follows. Since supp (f) is
bounded and D is connected, we can choose @' € D containing supp (f). Then
let P! = Q! and recursively define P/*! to be the dyadic parent of P/, that is, the
smallest dyadic cube such that P/*! 2 P/, The siblings of P/ are the other dyadic
subcubes of P! of the same size as P/. Now choose @*, @, . . . to be an ordering
of all the siblings of all P/, j= 1,2, .... Then Q' c 3Q* for all k, so that

STF=D 1xS7f =) 1S (L),
k k

and the estimates above apply to each @ = Q. We define the family of dyadic
cubes Dy to be 0!, 0%, ... along with, for each of Q*, all generations of stopping
cubes Q; and subcubes R; starting from Q = QF, constructed as in (1) above. It
follows that Dy is 1/4 sparse and that we have the stated sparse bound of S7f. [

5 Bounds for causal CZO

The Carleson bounds established in this section apply to slightly larger causal
sparse operators

(12) Seis Y f Vol xeR™
0eD.Qax =
where we have replaced the region Q) appearing in the sparse operator in Theo-
rem 4.1, by the slightly larger region
0" = (min(a +€/2,1), a+2¢) x 30,
forx =(t,x) € Q =(a,a+ ) x Q. We also write

O" = (a,a+20)x 30

for the union of Q7 and Q*, modulo a set of measure zero. The following theorem is
the main result of this paper. Its proof uses regions R™ for dyadic cubes R C Q®,
where Q" is a dyadic Whitney region. We define enlarged auxiliary Whitney
regions

0" =(£(0)/2,3((0)/2) x (20),
so that R é“’ whenever R C Q%.



658 T. HYTONEN AND A. ROSEN

Theorem 5.1. Ler ST and S~ be causal Calderon—Zygmund operators as in

Section 3 and 1 < p, q < co. Then we have the estimates

(13) ICWo(S™Nllp S NEWG(Dip,
(14) INW (S"Dllpy S INWg (Dl

More precisely, the estimate
(15) CoWo(5) S CoWo () + C(f)

holds pointwise on R" for the causal sparse operator s Jrom (12), for any n-sparse
collection D C D with0 < n < 1. Here W@,q(f) denotes the Whitney L, average
over é‘“.

We remark that interior regularity 1 < g < oo is necessary for boundedness
of CZOs, and is used to ensure boundedness of the Hardy—Littlewood maximal
operator in the proof below, while p > 1 is necessary for the Carleson and non-
tangential maximal norms to be non-degenerate. The restriction p < oo is less
essential, but is made so that the following lemma holds.

Lemma 5.2. Fix 1 < p, g < oo and define Banach spaces

Z={f e LR : [CW, (D, < o0} and
X ={f € LER™) : [[NWy ()l < oo}.

Let Zy denote the subspace of functions f € Lq(R}f”) N Z with bounded support,
and let X denote the subspace of functions f € Lq/(R}f") NX with bounded support.

Then Zy is dense in Z, in the norm ||CWy(-)|lp, and Xy is dense in X, in the
norm ||[INWy()|l,y. Moreover, Z is non-reflexive and X equals the dual space Z*,
using the standard Ly(RX*") pairing.

Proof. The density of Z in Z follows from [17, Lem. 2.5], which proves that
even compactly supported L, functions are dense in Z. Also the non-reflexivity
of Z and that X = Z* was shown in [17, Thm. 3.2].

To see the density of Xp in X, let € > 0 and f' € X so that [|[NpWop 4fl,y < oco.
Recall that equivalences of norms allow us to use the dyadic versions of the norms.
Since p > 1 and D is connected, there exists Qg € D such that

[ oW P < e
R"™\ Qo
Let Dy be the set of maximal cubes Q C Qg such that

(Wop . ¢f)o > 1/e.
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Define functions
fo=Y_ flow and fi = flgrogs,
QeDy
and let o, = f — fo — fi. We have NpWop ,fo = IENDW@,q/(lega), where
E={xeR": NpWp 4(flgs) > €~ '}. Since |E| — 0, it follows from dominated
convergence that ||fyl|lx — Oase — 0.
To estimate f}, let Q; denote the dyadic parent of Qy. Then

suerDW@,q/f] < inf NrDWQ,q/f,

Q0 01\Qo
and we conclude that ||fi|x < € since NpWop ,fi = NpWp 4f on R\ Qp. Since
S =Jo+fi +/f> where suppf> C Qo and

plas= S [ paes Y 10 < e iop < oo,

Ry 0c0y,07 D; 0c0,.07U Dy

it follows that f; € Xy. This shows that X, is dense in X. ]

Proof of Theorem 5.1. We first show that it suffices to prove the esti-
mate (15). Indeed, combining this and Theorem 4.1 yields the bound for S~ on Z,
using the notation from Lemma 5.2 and equivalences of norms between the differ-
ent versions of Carleson functionals and Whitney averages from [17, Sec. 3]. By
Lemma 5.2, we have a unique extension of S~ by continuity to all Z.

Next consider S* on L, (R1*) D Xo, with adjoint (S*)* on L,(R}*") D Z. For
f € Xy and g € Z, we obtain the bound

(16) /R _IS@lg@)ldx S Iflixliglz

by applying the duality to f and g sgn((S*f)g). By Fatou’s lemma and the density
of Zy in Z, (16) continues to hold for all g € Z. Let h = S*f and let K C RI*" be a
compact set, so that |[NW,(hlk)l|l,, < oco. It follows from [17, Thm. 3.2] and (16)
that ||hlg|lx < |Ifllx. Exhausting R!*" with K and using Fatou’s lemma shows
that S*f € X with ||S*f|lx < |Ifllx, for all f € Xo. By Lemma 5.2, we have a unique
extension of S* by continuity to all X.

It remains to prove (15). Fix Qp € D and consider |, o |W@,q(§f)|dx. Consider
a Whitney region Q* C Qf', where Q C Qo, Q € D. We write

Sfxy= > ][ _\fldy =1+ 11+ 111,
ReD,R>x Ry

for a.e. x € Q", where we split the sum according to the cases R ; O R DO QO
and R N Q% = (), noting that R, O € D, with Q¥ being the top half of Q.
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Clearly /11 = 0, for I we have R C Q" since R > x, and for /I we have that R = R®*
are Carleson boxes since O°, and hence R, touches R".

The local terms / do not require causality and we may replace RE by the larger
set RY. Standard sparse estimates via duality apply as follows. Let g > O be
supported on Q% with fgq/dx =1,1/g+1/q'=1. Then

L5 f e

ReD.,RcOv

C 2 (f)(f o)

ReD.Rcov
< dx ][ d )dz
AZ /ER(][Rg )( R‘:‘lfl Y
ReD,RCOv
| 1/q
§/Q M(gM(15.Ndz < 10" /"< 5 lflqdz> .

We have used that |[R| < |Eg|, that {5, gdx < M(g) and f,0o |fldy < M(15.f) on
all Eg, Holder’s inequality, and L, and L, boundedness of the Hardy—Littlewood
maximal operator M. Taking supremum over g gives the pointwise bound
Wop () S W@,q(f). Integration over Qg yields the desired estimate of [
by Cp W 4(f).

The non-local terms I/ do not require sparseness, and we may increase the sum
over R® € D to a sum over R € D. Note that the term I7 is essentially constant
on Q%, and we replace the Whitney L, average by the supremum norm on Q*, and
increase (Rca)E to

(R)g = (RN {(s,y): 5 > €(Q)/2}.

We have

dx < 10”] IR / \Fldy
/an Z Z (R)g

0eD,0CcOy ReD,ROQ

=3 ( 3 |Qw||R°ar1/ i lfldy> =11, + 11,
(R

ReD *QeD,0CQo,QCR

where we split the outer sum accordingto R C Qg and R 2 Q. For the tail terms 11,
we increase (Rca)g C (R®™UY = 3R where we recall that 3R® = 3R% N Rl
according to our definition, and get

o

L < |05 ) |R°ﬂ|—1/3R" Ifldy < IQoI(ZZ_"> inf CF,

Re’D,RgQO k=1
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because [3R|/|R®?| < 27K/£(Qy) for the k’th ancestor of Qp, and since

~

|05*1/€(Qo) = |Qo|. For the mid-range terms //;, we estimate

L= Y |R°a|—1/3R"( > |Qw|1€(Q)<2s)lf(Say)|d5dy

ReD,RCQy QeD,0CR

S Y IR IR, ldsdy

ReD,RCQo

5 ~/3Q[c)a ( Z SK(R)_I 13Rca> V(S, y)ldsdy

ReD,RCQop

s (s X en ) remmassrs [ dsay
308\ gokzgy3 0

For the second last estimate, note that at a point (s, y) € 307 we have 13z = 0
if 27% < s/3, where ¢(R) = 27, while at each scale 27 > s5/3 at most 3" cubes R
contribute to the sum. In total we obtain a bound of /I by C(f), which completes
the proof. (|

6 Motivations from elliptic PDEs

We end this paper by discussing motivations for the estimates in Theorem 5.1
coming from maximal regularity estimates for PDEs. A natural point of departure
for the discussion is the parabolic problem

Oty + Lu; = g,

for u;(x) = u(t,x), t > 0, x € R”, with uy = 0. Here L = —div, A(x)V,, where
A € Lo(R", L(C")) is accretive. The maximal regularity problem for a space JH
of functions in R is whether a source g € 3 yields a solution u with Lu (or
equivalently 6,u) in H{. The parabolic maximal regularity operator is

t
(17) Lu, = / Le™"=9Lg ds,
0

which is upward mapping like the operators S* considered in this paper. However,
the operator g — Lu does not have the CZO kernel bounds (9), even for L = —A,.
Indeed the estimate |8,(r"/2¢= /40y < (¢t + |x|)~(*" fails, and non-tangential
estimates are not natural for this problem due to the parabolic scaling ¢ ~ |x|>.

Instead our motivation comes from the analogous considerations for elliptic
divergence form equations

(18) div, zA(t, X))V, u(t,x) =0, t> 0,x € R",



662 T. HYTONEN AND A. ROSEN

where A = [¢ Z] € Loo(RM*", £(C'™*™)) is accretive. Following [4, 3], we consider

the associated first order generalized Cauchy—Riemann system
(19) o + DB,f; =0

for the conormal gradient f; = [adu+bV.u V.u]T of u, consisting of the conormal

derivative and tangential gradient. This uses the self-adjoint first order differential

operator D = [ _OV dlov“] and transformed accretive matrix

—1 -1
B= a_1 a _b] ’
ca d—ca'b

acting in L,(R"; C'*") foreacht > 0. Foreach? > 0, the conormal gradient belongs
to the closure of the range of D since curl,(V,u) = 0, and it was demonstrated in
[4, Sec. 3] that (18) is equivalent to (19), under this tangential curl free constraint
on the tangential part of f;.

Now fix bounded and accretive coefficients B = B(x), which are independent
of #, and consider the equation

(20) o + DBf; = g1,

where f and g are functions of # > 0 and take values in 7 = R(D) C L,(R"; C!*").
The #-independent case when B, = B and g = 0 was studied in [4], whereas pertur-
bation results for 7-dependent coefficients B; were obtained in [3] via Duhamel’s
principle with g, = D(B — B;)f;. As in these works, we make use of the holomorphic
functional calculus of the bisectorial operator DB in J{: the symbols

1, £Rez> 0,

1 (@)=
0, £Rez <O,

yield the spectral projections EX = y=(DB), the symbol |z| = z(x*(z) — ¥~ (2))
yields the sectorial operator A = |DB| and the symbols e~¥ yield the Poisson
t

semigroup e~ generated by A.

Following [3], we integrate (20) with boundary and decay conditions
limE*f; =0 = lim E"f;
t—0 t— 00
and a general source term g;, and obtain

2D —0fi =DBf, =T"gi +T g,

which uses both an upward mapping maximal regularity operator

t
(22) Ttg, = / Ae TINET o ds
0
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and a downward mapping maximal regularity operator
o0
(23) T g = / Ae CTINET g ds.
1

We saw above that the parabolic maximal regularity problem concerned an upward
mapping operator (17), using the heat semigroup exp(—tL), which is not of the form
considered in this paper. The elliptic maximal regularity problem involves both
upward and downward mapping operators 7+ and 7~. Both T+ use the Poisson
semigroup exp(—tA), and T* generalize the causal parts of the Beurling singular
integral as the following example from [27] shows.

Example 6.1. Consider the Cauchy—Riemann equations for a holomorphic
function f(z) in the region above the graph y of a Lipschitz function y = ¢(x).
Parametrizing z = x + i(¢(x) + 1), these equations read

of +BDf =0 inR?

when written in the real basis { 1 +i¢/(x), i}. Here B = (1 +i¢/(x))~" is an accretive,
t-independent complex multiplier, and D = —id, is the first order self-adjoint
derivative.

Consider now the associated Poisson semigroups and maximal regularity op-
erators in (21), with DB replaced by the similar operator BD = B(DB)B~!. As
observed in [27, Lem. 3.1], by computing the kernels of resolvents and operators
in the functional calculus of BD, the causal operators from (22) and (23) are

(24) T*g/(2) = / / g:w)dw

(w +is — (z+it))?

and

_ s gs(w)dw
(25) T g(2) = 27'L'~/t /y(w+is—(z+it))2ds

We parametrize w = y + i¢p(y), ¥y € R, and consider the bounded and invertible
multiplier dw/dy = 1 + i¢/(y). It follows that T+ = S*(1 + i¢/), where ST are
defined as in (24) and (25), but replacing dw by dy.

The operators T+, and hence also the operators S*, are bounded on L>(R). See
[3, Thm. 6.5], which also applies to the more general operators (22) and (23) in any
dimension. Moreover, we see that the kernels k* for S* are the causal truncations
of

1
k((z,x), (s,y)) = . , .
O +i(P(y) +5) — x — i(p(x) +1))?
Since ¢ is a Lipschitz function, it is readily verified that the CZ bounds (9) and (10)
hold for this k, with y = 1.
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For general elliptic equations (18), the estimate (9) of the distribution kernels of
the associated operators 7= holds only in an average L, sense. Global L, bounds

| Ae " INEE| L, o, S 1/t — s

~

follow from the Kato quadratic estimates, more precisely [8, Thm. 3.1]. Also L,
off-diagonal estimates for Ae~""/AE* can be derived from such estimates for the
resolvents of DB (see [8, Prop. 5.2]). As for pointwise kernel estimates, we saw
in Example 6.1 that for general non-smooth coefficients B, only the first estimate
in (10) can hold for DB, and similarly only the second estimate can hold for BD.
More importantly, even (9) may fail for n > 2. For n = 1, at least for real
coefficients, the pointwise kernel bound (9) follows from the interior regularity
estimates for solutions to (18) of De Giorgi, Nash and Moser (which hold for
real coefficients in any dimension). Indeed, f; = e~/1BPlfy solves the first order
equation J,f; + BDf; = 0, where the first component of f satisfies a second order
equation (18) and hence have pointwise bounds. See [3, Sec. 3.2]. In general
this is not true for the remaining components (conjugate functions) in f, except
when n = 1, in which case also the second component/conjugate function does
satisfy an equation (18), with some conjugate coefficients. See [7, Lem. 5.3]. To
summarize, the operators T+ from (22) and (23) are causal CZOs, as in Section 3,

at leastif n = 1, if A is real and if we factor out an invertible multiplicative factor.

Coming to estimates of 7+, we consider conormal gradients f solving the
Cauchy—Riemann system (19) in R!*”". It is known from [3] that on the one hand
the function space X in R with norm

Ifllc = INCW21)l2,

along with the subspace Y* = Lz(Ri"”;t_ldtdx), are natural for boundary value
problems with boundary topology L,(R") for lim,_,of;. On the other hand, the
function space

Y = Ly(R™; tdtdx),

along with the subspace Z with norm ||f||z = ||C(W5f)||2, are natural for boundary
value problems with boundary topology H~!(R") for lim,_,o f; (corresponding to
boundary function space L,(R") for the potential u). It was shownin [17, Thm. 3.2]
that Z* = X, but that Z is not reflexive.

Previously known bounds for the causal operators 7+ in (22) and (23) from [3,
Prop. 7.1], for general accretive coefficients B and not assuming pointwise kernel
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bounds, can be summarized in the following diagrams:

x A ‘j T}T
sl e e T e
(VAT Ve

The estimate
1/2
(26) < /R ra, y>|2rdtdx> ~ AP 12 S IAW) 2 = [CWaDll2

shows that Z c Y, and hence Y* c X. It was shown in [3, Lem. 5.5] that a
multiplication operator € maps X — Y* if it satisfies the Carleson condition

(27) [C(Woo€? /)|l < 0.

Moreover, it follows from [17] that €& maps as in the diagrams if and only if (27)
holds.

We solve PDEs o,f; + DB,f; = 0 with t-dependent coefficients by freezing the
coefficients B, to B. Writing

& =B"'(B—B),

with B = lim;_,¢ By, the PDE becomes o,f; + DBf; = DBCE,f;. To prove the existence
of boundary values of solutions f; and representation formulas as in [3, Sec. 8-9],
it is needed that

(28) (T*+THHE

is a bounded operator (with small norm to obtain a Cauchy type representation
formula of f in terms of the boundary trace f;). This will yield equivalences of
norms ||foll,gy & IIfllx for solutions f € X to (19), and |follg-1wry = Iflly
for solutions f € Y to (19). Thus two fundamental estimates in the study of
boundary problems for elliptic divergence form equations (18) are to bound the
operators T*E in the X and Y norms, under an as weak as possible hypothesis on &,
which measures the z-variation of the coefficients.

e [»(R") boundary traces of solutions f: Assuming that pointwise kernel
bounds hold as discussed above, so that 7% is a CZO modulo a trivial mul-
tiplicative factor, it follows from Theorem 5.1 that already 7+ : X — X is
bounded. We obtain the new result that only € € L, (Ri"”), which is weaker
than (27), is needed for boundedness of 7€ : X — X. However, this does
not yield any new estimate for (7" + T7)E as a whole needed for the PDE
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application. Indeed, for the downward mapping maximal regularity operator,
the best known bound is that 7~ : Y* — X. Similar to below, we conjecture
that the Carleson condition (27) is in general necessary for the boundedness
of T”€: X — X.

H~'(R") boundary traces of solutions f: It is known from [3, 17] that
already T~ : Y — Y is bounded, so only & € LOO(RF") is needed for
T-& :'Y — Y. The new result from Theorem 5.1 that T~ : Z — Z is
bounded, is not relevant for the boundednessof 7-& : Y — Y.

For the upward mapping maximal regularity operator, the best known bound
is that 7% : Z — Y. This follows by duality from [3, Thm. 6.8]. Further-
more, the Carleson condition (27) on multipliers € is in general necessary
for the boundedness of 7€ : Y — Y. To see this, by duality and the
above estimate 7~ : Y — Y, we equivalently consider the boundedness of
EXNT*+T7):Y* — Y*. In the case of the Beurling transform it was proved
in Astala—Gonzalez [2, Thm. 1] that this latter boundedness holds if and only
if € satisfies (27), but without the Whitney factor W, (due to the pointwise
kernel bounds present for the Beurling transform).

6.1 Summary and open problems. Causal maximal regularity operators

T are fundamental in the study of elliptic boundary value problems, as evidenced

by [3]. Such operators T+ are close to being causal CZOs S* and we have

investigated boundedness of such ST in this paper. In regards to this motivation

from elliptic PDEs, our results are meager: assuming pointwise kernel bounds, it
follows from Theorem 5.1 that the X norm of 7*€ is bounded by || € ||~. However,
we believe that the techniques developed in this paper are important and that future

work in this direction may result in more substantial applications. We end by

formulating some open problems.

e Can the estimates in Theorem 5.1, with p = g = 2 at least, be shown for

the more general operators 7+ appearing in (22) and (23), without assuming
pointwise kernel bounds? A positive result in this direction are the weighted
norm estimates through sparse domination for such generalized CZOs by
Bernicot, Frey and Petermichl [9].

Consider the L, based tent spaces of Coifman, Meyer and Stein [12], with
1 < r < oo and in particular » = 2. The present paper concerns the end point
cases ¥ = 1 and r = oo, and the duality results [17] have been extended to
the scale of tent spaces by Huang [14]. Can sparse estimates, possibly using
L, averages, prove tent space estimates of CZOs, or more general maximal
regularity operators as in [5]? A concrete PDE application would be to
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reprove the bound 7% : Z — Y from [3, Prop. 7.1], using sparse estimates.
Note that Z and Y are L, and L, based tent spaces respectively.

e We started this Section by considering the more well known upward mapping
maximal regularity operator (17) for parabolic initial value problems, but this
does not have the CZ kernel bounds. Can sparse estimates be adapted to show
a parabolic analogue of the non-tangential bound (14)?

Appendix A The Beurling counterexample

We supply the details omitted in Example 2.2, which show that no Carleson bound
can hold for the Beurling transform S defined in (6). Assuming for contradiction
that

(29) ICWo(SIDIp S NCWgHlp,

we derive a series of consequences, eventually leading to an obvious impossi-
bility. By [17, Prop. 3.7], we may replace C and W, by their dyadic versions,
but we continue to denote them by the same symbols for simplicity. Since
W,(Sf) = Wi(Sf) and C(W,(Sf)) = C(Sf), our first derived bound will be

(30) ICESNIp S NCWllp-

As suggested in Example 2.2, we apply (30) to fy(z,x) = g(x)¢n(?), where
én = 2V1(,2-v), and investigate the limit N — oo.
We first consider the right-hand side. For a Whitney cube R”, we have
- VIRV gl L,mys i E(R) <27V,
R4y ey = o
R else.
Let us denote by
Myovg() = sup |RI™VgllL,m)
R:xeReD
t(R)<2~N

the L, (dyadic) maximal operator restricted to cubes of sidelength £(R) < 27N,
Thus, for all x € Q € D, we have

1
1Ol Jge
and hence C(W, fy) < M(M, >-~g) and

1 min(f(Q),2_N) N
Wb < /0 /Q VM, -vg()dydi < M(M,,»-xg)(),

ICWafMllp < IM(Myo-vllp S 1My 2-n8llp, P> 1.
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If p > g, we could further dominate this by |/gl|,, uniformly in N, but we do
not wish to impose this restriction. Instead, if g is, say, a continous compactly
supported function (and this will be enough for our eventual counterexample),
then M, »-vg(x) — |g(x)| pointwise, as N — oo, and M, »-~g is dominated by a
bounded and compactly supported function, uniformly in V. It hence follows from
dominated convergence that

(3D lim sup |C(Wq fi)llp S llgllp-

N—oo

We then turn to the left-hand side of (30). If Imz > 27", there is no singularity
in (6) for f = fy, and hence

|dw|, Imz>27V,

—1
o=t [

Imw>0 (U) - Z)2

2N -1 _
— N -1 8(s) -1 7 8@
=2 /0 ( Pis /R(s+it—z)2ds)dt1\:>)o b /R(s—z)zds'

Since any z € C with Imz > O satisfies Imz > 27" when N is large enough, we

have
8(s)

R (s — 2)2

From repeated applications of Fatou’s lemma it then follows that

—1
lim Sfy(z) = — ds =:0v(z), Imz> 0.
N— oo

é . lo(2)] |dz| < Tim 1nf@ NSfv@Idz] < liminf C(Sfv)(x), xe O,

C(v) < liminf C(Sfy),
N— oo
IC@)l, < Timinf |CCSfy)
In combination with (31), this shows that (30) implies the estimate
IC@)Ilp < lgllp-

If g is real-valued, by a direct computation one checks that |v| = |Vu|, where u is
the Poisson extension of g, and the previous estimate can be rewritten as (8). By
splitting into real and imaginary parts, it is immediate that if this holds for real g,
it also holds for complex g.

It remain to show that estimate (8) cannot hold. Using

CFe) = 1o00) | |Fdsdy
Qca

with Q = (0, 1) and |Vu| > |0,u|, we find that (8) would in particular imply that

1
(32) /0 lowt, Mzondt < gl
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Let us consider random functions of the form g = >, &gk, where the g are
independent random signs with P(g; = —1) = P(gx = +1) = % Denoting by u; the
Poisson extension of gi, (32) would then imply, using basic properties of random
sums (Kahane’s contraction principle in the first step, and Khintchine’s inequality
in the last one; see [15, Prop. 3.2.10] and [16, Thm. 6.1.13, Prop. 6.3.3]), that

1 1
/ max || G (t, )| Lyo.1ydt < / EHZeka,uk(t, )
o Kk 0 X L1(0,1)

12
> eg|| < H(Z|gk|2>
k P k

where E, appearing only in the intermediate steps, denotes the mathematical ex-
pectation. (The advantage of (33) in view of reaching a contradiction is that we
have eliminated interactions between different functions g;; in particular, on the

dt

(33)
< E\

b

p

left, we only need to check that individual terms are large for appropriate parameter
values, and we do not need to worry about this largeness being destroyed by the
largeness of some other term of opposite sign.)

We will now construct appropriate g, to see the failure of this derived esti-
mate (33). Let

2e(x) = px)e™,

where ¢ is a test function to be specified shortly. Note that |gi| = |¢|. Using
the normalisation f & = | f(x)e 2™ dx for the Fourier transform, the Poisson
integral Pj(x)/llas Fourier transform };z\f &) = e‘z”t|5lf(§), and its time derivative
the transform P,f(&) = —27r|§|e_2””¢"f(é‘). Hence

2@ =dE =25,  Pgud) = —2x|Ele K g(E — 25,

Let us now choose a Schwartz test function ¢, not identically zero, such that the
support of ¢ is a compact subset of R,. Thus ¢(& — 2¥) is only non-zero for
&> 2F > 0, and hence we can drop the absolute values on ¢ above. We have

Pugi(n +25) = —27(n + 252729 3 )
= 27 (=2mne P () — 2124 G(n)
= 2722 (P(n) — 202" P, ().
Thus, inverting the Fourier transform,
Pygi(x)e™ 7 = 2722 (g (x) — 222" Pip(x)).,
and hence
|Pigi(x)] = 2727 22K\ Pigp(x)| — |1Pigp(x)),

. _ k .
1P:gillzi0.1) = 2722 Qa2X1PillL 0.1 — 1Pl 0.1)-
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We claim that ||P,@||1,0.1) > co and ||P,@|l1,0.1) < c1 for some positive con-
stants depending only on the choice of ¢, but not on ¢ € (0, 1). For the first one,
note that ﬁ;ﬁ(é) = ¢~ 27 (&) is not identically zero, and its support, the same as
that of ¢, is a compact subset of R,.. Hence P,¢(x) is not identically zero on R, and
it extends to an analytic function, hence it is also not identically zero for x € (0, 1),
and thus ||[P;p|r,0.1) > O for every t € [0, 1]. Since t — P;¢ is continuous
from [0, 1] to L;(0, 1), the function ¢ — ||P;@l1,0,1) attains a minimum on [0, 1],
and this gives the number ¢y > 0. For the second claim, note that

Pip(&) = =208 §(&) = ie” " 2a)PE) = iP($)(O),
and hence
1Pl 0.1 < 1Py < 14 L,w) = €1
Using these bounds, we conclude that

|Gt (t, lry0.1) = 1Pgill 0,1y 2 27220k k> ko, 1€ (0, 1)

With k = ko +1,...,ky + K, we can now see the failure of (33). For
te (27,2 yandj=ko+1, ..., ko + K, we find that

max 1 Gsux(t, I, 0,1) = N16i(t, lLy0,1) 2 2727120 > i,

and hence
ko+K ko+K
/ max [l3s(t, Mo nde = Y / max l6x(t, Mo ndi 2 Y. 1=K
]—k[)+l ]—k[)+l

while, on the other hand, we have

ko+K , 1/2 ko+K , 1/2
|8« ) = H( |9l )

k=k[)+1 k=k[)+1

= IVKiglll, < VK.

Thus (33) would imply that K < /K, which is clearly false. This contradiction
shows the failure of each of the estimates (8), (29), (30), (32), and (33).
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Commons Attribution 4.0 International License, which permits unrestricted use,
distribution and reproduction in any medium, provided the appropriate credit is
given to the original authors and the source, and a link is provided to the Creative
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licenses/by/4.0/).
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