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Abstract
Piled foundations are commonly employed to reduce settlements in artificial
earth embankments founded on soft soil strata. To limit the number of piles
and, consequently, construction costs, popular is the use of geosynthetic rein-
forcements laid at the embankment base. Nowadays, the complex interaction
between geosynthetics, piles and soil is not yet fully understood and, in the
scientific literature, simplified displacement-based approaches to choose rein-
forcements, pile diameter and spacing are missing. In this paper, the authors,
starting from the critical analysis and theoretical interpretation of finite differ-
ence numerical results, introduce a new mathematical model to rapidly assess
both (i) differential/average settlements at the top of the embankment and
(ii) maximum tensile forces in the basal reinforcement. The model, conceived
to reproduce the response of a pile belonging to the central part of the embank-
ment, is the result of an upscaling procedure based on a suitable sub-structuring
of the spatial domain (an axisymmetric unit cell) and on the concept of plane
of equal settlements. For the foundation soil, drained conditions are considered,
the pile skin roughness is disregarded, and piles are assumed to get the rigid
bedrock. As generalised kinematic variables average and differential settlements
are employed, whereas as generalized static ones the embankment height and
the geosynthetic axial force. The model is validated against field measurements
(where layered foundation soil and pile caps are included) and an application
example of the model, used as a preliminary design tool in a displacement-based
perspective, is finally provided.
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2 MANGRAVITI et al.

1 INTRODUCTION

A very popular strategy to reduce settlements of artificial earth embankments founded on soft soil strata consists in
employing regularly spaced piles. To improve the pile effectiveness, the use of geosynthetic reinforcements, laid at the
embankment base, is very common. In the past three decades, several researchers have tried to better understand the
interactionmechanisms developing inGeosynthetic-Reinforced Pile-Supported (GRPS) embankments, being aware of the
necessity of improving the available designmethods of these complex “geo-structures” (composed of piles, reinforcement,
embankment and foundation soil).
According to the current state of the art, the mechanical behaviour of both Conventional Pile-Supported (CPS, i.e.,

piled embankments without basal geosynthetic reinforcements) and GRPS embankments is mainly governed by (i) the
“arching effect” within the embankment body, that is the stress transfer mechanism towards the piles and (ii) the arising
of the plane of equal settlements within the embankment, that is the plane abovewhich differential settlement increments
are negligible.
As was experimentally shown by many authors by performing small-scale centrifuge model tests,1–6 trapdoor tests,7–10

and full-scale field tests,11–25 the arching effect depends on both geometrical and mechanical properties of the elements
composing the geo-structure. The experimental results also put in evidence that the stresses acting on the foundation
soil are significantly affected by the differential displacements experimentally imposed at the base, suggesting the system
response to be mainly governed by the material deformability.
The mechanical response of GRPS embankments was also studied numerically by performing non-linear either Finite

Element (FE) or Finite Difference (FD) numerical analyses. Due to the complexity of the problem (its geometry is three-
dimensional and geosynthetics behave like membranes under large displacements), even nowadays, numerical analyses
are not usually employed in the pre-design phase. The objective of this paper is to introduce an upscaled model, signif-
icantly reducing computational time (the model requires few seconds to run), to be used as a pre-design tool for GRPS
embankments.
In the design of these complex geo-structures, two are the problems to be solved: the lateral spreading of foundation

soil placed under the embankment flanks and the average/differential settlements developing in the central part of the
embankment.
In the past, many authors have disregarded the role of large displacements21,26–34 only very recently Mangraviti et al.35

took into consideration the large-displacement membranal behaviour of reinforcements.
In this paper, themain focus is on the average/differential settlements developing in the central part of the embankment

and, as was already suggested by many authors,26,36–44 the unit cell approach is followed.
In practical applications, CPS and GRPS embankments are commonly designed by using models based on the unit cell

approach. These, according to van Eekelen et al.,45 may be classified as (i) rigid arch models, (ii) equilibriummodels, and
(iii) frictional models. In the models belonging to the first category,46–50 materials mechanical properties are disregarded
and the stress redistribution is assumed to depend only on system geometry. According to the equilibrium models,45,51–54
an ideal stress arch is assumed to develop within the embankment and vertical stresses are redistributed by imposing the
balance of momentum of the arch.
Other authors, by using the limit equilibrium method and by assuming a frictional rigid-perfectly plastic constitu-

tive relationship55–61 for the soil, introduced models accounting for both geometry and embankment soil shear strength
properties.
All the previously cited models disregard the deformability of the various elements constituting the system, that are

embankment, foundation soil and geosynthetic reinforcement (the deformability of the latter is accounted for only in
van Eekelen et al.45), and cannot be employed in a displacement-based design perspective. In contrast, according to the
authors and as was stated by King et al.,62 to ensure the serviceability of the embankment over its all lifetime, the design
of GRPS embankments has to be based on the assessment of average and differential settlements.
As was previously mentioned, the attempts of introducing a simplified numerical model dealing with both stresses and

settlements are very few. For instance, althoughwith reference to the classical trapdoor problem, Filz and Smith63 and Filz
et al.64,65 proposed amodel putting in relation vertical stress transfer to differential displacements at the embankment base.
Very recently, di Prisco et al.40 proposed a generalised constitutive relationship to evaluate, under drained conditions, both
differential and average settlements at the top of the unit cell caused by CPS embankment construction. This constitutive
relationship, derived by the interpretation of the results of a series of FD numerical analyses, was conceived by following a
substructuring approach and an upscaling procedure. The constitutive law can be employed to pre-design geometry (pile
diameter and spacing) and compute the costs, once the system performance (e.g., displacements at the embankment top)
is assigned.66
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MANGRAVITI et al. 3

F IGURE 1 GRPS embankment: (A) problem geometry. Representative unit cell for both (B) triangular and (C) square piles pattern
according to McGuire.61

In this paper the same approach used by di Prisco et al.40 for CPS embankments is used to define a new upscaled
constitutive relationship for GRPS embankments by considering large-displacements finite difference numerical analyses
results (implemented in FLAC3D 6.067) by Mangraviti et al.35 The new model can be used to optimise the design of both
piles and geosynthetic reinforcement with the aim of increasing the sustainability of GRPS embankments.68
The problem analysed in this paper is ideal: the pile shaft is assumed to be smooth, the piles to be founded on a rigid

bedrock and the embankment construction to take place under drained conditions. However, since the model is based
on a substructuring of the spatial domain, it can be extended to the case of floating piles, hydromechanical coupling and
rough pile shafts.43
The paper is structured as it follows: for the sake of clarity in Section 2 the main numerical evidences from Mangraviti

et al.35 are summarised, giving an interpretation of the mechanical behaviour of GRPS embankments; in Section 3 the
new constitutive model for GRPS embankments is illustrated; in Section 4 the model is verified against the numerical
results fromMangraviti et al.35 and in Section 5 it is validated against field measurements. Finally, in Section 6 a practical
application of the constitutive model is presented.

2 NUMERICAL EVIDENCE FOR GRPS EMBANKMENTS

For the sake of clarity, hereafter, themechanical response of GRPS embankments is described in the light of the numerical
results obtained by Mangraviti et al.,35 where the problem schematised in Figure 1(A) was considered and the effects
of the layer-by-layer embankment construction under drained conditions of GRPS embankments studied in detail. In
agreement with what already suggested in the literature,26,36–38,40,43,69,70 the authors reduced the problem to the analysis
of one axisymmetric cell, considered as representative for the central part of the embankment. The diameter s of the
equivalent unit cell can be calculated as in McGuire61 to account for the piles pattern (e.g., the cases of both triangular
and square piles disposition are reported in Figure 1B, C).
The axisymmetric unit cell includes: (i) the embankment, whose height h evolves during the layer-by-layer construction

process, (ii) the geosynthetic reinforcement laid at the embankment base, (iii) one pile of diameter d and length l, (iv) a
homogeneous soft soil stratum of thickness l and (v) a rigid bedrock. In agreement with what done by other authors, the
large-displacements numerical analyses were performed by assuming an elastic-perfectly plastic constitutive relationship
for the soil29,32,34,36,61,71–73 whereas an elastic behaviour for both pile and reinforcement.27,34,63,74 This latter is assumed to
behave as an isotropic membrane27,34,63,74 with nil flexural stiffness.
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4 MANGRAVITI et al.

TABLE 1 Geometry for one reference case from Mangraviti et al.35

d (m) s (m) l (m)
0.5 1.5 5

TABLE 2 Mechanical properties for one reference case from Mangraviti et al.35

Unit weight
(kN/m3)

Young’s
modulus
(MPa)

Poisson
ratio (–)

Friction
angle (◦)

Cohesion
(kPa)

Dilatancy
angle (◦) J (kN/m)

Foundation soil 18 1 0.3 30 0 0 –
Embankment 18 10 0.3 40 0 0 –
Pile 25 30000 0.3 – – – –
Geosynthetic reinforcement – – 0.3 – – – 1000

Since geosynthetics are very often anisotropic (their stiffness/strength is different depending on the loading direction),
the values of stiffness/strength to be assigned to the equivalent isotropic membrane are the average ones. A discussion on
this strategy is reported in Boschi et al.75
The interface between piles and soil was assumed to be smooth, whereas a frictional interface was considered between

reinforcement and soil.
During the embankment construction, Mangraviti et al.35 have shown that, due to the difference in stiffness between

pile and foundation soil, differential displacements accumulate at the embankment base. Consequently, (i) strains localise
in the proximity of the pile edge (defining the “process height”, see Section 2.1), (ii) stresses tend to migrate towards the
piles (“arching effect”, in Section 2.2) and the geosynthetic reinforcement is progressively loaded (membranal effect, in
Section 2.3). With the aim of introducing the upscaled constitutive relationship for the system (in Section 3), the substruc-
turing of the spatial domain outlined in Mangraviti et al.35 is reported and discussed in Section 2.4, whereas in Section 2.5
the modelling of the mechanical behaviour of each sub-structure is introduced in the light of the numerical results.
For the sake of brevity, the results from Mangraviti et al.35 discussed in the following will be reported only for one

representative reference case, whose geometry and mechanical properties are listed in Tables 1 and 2, respectively, where
J is the tensile axial stiffness of the geosynthetic reinforcement.

2.1 Process height

As was previously mentioned, during the embankment construction, due to the difference in stiffness between pile and
foundation soil, differential settlements accumulate at the base of the embankment and shear strains localise in a cylin-
drical narrow crown close to the pile edge, defined as “process zone”. As described in Mangraviti et al.,35 the height of the
“process zone”, hp, is initially equal to the embankment height and, when the embankment height becomes sufficiently
large, the arching effect is “mature” and hp stops evolving (ℎ = ℎ𝑝 = ℎ∗𝑟 , Figure 2A). A schematic geometrical representa-
tion for ℎ𝑝 when ℎ > ℎ∗𝑟 is given in Section 2.4 (Figure 8). The geometrical andmechanical properties of the reference case
are listed in the Figure 2(A), where:Ee, 𝜙′𝑒 and𝜓𝑒 are the Young’smodulus, the friction angle and the dilatancy angle of the
embankment soil, respectively; Ef, and 𝜙′𝑓 the Young’s modulus and the friction angle of the foundation soil, respectively.
Until ℎ < ℎ∗𝑟 , differential settlements develop at the embankment top, whereas for ℎ > ℎ∗𝑟 they are nil.35 This implies

that, for ℎ > ℎ∗𝑟 , 𝑧 = ℎ∗𝑟 (vertical coordinate z defined in Figure 1A) represents the height of the plane of equal settlements.
Mangraviti et al.35 have shown that ℎ∗𝑟 does not only depend on the geometry and material properties, but also on the

reinforcement tensile axial stiffness (Figure 2B).

2.2 Arching effect

In Figure 3(A), the numerical results for the reference case are plotted in terms of contour of vertical stresses (σv) for
h = 5 m and for d/2 < r < s/2 (coordinate r defined in Figure 1B, C) and 0 < 𝑧 < ℎ∗𝑟 . Due to the arching effect, vertical
stresses are not uniform in the embankment and, in particular, at z = 0 (solid line of Figure 3B), for 𝑟∕𝑑 = 1∕2 vertical
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MANGRAVITI et al. 5

F IGURE 2 Numerical results for one
reference case from Mangraviti et al.35 in
terms of: (A) evolution of hp during
construction and (B) influence of J on ℎ∗𝑟 in
GRPS embankments.

F IGURE 3 Numerical results for one reference
case from Mangraviti et al.35 in terms of (A) vertical
stress contour plot; (B) normalised vertical stress
profiles along the radial coordinate; (C) shear stress
contour plot; (D) normalised shear stress profiles
along the radial coordinate within the process zone
of the embankment above the soft soil, that is,
between d/2 < r < s/2 and 0 < z < ℎ∗𝑟 = 1.1 𝑚.

stresses are significantly larger than the ones corresponding to 𝑟∕𝑑 = 𝑠∕(2𝑑) = 1.5. This difference markedly decreases
for larger z values (dotted line of Figure 3B) and nullifies for 𝑧 = ℎ∗𝑟 (dashed line in Figure 3B), where vertical stresses
are practically coincident with the geostatic ones (𝜎v∕[𝛾(ℎ − 𝑧)] = 1, being 𝛾 the embankment soil unit weight).
The vertical stress redistribution towards the piles is associated with the development of shear stresses, 𝜏, (Figure 3C,

representing the contour plot of 𝜏 for d/2 < r < s/2 and 0 < 𝑧 < ℎ∗𝑟 ), whose maximum value is obtained for r = d/2. The
distribution of 𝜏∕[𝛾(ℎ − 𝑧)] along r/d for z= 0, ℎ∗𝑟 ∕2 and ℎ∗𝑟 are illustrated in Figure 3D. Even if at 𝑧 = ℎ∗𝑟 vertical stresses
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6 MANGRAVITI et al.

F IGURE 4 Numerical results for the reference case from Mangraviti et al.35 (Tables 1 and 2) in terms of distribution of normalised (A)
vertical and horizontal stress; (B) k ratio and (C) tangential stresses along the embankment for 𝑟 = 𝑑∕2 and ℎ = 5 𝑚 > ℎ∗𝑟 = 1.1 𝑚

(Figure 2).

F IGURE 5 Numerical results for GRPS embankments in terms of evolution of �̄� with 𝜓𝑒 .

are almost uniform, shear stresses are not nil, but their value is negligible with respect to vertical stresses (dashed lines in
Figure 3B).
To further put in evidence the development of the arching effect, the distributions along z of normalised 𝜎𝑣 and 𝜎ℎ

(horizontal stresses); 𝑘 = 𝜎ℎ∕𝜎𝑣and normalised 𝜏 for 𝑟 = 𝑑∕2 are plotted in Figure 4(A–C), respectively. For 𝑧∕ℎ > ℎ∗𝑟 ∕ℎ,
the 𝜎𝑣 and 𝜎ℎ distributions are linear and practically coincident with the geostatic ones and 𝜏 are practically negligible.
For 𝑧∕ℎ slightly larger than ℎ𝑝∕ℎ (in Figure 4 the particular case of ℎ > ℎ∗𝑟 is represented, so that ℎ𝑝∕ℎ = ℎ∗𝑟 ∕ℎ), 𝜏 starts
increasing due to the previously mentioned localisation of shear strains taking place in the process zone. For 0 < 𝑧∕ℎ <
ℎ∗𝑟 ∕ℎ: (i) 𝜎𝑣 and 𝜎ℎ stop increasing linearly along depth (Figure 4A), (ii) 𝑘 starts increasing (Figure 4B) and (iii) 𝜏 severely
increase (Figure 4C).
The distribution of k is affected by J, 𝜓𝑒 , and 𝜙′𝑒, but its average value (�̄�) is practically unaffected by both J and 𝜙′𝑒.

The dependency of �̄� on 𝜓𝑒 (Figure 5) is coincident with the one numerically obtained for CPS embankments in di Prisco
et al.40 For 𝜓𝑒 = 0, �̄� = 0.83 value practically coincides with the one experimentally obtained by Da Silva Burke and
Elshafie.76

2.3 Membranal mechanical response of geosynthetic reinforcement

The stress distribution acting on the membrane (solid line of Figure 6A) is characterised by a well-pronounced peak and
significantly differs from the one assumed by both British and German current design standards,77,78 but it is similar to
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MANGRAVITI et al. 7

F IGURE 6 Numerical results for the
reference case from Mangraviti et al.35 in
terms of (A) vertical stress acting above the
membrane (z = 0) and (B) vertical
displacement of the geosynthetic
reinforcement along r for h = 5 m.

the one proposed by the Dutch current one.79 The vertical displacement of the membrane (𝑢𝑚 = 𝑢 (𝑟, 𝑧 = 0), being u the
vertical displacement at the base of the embankment), is coincident with the one of the top of the foundation soil and is not
parabolic along r (Figure 6B), as it would be expected in case of uniform pressure (as assumed by the British Standards77).
In fact, for 𝑟 > 0.4 𝑚, um is practically constant, which means that the membrane is undeformed.
Tensile forces acting in the membrane 𝑇(𝑟), obtained by integrating tensile stresses along the infinitesimal circular

crown at the distance r from the origin, evolve during construction. The maximum tensile force, obtained at the pile edge
(𝑇𝑚𝑎𝑥 = 𝑇(𝑟 = 𝑑∕2)) is plotted in Figure 7 against the average settlements at the bottom of the embankment, 𝑢𝑏,𝑓 . In
Figure 7, the dependence of Tmax on 𝑢𝑏,𝑓 is satisfactorily interpolated by a quadratic function that will be used in the
following for the upscaled constitutive model (see Section 3.2).

2.4 Substructuring approach

From a detailed analysis of numerical results, Mangraviti et al.35 have individuated six subdomains within the unit cell
representing GRPS embankments (Figure 8). In particular, subdomain number: (1) is the pile; (2) is the foundation soil;
(3) is the embankment for 0 < 𝑟 < 𝑑∕2 and 0 < 𝑧 < ℎ𝑝; (4) is the embankment for 𝑑∕2 < 𝑟 < 𝑠∕2 and 0 < 𝑧 < ℎ𝑝; (5) is
the embankment for 0 < 𝑟 < 𝑑∕2 and ℎ𝑝 < 𝑧 < ℎ; (6) is the embankment for 𝑑∕2 < 𝑟 < 𝑠∕2 and ℎ𝑝 < 𝑧 < ℎ. The height of

F IGURE 7 Comparison of FD numerical results for the reference case from Mangraviti et al.35 against the interpolation in terms of Tmax
with ub,f.
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8 MANGRAVITI et al.

F IGURE 8 Mangraviti et al.35: uniform subdomains for GRPS embankments within the unit axisymmetric cell.

subdomains from 3 to 6 evolves during construction. In subdomains 2, 5 and 6 the soil behaves under pseudo-oedometric
conditions: stresses and settlements distributions are almost uniform.35 In subdomains 3 and 4 the arching effect develops
(as described in Section 2.2), and, at their interface, strains localise and shear stresses develop (as in Figure 4C).

2.5 Towards the definition of an upscaled constitutive relationship

According to the numerical results discussed and to the sub-structuring proposed (Figure 8), an upscaled constitutive
model, reproducing the mechanical behaviour of the six spatial subdomains, is hereafter defined in agreement with what
already done for CPS embankments by di Prisco et al.,40 where:

A. subdomain 1 is modelled as a rigid element;
B. subdomain 2 as a one-dimensional linear elastic spring;
C. subdomains 3, 4 (see Appendix A), 5 and 6 as one-dimensional geometrically non-linear elastic springs, evolving with

hp;
D. the process zone as a (both mechanically and geometrically) non-linear frictional plastic interface element (see

Appendix B).

In case of GRPS embankments, the unique difference with respect to the CPS embankment case is the mechanical
response of subdomain 2, composed by both foundation soil and geosynthetic reinforcement.
According to the numerical results: (i) displacements of the membrane and the top of foundation soil are coincident

(Figure 6B) and (ii) vertical stresses acting above the membrane (Figure 6A) are partially transmitted to foundation
soil (𝜎𝑣,𝑠 numerical results in Figure 9A) and geosynthetic reinforcement (Δ𝜎𝑣 numerical results in Figure 9B). For
all these reasons and since the pile is assumed to be rigid, subdomain 2 may be interpreted as an in parallel system
(Figure 9C).
In the light of the substructuring approach introduced in Section 2.4, average quantities for displacements (𝑢𝑏,𝑓) and

stresses (𝜎𝑓 , 𝜎𝑓,𝑠 and Δ𝜎𝑓 in Figures 6A and 9A, B, respectively) are used to reproduce the in parallel system response of
subdomain 2 (Figure 9C), where:

Δ𝜎𝑓 = 𝜎𝑓 − 𝜎𝑓,𝑠. (1)

Since axisymmetric conditions are considered, the average values are evaluated as:

𝑢𝑏,𝑓 =
2𝜋 ∫

𝑠∕2

𝑑∕2
𝑢 (𝑟, 𝑧 = 0) 𝑟𝑑𝑟

𝜋 (𝑠2 − 𝑑2) ∕4
(2)
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MANGRAVITI et al. 9

F IGURE 9 Numerical results from
Mangraviti et al.35 in terms of stress profiles
acting on: (A) the foundation soil and (B) the
geosynthetic reinforcement. (C) In-parallel
scheme modelling the mechanical response
of subdomain 2 (foundation
soil +membrane).

𝜎𝑓 =
∫
2𝜋

0
∫
𝑠∕2

𝑑∕2
𝜎𝑣 (𝑟) 𝑟𝑑𝜗𝑑𝑟

𝜋 (𝑠2 − 𝑑2) ∕4
, (3)

𝜎𝑓,𝑠 =
∫
2𝜋

0
∫
𝑠∕2

𝑑∕2
𝜎𝑣,𝑠 (𝑟) 𝑟 𝑑𝜗 𝑑𝑟

𝜋 (𝑠2 − 𝑑2) ∕4
, (4)

Δ𝜎𝑓 =
∫
2𝜋

0
∫
𝑠∕2

𝑑∕2
Δ𝜎𝑣 (𝑟) 𝑟 𝑑𝜗 dr

𝜋 (𝑠2 − 𝑑2) ∕4
, (5)

Due to the increase in stiffness of the membrane working under large displacements, the dependence on 𝑢𝑏,𝑓 of Δ𝜎𝑓
is highly non-linear (Figure 10) and is satisfactorily interpolated by a cubic function. This latter will be employed in
Section 3.1.1 as one of the ingredients necessary for the definition of the generalised constitutive law.

3 MATHEMATICALMODEL FOR GRPS EMBANKMENTS

The model in Figure 11 is conceived by using the following non-dimensional quantities (defined in ref. 40):

𝑈𝑏,𝑓 =
𝑢𝑏,𝑓

𝑙

𝐸𝑜𝑒𝑑,𝑓

𝛾𝑑
(6)

Σ𝑓 =
𝜎𝑓

𝛾𝑑
(7)

𝑈𝑡,𝑑𝑖𝑓𝑓 = 𝑈𝑡,𝑓 − 𝑈𝑡,𝑐 =
𝑢𝑡,𝑓 − 𝑢𝑡,𝑐

𝑙

𝐸𝑜𝑒𝑑,𝑓

𝛾𝑑
(8)
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10 MANGRAVITI et al.

F IGURE 10 Comparison of FD numerical results against cubic interpolation in terms of average stress applied on the membrane and
settlements of the membrane.

F IGURE 11 Upscaled constitutive model for GRPS embankments.

𝑈𝑡,𝑎𝑣 =
𝑈𝑡,𝑓

(
𝑆2 − 1

)
+𝑈𝑡,𝑐

𝑆2
=
𝑢𝑡,𝑓

(
𝑠2 − 𝑑2

)
+ 𝑢𝑡,𝑐𝑑

2

𝑠2𝑙

𝐸𝑜𝑒𝑑,𝑓

𝛾𝑑
(9)

being Eoef,f the foundation soil oedometric modulus, whereas:

𝑢𝑡,𝑐 =
∫
2𝜋

0
∫
𝑑∕2

0
𝑢 (𝑟, 𝑧 = ℎ) 𝑟 𝑑𝜗 𝑑𝑟

𝜋𝑑2∕4
and 𝑢𝑡,𝑓 =

∫
2𝜋

0
∫
𝑠∕2

𝑑∕2
𝑢 (𝑟, 𝑧 = ℎ) 𝑟 𝑑𝜗 𝑑𝑟

𝜋 (𝑠2 − 𝑑2) ∕4
. (10)

As for the case of CPS embankments,40 the employment of these non-dimensional variables is particularly convenient
since in the non-dimensional UtdiffH (being H = h/d the non-dimensional embankment height) and UtavH planes, the
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MANGRAVITI et al. 11

embankment response is unique if the non-dimensional geometrical ratios (S= s/d,L= l/d), the non-dimensional stiffness
ratio (Eoede Eoedf, being Eoede the embankment soil oedometric modulus) and the embankment soil failure parameters (𝜙′𝑒
and 𝜓𝑒) are kept constant.
For the case of GRPS embankments, an additional non-dimensional variable is introduced:

𝑇∗𝑚𝑎𝑥 =
𝑇𝑚𝑎𝑥

𝛾𝑑2
(11)

The incremental upscaled constitutive relationship, conceived in the framework of the macroelement approach80–91 is
expressed as it follows:

⎡⎢⎢⎢⎣
�̇�𝑡,𝑑𝑖𝑓𝑓

�̇�𝑡,𝑎𝑣

�̇�∗𝑚𝑎𝑥

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
𝐶𝑑𝑖𝑓𝑓

(
𝑈𝑏,𝑓

)
𝐶𝑎𝑣

(
𝑈𝑏,𝑓

)
𝐽∗𝐷𝑡

(
𝑈𝑏,𝑓

)
⎤⎥⎥⎥⎦ �̇�, (12)

where dots stand for increments, J* is the relative reinforcement-foundation soil stiffness:

𝐽∗ =
𝐽𝑙

𝐸𝑜𝑒𝑑,𝑓𝑑2
, (13)

𝐶𝑑𝑖𝑓𝑓 and 𝐶𝑎𝑣 are two non-dimensional compliances and 𝐷𝑡 is a non-dimensional stiffness (defined as in Sections 3.1
and 3.2, respectively). Due to the geometric non-linearity of the membrane response, 𝐶𝑑𝑖𝑓𝑓 , 𝐶𝑎𝑣, and 𝐷𝑡 depend on 𝑈𝑏,𝑓 .

3.1 Definition of 𝑪𝒅𝒊𝒇𝒇 and 𝑪𝒂𝒗

By following the procedure introduced in di Prisco et al.40 (reported, for the ease of the reader in Appendix C) 𝐶𝑑𝑖𝑓𝑓 and
𝐶𝑎𝑣 are:

𝐶diff
(
𝑈𝑏,𝑓

)
= 𝐶𝑟

2

(
𝑈𝑏,𝑓

)
+ 𝐶irr

2
− 𝐶irr

1
− 4�̄� tan 𝜙

′

ss

[
𝐶irr
1
+
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶irr

2

(𝑆2 − 1)

]
𝐻𝑝 (14)

𝐶𝑎𝑣
(
𝑈𝑏,𝑓

)
=
𝐶𝑖𝑟𝑟
1

𝑆2
+

[
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2

] (
𝑆2 − 1

)
𝑆2

−
4�̄� tan 𝜙

′

𝑠𝑠𝐻𝑝
[
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2
− 𝐶𝑖𝑟𝑟

1

]
𝑆2

+ 𝐶𝑖𝑟𝑟
3

(15)

being𝐻𝑝 = ℎ𝑝∕𝑑 and 𝜙′𝑠𝑠 the embankment soil friction angle under simple shear conditions40,81,87,92–94:

𝑡𝑎𝑛 𝜙′𝑠𝑠 =
𝑐𝑜𝑠𝜓𝑒𝑠𝑖𝑛𝜙

′
𝑒

1 − 𝑠𝑖𝑛𝜓𝑒𝑠𝑖𝑛𝜙
′
𝑒

. (16)

𝐶𝑖𝑟𝑟
1
, 𝐶𝑖𝑟𝑟

2
, 𝐶𝑖𝑟𝑟

3
are non-dimensional compliances of the proposed constitutive model (Figure 11) that are equal to the

ones defined for the case of CPS embankments in di Prisco et al.40 (see Appendix C).
The definition of the compliance of the reinforced soil, 𝐶𝑟

2
(𝑈𝑏,𝑓), and the evolution rules for both Ub,f and Hp are

introduced in Section 3.1.1, 3.1.2 and 3.1.3, respectively.

3.1.1 Definition of 𝐶𝑟2

As was previously mentioned, in case of GRPS embankments the mechanical response of subdomain 2 (Figure 8) can be
reproduced by employing an in parallel scheme (Figure 9C) whose compliance is a function of𝑈𝑏,𝑓 and can be calculated
as:

𝐶𝑟
2

(
𝑈𝑏,𝑓

)
=

1
1

𝐶𝑟
2,𝑠

+
1

𝐶𝑟
2,𝑟(𝑈𝑏,𝑓)

, (17)
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12 MANGRAVITI et al.

being 1∕ 𝐶𝑟
2,𝑠
= 1 (due to the non-dimensional variables definitions Equations 6 and 7) the non-dimensional stiffness

of the spring representing the foundation soil and 1∕𝐶𝑟
2,𝑟

the non-dimensional stiffness of the spring representing the
geosynthetic reinforcement (see Figure 9C). Due to the membrane geometric non-linear behaviour, 1∕𝐶𝑟

2,𝑟
evolves with

𝑈𝑏,𝑓 .
According to the in parallel scheme of Figure 9(C), the expression for 𝐶𝑟

2,𝑟
(𝑈𝑏,𝑓) can be derived from the variation of

ΔΣ𝑓 = Δ𝜎𝑓 ∕𝛾𝑑 with 𝑈𝑏,𝑓:

̇ΔΣf = �̇�𝑏,𝑓

/[
𝐶r
2,𝑟

(
𝑈𝑏,𝑓

)]
, (18)

being the compliance 𝐶𝑟
2,r
(𝑈𝑏,𝑓) the inverse of the slope of the curve in Figure 10. As was previously mentioned, the

interpolation in Figure 10 is a cubic law, implying that the stiffness (i.e., the slope of the curve) quadratically increases
with 𝑈𝑏,𝑓:

1

𝐶𝑟
2,𝑟

(
𝑈𝑏,𝑓

) = 𝛼𝐽∗
(

𝛾𝑙

𝐸𝑜𝑒𝑑,𝑓

)2 𝑈2
𝑏,𝑓

(𝑆 − 1)
4
, (19)

being 𝛼 = 250 a non-dimensional interpolating parameter, calibrated on results of a parametric numerical study
(reported in Appendix D).
Equations (17) and (19) put in evidence that, for 𝐽∗ = 0 (i.e., CPS embankments), 𝐶𝑟

2
= 𝐶𝑟

2,𝑠
and the model introduced

by di Prisco et al.40 is retrieved.

3.1.2 Definition of the evolution rule for 𝑈𝑏,𝑓

According to the upscaled model (Figures 11 and 9C):

�̇�𝑏,𝑓 = 𝐶
𝑟
2

(
𝑈𝑏,𝑓

)
Σ̇f , (20)

where Σ̇f may be calculated by imposing the balance of momentum along the vertical direction:

�̇�f = �̇� −
4̇

𝜋 (𝑆2 − 1)
=

(
1 −

4�̄� tan 𝜙′ss
𝑆2 − 1

𝐻𝑝

)
�̇�, (21)

being ̇ the increment in non-dimensional tangential force transferred by the plastic sliderwhich is element E of Figure 11,
(defined as in Equations A1–A3 in Appendix B).

3.1.3 Definition of the evolution rule for𝐻𝑝

Analogously to themodel forCPS embankments,40Hp is interpreted as a generalised hardening variable. Its evolution rule,
taking both geometrical and mechanical non-linearities into account, is derived from the numerical results (Figure 2A)
as:

�̇�𝑝 =

{
�̇�

0

𝑖𝑓 𝐹
(
𝐻,𝑈𝑏,𝑓

)
> 0

𝑖𝑓 𝐹
(
𝐻,𝑈𝑏,𝑓

)
< 0

(22)

The function 𝐹(𝐻,𝑈𝑏,𝑓) is defined as:

𝐹
(
𝐻,𝑈𝑏,𝑓

)
= 𝐻∗

(
𝑈𝑏,𝑓

)
−𝐻, (23)

being𝐻∗ the non–dimensional height of plane of equal settlement. Initially, the ideal position of the plane of equal settle-
ments is above the maximum embankment height (𝐻∗ > 𝐻) andHp is coincident withH. Subsequently, for a sufficiently
large embankment height value,H becomes greater thanH* andHp stops evolving. Analogously to CPS embankments,40
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MANGRAVITI et al. 13

F IGURE 1 2 Evolution rule of both non-dimensional process height (Hp) and plane of equal settlements (H*) during construction for
the reference case by varying J.

the evolution law of the position of the plane of equal settlements is obtained by imposing 𝐶𝑑𝑖𝑓𝑓 = 0 (i.e., mathematical
definition of plane of equal settlements, see Equation 12) and 𝐻𝑝 = 𝐻 = 𝐻∗ (as from numerical results, see Figure 2A)
into Equation (14):

𝐶𝑑𝑖𝑓𝑓 = 𝐶
𝑟
2

(
𝑈𝑏,𝑓

)
− 4�̄�𝑡𝑎𝑛𝜙′𝑠𝑠

⎡⎢⎢⎢⎣
𝐻∗

𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿
+

𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+

𝐻∗

𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿

𝑆2 − 1

⎤⎥⎥⎥⎦ 𝐻
∗ = 0 (24)

that becomes:

𝐻∗
(
𝑈𝑏,𝑓

)
=
1

2

√√√√[
𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿

𝑆2
𝐶𝑟
2

(
𝑈𝑏,𝑓

)]2
+
(𝑆2 − 1)

�̄�𝑡𝑎𝑛𝜙′𝑠𝑠

(
𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿

𝑆2

)
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
−
1

2

(
𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿

𝑆2

)
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
(25)

The initial value of 𝐻∗(𝑈𝑏,𝑓 = 0) corresponds to the non-dimensional critical height for the unreinforced case, 𝐻∗ =
𝐻∗𝑢 in Figure 12 (obtained when𝑈𝑏,𝑓 = 0 and 𝐶𝑟

2
= 𝐶𝑟

2,𝑠
, Equations 17 and 19). In case of GRPS embankments, due to the

progressive embankment construction, 𝑈𝑏,𝑓 increases and consequently both 𝐶𝑟2 (Equations 17 and 19) and 𝐻
∗ decrease

(grey lines Figure 12).
When 𝐻 = 𝐻𝑝 = 𝐻

∗, also 𝐻∗ stops evolving and the final value of non-dimensional critical height for GRPS
embankments (𝐻∗ = 𝐻∗𝑟 = ℎ∗𝑟 ∕𝑑) is obtained.
It is worth noticing that both the evolution of𝐻∗ and the final value𝐻𝑝 depend on the reinforcement stiffness through

Equations (17) and (19) (according to what observed in the numerical results, see Figure 2B).

3.2 Definition of Dt

According to the numerical results reported in Figure 7, not accounting for membrane yielding, the maximum tensile
force in the reinforcement quadratically increases with ub,f. This implies that the increment of 𝑇∗𝑚𝑎𝑥 is a linear function
of 𝑈𝑏,𝑓 and, from the interpolation of the curve in Figure 7, it is:

�̇�∗𝑚𝑎𝑥 = β𝐽∗
𝛾𝑙

𝐸𝑜𝑒𝑑,𝑓

𝑈𝑏,𝑓

(𝑆 − 1)
2
�̇�𝑏,𝑓. (26)

being β = 24 a non-dimensional interpolating parameter, calibrated on the results of a numerical parametric study (see
Appendix D).
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14 MANGRAVITI et al.

TABLE 3 Geometrical variables.

Pile diameter Pile spacing Pile length
d s l

TABLE 4 Mechanical properties.

Foundation soil
oedometric
modulus

Embankment
soil oedometric
modulus

Embankment
soil friction
angle

Embankment
soil dilatancy
angle

Embankment
soil unit
weight

Reinforcement
tensile axial
stiffness

Ef,oed Ee,oed 𝜙′𝑒 𝜓𝑒 γ J

By substituting Equations (20) and (21) into Equation (26) we obtain:

�̇�∗𝑚𝑎𝑥 = β𝐽∗
𝛾𝑙

𝐸𝑜𝑒𝑑,𝑓

𝑈𝑏,𝑓

(𝑆 − 1)
2
𝐶𝑟
2

(
𝑈𝑏,𝑓

)(
1 −

4�̄� tan 𝜙
′

𝑠𝑠𝐻𝑝

𝑆2 − 1

)
�̇�, (27)

and therefore:

𝐷𝑡 = β
𝛾𝑙

𝐸𝑜𝑒𝑑,𝑓

𝑈𝑏,𝑓

(𝑆 − 1)
2
𝐶𝑟
2

(
𝑈𝑏,𝑓

)(
1 −

4�̄� tan 𝜙
′

𝑠𝑠𝐻𝑝

𝑆2 − 1

)
. (28)

4 MODEL VERIFICATION

The model proposed by the authors for GRPS embankments is a result of an upscaling procedure, therefore it depends on
both (i) geometry (Table 3) and materials mechanical properties (Table 4), that are input data, and (ii) three constitutive
parameters (�̄�, 𝛼 and 𝛽).
As was previously mentioned, �̄� is not significantly affected by the presence of the reinforcement.35 For this reason, �̄�

can be estimated by using the curve for CPS embankments (Figure 5), where its dependence on the embankment dilatancy
angle is reported.
𝛼 and 𝛽 are constant numerically calibrated (𝛼 = 250 and 𝛽 = 24) on the results of the previously mentioned parametric

study (see Appendix D).
In Figure 13, the results obtained by integrating the constitutive model (Equation 12) are compared with the numerical

results (in terms of evolution of Ut,diff, Ut,av, Ub,f and 𝑇∗𝑚𝑎𝑥 with H) relative to the reference case previously discussed
(Tables 1 and 2). The agreement is very satisfactory in terms of displacements, both at the embankment top and base. The
model is slightly less accurate in term of maximum tensile force acting in the reinforcement, but it provides a safe side
estimation.
In Figure 14, the proposed generalised constitutive model is also verified against the numerical parametric study

performed in Mangraviti et al.35
The proposed constitutive relationship can very satisfactorily reproduce the numerical results in terms of displacements

within a range of error of ±10% (Figure 14A, B). Differential settlement predictions overestimate numerical results only
for S > 4 up to about 20%.
As far as the maximum tensile force, Tmax, is concerned (Figure 14C), the predictions are slightly less accurate, but in

the cases in which the error is larger than 20% the model provides a safe side estimation.

5 MODEL VALIDATION

The upscaled constitutive model proposed in the paper is here validated against field measurements. Many researchers
have investigated soil arching in GRPS embankments in different field case studies.14–18,24,25,95 However, only in two of the
cited cases,15,16,25 the test conditions respected the hypothesis at the base of the upscaled constitutive model proposed by
the authors. These two cases are discussed in Section 5.1 and 5.2, respectively. Depending on the measurements
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MANGRAVITI et al. 15

F IGURE 13 Validation of the upscaled constitutive model against FD numerical results in terms of evolution of generalised
non-dimensional variables against H: (A) differential and (B) average displacements at the top of the embankment; (C) displacements at the
embankment base and (D) tensile force in the membrane.

available, the upscaled constitutive model will be validated in terms of settlements at the base of the embankment (ubf)
and maximum tensile force in the geosynthetic (Tmax).
The validation shows the suitability of the proposed model for being used also for the case of: (i) both triangular and

square pile patterns; (ii) layered foundation soils and (iii) piles with pile caps.

5.1 Large scale experimental test in Incheon

In Oh and Shin,25 the experimental results of a scale field test campaign, performed at the Geotechnical Experimentation
Site of the University of Incheon (Republic of Korea), are illustrated.
The piles are positioned according to a square pattern. Four different tests were performed (Table 5), each one associated

with a different pile spacing (sctc, in Figure 1C). Test 1 refers to an unreinforced embankment with no piles and is used by
the authors to calibrate the foundation soil stiffness.
Oh and Shin25 provide the measurements of the evolution with time of (i) the embankment height and (ii) settlements

at the midspan in both horizontal and diagonal direction. The average of the two settlement measurements was used
in the following. Unfortunately, settlements at the top and maximum tensile force in the geosynthetic are not measured
during the test.
The input data required by the upscaled constitutive model are summarised in Table 6. d is assumed to be coinci-

dent with the pile cap diameter from Oh and Shin.25 The equivalent axisymmetric cell diameter, s, was calculated as in
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16 MANGRAVITI et al.

F IGURE 14 Verification of the model
against parametric numerical analyses from
Mangraviti et al.35 Comparison in terms of (A)
differential and (B) average settlements at the
top of the embankment and (C) maximum
tensile force in the geosynthetic layer.

TABLE 5 Test conditions considered in Oh and Shin.25

Test n. 1 2 3 4
sctc – 0.75 0.6 0.95

TABLE 6 Geometry and material properties used in the model for the validation against Oh and Shin25 field test.

Test d (m) s (m) l (m) Ef,oed (MPa) Ee (MPa) 𝝓′𝒆 (◦) 𝝍𝒆 (◦) γ (kN/m3) J (kN/m)
2 1.06
3 0.15 0.85 1.6 0.4 20 35 0 18 800
4 1.34

McGuire,61 Figure 1(C). The other geometrical values, geosynthetic stiffness, embankment soil friction angle and unit
weight in Table 6 are given in Oh and Shin.25 To provide a safe side estimation of settlements, 𝜓𝑒 = 0 is employed. This
value corresponds to �̄� = 0.83 (Figure 5). The stiffness of the embankmentwas also not provided, and the authors assumed
a value of 20 MPa, to provide a safe side estimation of settlements. It is worth mentioning that, in this case, Ee value plays
a minor role on the predictions since the foundation soil stiffness is very low. To evaluate the foundation soil stiffness, the
first measured value of embankment height (h1) and the corresponding average settlement measured at the base of the
embankment in Test 1 (𝑢𝑇𝑒𝑠𝑡 1

𝑏,1
) are used (𝐸𝑜𝑒𝑑,𝑓 = 𝑙𝛾ℎ1∕𝑢

𝑇𝑒𝑠𝑡 1
𝑏,1

).
The field measurements are compared in Figure 15 against the dimensional results of the upscaled constitutive model

in terms of ub,f (calculated by using Equations 6, 16, 17, 20–22).
In general, a good agreement with field measurements is observed. Test 4 (S = 9) is the only case where the model

largely overestimates the displacements at the base of the embankment, giving a safe side prediction. As discussed for the
verification of the model in terms of differential settlements at the top of the embankment (Figure 14A), the model tends
to overestimate settlements for 𝑆 > 7.
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MANGRAVITI et al. 17

F IGURE 15 Average settlements at the
base of GRPS test embankments measured by
Oh and Shin25 compared with model
prediction during embankment construction
for different values of pile spacing.

TABLE 7 Lu et al.15,16: Foundation soil properties of test sections KZ27+350 and KZ27+430.

Sect. # Soil layer Thickness (m) Depth (m)
Young’s
Modulus (MPa)

KZ27+350 1 Silty sand silt 0.2 0.2 24.0
2 Clay 0.6 0.8 6.3
3 Silt sand 1.3 2.1 12.3
4 silt 2.8 4.9 7.1
5 silt sand 11 15.9 33.2
6 Sand 4 18.9 35.7

KZ27+430 1 Silty sand silt 0.4 0.4 11.3
2 Clay 0.5 0.9 5.1
3 Silt sand 0.4 1.3 16
4 Silt 2.4 3.7 5.8
5 Silt sand 3.2 6.9 20.4
6 Sand 4.1 11 38.9
7 Silt sand 5.9 16.9 34.1
8 Sand with silt 5.0 21.9 32.6

5.2 Monitoring of the existing Jiang-Lu highway widening

In Lu et al.,15,16 the results of field measurements collected during the widening of an existing embankment, previously
built on cement deep-mixed piles in Jiang-Lu highway (Yangzhou, China), are illustrated. The existing embankment did
not show significant settlements during construction and subsequent consolidation, suggesting that the hydraulic con-
ductivity of the foundation soil was sufficiently large to allow the dissipation of the excess pore water pressure during the
construction (drained construction of the embankment). The old embankment was widened by constructing a new GRPS
embankment on the sides of the existing one and the measurements relative to two transversal cross-sections (KZ27+350
and KZ27+430) are employed to validate the model in terms of maximum tensile force in the geosynthetic. In particular,
the measurements relative to the pile closer to the centre of the embankment (pile S1 in Lu et al.16) are considered here
below. Unfortunately, data concerning settlements of the new GRPS embankment were not provided by Lu et al.15,16
In this case study, the piles are positioned according to a triangular pattern. The two sections are characterised by a

stratified foundation soil. The mechanical properties of each layer are reported in Table 7 (from Lu et al.15,16).
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18 MANGRAVITI et al.

TABLE 8 Geometry and material properties used in the model for the validation against Lu et al.16 field tests.

Sect. d (m) s (m) l (m)
Ef,oed
(MPa) Ee (MPa) 𝝓′𝒆 (◦) 𝝍𝒆 (◦) γ (kN/m3) J (kN/m)

KZ27+350
1.4 2.8

15.9 2.27
15 30 0 20 1100

KZ27+430 16.9 2.31

F IGURE 16 Maximum tensile force in the geosynthetic measured by Lu et al.16 during construction compared with model predictions
for both sections (A) KZ27+350 and (B) KZ27+430.

Since the upscaled model is conceived for homogeneous foundation soils, the authors have first calculated the average
value of stiffness as it follows :

𝑙

𝐸𝑜𝑒𝑑,𝑓
=

𝑛∑
𝑖=1

𝑙𝑖

𝐸
𝑙𝑎𝑦𝑒𝑟𝑖

𝑜𝑒𝑑,𝑓

(29)

being 𝐸𝑙𝑎𝑦𝑒𝑟 𝑖
𝑜𝑒𝑑,𝑓

and 𝑙𝑖 the oedometric stiffness modulus and the thickness of the i-th soil layer (Table 7). n is the total number
of layers.
All the input data required by the upscaled constitutive model are summarised in Table 8. Geometrical values, geosyn-

thetic stiffness, embankment soil mechanical properties are given by Lu et al.16 In particular, d is assumed to be coincident
with the pile cap diameter, whereas the equivalent axisymmetric cell diameter, s, was calculated as in McGuire,61
Figure 1(B). Also in this case, to be on the safe side, ψ is imposed equal to zero (�̄� = 0.83, Figure 5).
The model blind predictions (all the model input data in Table 8 are directly taken from Lu et al.16) are compared in

Figure 16 against field measurements for both cross-sections in terms of Tmax (Equations 11 and 12) during construction.
The agreement is satisfactory, even if predictions slightly overestimate the in situ data.
For the sake of completeness, in Figure 16, also the predictions of Tmax, reported by Lu et al.,16 estimated by employing

some existingmethods available in literature (Guido et al.,96 BS8006,77 Raithel et al.,54 Abusharar,97 Lu andMiao98 and van
Eekelen et al.45) are plotted. All the approaches, except the one proposed by van Eekelen et al.,45 enormously overestimate
Tmax, potentially leading to an overconservative design of the intervention.
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MANGRAVITI et al. 19

TABLE 9 Mechanical properties for the practical example.

Ef,oed (MPa) Ee,oed (MPa) 𝝓′𝒆 (◦) 𝝍𝒆 (◦) 𝜸 (kN/m3)
2.7 20 35 10 18

F IGURE 17 Practical example: model previsions in terms of (A) differential settlements at the embankment top, (B) average settlements
at the embankment top and (C) tensile force acting in the reinforcement.

6 PRACTICAL APPLICATION

To exemplify the practical employment of the proposed model, it is used as a preliminary design tool in relation to the
construction of a pile supported 2 m thick embankment, on the top of which 30 cm of railway ballast is positioned. In
the proposed model the ballast is interpreted as an increment in the final embankment height (i.e., to provide a safe side
estimation, the ballast and the embankment are assumed to be characterised by the same unit weight and stiffness values).
The embankment is assumed to be positioned above a 20 m thick soft soil stratum.
The foundation soil and the embankment mechanical properties are enlisted in Table 9.
Pile diameter and spacing are assumed to be assigned (d = 0.5 m and s = 3 m) and, for the sake of brevity, only two

different design solutions are discussed. In the first one the base of the embankment is not reinforced, whereas in the
second case a geosynthetic reinforcement (J = 3868 kN/m, as in van Eekelen et al.38) is used.
The results obtained by means of the proposed model are reported in Figure 17. In particular, the results in terms of

dimensional ut,diff, ut,av and Tmax are in Figure 17(A–C), respectively.
The whole construction process is subdivided into two phases: the first one (OA and OB for the unreinforced and the

reinforced cases, respectively) is associated with the embankment construction, whereas the second one (AA’ and BB’ for
the unreinforced and the reinforced cases, respectively) to the ballast deposition.
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20 MANGRAVITI et al.

The results clearly highlight that in GRPS embankment case the differential displacement increment due to the ballast
construction (BB’) is nil. In contrast, in the unreinforced case (AA’) it is equal to 1.4 cm, suggesting that, in this case, the
CPS embankment is not suitable for practical purposes.
As far as average displacements are concerned (Figure 17B), the increment in the GRPS case is equal to 0.7 cm, whereas

in the CPS case to 2.3 cm.
Moreover, the results in Figure 17(C) highlight that the final value of the tensile force is equal to 113 kN/m, approxi-

mately equal to the 30% of the ultimate tensile strength of the reinforcement.38 Under this tensile force value, the adopted
reinforcement is still characterised by a linear response.38

7 CONCLUDING REMARKS

In this paper, the authors propose a new generalised constitutive relationship, following the axisymmetric unit cell
approach, based on both the concept of plane of equal settlements and a sub-structuring of the spatial domain. The
model here proposed considers end-bearing piles and a smooth interface between piles and homogeneous foundation
soil (layered foundation soil can be modelled by using an equivalent stiffness value). The model has been shown to be
capable of reproducing the mechanical response of GRPS embankments during the embankment construction, obtained
by performing large-displacement finite difference numerical analyses. The model, simulating a layer-by-layer drained
embankment construction, can assess, once geometry andmechanical properties are assigned, (i) both average and differ-
ential settlements induced by the embankment construction and (ii) themaximum tensile force within the reinforcement.
Furthermore, it has been validated against two field measurements series taken from the literature. The comparison of
the model results with field test data showed that the model predictions are accurate for spacing over pile diameter ratio
lower than seven. For larger spacing over pile diameter ratios, the model gives safe side predictions by overestimating
both settlements and tensile forces in the geosynthetic. The model proposed by the authors, allowing to estimate the
system performance with a negligible time (few seconds) and computational efforts, may be employed as a tool in the pre-
design stage for optimising geometry (pile diameter and spacing) and choose reinforcement mechanical properties. The
model can be extended to the case of floating piles and rough pile-soil interface by defining and calibrating new additional
elements.

LIST OF NOTATIONS
Cav, Cdiff non-dimensional compliances of the constitutive model

𝐶𝑖𝑟𝑟
1
, 𝐶𝑖𝑟𝑟
2
, 𝐶𝑖𝑟𝑟
3

non-dimensional compliances from di Prisco et al.40
𝐶𝑟
2,𝑟
, 𝐶𝑟
2,𝑠

non-dimensional compliance of the springs representing the reinforcement and of the foundation soil,
respectively (Equation 17)

𝐶𝑟
2

non-dimensional compliance of the reinforced soil (subdomain 2, see Figure 11)
d pile diameter
Dt non-dimensional function of the constitutive model
Ee embankment soil Young’s modulus
Ef foundation soil Young’s modulus

Eoed,e embankment soil oedometric modulus
Eoed,f foundation soil oedometric modulus
𝐸
𝑙𝑎𝑦𝑒𝑟 𝑖

𝑜𝑒𝑑,𝑓
oedometric stiffness modulus of the i-th foundation soil layer (Table 7)

F function of H and H* (Equation 23)
H non-dimensional embankment height
h embankment height

H* non-dimensional evolution law of the height of the plane of equal settlements
h1 first measured value of embankment height in Oh and Shin11
Hp non-dimensional height of the shear zone
hp height of the shear zone
𝐻∗𝑟 non-dimensional critical embankment height for reinforced case
ℎ∗𝑟 dimensional critical embankment height for reinforced case
𝐻∗𝑢 non-dimensional critical embankment height for unreinforced case
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MANGRAVITI et al. 21

J geosynthetic tensile axial stiffness
J* non-dimensional geosynthetic tensile axial stiffness
k ratio between horizontal and vertical stresses
�̄� average value of k in the process zone
L non-dimensional pile length
l pile length and soft soil stratum thickness
𝑙𝑖 thickness of the i-th foundation soil layer (Table 7)

 normal force acting on the shear zone
n the total number of foundation soil layers
r radial coordinate (Figure 1B)
S non-dimensional pile spacing
s unit cell diameter

sctc centre-to-centre pile spacing
T tensile force (per unit length) within the geosynthetic

Tmax maximum value of T
𝑇∗𝑚𝑎𝑥 non-dimensional maximum tensile force within the geosynthetic

u vertical displacement
Ub,f non-dimensional average settlement of the base of subdomain 4 (Figure 8)
ub,f average settlement of the base of subdomain 4 (Figure 8)
um membrane settlement

Ut,av non-dimensional average settlement at the top of the embankment
ut,av non-dimensional average settlement at the top of the embankment
Ut,c non-dimensional average settlement of the top of subdomain 5 (Figure 8)
ut,c average displacement of the top of subdomain 5 (Figure 8)

Ut,diff non-dimensional differential settlement at the top of the embankment
ut,diff dimensional differential settlement at the top of the embankment
Ut,f non-dimensional average displacement of the top of subdomain 6 (Figure 8)
ut,f average displacement of the top of subdomain 6 (Figure 8)

𝑢𝑇𝑒𝑠𝑡 1
𝑏,1

initial average settlement measured at the base of the embankment in Test 1 (Table 5)
z vertical coordinate (Figure 1A)

𝛼 and 𝛽 interpolating parameters in Equations (19) and (26)
γ embankment soil unit weight

ΔΣf non-dimensional net average vertical stress transmitted to the geosynthetic reinforcement at the top of
subdomain 2 (Figure 8)

Δσf average net vertical stress transmitted to the geosynthetic reinforcement at the top of subdomain 2
(Figure 8)

Δσv net vertical stress transmitted to the geosynthetic reinforcement
Σc non-dimensional average vertical stress on the top of the pile, subdomain 1 (Figure 8)
σc average vertical stress acting above the concrete pile
Σf non-dimensional average vertical stress at the base of subdomain 4 (Figure 8)
σf average vertical stress acting above the membrane
σf,s average vertical stress transmitted by the membrane to the foundation soil
σh horizontal stress
σv vertical stress
σv,s vertical stress transmitted by the membrane to the foundation soil
ϕ’e embankment soil internal friction angle
ϕ’f foundation soil internal friction angle
ϕ’ss embankment soil simple shear friction angle
 non-dimensional tangential force transferred by the plastic slider
τ tangential stress
𝜓𝑒 embankment soil dilatancy angle
𝜗 angular coordinate of the axisymmetric cell
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APPENDIX A
As was mentioned in Section 2.2, in subdomain 4 of Figure 8 the arching mechanism takes place and the stresses/strains
are not uniform. Nevertheless, in case of CPS embankments, this does not significantly influence the displacement field at
both top and bottom of subdomain 4 (dashed line of Figure A1). This is almost uniform and practically coincident with its
average value and justifies the assumption of reproducing the response of subdomain 4 as a one-dimensional non-linear
spring.40
On the contrary, in case of GRPS embankments, the displacement field differs from the average one (solid line of

Figure A1). Nevertheless, in agreement with the introduced substructuring approach, average stresses and displacements
are used in the constitutive model to both describe subdomain 4 response and define the transferring function (Equa-
tion 19) governing the membrane mechanical response. As is shown in Sections 4 and 5, this simplifying assumption does
not compromise the capability of the model of reproducing the numerical results and field measurements.

F IGURE A1 Net settlements of subdomain 4 along r.
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F IGURE A2 Non-dimensional force transmitted by the plastic slider for the reference case by Mangraviti et al.35

APPENDIX B
As for the case of CPS embankments,40 also forGRPS embankmentsmodel, aMohr-Coulomb failure condition is assumed
for the plastic slider (element E in Figure 11):

̇ = ̇ 𝑡𝑎𝑛𝜙′𝑠𝑠, (A1)

being ̇ and ̇ the increments of non-dimensional tangential and normal forces transferred throughout the process zone,
respectively. To calculate , a geostatic distribution of vertical stress is assumed for 0 < z < hp:

 =
∫
ℎ𝑝

0
𝜋𝛾 (ℎ − 𝑧) �̄�𝑑𝑑𝑧

𝛾𝑑3
= 𝜋�̄�𝐻𝐻𝑝 − 𝜋�̄�

𝐻2𝑝

2
. (A2)

Therefore, its increment is:

̇ = 𝜋�̄�𝐻𝑝�̇� + 𝜋�̄�
(
𝐻 −𝐻𝑝

)
�̇�𝑝. (A3)

By assuming such a mechanical behaviour, the agreement of the model predictions and FD numerical results, in terms
of evolution of  with H (Figure A2) is very satisfactory.

APPENDIX C
The compliances of the elastic springs C and D of Figure 11 are, by definition, equal to:

𝐶𝑖𝑟𝑟
1
= 𝐶𝑖𝑟𝑟

2
=

𝐻𝑝

𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿
, (A4)

𝐶𝑖𝑟𝑟
3
=
𝐻 − 𝐻𝑝

𝐸𝑜𝑒𝑑,𝑒

𝐸𝑜𝑒𝑑,𝑓

𝐿
. (A5)

To calculate Cdiff and Cav (Equations 14 and 15) the same theoretical procedure followed for CPS embankments, is used
also for GRPS embankments. In particular:

a. the non-dimensional force transferred by the plastic slider (Equations A1 and A3) is introduced in the balance of
momentum along the vertical direction:

Σ̇𝑐 = �̇� +
4̇
𝜋
=
(
1 + 4�̄�𝑡𝑎𝑛𝜙

′

𝑠𝑠𝐻𝑝

)
�̇� (A6)
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Σ̇𝑓 = �̇� −
4̇

𝜋 (𝑆2 − 1)
=

(
1 −

4�̄�𝑡𝑎𝑛𝜙
′

𝑠𝑠𝐻𝑝

𝑆2 − 1

)
�̇� (A7)

being

Σ𝑐 =
𝜎𝑐
𝛾𝑑

(A8)

and

𝜎𝑐 =
∫
2𝜋

0
∫
𝑑∕2

0
𝜎𝑣 (𝑟) 𝑟 𝑑𝜗 𝑑𝑟

𝜋𝑑2∕4
(A9)

b. Equations (A6) and (A7) are introduced in the compatibility conditions along the vertical direction and in the spring
constitutive relationships:

�̇�𝑡,𝑐 = 𝐶
irr
1
Σ̇𝑐 + 𝐶

irr
3
�̇� =

[
𝐶irr
1

(
1 + 4�̄� tan 𝜙

′

ss𝐻𝑝

)
+ 𝐶irr

3

]
�̇� (A10)

�̇�𝑡,𝑓 =
(
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶irr

2

)
Σ̇𝑓 + 𝐶

irr
3
�̇� =

[(
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶irr

2

)(
1 −

4�̄� tan 𝜙
′

ss𝐻𝑝

𝑆2 − 1

)
+ 𝐶irr

3

]
�̇� (A11)

c. Equations (A10) and (A11) are introduced in the definitions of �̇�𝑡,𝑑𝑖𝑓𝑓 and �̇�𝑡,𝑎𝑣 (Equations 8 and 9):

�̇�𝑡,𝑑𝑖𝑓𝑓 =

{
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2
− 𝐶𝑖𝑟𝑟

1
− 4�̄� tan 𝜙

′

𝑠𝑠

[
𝐶𝑖𝑟𝑟
1
+
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2

(𝑆2 − 1)

]
𝐻𝑝

}
�̇� = 𝐶𝑑𝑖𝑓𝑓�̇� (A12)

�̇�𝑡,𝑎𝑣 =

[
𝐶𝑖𝑟𝑟
1

𝑆2
+

[
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2

] (
𝑆2 − 1

)
𝑆2

−
4�̄� tan 𝜙

′

𝑠𝑠𝐻𝑝
[
𝐶𝑟
2

(
𝑈𝑏,𝑓

)
+ 𝐶𝑖𝑟𝑟

2
− 𝐶𝑖𝑟𝑟

1

]
𝑆2

+ 𝐶𝑖𝑟𝑟
3

]
�̇� = 𝐶𝑎𝑣�̇� (A13)

APPENDIX D
In Figure A3 the numerical results from a parametric study are compared with the results obtained by using Equation (19)
in which 𝛼 = 250. In particular, in Figure A3(A,B) different mechanical properties for the reinforced foundation soil (J
and Eoed,f) are considered, whereas in Figure A3(C–E) different geometries (s, d, l, in Figure A3(C–E), respectively) are
accounted for. For all the cases considered, the agreement is satisfactory.
Analogously, the results obtained by imposing 𝛽 = 24 into Equation (27) are compared with the numerical results of a

parametric study in Figure A4. In particular, in Figure A4(A,B) different mechanical properties (J and Eoedf) are consid-
ered, whereas in Figure A4(C–E) different geometries (s, d, l, in Figure A4(C–E), respectively) are accounted for. Even in
this case the agreement is satisfactory.
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28 MANGRAVITI et al.

F IGURE A3 Comparison of FD numerical results against interpolation in terms of non-dimensional average stress applied on the
membrane and non-dimensional settlements of the membrane by changing: (A) membrane axial stiffness; (B) foundation soil oedometric
stiffness; pile (C) spacing; (D) diameter and (E) length.
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MANGRAVITI et al. 29

F IGURE A4 Comparison of FD numerical results against interpolation in terms of non-dimensional average stress applied on the
membrane and non-dimensional settlements of the membrane by changing: (A) membrane axial stiffness; (B) foundation soil oedometric
stiffness and pile (C) spacing, (D) diameter and (E) length.
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