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1. Introduction

An important topic in the analysis of Toeplitz operators in Bergman spaces is the description of com-
mutative C*- and Banach algebras generated by such operators. Such description was performed in the
book [17] and a series of papers, see e.g. [7,8,12], for weighted Bergman spaces on the unit disk and on
the unit ball B™ in C®. Typical results in this direction relate commutative algebras with certain groups
of conformal transformations (biholomorphisms) of B®, n > 1, and the symbols of Toeplitz operators that
generate commutative C*-algebra, should be invariant with respect to these transformations.

Recently, in the paper [14], a different approach to the construction of commutative algebras was initiated.
Namely, for a self-adjoint operator V in the Bergman space on the unit disk B!, the algebra of functions
of this operator is commutative (in the sense corresponding to the size of the algebra of functions under
consideration). If the operator V' commutes with a group of isometries of the Bergman space, generated
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by a one-parametric group of conformal mappings of the disk, the algebra of functions of this operator
contains the C*-algebra generated by Toeplitz operators, whose symbols are invariant under the above
one-parametric group of conformal mappings. Such correspondence gives a better insight to the structure
of commutative algebras of operators, extends the known classes of symbols generating bounded Toeplitz
operators and, in particular, provides a clear explanation for the property of a Toeplitz operator to be
compact.

In the present paper we extend the approach developed in [14] to the study of commutative algebras of
Toeplitz operators in the Bergman space on the ball in C™. The passage to the multi-dimensional case requires
some additional considerations. The most important is that the treatment of the classical commutative
algebras of Toeplitz operators requires, generally, not the usual spectral theory of self-adjoint operators but
the multi-variable spectral theory for collections V = (Vi,..., V) of commuting self-adjoint operators.

Following the pattern of the one-dimensional case, it was shown in [12] that for each maximal Abelian
subgroup (MASG) of the biholomorphisms of the unit ball B®, the C*-algebra generated by Toeplitz opera-
tors whose symbols are invariant under the action of this subgroup, is commutative. Recall [12], that there
are five types of model MASGs on B™ (or its unbounded realization, the Siegel domain Dy,):

Quasi-elliptic group of biholomorphisms of the unit ball B®, isomorphic to T™ with the group action

t: z=(21,...,2n) € B —> tz = (t121, ..., tnzn) € BY,

for each t = (t1,...,tn) € T™.
Quasi-parabolic group of biholomorphisms of the Siegel domain Dy, isomorphic to T®~! x R with the
group action

(t,h) : (2',2n) € Dy —> (t2’',2n + h) € Dy,

for each (t,h) € T*! x R.
Quasi-hyperbolic group of biholomorphisms of the Siegel domain Dy, isomorphic to T*~! x R, with the
group action

(t,7): (2, 20) € Dy — (r'/?t2' rzy) € Dy,

for each (t,r) € T*! x Ry,
Nilpotent group of biholomorphisms of the Siegel domain Dy, isomorphic to R®*~! x R with the group
action

(b,h) : (2, 2n) € Dy = (2 +b,2, + h +2iz" - b+i|b|*) € Dy,

for each (b,h) € R~ x R;
Quasi-nilpotent group of biholomorphisms of the Siegel domain Dy, isomorphic to T¥ x RP—k=1 x R,
0 <k < n —1, with the group action

(t,b,h): (2,2",2n) € Dy — (t2/, 2" + b, 20 + h +2i2" - b+ i|b]?)) € Dy,

for each (t,b,h) € T¥ x RA~k=1 x R.

The latter, quasi-nilpotent, type of groups involves the integer parameter k, thus giving in total n + 2
model groups for the n-dimensional ball B™.

In the present paper we give a detailed characterization of commutative C*-algebras generated by Toeplitz
operators related to the quasi-elliptic group (and of ambient commutative von Neumann algebras) as algebras
of functions of the proper systems of commuting self-adjoint operators. The largest among the considered
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algebras is the algebra generated by Toeplitz operators with symbols being invariant under the smallest
quasi-elliptic group T™, namely the diagonal subgroup of U(n) (the latter, as usual, denotes the group of
all n X n unitary matrices). Here the collection of operators V consists of n entries. Toeplitz operators with
symbols invariant with respect to larger subgroups of U(n), the ones consisting of block-diagonal matrices,
generate commutative algebras coinciding with algebras of functions of smaller collections of commuting
operators. Such symbols are called quasi-radial.

We consider also Toeplitz operators with radial symbols, the ones invariant with the respect to the group
U(n) itself. It turns out that this algebra is isomorphic to the algebra of functions of one single operator
V = (V7). Generally, the quantity of self-adjoint operators present in the functional calculus representation
of the algebra generated by Toeplitz operators equals the number of diagonal blocks in the subgroup of
U(n).

Finally, we consider from the spectral point of view certain commutative algebras of Toeplitz operators,
which are proper subalgebras of the previous ones. Symbols of such Toeplitz operators depend only on a part
of variables, or possess some similar degeneracy. Such symbols and the corresponding Toeplitz operators
were discussed, in particular, in [1,4,11]. Contrary to the above, for each such algebra there is no subgroup
of U(n) for which the symbols of the generating Toeplitz operators are exactly those which are invariant
under the action of this group. Nevertheless, a spectral representation of such algebras can be found.

2. Preliminaries
2.1. Spectral theorem

For the Readers’ convenience and in order to fix the notation, we recall some basic facts related to the
Spectral Theorem for a finite collection of commuting self-adjoint operators. For proofs and more details
see, e.g., [5, Chapter 6, Section 5], [15, Chapter 1], and [16, Chapter 5].

As well known, for each, generally speaking unbounded, self-adjoint operator V in a separable Hilbert
space H, there exists its spectral measure E(-), the projection-valued o-additive function defined on Borel
sets in R, orthogonal in the sense E(A1NAg) = E(A1)E(As), and such that (&) = 0, E(R) = I. Associated
with E(A), is the resolution of identity, E(n) = E(—oco,n]. The operator V admits the Stieltjes integral
representation

V= [ nas)

R

understood in the strong sense, with the domain

Dwr:feH:/#ﬂmmﬂﬁ<w

R

In the functional calculus associated with V', for a Borel complex-valued function ¥ (n) on R, the operator
(V) is defined as

¢@w=/@mwmm7 (2.1)
R

again understood in the strong sense, with the domain
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DW(V) =L feH: / () PAE@®) . f) < oo
R

Such operators ¢ (V) are normal, self-adjoint for a real-valued function #; they are bounded for E-
essentially bounded functions ¢ and the mapping

Opg : = (V) (2.2)

is an isometric isomorphism of the commutative C* algebra of E-essentially bounded Borel function to a
commutative algebra of bounded operators.

For unbounded, E-almost everywhere finite functions 1, the normal operators (V) commute in the
resolvent sense, as long as they possess at least one regular point.

Suppose now that a finite collection of (possibly, unbounded) self-adjoint operators V = (Vq, Va,..., Vi)
(an m-tuple) in the same separable Hilbert space H is given, and let E1(-), E2(+),..., Fm(-) be their spectral
measures. We say that the operators Vi, Va,..., V,, (strongly) commute if their spectral measures commute,
i.e., for any Borel sets Ay and Ay in R and each j' # j, E;j(A1)E; (Ag) = Eji/(A2)Ej(Aq).

Theorem 2.1 (Spectral Theorem). For each m-tuple V.= {Vq,..., Vi, } of pairwise strongly commuting self-
adjoint operators in a separable Hilbert space H, there exists a unique joint spectral measure E(-) on the
o-algebra of Borel sets in R™, such that for the corresponding resolution of identity,

m

E("?) =F H(—OO,T]j] , M= (7717-~-777m)7
j=1

the following Stieltjes representation holds:
V; = /njdE(n), ji=1,...,m,
Rm

with the integral understood in the strong sense.

The spectral measure E(-) can be constructed in the following way. For a rectangle A = [a1,b1] X ... X
[@m,y bin], we set E(A) = H;n:l E;([a;,b;]) and then extend it to all Borel sets on R™ in the standard way.

We recall also that the support of the spectral measure E(-) (the smallest closed set of full measure) is
called the joint spectrum of the m-tuple V.= {V;,...,V,,} and is denoted by o(V) = o(V4,...,V,,) C R™;
here

a(V) =[] (V). (2.3)

Theorem 2.2 (Functional Calculus). Given an E-measurable function ¢ on R™, the operator

w(v) = ’(/}(‘/17 ey Vm) = 1/}(7717 sy 77m) dE(Tlla ey nm)
R‘NL
= [ ) B ) (2.4)
(V)

is well defined and normal on its domain
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Dw: fEH/W’(Wha77m)|2d<E(7717»77m)f7f> < o0
|R'm,

The operator (V1 ..., V,,) is bounded, and thus defined on the whole H, if and only if the function ¢ is
E-essentially bounded. The functional calculus mapping

OpE : 1/) — ¢(V1,~-~7Vm) = ¢(V)

is an isometric isomorphism of the C*-algebra of F-essentially bounded complex functions onto a commu-
tative x- algebra of bounded normal operators in H.

Remark 2.3. In concrete situations, for a given tuple of operators V, the description of the range of Opg
may be a serious analytical problem. This can be seen in the analysis in [1/] of the one-dimensional case

2.2. The Bergman space on the ball

In our analysis, we consider domains in the complex space C™ for a certain n and in its subspaces. Let
B® = {z = (21,..,2n) €C": |2|2 = |21]? + ... + |zn|? < 1} be the unit ball in C®; for any k < n, for a ball
B* c C®, we denote by 7(B¥) c R¥ C C® the base of the unit ball B¥, considered as a Reinhard domain,
i.e.,

T(BF) = {(r1, ;) = (|21, 0oy |21]) + P2 =72 + .. 472 €[0,1)}.

Given a multi-index o = (1, @z, ..., ) € Z% we will use the standard notation,

la| = a1 + as + ... + an,

ol =aglag! - apl,

Qn

o a1 a
2% =271 257 - 29",

=z 4+, l=1,2,...,n.

Denote by dV = dxidy;...drydy, the standard Lebesgue measure in C?; for A > —1, we introduce the
probability weighted measure on B,

dvx(z) = cx (1 = [2/H)*dV(z), where ¢y =

The basic object of our considerations is the weighted Hilbert space H} = Lo(B", dvy) and its subspace,
the weighted Bergman space A% = Ai([B“) which consists of all analytic functions in HY. By P we denote
the orthogonal projection onto A3.

Further on, in notations, the superscript 2 will be skipped since our considerations concern only the
Hilbert space theory.

Recall that the standard orthonormal basis of the Bergman space A, (B™) consists of the monomials

ea(2) = eq,m)(2) = Wra,m)2”, with ac 7%, (2.5)

I'(n+|al+A+1)
T (0 A+1)

sion n, so the function z* having oy = 0 for [ > k with some &, 1 < k < n, produces an element e, (1)(2)

where wy o, () = . Note that the normalization factor wy q,(n) in (2.5) depends on the dimen-

in the basis of the space Ay (B*), but with the normalization factor Wh,a,(k), different from the one in (2.5).
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If some value k different from n comes into consideration, the subscript (k) will be present in the notation
€a,(k), Otherwise, k = n is assumed. In the sections where the weight exponent A is fixed, we may omit it in
the notation as well.

Thus, the space Ay (B"™) = A(B") consists of analytic functions f(z) = f(#1, ..., zn) for which the Fourier
coefficients

fo = {f,ea)mr@m) (2.6)
satisfy 3= czn |fal® < oo

2.3. Partitions and isometry groups

Let k = (k1, ..., km) be a tuple of positive integers: k1 + ... + k,, = n. Given the partition k = (k1, ..., k),
we arrange the coordinates of z € B™ in m groups having, respectively, k;, j = 1, ..., m, entries and introduce
the notation

k k km
21y = (21,15 21k,) € C7 2(2) = (22,15 22.k,) € €2, i) 2(m) = (Zm 1505 Zm ok, ) € C°7,

with a proper re-numbering of co-ordinates, so that

B" >z = (217227...,,2“) = (2(1),Z(2),...,Z(m)).

With a group z(;) fixed, the complementing group of variables will be denoted by

%: (Z(l)w-'7Z(j—1)7z(j—1)7~~~az(m))7 (27)

so, with an obvious permutations of variables (which is always assumed performed), z = (2(;), 2(;)). In the
extreme case k = (1,1,...,1), 2; = %;). (Note the subtlety in notation: the subscript j (as in z;, zj, V;
etc.) is used for denoting a single complex variable or some related object, while the subscript (j) is used
to denote a tuple of variables and related objects, as in z(;, z(;) etc.)

With a partition k = (k1, ..., kn,) we associate the subgroup H = Hy C U(n)

Hy, = U(k) :=U(ky) x ... x U(ky,),

realized as a block diagonal subgroup of U(n).

Among such subgroups, the smallest one and the only commutative one is the group Hy,;, corresponding
to the partition kyax = (1,1,...,1); this group is the n-dimensional torus Hy,;, = T™ realised as the group
of diagonal unitary matrices. The largest of such subgroups is U(n) itself. It corresponds to the trivial
partition k = (n). All other partitions generate groups partially ordered by inclusion.

With each partition k we associate the class of (first, bounded) symbols &(k) invariant under the action
of the group Hy. It stands to reason that the classes G (k) are ordered in the inverse way to the groups Hy.
As we will see, Toeplitz operators with symbols in G(k) generate a commutative C*-algebra. In the sections
to follow we associate with each subgroup Hy a collection of commuting unbounded self-adjoint operators
V = V(k) so that the (von Neumann) algebra of all bounded measurable functions of the operators V is
commutative and contains the C*-algebra generated by Toeplitz operators with symbols in &(k). It turns
out that the smaller is the group Hy, the more operators in the system V are needed. In the extreme cases
H = U(n), respectively, H = T®, the system V consists of one, respectively, n operators.
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3. Toeplitz operators with separately radial symbols

We consider first the subgroup Hy,;,, = T™ represented as the group of diagonal unitary matrices in a

certain fixed co-ordinate system z = (z1,...,2,) in B™. This group, the smallest one, corresponds to the
maximal partition, kpax = (1,...,1). Symbols in the class & (knax) are invariant with respect to the action
of T"; these are functions a(ry,...,mn), where r; = |z;], j = 1,...,n. Such symbols are called separately
radial.

Following our convention, for z = (z1,...,2n) € B™ and a fixed j € [1,n] we denote by 2 the comple-

menting collection of variables,

Zj = (217...7Zj,1,2j+1,...Zn),

thus, with an obvious permutation, z = (z;, 2;).

A basic function e, = e, (n) is not separately radial, but the one-dimensional subspace spanned by e,, is
invariant with respect to the action of T™, and this property persists after the multiplication by a separately
radial function a(z) € &(kmax), as well as the orthogonality relations,

(ea,a(2)eqa) =0, a# ' a € S(knaz)-

Therefore, for a separately radial symbol a, the Toeplitz operator T, : f — Paf in Ax(B") is diagonal in
the basis e,

Taea = Ya€a = Va,sepCa; (3.1)
where
Ya(0) = Yasep(@r) = (3.2)
2 F(?(_; |—|(—)é|1—)’_a>!\ +1) / a(ryy...,ra)(1 = |r[*)* Jf[l rjz-laj|+1drj

™(B")

_ ”nlf(;:'r’;)z!* D) /a(\/p_l,...,\/ﬁ)ﬂ* (p1+ -+ pn))

A,

n
< 11057 dps;
j=1

here Ap = {p € R} : p1 + -+ + pn < 1} is the standard n-dimensional simplex, p; = rjz.
For a fixed multi-index s = (s1,...,sn) € Z%, we define, following ([3, Formula (3.10)]), the one-
dimensional subspace Hg spanned by the basic function es. We also define, for a given ¢ € Z, and a

fixed j, the infinite-dimensional subspace Héj) C Ax(B™) as

ngj) = Véj) =span{e,: a; ={}. (3.3)

It is important to explain here that the non-closed space H éj ) in (3.3) consists of all polynomials in z
containing the variable z; taken exactly to the power ¢, f(z) = th(,?j) After being closed in the norm
of Ax(B™), this structure is modified in the following way. We calculate the norm in Ay (B™) of a function
f(z) = 25h(Z;). We have
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¢ ~ ~
11, @y = ex / 252 1R(Z5)12 (1 = |25]* = |251%)*dV (2) (3.4)
[Bn

—o [ W@EPVE) [ P P - 15 )

B m 1
lzj|<(1-]%5]%)2

We set |z;| = r; and calculate the zj-integral in (3.4), making use of [6, Formula 3.191.1]

[ EPa-lsk - EHave) (3.5)
|21<(1-752)%
(1-772)2
=27 / r?”l(l - TJQ» — 77}2))‘de
0

-2
171”1'

=7 / (L= pj = 75" dp;
0
_ T+ 1D\ + 1)
_ A2 A
= (=757 L+ A+2)

Thus, the square of the norm of f = th(f?]) in Ay (B™) equals

11, ey = exellbly o ey (3.6)
with

T(¢+ 1)T(A + 1)
T({+A+2)

cae=(n+A) (3.7)

As a result of these calculations we can see that the space H, lfj ) defined in (3.3) consists of functions of
the form f(z) = th(i}), with h belonging to the Bergman space Ay ¢ 1(B*~1). Moreover, the norms of f
in Ay (B") and of h in Ay4r+1(B*1) are equivalent.

It follows from the definition that Hg = ﬂ;‘l:1 H S(f ) fors € 7% . We introduce the orthogonal projections,
Py : H — H (a rank one projection) and Péj) tH — Héj), so that Pg = H;'l=1 Pg). For each j,/, the

monomials e, with a;; = ¢ form an orthonormal basis in H éj ). Therefore the projection Péj ) can be written

as

PP F)(2.5) = D (. ea)eal). (3.8)

Dtj:£

With this notation, the Bergman space A, (B™) splits into the orthogonal sum in two ways:

AN(B") = @ Hg and for eachj =1,...,n, Ax(B") = @ Héj). (3.9)

sezy ez,

We can see that in the first decomposition, we split the Bergman space into the direct sum of one-dimensional
subspaces, in the second one each subspace in the splitting consists of functions having a fixed homogeneity
order in the variable z; (and analytic in all remaining variables.)
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For f being a basic monomial, f(z) = es(z;,%;), the projection Péj)

acts, according to (3.8), as the
identity operator in z; variables and as an integral operator in z; variable. By continuity, this description
extends to the whole Héj). Therefore, for j' # j and any ¢/, £ € 7 the projections Py) and Pgl) commute;
taken in any order, their composition is the projection onto the space of functions of the form zfzf:h(z/;/),
where z;j is the collection of variables complementary to z;, z;; and h is a function in Ay eyery2(B*72).

Now we introduce the rotation operator with respect to the variable z;,

0 10
Vi = 2. = 3.10
J J 8Zj 1 80j < )
in the trigonometrical representation z; = |z;j|e*s. This operator is self-adjoint being considered on the

domain

DV)={f= Y fata € ANB): D |aj[*|fal? < o0

aEZ} aEZ}

For a fixed j, each element in the space H éj ) is an eigenfunction of V; with eigenvalue ¢. The second
orthogonal sum decomposition in (3.9) implies that finite linear combinations of elements in all H éj ) are
dense in Ay (B").

For any fixed j, each function of the form z¢h(Z(;)), h € Axjep1(B™ 1), is an eigenfunction of V; with
eigenvalue ¢; linear combinations of all such functions are dense in A, (B™). This means that the spectrum
of V; in A»(B™) consists of all nonnegative integer points ¢ € Z with the corresponding spectral subspace
H éj ); each integer point is an eigenvalue of infinite multiplicity.

It follows that the spectral measures of the self-adjoint operators V;, j < n commute, with Z% being the
joint spectrum. Therefore, the joint spectral measure E is supported on the integer lattice Z%, while the
set R™\ Z% has zero E-measure. The corresponding partition of unity is

J=1

s;<n;

The general spectral theory for systems of commuting operators, presented in Sect. 2, applies to V =
V1, Vo).
Therefore, the Functional Calculus produces

Proposition 3.1. Given an E-measurable function ¥(n) on R®, the operator
DY) = (Ve Vo) i= [l m) A, )
|Rn

is well defined and normal on its domain

Dd) = f € A)\([Bn) : /|¢(771’a77n)|2d<E(7717777n)f7f> < o0
Rn

Moreover the operator (Vi ..., Vq) is bounded, and thus defined on the whole H, if and only if the function
¥ is E-essentially bounded.
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Representation (2.4) implies that
W(V)=op(Vi,...,Va) = / O, ) AE(1, . me) = D 1(s)Ps.
a(V) s€Z}

Corollary 3.2. The set of all operators {(V)}, defined by (the classes of equivalence) of E-measurable
essentially bounded functions ¢ with ¢ = {7/1(5)}5621 € lso(Z%) constitutes an algebra R of bounded
mutually commuting operators in Ax(B™), and the mapping

Ope: % — (V)= > ¥(s)Ps,

sezn
defines the isomorphism
Opg : boo(Z}) — R (3.11)
of the C*-algebras.

Note here that although the operator V; acts upon the basis elements in the same way in weighted spaces
Ay (B™) for all values of A > —1, the domain of V; depends on A, therefore, the self-adjoint operators V;
as well as their spectral projections depend on A, although this dependence might be not reflected in the

notation.
Returning now to Toeplitz operators with separately radial symbols, we see that by (3.1), the Toeplitz
operator T, with such a = a(ry,72,...,m,) admits the representation
T, = Z Ya(8) Fs,
s€eZ}

where the scalars 7,(s) are given by (3.2). Thus, by Corollary 3.2,
Ta = wa(‘/l; ‘/27 s aVn)a

where 1, belongs to the equivalence class of essentially bounded E-measurable functions, defined by the
sequence 1, = {1q(8)}sezn , With ¥, (s) = 74(s). In other words

To= Y ¢a(8Ps= > 7Yals)Ps. (3.12)

sezy sez?

Theorem 3.3. Denote by T (kmax) the C*-algebra generated by Toeplitz operators with bounded separately
radial symbols. Then T (kmax) s contained in the image R in the mapping (3.11). In other words, every
operator in T (kmax) s a certain function of the system of commuting operators V;.

Similar to the one-dimensional case, T (kpax) does not exhaust R, this means that there exist functions
1 such that the operator (V) does not belong to the C* algebra T (kpyax), although v is bounded. On
the other hand, a Toeplitz operator with an unbounded separately radial symbol a can belong to R.
Corresponding examples can be constructed on the base of reasoning in [14]. Note also that Theorem 3.3
implies a compactness condition for Toeplitz operators of the type under consideration. Namely, since all
points of spectrum of V are eigenvalues of finite multiplicity placed at the nodes of a lattice, an operator
(V) is compact iff ¢)(s) — 0 as |s| — co. For a Toeplitz operator, such behavior of s can be derived from
the convergence to zero in a proper sense of the symbol, as |z| — 1, similarly to [14]. In Sect. 6 we encounter
the situation when this kind of results on compactness break down.
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4. Toeplitz operators with radial symbols

The radial symbols correspond to the smallest partition k,,;, = (n) consisting of only one element. The
corresponding isometry group is U(n). Although this group is not commutative, Toeplitz operators T, with
symbols in &(kmyin), commute, see [17]. Such symbols, invariant with respect to U(n), depend only on the
radius r = (3 r?)% and therefore they are called ‘radial’. We denote by 2A;,q the C* algebra generated by
Toeplitz operators with bounded symbols in &(ky,in). An extensive description of properties of operators
with radial symbols can be found in [2]. We use these facts to perform the spectral analysis of such operators,
along the lines of our paper [14], where the case of the Bergman space on the disk (n = 1) was considered.
We will see that, similarly to the case of the disk, the spectral representation of the algebra 2l uses only one
operator V.

We define the differential operator (the rotation operator)

B o 10 10
frng [ P — R 1
V= ags Tty = et e (4.1)

in the trigonometric representation z; = |z;|e*%. This operator is self-adjoint in Ay (B™), being defined on
DV)=q/= ) fata € ABY: D |af|ful’ <oop. (42)
aeZ} aeZ}

The operator V is diagonal in the basis {e,} and it acts on an element e, in the basis as Ve, = |aleq.
Therefore, each nonnegative integer ¢ € Z is an eigenvalue of V', and the multiplicity of £ equals the number
of multiindices a € Z% satisfying |a| = £. As well known, this number equals d; = (Hn 1) We denote by
%, the eigenspace of V' corresponding to the eigenvalue ¢, so dim .%; = dy.

Let Py be the orthogonal (in A (B™)) projection onto .%;. It can be expressed as

Pof= 3 (f.ca)a: (4.3)

|a|=¢

where (.,.) denotes the scalar product in the Hilbert space Hx(B™). By (4.3), P, is an integral operator
(Pof)(= / FOP(z. C)dvr(€)

with the (degenerate) integral kernel

Pi(2,0)= Y ealx)eal) = D Paz®(” (4.4)

|| =¢ lov|=¢

where py = Pa,(n) = i%, in accordance with (2.5). Since

1 = 1 0 s
DL m g 2 =

la|=¢ |a|=¢

2! 1 =
0 Z H szj E(%Cﬂ

o= & 1<3<n

(4.4) gives
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CATm+ L4241,

PO = i Frmarn 29" (45)

The spectral measure for V is given by

Ey(A) =) Py, (4.6)

LeA

with the corresponding resolution of identity

Ey(n) =) Pq. (4.7)

£<n

Thus, for any f € A\(B™), the measure pus(A) = (Ev(A)f, f) is supported at integer points.
Further on, for an Ey-measurable, almost everywhere finite complex-valued function 1 (n), n € R!, the
operator (V) is defined as

(V)= Y PPy, (4.8)

tezy

with the natural domain

DW(V) ={f = fata € A\B") : Y _[(OF D |fal® < oo}

4 || =¢

On this domain, the operator ¢(V') is normal; if ¢ has real values at all integer points, (V) is self-adjoint;
it is bounded iff ¥ is a bounded function on Z .

Similarly to the case n = 1 considered in [14], the operator ¥ (V') is compact iff (¢) — 0 as £ — oc.
The explanation of this property is just a little bit more intricate than for n = 1, since the projections Py
are not one-dimensional anymore and their rank is not uniformly bounded. Namely, for any given ¢ > 0,
let A(e) be the set of those ¢ € Z, where |[¢)(€)| > €. This set is finite, moreover the spectral projection
Ey(A(e)) is finite-dimensional (here we use the fact that all eigenspaces of V' are finite-dimensional). Thus
the operator (V) = ZéeA(E) ¥(¢)P, has finite rank, in particular, it is compact. On the other hand, for
WL(n) = ¥(n) — ve(n), we have ||[YL(V)|| <, since |[¢(n)] < € for n ¢ A(e). So, ¥(V) is e-approximated in
the operator norm by a compact operator and therefore it is compact itself. The converse implication is also
justified rather easily.

For different functions t,1s the operators 11 (V),12(V) commute: in the strict sense, for bounded
11,12, or in the resolvent sense for more general functions, as in [14].

Being applied to the function ¢ =1, 1(¢) = 1 for all £ € Z, (4.8) gives 1(V)|4, = Id 4, (gn), the identity
operator in A, (B™). On the other hand, if f € H,(B") and f is orthogonal to all functions in .4 (B"), we
have 1(V)f = 0 since each P,f equals zero. Therefore, 1(V') is nothing else but the Bergman projection
P = Py : Ha(B?) — A, (BY).

Let a(r) = a(]z]) be a radial symbol on the ball B®. Suppose that a(r) € Lo (0,1). Following [14], we
establish a relation between radial Toeplitz operators in Ay (B™) and functions of the rotation operator V.

The Toeplitz operator T, in Ay (B™) with symbol a € L, acts as

T.f = Paf. (4.9)
In particular, for f = e,, (4.9) gives

(Taea)(2) = (Paca)(z) = > Pe(all¢])ea(())(2)- (4.10)

14
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Now we recall that the multiplication by a radial symbol preserves the orthogonality of the basic functions
eq- Therefore, the operator T, is diagonal in the basis {e, }. As well known (see, e.g., [7]), in each eigenspace
%y, the elements on the diagonal of T, depend only on ¢, in particular, they are equal. It follows that the
operator T, has block structure with respect to the eigenspaces .%%, with each block of dimension d, having
the form ~y ,Id,, this latter symbol denoting the identity operator in .#;. This is exactly the structure we
described above for functions of the operator V. Namely, with the radial symbol a(r), we associate the
function v,

Ya(l) = Yo,0, L € Z4. (4.11)
Thus we obtain the description of a class of radial Toeplitz operators.

Theorem 4.1. For a radial symbol a, the Toeplitz operator T, in Ax(B™) is a function of the operator V,

T, = Y. (V).
The operator T, is bounded iff the function 1, is bounded on Z,; T, is compact iff 1,(¢) — 0 as £ — oo.

It follows from the expression for 7, that for a bounded radial symbol a(r), the function v, is bounded
and therefore the operator T, is bounded. The relation a < 1), can be extended to a wide class of unbounded
symbols a. Since the expression for 1, for the ball B” is formally the same as for the one-dimensional complex
disk B! (up to a re-numeration), the results in [14] carry over to the multidimensional case without changes.
We describe them here briefly.

On the one hand, bounded Toeplitz operators can be defined for symbols considerably more general
than the bounded ones. First, as in [14], quite a wide class of symbols with compact support is admissible.
Any a € L1(0,1) that vanishes in some neighborhood of the endpoint 1 generates a bounded function
1q. Moreover, the same is correct for a being a distribution with compact support in [0, 1). Although the
reasoning in [14] cannot be carried over directly to the multi-dimensional case (some complications in dealing
with the point 0 arise), the corresponding reasoning in [13] works, namely by means of considering the symbol
a as a distribution in &’ (B™), invariant with respect to rotations of the ball. A class of symbols with support
touching the point 1 can be considered as well, including the ones unbounded in any neighborhood of 1 but
fast oscillating as » — 1.

On the other hand, it is important to keep in mind that not for all bounded functions ¢ (¢) the operator
¥ (V), even a bounded one, is a radial Toeplitz operator with a bounded radial symbol a. The necessary and
sufficient condition for this can be derived from [7]. Namely, the sequence ¢ (¢) must be slowly oscillating,
see [14].

The condition for the compactness of Toeplitz operators, expressed in terms of the function v, is given
above: it requires that ¢¥,(¢) — 0 as £ — oo. In terms of the symbol a(r) itself the exact condition is
unknown; a sufficient condition involves vanishing of a(r) at the boundary in the averaged sense,

1
/a(r%)rn_ldr =o(l—s),s—=>1-0,

see Theorem 3.3 in [9].
5. Toeplitz operators with quasi-radial symbols

Now we pass to the algebras of Toeplitz operators with symbols of more complicated structure, namely
the ones being radial in separate groups of variables. Each class of symbols is invariant with respect to a
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certain isometry group of the ball B™ described by a partition k, as in Section 2.3. The classes considered
in two previous sections serve as extreme cases.

Further on, in this Section, the partition k = (k1, ..., k) is assumed fixed. A measurable function a = a(z),
z € B", will be called k-quasi-radial if it depends only on 7(1),..., 7(n), Where

TG = ‘z(])| = \/|Zj’1|2 + ...+ |Zj,kj|2> j=1...,m. (51)

With this definition, such symbols can vary from separately radial, a = a(|z1],...,|za|), if k = (1,...,1),
to radial, a = a(]z]), if k = (n); these extreme cases have been considered in the previous sections.
Recall, see [18, Lemma 3.1], that the Toeplitz operator T, in Ay (B™), with k-quasi-radial symbol a =

a(rqy,---,7(m)), acts on the basis elements e, (2) as
Tyea = Yarr(a)eo, a€”Zf, (5.2)
where
Yabor (@) = Ya g (l@yls s [m) ) (5.3)
m m
T o | oo T

T(B™) Jj=1

5 [ AW = (1t )
A

m

B 'n+ |a|+X+1)
PO+ DI (R — 1+ Jag)]

T g k-1
a1k =
LIo " dps,

=1

X

and A, = {p € R : p1 + ...+ p;, < 1} denotes the standard simplex, p; = r(zj).
We will denote by T (k) the C*-algebra, generated by Toeplitz operators with k-quasi-radial symbols.
Given a multi-index s = (s1,...,5,) € ZT', we define (see e.g. [3, Formula (3.5)]) the finite dimensional
subspace Hg in Ay (B") as

Hg =span{eq : |ag)| =55, j=1,...,m}.

This subspace consists of functions which are, for each j = 1,...,m, homogeneous polynomials of order
s; in the group of variables z(;). Then, given £ € Z,, for any fixed j, we define also (see e.g. [3, Formula

(3.10)]) the infinite dimensional subspace ngj) in Ay(B") as
HY =span{e, : |ag)| = 1}.

The latter space is the closure in Ay (B™) of the space of polynomials in z which are order £ polynomials

with respect to the group of variables z(;. With this definition, Hs = ﬂj:l,m,m Hgf) We introduce the

corresponding orthogonal projections

P, A\B") — Hy  and PP ANB") — HY, with Py= [[ PY.

Jj=1,....,m

In this way, the Bergman space Ay (B™) splits into the orthogonal sum in two ways:

A\BY) = @ He  and  ABY) = P HY. (5.4)

sezZy leZ
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We see that in the second case, each summand consists of functions having the fixed homogeneity order in
variables in the group z(;) and analytic in the remaining variables.
Further, (5.2) implies a decomposition of the Toeplitz operator:

Ta = Z fYa,[k,A(S)PSa (55)

sezry

understood in the sense of the strong convergence.

For each j =1,...,m, we introduce the rotation operator along the group of variables z(;:
0 0 1 0 1
Vin=zj1=—+... e = — e , h = |z]e, 5.6
(4) = %1 azj,l + + Zjk; 8Zj,kj ] 89]',1 + + 2 aeﬁ]ﬁ_ where  zj, |ZJ,l|e ( )

which is self-adjoint being defined on

D(Vip) = F € AB, f= D faca: Y lagflfal® <oo

agZ? aeZy

Note that on this domain, the operator V;y admits the representation

Vi = Py, (5.7)

leZ 4

understood in the sense of the strong convergence.

For each j the operator V(;) acts only upon variables z; entering in z(;) and is the identity operator in
all other variables. Therefore, these operators commute. For each fixed j, the operator V(;) has spectral
structure similar to the one we described in Sect. 4 for a ball, with the only difference that this ball has
dimension k; instead of n. Therefore, the spectrum of V() consists of isolated points £ € Z,. Namely, the
spectral subspace of V(;), corresponding to the eigenvalue £ is spanned by the eigenfunctions of the form

] Qg —
(@) = = () (5.8)
with some multiindex o ;) € Z’j_j, la(jy| = £ and an analytic function h of the complementing variables z(j).

The calculation, similar to the one in (3.5) shows that the function fz(j)(z) of the form (5.8) belongs to the
Bergman space Ay (B") if and only if the function h(Z(;)) of the complementing variables belongs to the
Bergman space Axi¢1k; (B™~*3) in the ball of a smaller dimension n — k;, with equivalence of norms.
Finite linear combinations of elements in different subspaces H éj ) are dense in Ay (B™), therefore there are
no other points of spectrum of V{;). Each point £ € Z, is thus an eigenvalue of V{;) of infinite multiplicity,
and Péj ) is the spectral projection of V{;) corresponding to the eigenvalue £ € Z .
The Spectral Theorem representation of the operator V(;) is therefore

Vi) :/UjdEj(ﬂj),
R

where the resolution of identity E;(n;) = E;((—oo,n;]) is given by

E;(n;) =y P

£<n
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Having done this for all j = 1,2,...,m, we construct the joint spectral measure on R™ using F1, Fs,...,
E,,, as described in Sect. 2. The measure E is supported on the integer lattice Z%', while the set R™ \ Z'"
has zero E-measure. Note that, for each j = 1,2,...,m, we have also

R""L

where E(n) is the resolution of identity corresponding to the measure E,
E(n) = [[ &)
J

The Functional Calculus implies now

Proposition 5.1. Given an E-measurable almost everywhere finite function b on R™, the operator
VOV) = 0 Vi Vim) i= [ 9l 1) dBCs )
[Rm

1s well defined and normal on its domain

D=4 f e AEN) [ WP dEmLS) <cof. 1= ()
[R’Wl

Moreover the operator (V) is bounded, and thus defined on the whole Ax(B™), if and only if the function
¥ is E-essentially bounded.

Representation (2.4) implies that
BIV) = 00Vt Vi) = [ o) dBm) = 3 w(s)Pe,
(V) sezZy

Corollary 5.2. The set of all operators {(V)}, defined by (the classes of equivalence) of E-measurable
essentially bounded functions ¢ with % = {1)(s)}sezy € loo(Z1') constitutes the algebra R(k) of bounded
mutually commuting operators in Ax(B™), and the mapping

Ope: % — (V)= Y ¢(s)Ps,

sezm
defines the isomorphism
Opp : loo(ZY) — R(k) C B(AX(B"))
of commutative C*-algebras.

We return now to Toeplitz operators with k-quasi-radial symbols. By (5.5), a Toeplitz operator T, with
k-quasi-radial symbol a = a(r(1y,72), - - -,7(m)), admits the representation

T, = Z 'Ya,[k,)\(S)Psv

sezZy
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where the coefficients 7, kA (s) are given by (5.3). Thus, by Corollary 5.2,

T, :wa(W1)aW2)>"'7Wm)), (59)

where 1, belongs to the equivalence class of essentially bounded F-measurable functions on R™, defined by
the sequence %, = {¥a(s) }sezrp, With 14 (s) = Yo,k (8)-

In what follows we add some important properties and characteristics of the objects under study based
on the representation theory. Our considerations are based upon [10], where all definitions, details, and
proofs can be found.

Recall, that a unitary representation 7y : U(n) — B(Ax(B™)) of the group U(n) of all n x n unitary
matrices on the weighted Bergman space Ay (B™) is given by

m(U)(f) =foU™!, U e Un).

For a closed subgroup H of U(n), we denote by 7)|m the restriction of the representation 7y to the group
H. Then, an operator T' € B(.A,(B™)) intertwines the restriction 7 |m, equivalently T is H-equivariant, if

Tra(U) =m\(U)T, forall U € H.

We will denote by Endg(Ax(B™)) the algebra of all such intertwining, or H-equivariant, operators. It is
well known that Endg (Ax(B™)) is a von Neumann algebra.
For our partition k = (k1, ..., km ), let

H=U(k):=U(ky) x ... x U(kp),

realized as a block diagonal subgroup of U(n).

Note that [10, Proposition 4.5] demonstrates the importance of the first orthogonal sum decomposition
n (5.4). We give an equivalent formulation of this proposition, in which the summands are defined in terms
of basis elements of Ay (B™)), while the original formulation defines them in terms of certain polynomials
in z.

Proposition 5.3 (/10, Proposition 4.5]). Given a partition k = (k1, ..., kn,), the isotypic decomposition of the
restriction mx|u is

A(B™) = €P H.. (5.10)

sezZy

Furthermore, this isotypic decomposition is multiplicity-free.

This means that the restriction 7y |y onto each summand Hy is irreducible, and each two summands in
the above orthogonal sum decomposition are non-isomorphic irreducible U(k)-modules. Then by the Schur
Lemma, each U(k)-equivariant operator preserves isotypic components in (5.10), acting on each Hg as the
multiplication by a scalar operator. This means that each operator T' € Endyu)(Ax(B")) must have the
form

T =Y 7(s)Ps,

sezZp

where, recall, Py : A)(B™)) — Hg is the orthogonal projection.
An equivalent reformulation of [10, Proposition 4.9] says now
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Proposition 5.4 (/10, Proposition 4.9]). Given a partition k = (k1, ..., km), the mapping
loo(Z7') — Endyg (Ax(B"))
defined by

{v(s)tsezp — Z ~(s)Ps

sezy
is the isomorphism of the C*-algebras which are von Neumann algebras at the same time.

The results of Corollary 5.2 and Proposition 5.4 lead now to the following statement.

Proposition 5.5. The C*-algebra R(k) = Opgp(le(Z7T)) coincides with the wvon Neumann algebra
Endy ) (Ax(B™)) of all bounded U(k)-equivariant operators. Each operator T € Endy (Ax(B®)) is thus
a certain function of the commuting operators Vy, Vo, ..., Vi,

T = ,(/J(‘/(l)a‘/(Q)v"'7‘/(m))a

where ¢ belongs to the equivalence class of essentially bounded E-measurable functions, defined by the
sequence P = {(s)}sezm, with

_ tw(T]m,)
VS = Gim
Now instead of a fixed partition k = (k1, ko, ..., k), we consider the finite set K of all possible partitions

of n into positive integers. We introduce the partial order on K as

R AR / "ot "
Ik*(klvk%"'a m’) < Kk *(kl’kQa"w m”)
if and only if for each 7 =1,2,...,m/, k:; is a sum, after a re-numeration, of certain consecutive elements of

the partition k",

Ky =k, +ky g1+ +k,

P pj+a;—1>
or if and only if for each j = 1,2,...,m, after a reordering,
!/ _ 1" " 1"
Z(]) - (ij 3 ij+13 s 7ij+qj—1)a

equivalently if and only if U(k”) C U(K).

With respect to this partial order, k = (n) and k = (1,1,...,1) are the minimal and the maximal
elements in K, respectively. Furthermore, this order implies the order by inclusion of the von Neumann
algebras Endy i) (Ax(B")) of the sets of bounded U(k)-equivariant operators:

Endyw)(Ar(B")) € Endyg(Ax(B?)) if and only if Kk < K"

Note that the subalgebras 7 (k) of Endy ) (Ax(B")), generated by Toeplitz operators with bounded symbols,
maintain the same order,

T(K) € T(K') if and only if K < K.
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6. Degenerate elliptic commutative C*-algebras

In the preceding sections we have demonstrated that the size of the set of commuting operators involved
in the spectral representation of Toeplitz operators with a certain class of symbols depends on the size of
this set of symbols: the larger is the algebra of symbols, the more operators are needed for the spectral
representation. In this last section we discuss two examples demonstrating to what extent this rule applies
to classes of symbols in a more general setting.

The symbols to be considered are characterized by their (essential) dependence only on a part of variables
z(j) (or only on an incomplete set of their combinations), therefore, we call them degenerate elliptic. Such
symbols and the corresponding Toeplitz operators were studied, in particular, in [1,4], see also [11, Section 6],
where they are present under the name [-quasi-elliptic symbols.

As before, we rearrange (via an appropriate biholomorphism of B™) the coordinates of z = (21, ..., zn) € B®
in the most convenient order for the further description. Thus, without loss of generality, we will use the
following setup.

Let, as in Section 5, k = (ki, k2, ..., k) be a partition of n, with correspondingly z = (z(1), .- -, 2(m-1),
Z(m))- We denote by K’ the partition k' = (k1, k2, ..., k), m" = m—1 of the integer n" = n—k,,. The symbols
under consideration depend on the first m’ radii r(;y = 2(;), j = 1,...,m — 1, where v’ = (r(1),...,7(m-1))-
The dependence on 1" = 7(;,,) = |2(s)| is realized, in our first example, via the presence of the weight,

aw(z) = au(r',7") =a ( e e Tm) > . (6.1)

1— |7“”|2 1— |7’//|2
Here, although all variables are present, the symbol is, actually, a function of m’ variables via the superpo-

sition.
In the second example, the symbols are independent of z(,,):

a(z) = a(r@ay, .. Tm-1)) = a(r’). (6.2)

Of course, both classes of symbols belong to the set of k-quasi-radial ones, so the general spectral repre-
sentation involving m operators V(;) is valid. Since each of these classes is considerably smaller than the
algebra of k-quasi-radial symbols, one might expect that the spectral representation uses fewer operators.

6.1. Weighted K -quasi-radial symbols

We consider the algebra &, (k') of all bounded symbols a,,(z) in (6.1) and call them weighted Kk'-quasi-
radial symbols.

Since each weighted k’-quasi-radial symbol is quasi-radial for our k = (K, k), the corresponding Toeplitz
operator is diagonal,

Ta,€a(2) = Ya, i 2€a(2),
where, by (5.3), for a multi-index o = (a(), ..., m-1),a") € 7%,

2"T(n+ |a| +A+1)
A+ DT (B — 1+ oy D em — 1+ |o])!

Vay kA (@) =
aw i A () T

m—1
8 / (1), oo Ty, [ = [N T i 21285 = e 21 2Em = gy

(B™) =1
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1
_ 2" T(n+ |a| + A+ 1) /T,,Q\a”\-i—ka—ldr// 7
PO+ DT (k= 1+ g D!k — 1+ o)1) ’
with
I = / aw(r(l), <y T(m—1)» |7°H|)(1 - |7”/|2 H| H j 2‘Oé(j)l—ir%j_ldr(j)'

|7 [2<1—|r"" |2 =

Making the change of variables 7(;) = \/1 — [r"'[2u;, [u] = \/ui + ... + u, _;, v; = u5 we have

m—

1— |Tl/|2))\+|a’|+n ‘u| H 2|agyy [+2k; 71du

I= / a1y, -+ Uim—1))(

T(Bm—1) —
ml
= 2L PP [ (e Vo) (L= 01 = = o) [0
=1
A,

Thus, finally,

N (@) 271 T(n+ |a|+ A+ 1)
Aoy, A = m—
T+ DT (k= 1+ g ) (km — 1+ o”])!

1
% / //‘ A+|a|+n’ //2|04 +2km, —1d "
0
m—1
X (/01 veoy fOm—1) (1 = V1 = oo = V1) H v;leO TR gy,
j=1

D'+ |o/|+A+1)
DA+ 1) TS (k= 1+ o)

X

/ a(\/U1, iy VOm—1)(1 — 01 — c. — Upp—1) H le 14k — Uj.

A'm -1

The most important result of these calculations is that the coefficient v,,, 1 A(a) does not in fact depend
on the last component o = «,, since all factors depending on o’ cancel,

Ve AQ) = Vay kA (@) s o A1) ])- (6.3)

Therefore, following Section 5, for a given multi-index s = (s1,...,8,-1) € Zf_l, we can define the infinite
dimensional subspace Hg in Ay (B™) as

Hg =span{eq : |ag)|l=s5, j=1,...,m—1}.

Let Py : A\ (B™) — Hg be the orthogonal projection.
In this way, given a weighted k’-quasi-radial symbol a,,, the equality (5.5) implies the representation

= Z Yaw,k A (8)Ps

’
sezy
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understood in the sense of the strong convergence. The difference with the, formally similar, expression in
Section 5 consists in the fact that now the projections Py are infinite-dimensional.

The rotation operators V(;y, j = 1,...,m — 1 are defined in the same way as before, they commute, and
we arrive at the spectral representation using a smaller set of generating operators, just as we expected.

Ta :wa(‘/(l)7‘/(2)a"'a‘/(m'))a (64)

where V) are given by (5.6) and 1, belongs to the equivalence class of essentially bounded E-measurable
functions on R™ | defined by the sequence %, = {@ba(s)}sezf, with 14(8) = Ya,, .k A(S).

An essential difference is that the reasoning in Sect. 3 proving the compactness of the Toeplitz operator
under the assumption that ¢(s) — 0 as |s| — 0 breaks down, again, due to the infiniteness of the multiplicity
of each point of the joint spectrum. Thus, such Toeplitz operators can never be compact.

6.2. K -quasi-radial symbols

Using the same notations as in the Section 6.1, we consider now the symbols satisfying (6.2). We denote
by &(K’) the algebra of such symbols.

For a multiindex a = (&/; a(m)) = (), .., qm-1); &) we calculate, again, the action of the Toeplitz
operator with k’-quasi-radial symbol upon the basic element e,. This calculation follows the same way as
for general quasi-radial symbols, however, some simplifications are present.

Toeplitz operators with symbols @ € &(k') are diagonal in the basis {eo(2}) = {€ar, a7 (7, 2”)} and act
on such basis elements as

Taea(z) - ’Ya,[k’,)\eoz(z)v
where, by (5.3),

2" T(n+ |o| + A+ 1)

Yo,k A (@) = —
PO+ D T2 (k= 1+ [agy D (km — 1+ [a”])!
X / a(rys s Tm—1))(1 — %) H - 2|a(f)|+2kj_1dr(j) 2o 1+2km =1 g0
T(B™) Jj=1

22 T(n+ ol +X+1)
T+ DT, (ks = L+ Jag D (km — 1+ [a])!

X / ( (1),... (m—1) H 7’( 2|o¢(])|+2k 1dr . a//(\r |)
r(Bm—1) j=1

with
= (1- |7“/|2 _ |7“N|2)>‘7‘H2‘a”‘+2km_1dr".

‘T//|2<1_|T/‘2

Making the change of variables "’ = /1 — |r/|?u, we have

1
T = /(1 _ |r/|2))\+|o<”|+km(1 _ |u|2))\u2|a”|+2km—1du _
0
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1
2—1(1 _ |T/|2)>\+|a”|+km /(1 _ U)Av\oz”\—i-km—ldv —
0
At |4k, LA+ D" + kp — 1!

—1 2

Thus, finally,

2" D+ o + A+ 1)

%,[k/,,\(a) = pouys
A+ o[ +n—n'+1)[[Z (k) — 1+ |e|)!
m=1
X / a<r(1)7“'a7a(m71)>(1 - |7”/|2)A+m [+n H T(j)zla(”HZkrldr(i)
T(Bm—1) J=1

F(n+ o] +A+1)
T\ + o[ +n—n' + DT (k= 1+ Jag ]!

m—1
X / a(/P(R)s s /P11 = P2y = P(m—1)) T T @R .

(A1) j=1

Observe that, in fact,

Yagr M) = Yaw x| o lagm-n), [a]) (6.5)
Following Section 5, for a given multi-index s = (s1,..., Sm—1,5m) € Z, we define the finite dimensional
subspace Hg in Ay (B") as
Hg =span{eq : |ag)l=s;, j=1,....,m, [a|=sn},

and let Py : Ay (B™) — Hg be the orthogonal projection.
Further, given a k’-quasi-radial symbol a, (5.5) implies the representation

To= Y Yas(s)Ps, (6.6)

sezy

understood in the sense of the strong convergence. Then Corollary 5.2 together with (5.9) implies that

TEL :wa(‘/(1)7‘/(2)7'-~7‘/(m)); (67)

where V) are given by (5.6) and 1, belongs to the equivalence class of essentially bounded E-measurable
functions on R™, defined by the sequence ¥, = {4 (s) }sezrp, With 1a(s) = Va1 A (s).

This calculation shows that for the spectral representation of Toeplitz operators with symbol in &(k’) we
need the same system of m operators V(;y as for the algebra of general quasi-radial symbols. This quantity
cannot be reduced since the coefficients v, i 1 (a) depend on all components of the multi-index «, including
o, unlike the case of weighted k’-quasi-radial symbols, where the coefficients are independent of o’. This
dependence is quite implicit, therefore it seems to be impossible to describe in a transparent way the set
of those sequences 7(«) which can serve as the function v for this class of symbols. The question of the
compactness of Toeplitz operators of this class seems to be rather hard as well.
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6.3. Discussion: a more general setting

To explain the reason of results in cases presented in the section, we embed them in a more general
common setting. In both cases we started with a function a depending on k' = m — 1 radii r(l),...,rEm_l).
Formally, the qualitative difference between these two cases is the following. In the first case, we include
the dependence of |z”| in the arguments of a. Here, both the resulting sequence v (6.3) and the spectral
representation of the corresponding Toeplitz operator (6.4) depend only on the first group of k' = m — 1
arguments, |a(y)l,..., [m—1)| and Viqy,..., Vism—1), respectively. In the second case, the symbol still depends
only on m — 1 arguments, however, both the resulting sequence 7 in (6.5) and the spectral representation
of the corresponding Toeplitz operator (6.7) depend on the whole group of arguments, |a(yl,..., [a@m—1)|,
|| and V(1y,..., Vim), respectively.

To understand the reason for such differences, it is instructive to combine the above two cases in one more
general setup. We start with a partition k = (k’,k”) of the number n, such that the partition k' consists of
m’ elements, k] + ... + &/, = n’ and k” consists of m” elements, k{ + ... + kI/, = n”, with n’ + n” = n.
Correspondingly, we d1v1de coordinates z = (21, ..., 2,) € B™ in groups, z = (2, 2"), where

A ’ s A / k'
z = (2(1)7 ey Z(m/))7 with Z(j) = (Zk'1+...+k3.71+17 ey Zkll-‘r----‘rk;) S CFi

" o__ " 7" . "o " " k'
z = (Z(l),...72(m//)),Wlth Z(]) = (Zk‘ll/+...+kj/-/71+17'"7Zk‘/1’+...+k;v/) € (]: J .,

The following considerations will be based on the results of [1, Sections 2 and 3], where all proves and details
can be found.
Recall that the standard orthonormal basis of A3 (B®) is formed, see (2.5), by the weighted monomials

A(Z):\/r<n+|a|+x+1>za
al'n+A+1) '

We will use also the weighted Bergman spaces A3(B™) and A3 +p Jm,([B“”), with p € Z,, whose bases

elements we denote by e, (2') and eifp+“/(z/’), respectively. For each multi-index 8 = (81, -+, Bm’) € ZT'
we introduce the Hilbert space
Hg:= span{eé(z) ca=(aay, o), @’) €2 and agy| =B, J= 1,...,m’}.

Then we have the following orthogonal decomposition

A B = @ Hs.

ﬁEZ"L

A similar orthogonal decomposition can be made for the Bergman space Ai([B“/):

BE) = B 4,

pezp'
where, for each 8 = (81, ..., Bm/) € ZTl, the finite dimensional space %3 is defined as
%:Span{eg/(z') cof = (o), A /))GZi and o) =B, Vji=1,.. ,m/}.

Following [1, Formula (2.6)], for a multi-index 8 = (81, ..., Bm/) € ZT,, we introduce the isometric isomor-
phism
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"

ug 2 Hy — A0 A3, 5(B),
defined on the basis elements e}, a = (o/, ") € Zi/ X Zi”, of Hg by

A

(03

A+|B|+n’ (ZH)

us :oepn(z) — en(Z)@enn

Next we introduce the Hilbert space

"

H= P Hp, with Hs=0A3, 5. B")

pezy’
and the unitary operator

=P us: BE)= P Hs — H= P #0450 B),

Beznl Bezm,’ B€Z7n/

acting component-wise with respect to the direct sum decomposition.

Proposition 6.1 ([, Proposition 2.1]). The unitary operator U generates an isometric isomorphism between
the spaces

AE) = P Hs and H= P 70 A3, 5w (BY).

ﬁGZ’" ﬁeZm

We return now to the symbols (in notations of [1, Section 3]) of Toeplitz operators to be considered.
Given a function a € L°°(B™ ) we denote by f, the function

z/

Similarly, for a function b € L>°(B*"), we define the function fy(z) = f(2/,2") = b(z") € L>(B"). In this
notation, for the Toeplitz operators T} and T} we have, respectively,

au(2) = fa(2) = ful#,2") = a ( ) € L®(B").

(’+|0/|+)\+1)
F(/\Jrl)H L (K — 1+|0¢2j)\)!

Viabe A (@) = Yay, (@) =

’
m
i - A ey [ HEG=1
a(\/U1, eoiy VU ) (L — 01 — . — V) H’U] NITE Ty,
j=1

A

m/

(n+|a|+)\+1)
CA+ o/ +n'+ 1) T]Z (k” 1+ [af;y D!

Yoy A (@) = ppera(a’, ) =

7”

X / A(\/P1s oo /P ) (L = prcc = pr MR T 1o R

(&) 3=t

This calculation leads to the following result.

Proposition 6.2 ([1, Corollary 3.5]). The unitary operator U realizes the unitary equivalence of Toeplitz
operators T}a and T}b acting on A3(B™) with the following operators acting on H = 696621" HB Q@

1"

A?\+|6\+n'([Bn ):
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UT} U = @ Tilw © 1,
pezp'
UT\ U = @ 1o T,

’
pezm

Observe now that, for each fixed o/ = (a21)7 - azm,)),

T:)L;fa, = ’Yaw,[k’,)\(|0421)|7 ) |O/(m’)|)Ia

so that T2, = Yauwa(a/)] = Yauwk A1 | s |af,,n]) is a scalar operator, and the Toeplitz operator

A+[Bl4+n’ .
TP+ acting on A§+|B|+n’

where the entries in the sequence 7y, x4|g)+n/ are given by

([B“”), is unitary equivalent with the multiplication operator v, i/ x4 |j+n' 1,

Vo s At 18140 (@) = Vp, 1A (@) = Yoper A (1], [y | ooy [ )-

That explains the difference in the structure of the operators T?a and T?b, which correspond to the above
two cases, the special properties of the corresponding coefficients +’s, and, as a consequence, the differences
in the spectral representations of the Toeplitz operators in question.
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