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Barium zirconate (BaZrO3) is one of the very few perovskites that is claimed to retain an average cubic
structure down to 0 K, while being energetically very close to an antiferrodistortive phase obtained by con-
densation of a soft phonon mode at the R point of the Brillouin zone boundary. In this work, we report a
combined experimental and theoretical study of the temperature dependence of this soft phonon mode. Inelastic
neutron and x-ray scattering measurements on single crystals show that it softens substantially from 9.4 meV at
room temperature to 5.6 meV at 2 K. In contrast, the acoustic mode at the same R point is nearly temperature
independent. The effect of the anharmonicity on the lattice dynamics is investigated nonperturbatively using
direct dynamic simulations as well as a first-principles-based self-consistent phonon theory, including quantum
fluctuations of the atomic motion. By adding cubic and quartic anharmonic force constants, quantitative
agreement with the neutron data for the temperature dependence of the antiferrodistortive mode is obtained.
The quantum fluctuations of the atomic motion are found to be important to obtain the proper temperature
dependence at low temperatures. The mean-squared displacements of the different atoms are determined as
function of temperature and are shown to be consistent with available experimental data. Adding anharmonicity
to the computed fluctuations of the Ba-O distances also improves the comparison with available extended x-ray
absorption fine structure data at 300 K.

DOI: 10.1103/PhysRevB.108.014309

I. INTRODUCTION

Perovskite oxides constitute a prominent class of ma-
terials with a wide range of different properties such as
ferroelectricity, colossal magnetoresistance, electronic and/or
ionic conductivity, piezoelectricity, superconductivity, metal-
insulator transition, luminescence, and much more [1]. The
ideal perovskite structure is cubic, with the general chemical
formula ABO3, where the A and B sites can accommodate
a wide variety of elements from the periodic table. Many
perovskites are cubic at high temperatures but upon cool-
ing most undergo one or several structural phase transitions,
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which depend sensitively on the choice of A and B [2,3]. This
variety of compositions and structural phases yields the wide
range of properties observed in these materials. The two most
important structural distortions are the off-centering of the
B-site cation, giving rise to ferroelectricity, and the tilts or
rotations of the BO6 octahedra [4]. The former is detectable
as an instability at the � point in the Brillouin zone, while the
latter are related to instabilities at the R and/or M points of the
Brillouin zone boundary. To understand, predict, and control
these structural distortions is a key issue in the research on
perovskite oxides.

Barium zirconate BaZrO3 (BZO) is a simple perovskite
that has attracted considerable interest due to its excellent
thermal stability, high melting temperature, low thermal ex-
pansion coefficient, low dielectric loss, and low thermal
conductivity [5]. These properties make BZO highly at-
tractive for a range of technological applications such as
wireless communication [6], thermal barrier coatings for gas
turbines [7], protonic fuel cell applications [8] and ceramic
reactors [9], as well as substrates in thin-film deposition [10].

Barium zirconate (BZO) is also one of the very few per-
ovskites that is claimed to remain cubic down to 0 K, but its
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tendency towards an antiferrodistortive instability has fueled
a lot of studies and debates about its ground state, its average
structure, and the possibility for local disorder. Several first-
principles calculations, based on the density functional theory
(DFT), predict the cubic structure to be unstable at 0 K, due
to a soft phonon mode at the R point of the Brillouin zone cor-
responding to antiphase tilts of sequential oxygen octahedra,
i.e., an antiferrodistortive mode [11–16]. However, the DFT
results are sensitive to the exchange-correlation functional
[17] and by using hybrid functionals a stable cubic structure
is obtained at 0 K [17,18]. It has been suggested that, in cases
where the instability, as observed in the DFT calculations,
is weak, quantum fluctuations may suppress the phase tran-
sition in BZO and the material therefore stays cubic all the
way down to 0 K [11,13,15]. Experimentally, both x-ray and
neutron diffraction data on a powder sample, suggest a cubic
structure down to T = 2 K [13], which is further supported
by Raman spectroscopy on a single crystal [19]. On the other
hand, a recent study combining electron diffraction with total
neutron scattering measured on ceramic samples claimed that
the material underwent a structural change below 80 K associ-
ated with the onset of correlated tilts of ZrO6 octahedra [20].

Clearly, direct measurements and theoretical modeling of
the tilt mode frequency and its temperature dependence are
essential for a good understanding of BZO. Experimentally,
direct lattice dynamical studies have been limited by the
scarcity of suitable large and high-quality single crystals, as
their synthesis is made difficult by the very high melting
point of BZO. As a result, the only experimental study of the
temperature dependence of the R-tilt mode of BZO has been
attempted on a polycrystalline sample [17]; it concluded that
the tilt mode lies at 5.9 meV at low temperatures and does not
exhibit any significant temperature dependence between 5 and
500 K. Recently, high-quality BZO single crystals have been
synthesized using the floating-zone technique [21]. Here we
take advantage of those single crystals to investigate directly
the low-frequency lattice dynamics.

Quantitative theoretical modeling of the temperature de-
pendence of the low-frequency vibrational motion of BZO is
challenging. In recent years several methods have been devel-
oped to treat vibrational anharmonicities for solids, such as the
self-consistent ab initio lattice dynamics (SCAILD) technique
[22], the temperature-dependent effective potential (TDEP)
method [23], and the stochastic self-consistent harmonic
approximation (SSCHA) [24]. Methods based on the self-
consistent phonon approach [25] have also been developed
by Tadano et al. [26], which implements the Green’s function
technique to derive the anharmonic contributions. Recently,
this latter technique was used to study anharmonicity-induced
phonon hardening and thermal transport in BZO in the tem-
perature range 300–2000 K [27].

Here, a force constant potential (FCP), expanded up to
fourth order, is derived based on training structures from
density functional theory (DFT) calculations and by making
use of regression techniques [28]. The FCP takes anhar-
monicity into account and it is used in molecular dynamics
(MD) simulations [29,30] to capture the full dynamical
structure factor and its temperature dependence [31]. A self-
consistent phonon (SCP) approach is then implemented [28]
to, in addition to anharmonicity, also include the quantum

fluctuations of the atomic motion, known to be significant at
low temperatures [13].

The paper is organized as follows. In Sec. II the theoretical
methods used to treat the anharmonic lattice vibrations are
introduced, including the effect of the quantum fluctuations of
the atomic motions at low temperatures. Section III presents
the experimental data obtained by inelastic neutron and x-ray
scattering that reveal the strong softening of the tilt mode
and the comparatively temperature-independent behavior of
the acoustic mode. In Sec. IV, the theoretical results are pre-
sented and compared with our experimental data. The strong
temperature dependence of the soft tilt mode is found to
be in quantitative agreement with our theoretical predictions
and the obtained essentially temperature-independent acoustic
mode also agree with the theoretical predictions. In Sec. V
it is shown that our theoretical results for the atomic dis-
placements agree favorably with available experimental data
for the mean-squared displacements as well as with the more
local information obtained in extended x-ray absorption fine
structure (EXAFS) spectroscopy. Finally, Sec. VI discusses
our present theoretical results and puts them into a broader
context and Sec. VII summarizes our main conclusions.

II. THEORETICAL METHODS

A. Density functional theory

The DFT calculations are carried out using the Vienna ab
initio simulation package (VASP) [32,33].

The potential energy surface (PES) for the R-tilt mode
depends quite sensitively on the exchange-correlation func-
tional [17]. The local density approximation (LDA), two
generalized gradient approximations (PBE [34] and PBEsol
[35]), as well as a functional including nonlocal correlation
effects (CX) [36,37] all give a double-minimum PES for the
R-tilt mode coordinate using the experimental value for the
lattice constant. Using the corresponding theoretical lattice
constants, LDA gives deeper potential minima, while for PBE
the double-minimum feature disappears. Two hybrid func-
tionals (HSE [38,39] and CX0p [40]) show in general better
agreement for the various vibrational frequencies and both
show an anharmonic PES for the R-tilt mode, quite similar
to PBE at its theoretical lattice constant. The computational
cost for the hybrid functionals is substantial compared with
generalized gradient approximations and as a compromise
between accuracy and computational cost we have therefore
chosen to base this study on PBE using its theoretical lattice
constant. For comparison, PBEsol has also been used, and the
corresponding results are presented in Sec. VI.

The included projector-augmented wave (PAW) [41,42]
potentials are used with energy cutoff 500 eV. The consid-
ered valence configurations for Ba, Zr, and O are 5s25p66s2,
4s24p64d25s2, and 2s22p2, respectively. The Brillouin zone
of the primitive cell is sampled with an 8 × 8 × 8 Monkhorst-
Pack k-point mesh and scaled accordingly for larger cells. The
obtained lattice constants for PBE and PBEsol are a = 4.236
and 4.192 Å, respectively.

The nonanalytic part of the dynamical matrix, which is
due to the long-range dipole-dipole interaction [43,44], is
evaluated and applied in calculating the phonon dispersion
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relations using PHONOPY [45]. The values for the dielectric
tensor ε and Born effective charges Z∗ are computed to be ε =
4.87, Z∗(Ba) = 2.72, Z∗(Zr) = 6.11, and Z∗(O)‖ = −4.85
and Z∗(O)⊥ = −1.99 for the two different displacement di-
rections of the oxygen ion.

B. Force constant potential

The force constant potential is based on an expansion of the
potential energy U in terms of atomic displacements uα

i from
their equilibrium positions R0

i . We consider an expansion up
to fourth order

U =U0 + 1

2!
�

αβ
i j uα

i uβ
j + 1

3!
�

αβγ

i jk uα
i uβ

j uγ

k

+ 1

4!
�

αβγ δ

i jkl uα
i uβ

j uγ

k uδ
l , (1)

where the �’s are referred to as force constants (FCs). Latin
indices run over atomic labels, greek over Cartesian coordi-
nates, and Einstein summation applies. First, an initial phonon
calculation is carried out for a 3 × 3 × 3 supercell (135 atoms)
using DFT. These phonons are used to construct a set of train-
ing structures with displacements generated via populating the
normal modes with different temperatures. These structures
are used to construct an initial fourth-order force constant
potential (FCP) using HIPHIVE [28].

Next, the size of the system is increased to a 4 × 4 × 4
supercell (320 atoms). The initial fourth-order FC model is
used to run molecular dynamics (MD) simulations carried out
at 10, 150, 300, and 500 K. Snapshots from these simulations
together with some small amplitude structures along the R-
tilt mode are used as training structures for the final model.
For the final model, we considered two- and three-body in-
teractions up to, and including, the fourth order. We used a
maximum interaction length of 8 Å for the harmonic force
constants. Whereas, for the anharmonic interactions, that is,
the third- and fourth-order interactions, we set a maximum
interaction length for the force constants to 5 Å. The train-
ing was carried out using the recursive feature elimination
method [46]. We denote this final model as the force constant
potential (FCP) model. The accuracy of the FCP is evaluated
using cross validation (CV), and an average root-mean-square
error (RMSE) of 0.034 eV/Å is obtained over the valida-
tion set. For the CV plot, see Fig. S1 in Supplemental
Material [47].

C. Harmonic phonon model

By truncating the FCP model at the second-order term an
harmonic approximation is obtained. We will denote this the
harmonic phonon (HP) model. Within the harmonic approx-
imation eigenfrequencies ωq,ν and eigenvectors eq,ν can be
derived [45]. Here, q is the wave vector and ν the band index.
In Fig. 1 we show the phonon dispersion for BZO using the
HP model and where the correction due to the long-range
dipole-dipole interaction [43,44] has been applied. At the R
point the lowest branch at 3.8 meV corresponds to antiphase
tilts of sequential ZrO6 octahedra. This will here be denoted
the R-tilt mode. The second lowest branch located at 12.1 meV
at the R point is the acoustic branch due to barium displace-
ments, here denoted the R-acoustic mode.

FIG. 1. Phonon dispersion relations within the harmonic model
(the HP model) for BZO using PBE. Color assigned as (Ba, Zr, O) =
(red, green, blue).

The phonon dispersions in Fig. 1 are similar to what
is obtained from the standard small displacement method
(for a comparison, see Fig. S2 in Supplemental Material
[47]). However, the R-tilt mode frequency is sensitive to the
theoretical treatment due to anharmonicity. Here, we have
developed a harmonic model based on displacements from
MD simulations carried out at 10, 150, 300, and 500 K. The
obtained R-tilt mode frequency is 3.8 meV, slightly larger
than 2.7 meV, obtained using the standard small displacement
method with the default displacement ±0.01 (see Fig. S2 in
Supplemental Material [47]).

The PES along the R-tilt mode is shown in Fig. 2. The
FCP model agrees very well with the DFT data. In contrast,
the HP approximation deviates markedly from the DFT data,
demonstrating that the R-tilt mode is strongly anharmonic.

Within the harmonic approximation the temperature-
dependent atomic displacement of atom i in direction α, uα

i ,
is given by a Gaussian distribution with mean value zero and

FIG. 2. The potential energy surface (PES) along the R-tilt mode
based on PBE. The fourth-order FCP model agrees very well with
the DFT data, while the second-order model, the HP model, deviates
markedly.
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variance〈(
uα

i

)2〉 = 1

Nq

∑
q,ν

h̄

2miωq,ν

∣∣ei,α
q,ν

∣∣2
coth (h̄ωq,ν/2kBT ). (2)

Here, 〈. . .〉 denotes a thermal average, mi is the mass of atom
i, and Nq the number of q values in the summation.

D. Self-consistent phonon model

In the self-consistent phonon (SCP) model, a temperature-
dependent effective harmonic model is constructed. We start
with the harmonic model. Displacements uα

i are generated in
a supercell using the Box-Muller method according to

uα
i =

∑
λ

Ai
λei,α

λ

√
−2 ln Uλ cos (2πQλ), (3)

where the index λ = (q, ν) enumerates the points commensu-
rate with the supercell, and Uλ and Qλ are uniform random
numbers on [0,1]. The temperature-dependent amplitude Ai

λ

is given by the standard deviation of the displacements [cf.
Eq. (2)]

Ai
λ =

√
h̄ coth (h̄ωλ/2kBT )/(2miωλ). (4)

Using Eq. (3) a set of displacements u is generated at a
chosen temperature T and the corresponding forces are calcu-
lated using the FCP. We generate M such reference structures.
The generated displacements and forces are encoded in the fit
matrix A(u) and the force vector f (u), respectively. An effec-
tive harmonic model is obtained by solving the minimization
problem

min
x

‖A(u)x − f (u)‖, (5)

where x are the free parameters of effective harmonic model.
The procedure is iterated until convergence

xn+1 = (1 − α) xn + α min
x

‖A(un)x − f (un)‖, (6)

where un is a set of displacements generated with the nth
effective harmonic model (xn) and α is a suitable chosen
parameter to obtain efficient numerical convergence [28]. A
self-consistent effective harmonic model at temperature T is
then obtained.

The above procedure is repeated at different temperatures
and temperature-dependent eigenfrequencies and eigenvec-
tors are obtained.

III. EXPERIMENTAL METHODS AND RESULTS

A. Experimental details

BaZrO3 single crystals were grown by the optical floating-
zone technique as described in Ref. [21]. A single crystal was
extracted from the boule for inelastic neutron scattering (INS)
measurements with irregular shape and some natural facets
suitable for sample orientation, with a total mass of approxi-
mately 200 mg and a size of a few millimeters. The sample for
inelastic x-ray scattering (IXS) was cut from another smaller
piece and thinned down to a lamella of approximately 50 m in
thickness.

FIG. 3. Inelastic neutron scattering (INS) spectra measured at the
R point (0.5 0.5 2.5) between 296 and 2 K, showcasing the softening
of the lowest-energy mode.

INS spectra were measured on the IN8 high-flux thermal
neutron triple-axis spectrometer [48] at Institut Laue Langevin
(ILL) [49]. The initial and final neutron energies were selected
using a doubly focused Cu (200) monochromator and ana-
lyzer, which resulted in an energy resolution of 0.62 meV as
measured at the elastic peak. A pyrolytic graphite filter was
placed in front of the analyzer to suppress higher-order neu-
trons. Measurements were performed at a fixed scattered wave
vector k f = 2.662 Å−1. Due to the reduced size of the crystal,
no collimation could be installed without excessive loss in
intensity. A preliminary test experiment was also previously
carried out on the triple-axis spectrometer IN22 at the ILL
with similar but more limited results [50].

IXS measurements were performed on the ID28 beam
line at the European Synchrotron Radiation Facility (ESRF),
as described in Refs. [51,52]. For this experiment, the
(999) Bragg reflection of a Si crystal was used to analyze
the scattered beam, giving rise to an energy resolution
E = 3.0 ± 0.2 meV.

B. R-point data from INS

Phonon spectra at the R point (0.5 0.5 2.5) were measured
by INS at different temperatures and the results are presented
in Fig. 3. The spectra display two peaks at every tempera-
ture between 296 to 2 K. The low-frequency peak shows a
clear softening accompanied by an increase of the asymmetry
of the peak, while the higher-frequency peak is essen-
tially temperature independent in the considered temperature
interval.

By comparing with DFT calculations and the calculated
phonon dispersions in Fig. 1 the low-frequency peak can be
attributed to the antiphase oxygen tilt oscillations, the R-tilt
mode, while the higher-frequency peak corresponds to the
acoustic branch and is connected to barium displacements,
the R-acoustic mode. We also checked that the R-tilt mode
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vanishes at the R point (1.5 1.5 1.5) while the R-acoustic
mode is still present, which is consistent with the neutron
selection rules expected for modes of R+

4 et R+
5 symmetry,

respectively [49].
INS spectra of BaZrO3 are proportional to the neutron

coherent cross section: (b̄)2 k f

ki
S(Q, E ), where b is the nuclear

scattering length, ki (respectively k f ) the wave vector of the
incident (respectively scattered) neutron beam, and S(Q, E )
the neutron scattering function. For oxygen and barium, the
coherent scattering lengths are quite similar (bO = 5.803 fm
and bBa = 5.07 fm) while zirconium has a higher one (bZr =
7.16 fm) [53]. Hence, for given ki and k f and with the proper
selection rules, neutron intensity should be of the same order
of magnitude for the oxygen-dependent R-tilt and the barium-
dependent R-acoustic modes.

Aside from the pronounced softening, the R-tilt mode
shows a strong asymmetric shape. We assume that this is due
to the strong dispersion of the phonon branch close to the
R point. The increase of the phonon frequency away from
the R point implies that the measured peak may obtain an
asymmetric shape towards higher frequencies. Anharmonicity
also contributes to the broadening of the R-tilt mode but that
broadening is more symmetric in frequency and increases
with temperature (cf. Fig. 6). Nanodomains, proposed in
Ref. [20], could arguably affect the mode damping and the
spectrum in general, although in the present state, our data
do not really provide evidence for or against the presence of
these domains.

The neutron scattering data were then fitted with a sum of
damped harmonic oscillators using the TAKIN [54–56] soft-
ware, taking into account the instrumental resolution (see
Fig. S4 in Supplemental Material [47]). In order to account
for the asymmetric shape of the R-tilt mode, a first fitting was
attempted by assuming a parabolic dispersion. This, however,
did not allow us to obtain a satisfactory fit. We therefore
introduced a more ad hoc mathematical asymmetry to the line
shape. This allows us to extract values for the mode energy,
but does not allow to deconvolute fully the spectrum and get
access to the intrinsic widths. With this data treatment, we
observe a softening of the R-tilt mode from 9.4 meV at 296 K
to 5.6 meV at 2 K. The R-acoustic mode stays essentially
constant around an average value of 13.0 meV.

The strong temperature dependence of the R-tilt mode
contrasts with the inelastic scattering data previously re-
ported by Perrichon et al. [17] on a powder sample. At low
temperatures, 5 K, they obtained the frequency 5.8 meV, in
very good agreement with our result. However, essentially
no temperature dependence could be seen in the interval
from 5 to 500 K. The present single-crystal study allows us
to observe and quantify the temperature dependence more
accurately.

C. R-point data from IXS

The phonon spectra at the R-point were also measured by
IXS at different temperatures and the result is presented in
Fig. 4. At each temperature between 300 to 80 K the spectrum
displays a central quasielastic peak and two peaks respectively
linked to the R-tilt mode and the R-acoustic mode, which
can be both seen at positive and negative frequencies, due to

FIG. 4. Inelastic x-ray scattering (IXS) spectra measured at the
R point (0.5 0.5 3.5) between 300 and 80 K. Both Stokes and anti-
Stokes peaks are represented. We observe the softening of the R-tilt
mode. The R-acoustic mode is barely temperature dependent.

Stokes and anti-Stokes scattering processes. Here, in contrast
to the INS measurement, the R-tilt mode involving oxygen
motion appears much weaker than the acoustic mode that is
dominated by barium displacements. The IXS spectra were
fitted by the sum of two damped harmonic oscillators and a
Lorentzian for the pseudoelastic contribution. The R-tilt mode
frequencies softens from 8.3 meV at 300 K to 5.2 meV at
80 K. The R-acoustic mode stays essentially constant around
an average value 13.4 meV. The widths of the modes are in
all cases resolution limited and do not show any physically
insightful trend.

D. Dispersion data from INS and IXS

To reconstruct phonon dispersions, we have also measured
spectra away from the R point, in the directions R(0.5 0.5 2.5)-
M(0.5 0.5 2) and R(0.5 0.5 2.5)-�(1 1 2) at 2 K for INS. For
IXS, we measured in the directions R(0.5 0.5 3.5)-M(0.5 0.5
4) and R(0.5 0.5 3.5)-�(1 1 4) at 80 K. When both R-tilt and
R-acoustic modes were resolved, INS spectra were fitted as
previously. However, further from R, it becomes very difficult
to resolve two peaks as the R-tilt mode broadens and crosses
the R-acoustic mode. Then, spectra were fitted by a single-
damped harmonic oscillator to extract the frequency of the
R-acoustic mode. For the IXS experiments, spectra were fitted
as previously by a sum of damped harmonic oscillators for
the R-tilt mode and R-acoustic mode, and by a Lorentzian line
shape for the pseudoelastic peak centered around 0 meV. In
some spectra, higher-frequency features appear above 20 meV
and up to the edge of the frequency range (≈30 meV). When
these features are present, they have been fitted by additional
damped harmonic oscillators.

Frequencies extracted from the fits of INS and IXS spectra
are represented in Fig. 5. The spectra and their fits are given
in Figs. S5 and S6 in the Supplemental Material [47]. We
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FIG. 5. Measured dispersion curves along the �-R-M path, mea-
sured at 2 K by inelastic neutron scattering (INS) and at 80 K by
inelastic x-ray scattering (IXS). For experimental data, error bars
are the width of the fitted peak (INS) or the instrumental resolution
(IXS). Open symbols indicate data points that we could not identify
by comparison to phonon calculations.

can first observe that the frequency of the R-acoustic mode
is very consistent between the INS and IXS measurements,
the difference in temperature for the two measurements being
here negligible. The R-acoustic mode reaches its maximum
frequency of around 13 meV at the R point. This frequency
then decreases towards � and tends towards a value of around
11 meV at the M point.

The R-point soft mode is at its lowest energy at R (in INS
≈5.6 meV, in IXS ≈5.2 meV) and rises quickly in energy as
we probe further from R. While the spectra are particularly
unambiguous at the R point itself, the picture becomes much
less clear as we move away from the zone boundary. Along
the R-M direction, we observe a single branch attributed to
oxygen, whereas phonon band calculations and symmetry
considerations predict a splitting into two oxygen branches
(see Fig. 1). The tilt modes at M also could not be identified
with certainty. This is because the lowest tilt mode at M (with
M+

3 symmetry) as well as the branch (T4) connecting that
mode to the tilt mode at R are indeed forbidden by symmetry
for our measurement configuration with Q from (0.5 0.5 2.5)
to (0.5 0.5 2.0). Further experiments in a less symmetric
configuration assisted with accurate calculations of scattering
cross sections will be needed to clarify the modes at M and
the dispersion along the R-M direction.

In addition, in the IXS data we observe extra modes at
higher frequencies (above 20 meV, shown in open symbols
on Fig. 5) both in the middle of the R-� direction and in the
R-M direction. The energies of the modes on the R-M direc-
tion agree very well with the Zr-dominated (green) phonon
branch seen in Fig. 1, and the high intensity of the IXS peaks
also points to a mode involving a heavy atom. The mode
along �-R on the other hand is much weaker (see Fig. S6 in
Supplemental Material [47]) and difficult to assign conclu-
sively. This mode might be of spurious origin and further stud-
ies will be necessary to clarify its assignment. This is incon-
sequential for our low-frequency study of the R-tilt mode and
acoustic mode.

FIG. 6. The temperature dependency of the dynamical structure
factor S(q, ω) at the R point [q = (2π/a)[0.5, 0.5, 2.5]] from MD
simulations using the force constant potential (FCP) model based
on PBE.

IV. THEORETICAL RESULTS AND COMPARISON

A. Dynamical structure factor

The FCP potential can be used to perform MD simulations.
The full anharmonicity in Eq. (1) is taken into account but the
motion is restricted to classical dynamics.

We consider an 8 × 8 × 8 supercell (N = 2560 atoms)
with periodic boundary conditions and the MD simulations
are carried out using the GPUMD [30] package with the FCP
[57]. The system is equilibrated in the NVT ensemble using
the Langevin thermostat and the positions ri(t ) = R0

i + ui(t )
are then sampled in the NVE ensemble using the velocity
Verlet algorithm. The total simulation time is set to 2 ns with
a time step of 1 fs.

The intermediate scattering function

F (q, t ) = 1

N

N∑
i

N∑
j

〈bib jexp{iq · [ri(t ) − r j (0)]}〉 (7)

is determined at the R point, for the wave vector q =
(2π/a)[0.5, 0.5, 2.5], as a time average 〈. . . 〉 using DYNASOR

[31]. The nuclear scattering lengths bi are given in Sec. III.
The dynamic structure factor

S(q, ω) =
∫ ∞

−∞
F (q, t )exp(−iωt )dt (8)

is then obtained by a Fourier transformation and S(q, ω) is
averaged over 50 independent MD simulations with different
initial velocities.

The resulting dynamical structure factor, as function of
temperature, is shown in Fig. 6. Two set of peaks are seen.
One at lower frequencies, from 4 to 9 meV, and one at higher
frequencies, between 12 and 13 meV. The lower-frequency
mode corresponds to oxygen motion, the R-tilt mode. It shows
a strong temperature dependence, and the peak broadens
as temperature increases. The peaks at higher frequencies
correspond to motion of barium, the R-acoustic mode. A
weak temperature dependence is observed, indicating that
this vibrational motion of barium is associated with a weak
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FIG. 7. The phonon dispersion at different temperatures obtained
from the self-consistent phonon (SCP) model based on PBE.

anharmonicity. In order to extract the frequencies, we fit the
spectra to a damped harmonic oscillator model (see Supple-
mental Material [47]). The obtained theoretical frequencies
are compared with our experimental data points in Fig. 8.

B. Dispersion relation

Next, we consider the self-consistent phonon (SCP)
method. The model is based on a 6 × 6 × 6 supercell, and
we use M = 80 structures in each iteration. The minimization
in Eq. (5) is solved by ordinary least squares (OLS) and the
iteration in Eq. (6) is stopped once the free energy for the
effective harmonic system is smaller than 0.001 meV per atom
for two successive iterations.

In Fig. 7 part of the resulting phonon dispersion for five
different temperatures is shown. The oxygen-related R-tilt
mode is clearly temperature dependent, and the barium related
R-acoustic mode shows only a weak temperature dependence.

At the R point we observe a softening of the R-tilt mode
from 9.0 meV at 300 K to 5.6 meV at 0 K. Also at the M point
the softening is substantial, from 13.5 to 11.4 meV in the same
temperature range. The R-acoustic mode is nearly constant
with temperature. At the R point the frequency decreases
slightly, from 12.8 to 12.4 meV in the temperature range 300
to 0 K. The obtained theoretical frequencies are compared
with our experimental data points in Figs. 8 and 9.

C. Comparison between theory and experiments

Our key result is the temperature dependence of the an-
tiferrodistortive phonon mode, the R-tilt mode. In Fig. 8 we
compare our experimental and theoretical results for both the
R-tilt mode and the R-acoustic mode.

The R-tilt mode shows a strong temperature dependence.
From the INS data we obtain a softening from 9.4 meV at
296 K to 5.6 meV at 2 K, while the IXS data decrease from
8.3 meV at 300 K to 5.2 meV at 80 K. The INS frequencies
are therefore consistently higher by about 1 meV, compared
with the IXS frequencies. The two data sets agree within
experimental uncertainties, but we consider the INS data
to be more reliable since the R-tilt mode is weak in the
IXS spectra. Our theoretical results, the data based on the

FIG. 8. The temperature dependency for the R-tilt and R-acoustic
modes, both from experiments (INS and IXS) and theory (SCP and
MD). HP is the harmonic approximation, which is temperature in-
dependent. The theoretical data are based on PBE. For experimental
data, error bars are the width of the fitted peak (INS) or the instru-
mental resolution (IXS).

self-consistent phonon (SCP) method and the result obtained
using the dynamic simulation technique (MD), agree nicely
with the experimental data.

Theory predicts that below about 100 K the quantum fluc-
tuations of the atomic motion become important in sampling
the configuration space (cf. Fig. 12). It implies that the change
of the frequency, the slope, decreases when approaching 0 K
from above. This is seen in the experimental INS data, while
the IXS measurements do not reach sufficiently low tem-
peratures to observe this effect. The quantum fluctuations
are included in the SCP method and the corresponding data
show a clear decrease of the slope. In the MD method, the
dynamics is treated classically (does not contain the quantum
fluctuations) and the corresponding data show an increase of
the slope when approaching 0 K from above, in contrast to the
SCP data.

At higher temperatures, above 100 K, the R-tilt mode is
well described by classical sampling and thus the difference
between MD and SCP seen in Fig. 8 comes from the dif-
ferences between these two computational techniques. In the
MD technique all anharmonicities within the given FCP are
included while in the SCP method the configuration space is
sampled by independent normal modes, based on an effective
harmonic model which has been computed using the same
FCP as in MD. It has been argued that using noninteracting
normal modes could potentially lead to sampling of higher-
energy structures by the SCP method. This would then result
in higher effective vibrational frequencies [58]. Therefore, we
expect the MD method to be more accurate compared with the
SCP method at higher temperatures.

For comparison, the results using the effective harmonic
model introduced by Hellman et al. [23] have also been
computed. This model is based on samples from a classical
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FIG. 9. The dispersion curves for the R-tilt and R-acoustic
modes, both from experiments (INS and IXS) and theory (SCP), and
at two different temperatures, about 0 and 100 K. The theoretical data
are based on PBE. For experimental data, error bars are the width of
the fitted peak (INS) or the instrumental resolution (IXS).

MD trajectory and thus lacks the quantum fluctuations of the
atomic motion. In the present case, it gives very similar results
as the MD model for the temperature dependence of the R-
tilt mode. For more details, see Fig. S8 in the Supplemental
Material [47].

In Fig. 8 we also show the temperature dependence of the
R-acoustic mode, located at about 13 meV. It shows a very
weak temperature dependence. The IXS data decrease with
about 0.4 meV when reducing the temperature from 300 down
to 80 K, while the INS data are essentially temperature inde-
pendent. A small decrease is also obtained using the SCP and
MD methods, about 0.5 meV. In this case the two theoretical
methods give very similar results for the frequencies. The
theoretical data are based on PBE and are about 1 meV lower
than the experimental result. However, it is known that the
more accurate hybrid functionals HSE and CX0p give about
1 meV higher values for the R-acoustic mode, compared with
PBE [59].

Finally, we compare the experimental data for the disper-
sion of the two R modes with the theoretical predictions based
on the SCP method in Fig. 9. The INS data for the R-tilt mode
compare very well with the theoretical data, while in the IXS
measurement only one extra data point could be resolved.
In the direction R-M theory predicts two branches but both
the INS and the IXS measurements could only resolve one
branch, as discussed earlier. The R-acoustic mode is also very
well reproduced by both the INS and IXS data. A systematic
offset is visible, but as discussed above this is most likely due
to the use of PBE in the theoretical calculations.

V. THEORETICAL RESULTS: ATOMIC DISPLACEMENTS

A. Mean-squared displacements

The mean-squared displacement (MSD) 〈(uα
i )2〉 can be

obtained within the HP and SCP models using Eq. (2). It can
also be obtained directly from MD simulations making a time

FIG. 10. Mean-squared displacements from MD, SCP, and HP,
based on PBE. Experimental data taken from Levin et al. [20],
Perrichon et al. [17], and Knight [5].

average along the MD trajectory〈(
uα

i

)2〉 = 〈(
uα

i (t )
)2〉

time, (9)

where ui(t ) is the displacement of atom i from its equilibrium
position R0

i , i.e., ri(t ) = R0
i + ui(t ). The obtained results for

the mean-squared displacements (MSDs) are shown as func-
tion of temperature in Fig. 10. In the same figure we also show
experimental data for BZO from Refs [5,17,20].

We notice that for barium and zirconium all directions
are symmetrically equivalent. Barium has a larger displace-
ment compared with zirconium due to its considerably weaker
interaction with its surroundings. On the other hand, the
displacement for oxygen is strongly anisotropic, with larger
displacements perpendicular to the Zr-O bond.

Consider first the HP model. At 0 K the MSD is given by
its zero point motion value. It increases with temperature and
at high temperatures it approaches its classical behavior, i.e.,
linear in temperature.

In the SCP model anharmonicity is included. There is a
clear difference between SCP and HP at higher temperatures
for the oxygen motion perpendicular to the Zr-O bond. The
FCP-based SCP potential energy landscape is stiffer than the
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harmonic (HP) one (cf. Fig. 2) and thus leads to smaller
displacements. The displacements for barium show a similar
effect but less pronounced.

In the MD model the motion is treated classically. There-
fore, at low temperatures the displacements approach zero.
This is seen in Fig. 10. Furthermore, if the system is harmonic
the MSD increases linearly with temperature. This is obtained
for the zirconium motion and the motion of oxygen parallel to
the Zr-O bond. However, for the motion of oxygen perpendic-
ular to the Zr-O bond the slope of the MSD decreases when the
temperature increases, due to the motion being anharmonic.
The same behavior is observed for the barium motion but less
pronounced.

The difference between the MD and the SCP models is
that the latter includes the quantum fluctuations of the atomic
motion, while MD does not take those into account. On the
other hand, MD includes the full anharmonicity in Fig. 1,
while SCP does that in an approximate way. From Fig. 10
we note that MD and SCP agree quite well at 300 K for all
atomic motions except for the oxygen motion parallel to the
Zr-O bond. For this high-frequency motion, quantum effects
are sizable even at 300 K.

We can also compare with available experimental data. In
Fig. 10 data at 5, 10, and 300 K from Perrichon et al. [17],
Knight [5], and Levin et al. [20] are added. The mean-square
static disorder has been subtracted from the raw data by
Knight [5]. We notice that theory and experiments compare
quite well. However, the data by Levin el al. [20] for Zr are
systematically larger and the 300-K data point for oxygen
parallel to the Zr-O bond by Perrichon et al. [17] deviates
significantly from the rest of the experimental data.

B. Mean-squared relative displacements

The fluctuations in the distance between two atoms in
a crystal can be measured using extended x-ray absorption
fine structure (EXAFS) spectroscopy [60]. This technique
gives a more local information about the fluctuations of the
atomic positions compared with the mean-squared displace-
ment (MSD), measured by x-ray and neutron scattering.

The R-tilt mode with its essentially rigid antiphase tilts of
the ZrO6 octahedra should be visible as large fluctuations of
the nearest-neighbor Ba-O atomic distance. Indeed, Lebedev
and Sluchinskaya [61] found large values of the Debye Waller
factor for the Ba-O atomic pairs using EXAFS at 300 K.
Usually, the Debye-Waller factor in EXAFS monotonically
increases with increasing interatomic distances, but Lebe-
dev and Sluchinskaya [61] found a significantly larger value
for the first shell (Ba-O) compared with the second (Ba-Zr)
and third (Ba-Ba) shells (cf. Table I). They attributed this to
the appearance of a structural instability and speculated in
the possible formation of a structural glass state in BZO
as the temperature is lowered.

Granhed et al. [59] showed, using DFT calculations, that
the low frequency of the R-tilt mode gives rise to an “anoma-
lously” large value of the Debye-Waller factor for the Ba-O
atomic pairs. The study by Granhed et al. [59] was based
on the harmonic approximation for the lattice vibrations
and several exchange-correlation functionals within DFT
were used.

TABLE I. Parallel mean-squared relative displacements
(MSRDs) from MD, SCP, and HP, in units of 10−3 Å2, based on
PBE. Compared with experimental data taken from Lebedev and
Sluchinskaya [61].

T (K) Expt. MD SCP HP

〈u2
‖〉BaO 0 6.4 6.8

300 14.5 18.2 17.5 22.5
〈u2

‖〉BaZr 0 2.1 2.2
300 6.8 7.5 7.2 8.2

〈u2
‖〉BaBa 0 2.7 2.7

300 8.7 12.3 12.0 13.5

Here, we consider the effect of the anharmonicity which
was neglected in Ref. [59]. The parallel mean-squared relative
displacement (MSRD) between neighboring atoms a and b
can be obtained from the phonon eigenvectors and frequencies
according to [60]

〈u2
‖〉ab = 1

Nq

∑
q,ν

h̄

2μabωq,ν

∣∣Y ab
q,ν

∣∣2
coth (h̄ωq,ν/2kBT ), (10)

where

Y ab
q,ν =

[(
μab

mb

)1/2

eb
q,νeiq·R0

ab −
(

μab

ma

)1/2

ea
q,ν

]
· R̂0

ab (11)

and μab = mamb/(ma + mb) is the reduced mass, R0
ab is the

vector connecting the equilibrium positions of neighboring
atoms a and b, and R̂0

ab is the corresponding vector of unit
length. Equations (10) and (11) can be used to obtain the
parallel MSRD within the HP and SCP approximations. The
parallel MSRD can also be directly computed from MD sim-
ulations by making a time average of the expression

〈u2
‖〉ab = 〈 | [ua(t ) − ub(t )] · R̂0

ab |2〉time (12)

along the MD trajectory [60].
Our resulting parallel MSRDs are presented in Table I

using PBE. In the harmonic approximation (HP) we indeed
get a large value for the nearest-neighbor Ba-O atomic dis-
tance at 300 K, considerably larger than the experimental
value. That was also noticed in Ref. [59] and explained by
the underestimation of vibrational frequencies in PBE. If we
add anharmonicity and evaluate the MSRD within the SCP
and MD approximations the value is reduced but still larger
compared with experiments. This reduction is due to the
stiffer potential energy surface (PES) when anharmonicity is
included, and hence smaller displacements. Similar trends, but
much less pronounced, are obtained for the nearest-neighbor
Ba-Zr and Ba-Ba atomic distances.

Still, the values including anharmonicity, i.e., the SCP and
MD values, are larger than the experimental values. However,
using improved approximations for the exchange-correlation
approximations within DFT we expect the agreement to be
improved. It was shown in Ref. [59] that inclusion of Fock
exchange as implemented in the two hybrid functionals, HSE
[38,39] and CX0p [40], stiffens the atomic bonds and thus
increases the vibrational frequencies. It then follows that the
MSRD will decrease.
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FIG. 11. The potential energy surface (PES) along the R-tilt
mode based on PBEsol. The double-well minimum potential indi-
cates a structural phase transition in the classical limit.

VI. DISCUSSION

A. Exchange-correlation functional

As a compromise between accuracy and computational
cost we have based our computations on the PBE functional
(see Sec. II A). The vibrational properties at the R point
are quite sensitive to the exchange-correlation approximation
used in the DFT calculations [17]. To test this sensitivity,
we have also computed the temperature-dependent vibrational
spectra using the PBEsol functional.

A fourth-order FCP is constructed based on the PBEsol
functional (for details, see Supplemental Material [47]). In
Fig. 11 we show the FCP result for the PES along the R-tilt
mode FCP model together with the DFT data. In contrast
to PBE, the PBEsol functional shows a weak double-well
landscape for the R-tilt mode potential. This means that the
R-tilt mode is unstable in the harmonic approximation with
an imaginary frequency, in this case, equal to 4.2i meV. This
implies that, in a classical description and using PBEsol, the
cubic phase for BZO is unstable close to 0 K.

The FCP based on PBEsol is used in the same way
as described for PBE to obtain the temperature-dependent
phonon frequencies. In Fig. 12 we compare our theoretical
results using the two different functionals, PBE and PBEsol.
The frequencies based on the PBEsol functional are about
2 meV lower compared with the PBE frequencies and PBEsol
gives a somewhat stronger temperature dependence. Both
functionals give rise to a finite frequency at T = 0 K. For
PBEsol, which has a double-well landscape for the R-tilt
mode potential (see Fig. 11), it is worth noting that quantum
fluctuations at T = 0 K stabilize the cubic structure using the
SCP model.

B. Effect of quantum fluctuations

To demonstrate the effect of the quantum fluctuations of
the atomic motion on the R-tilt mode we can now compare the
result for the SCP model using the amplitude in Eq. (4), which
contains the proper quantum fluctuations, with the results

FIG. 12. Theoretical temperature dependence of the R-tilt mode
based on PBE and PBEsol, respectively. The SCP-cl model shows the
effect of neglecting the quantum fluctuations of the atomic motion in
the SCP method. The HP is the harmonic approximation.

obtained by using the classical limit of the amplitude, i.e.,

Ai,cl
λ =

√
kBT /

(
miω

2
λ

)
. (13)

The latter model is here denoted SCP-cl and neglects the
quantum fluctuations. When lowering the temperature SCP-cl
starts to deviate from SCP around 100 K, as seen in Fig. 12.
The frequencies decrease more rapidly compared with the
SCP model and for PBE the frequency approaches the PBE
harmonic frequency value of 3.8 meV, the HP value. How-
ever, the SCP-cl value for PBEsol approaches zero at a
finite temperature. Hence, by neglecting quantum fluctuations,
PBEsol predicts an unstable cubic structure at 0 K.

C. Thermal expansion

We have neglected thermal expansion in our theoretical
analysis. In Ref. [17] thermal expansion within the quasihar-
monic approximation was taken into account for the frequency
of the R-tilt mode. The PBE value for the frequency increased
by 0.8 meV in the temperature interval 0 to 300 K, while
the increase for the two hybrid functionals HSE and CX0p
was less, about 0.5 meV, in the same interval. Therefore, the
temperature dependence derived here may increase slightly if
thermal expansion is taken into account.

D. Comparison with other work

Recently, Zheng et al. [27] considered anharmonic lat-
tice dynamics in BZO with focus on thermal transport in
the temperature range 300–2000 K using the PBE functional.
They used a nonperturbative self-consistent phonon method
as implemented in ALAMODE [26,62]. They also investigated
the R-tilt mode and they obtained a frequency increase from
6.3 to 8.2 meV in the temperature range 0 to 300 K (see their
Fig. S4.). This can be compared with our present SCP results
using a similar theoretical approach. We find an increase from
5.6 to 9.0 meV in the same temperature range. This difference
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can likely be attributed to the difference in the FCPs used in
the two different works (cf. the discussion in Ref. [63]).

Here a 4 × 4 × 4 supercell was used to train the FCP,
whereas Zheng et al. used a 3 × 3 × 3 supercell incom-
mensurate with the R-tilt mode. Furthermore, Zheng et al.
constructed the harmonic force constants separately from the
anharmonic force constants. These differences in the FCP
construction likely explain the observed difference in calcu-
lated frequencies.

VII. CONCLUSIONS

We have presented a combined experimental and theoret-
ical study of the temperature dependence of the antiferrodis-
tortive R-tilt mode in barium zirconate (BZO).

Our inelastic neutron and x-ray scattering measurements
on a single crystal clearly show that the antiferrodistortive
phonon mode at the R point softens substantially, from
9.4 meV at room temperature to 5.6 meV at 2 K. In contrast,
the barium-associated acoustic mode at the same R point is
found to be nearly temperature independent.

We use a first-principles computational approach to study
the lattice dynamics. A force constant potential (FCP) in-
cluding cubic and quartic anharmonic terms is derived
using training structures from density functional theory
(DFT) calculations. The PBE functional is employed for the
exchange-correlation functional and to gauge the sensitiv-
ity with respect to the exchange-correlation functional, the
PBEsol functional is also used in some calculations. The vi-
brational motion is investigated by direct molecular dynamics
(MD) simulations as well as by using a self-consistent phonon
approach. The effect of the anharmonicity on the lattice dy-
namics is hence taken into account nonperturbatively.

Our theoretical approach, based on a self-consistent
phonon approach, predicts a soft phonon mode at the R point,
associated with antiphase tilt oscillations of sequential oxygen
ZrO6 octahedra, with a strong temperature dependence, from
9.0 meV at 300 K to 5.6 meV at 0 K, in great agreement with
the present measurements. The quantum fluctuations of the
atomic motion are found to be important to obtain the proper
temperature dependence at low temperature. To accurately
describe the vibrational motion at low temperatures it is thus
important to include both anharmonicity and quantum fluctu-
ations of the atomic motion in a consistent way.

The mean-squared displacements of the different atoms
are determined as function of temperature and are shown to

be consistent with available experimental data. The mean-
squared relative displacements have also been computed.
These displacements are measured in EXAFS and the fluc-
tuations of the Ba-O distance are a sensitive local measure
of the antiphase tilt oscillations of the oxygen octahedra.
We compare our computed values for the fluctuation of
the Ba-O distance with available EXAFS data at 300 K
and the agreement with the EXAFS data is improved
when anharmonicity is taken into account in our theoretical
modeling.

Altogether, our work provides a robust description of
the lattice dynamics and its temperature dependence at the
R point, but future work will be needed to clarify open
questions on the lattice dynamics away from R. This in-
cludes the exact position and temperature dependence of the
tilt branch along the R-M direction, as well as a proper
deconvolution of the inelastic spectrum. The temperature evo-
lution of the line shape in INS spectra still needs to be
understood and the importance of different ingredients eval-
uated (resolution effects, anharmonicity, potential presence
of nanodomains, etc.). We anticipate that further inelas-
tic scattering experiments or diffuse scattering will help to
address this issue and that extended computational model-
ing may uncover the presence or absence of the proposed
nanodomains.
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