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A precise characterization of the recently discovered crossover to hydrodynamic transport in electron liquids,
and in particular of a conjectured exotic odd-parity transport regime, requires a full solution of the Fermi-liquid
collision integral at all temperatures beyond state-of-the-art analytic leading-logarithmic approximations. We
develop a general basis expansion of the linearized collision integral applicable at all temperatures, and employ
this to determine the decay rates of Fermi surface perturbations in two-dimensional electron liquids. In particular,
we provide exhaustive data on the decay rates for a new odd-parity regime, in which parity-even Fermi surface
deformations decay rapidly but odd-parity modes are anomalously longlived. We find that this transport regime
exists at fairly large temperatures 7 < 0.1 7, putting this regime within the reach of current experiments.

DOI: 10.1103/PhysRevB.108.L121401

Signatures of hydrodynamic transport have recently been
reported in a number of two-dimensional materials such as
graphene [1-4], bilayer graphene [5,6], GaAs [7-9], WP,
[10], and PdCoO; [11]. Samples used are very clean, such that
at intermediate temperatures electron-electron scattering—the
rate of which goes as y ~ (T/Tr)*> at small temperatures
with logarithmic corrections [12-16], where Ty is the Fermi
temperature—sets the dominant relaxation mechanism over
impurity and phonon scattering (which dominate at low and
high temperatures, respectively) [17]. In this case, excitations
not associated with conserved quantities (charge and current)
relax very quickly due to electron interactions, giving rise to
a collective hydrodynamic description. Indeed, hydrodynamic
transport is generally expected in many two-dimensional ma-
terials [1,6,18]. On a theoretical level, the crossover to a
hydrodynamic regime is captured by a kinetic quasiparticle
description [19-23].

However, this standard argument for the rapid decay
of nonconserved modes at finite temperature is incom-
plete: It only applies to a subset of all excitations (dubbed
“even-parity” modes), and there exist long-lived modes
(dubbed ““odd-parity” modes) that decay much more slowly
with a predicted rate y’ ~ (T/Tr)* at low temperatures
[24,25]. This implies that 2D materials should posses a new
exotic transport regime distinct form the hydrodynamic one in
which even-parity modes decay quickly, but odd-parity modes
are still nearly collisionless. This new regime has so far been
overlooked in experiments as most observables (such as the
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resistivity) couple to conserved modes or involve a superpo-
sition of odd- and even-parity modes and will be sensitive to
the strongest decay channel. Nevertheless, signatures of this
odd-even effect in the decay rates are predicted as a shear-
thinning viscosity [26], which leads to a modification of the
hydrodynamic Poiseuille flow profile in a narrow channel that
might in fact have been observed already [27], or the emer-
gence of new transverse diffusive collective modes, which
do not couple to the charge [28]. The description of such a
transport regime—in terms of transport coefficients, collective
modes, or decay rates—requires a full numerical solution at
all temperatures of the Fermi liquid equations that govern the
electron liquid. To develop such a general formalism, and use
it to obtain a complete characterization of the decay rates
for all modes and all temperatures, is the purpose of this
Letter.

To understand the emergent disparity of lifetimes on a
qualitative level, consider the relaxation of Fermi surface
deformations in a kinetic picture at low temperatures [we
use a parabolic dispersion e(p) = p?/2m* (m* is an effective
band mass) with circular Fermi surface]. A typical electron-
electron scattering process p; + p2 — pr + p» [Fig. 1(a)]
involves momenta close to the Fermi momentum (black
circle), where black arrows indicate p; and p, and the
red arrow is the total momentum. Given momentum con-
servation, only forward (p; = pi, p» = p2) or exchange
scattering (p;r = P2, P> = P1) is possible, neither of which
relax the (spin unresolved) quasiparticle distribution. The
only exception is head-on scattering with zero center-of-mass
momentum [Fig. 1(b)], which in a microscopic calculation
gives rise to the y ~ (T/Tr)? scaling (with a logarithmic
enhancement for nearly collinear scattering [29]). However,
such processes relax opposite points on the Fermi surface in
equal manner. This then implies a parity-dependence of the
lifetime [Fig. 1(c)]: In a Fourier mode expansion of Fermi
surface deformations, in addition to the conserved (zero)
modes (gray), even-parity modes (blue) decay quickly at finite
temperature in the manner described above while odd-parity
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modes (orange) decay slowly by other means. Of course, a full
calculation cannot assume a rigid Fermi surface deformation
but must include the softening of the Fermi-Dirac distribution
at finite temperature.

In this Letter, we provide a general framework to solve the
linearized collision integral for electron-electron scattering in

J

two-dimensional Fermi liquids at all temperatures, which is
necessary to determine the linear response and the lifetime
of excitations. The full collision integral j describes the rate
of change of the quasiparticle distribution function f(z, p)
due to momentum-changing two-body collisions with other
particles:

N 2 dap> dpy / dpy 2 2
t = —— L Pa)|é — — 2w h
JL . po)] i /(2nh)2/(2nh)2 Qmh)? (1. palVIPv. P2} 0 (e, +p. = o, = e )H)

x8(p1 +p2 — Pr — P (PSP = f(P1r )L = f(p2)) — f(Pr)f(p2)(d = f(P)) = f(p2))]. (D)

The first term in the square brackets describes a loss of quasi-
particles with momentum p; due to a scattering process p; +
p> — pr + pr (with matrix element |(V)|?) with another
particle into other momentum states, while the second term
describes the reverse gain as two quasiparticles scatter into
states 1 and 2. The collision integral vanishes if f is equal to
the Fermi-Dirac distribution frp(p) = 1/(exp(B(ep — 1)) +
1) with 8 = 1/kgT the inverse temperature and p the chem-
ical potential. We consider the relaxation of small deviations
from this equilibrium distribution, which we parametrize in
terms of a deviation function Y as

8f(@ = f®) — feo(@) = feo(1 — feo)¥(p).  (2)

Eigenmodes are then eigenvectors of the linearized colli-
sion integral, the eigenvalues of which set their decay rate.
Formally,

A ~JLf(p)]
L = - = , 3
W= a = fmey Y@ O

and, in explicit form,

m*V*2 dp2

wnnd | @nny fdeFD(pl)

X fFD(Pz)(1 - fFD(pl’))(l — fep(P2))

x [P+ ¥ P2) = pr) —¥(p2)l. 4

where €2 is the angle between the ingoing and outgoing rela-
tive scattering momenta. For generality, we assume a constant

(a) (c)
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FIG. 1. (a) Generic two-body scattering process. (b) Head-on
scattering that relaxes even-parity deformations. (¢) Fermi surface
deformation of zero modes (gray), and the first even-parity (blue)
and odd-parity modes (orange). m is the angular mode number.
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scattering matrix element (V) = V,, although it is straightfor-
ward to extended our calculation to more complex cases.

For the parabolic dispersion, which is rotationally invari-
ant, eigenvectors are labeled by the angular mode m using the

decomposition ¥,,(p) = f02” 48 ¢=im?y(p) with 6 the in-plane
angle of p, where the ,, carry a residual dependence on the
deviation from the Fermi momentum. The even and odd m
describe parity-even and parity-odd Fermi surface deviations
sketched in Fig. 1(c), and each angular momentum channel
has its own decay rate y,,. Note that the effect will remain for
a general parity-even dispersion, such as graphene or lattice
problems.

Even in linearized form (4), solving the collision integral
is a daunting task, hence it is often replaced by a simple
relaxation-time ansatz [19,21,22]. Results for transport coef-
ficients were obtained by Abrikosov and Khalatnikov [30] in
the asymptotic limit where all momenta are precisely fixed
at the Fermi surface, which reduces the linearized collision
integral to a one-dimensional integral equation for specific
perturbations. This equation was solved in [31,32], but since
the method crucially relies on the zero-temperature limit, it
is not apparent how to generalize it to finite temperatures in
a systematic way. It is in particular not suitable to describe
subleading-in-temperature effects such as the odd-parity de-
cay as well as the onset temperature of such scaling. In lieu
of a systematic evaluation of the collision integral in the pres-
ence of Pauli blocking, there is currently significant effort to
develop novel numerical methods, for example, by computing
the dynamics of Fermi surface patches [33]. An alternative for
transport calculations are diagrammatic approaches, although
parity-dependent effects that motivate the current study are
so far not possible to analyze with standard Green’s function
methods, which do not resolve the angular dependence of
perturbations.

The technical innovation of our work is an efficient
solution of the linearized collision integral (4) using an
eigenfunction expansion in terms of polynomials that are
orthogonal with respect to an inner product induced by the
Fermi-Dirac distribution

d2
(o, h) = 2 / G fo @)1 = fro®) & hP)
—food—w*( Y(w) ©)
N ,,g,t4cosh2(w/2)g W),

where the second line holds for isotropic functions g and 4,
and we define the thermal wave length Ay = /27 i*8/m*, as
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well as a dimensionless excitation energy w = B(p*/2m* —
w). Note that the the linearized collision integral is a
Hermitian and positive semidefinite operator with respect
to the inner product (5), with real and nonnegative eigen-
values y (a proofs proceeds as for the classical collision
integral, see [34]). We determine the quasiparticle lifetime by
expanding

N
Yn(p) =Y cour(w) (6)
=1

up to a certain base dimension N, where the basis polynomials
are chosen orthonormal with respect to (5), (u;, u;) = &;;, with
an initial choice u;(w) = 1. We then numerically evaluate the
matrix of scalar products (with details given below)

Mf‘nﬁ = (uge™?, EAuﬁeimO), (7

the lowest eigenvalue ™ of which provides a variational

upper bound (due to the truncation to a finite basis) on the
decay rate. Indeed, as shown below, we find rapid convergence
at all temperatures with only a small number of basis polyno-
mials. In the following, we systematically compute the decay
rates for the first twenty angular Fermi surface deformations
and quantify the parity-dependence discussed in the introduc-
tion, although the method itself has broader applications.

Consider first the low-temperature basis polynomials,
where B — oo. Here, we obtain the orthogonal polynomials
in closed analytical form:

u(w) =1, (8)
u(w) = ﬁw, (&)
T
35 5
us(w) = Tiwz - % (10)
57 NG
ug(w) = 12“]/; w? — %w, an

and so on. The first basis function u; describes a rigid de-
formation of the Fermi surface and can be thought of as a
shift in the chemical potential of the Fermi-Dirac distribution
[cf. Fig. 1(c)], while higher-order terms account for a smooth-
ing of the Fermi edge. The parametrization in terms of w
ensures that higher-order polynomials give a progressively
smaller contribution to the eigenvalue, thus illustrating the
rapid convergence at low temperatures. An analytical expres-
sion for the finite-temperature basis polynomials exists, which
mixes even and odd powers of u, but it is also straightforward
to generate them via a numerical Gram-Schmidt procedure.
A special situation arises at high temperatures Sy — —oo,
where the Pauli blocking factor is irrelevant and the weight
function in Eq. (5) reduces to a Maxwell-Boltzmann expo-
nential form. The orthogonal polynomials are then Laguerre
polynomials (in this context called Sonine polynomials [35]),

ug(w) = e PH2Lo(w + ). (12)

This reproduces the standard description of a classical two-
dimensional gas, for which basis expansion techniques based
on a Laguerre expansion have been developed, among others,
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FIG. 2. Decay rate (in units of m*ZVfTF/hS) for the (a) m =1,
(b) m = 2, and (c) m = 3 modes as a function of inverse temperature
obtained by computing eigenvalues of the linearized collision inte-
gral (4) with an increasing number N of basis functions. While the
m = 1 zero mode converges to zero with increasing NV, higher modes
converge rapidly to a finite value (as illustrated in the insets for
selected points on a linear scale as a function of N). There is a clear
suppression of the low-temperature decay rate for the odd-parity
mode m = 3 compared to the even-parity m = 2 mode.

by Enskog [36], Burnett [37], Grad [38], and reviewed by
Chapman and Cowling [35]. The framework presented in this
Letter is an extension of these high-temperature techniques to
all temperatures by including the full extent of Pauli blocking
at low temperatures.

In evaluating the matrix elements M%® in Eq. (7), we
account for energy and momentum conservation by trans-
forming to a center-of-mass P and relative momentum q for
the ingoing scattering states, i.e., pip = P/2 £ qand py > =
P/2 4+ ¢, which leaves an integration over the angle Q2 be-
tween the initial and scattered relative momenta q and q’.
The resulting four-dimensional integral is computed using a
multidimensional adaptive Monte Carlo method [39], where
we rescale all momenta and energies in units of the thermal
wave length A7r to avoid sharp peaks in the integrand. The
chemical potential and temperature are linked by Bu(T) =
In(e™/T —1).

To establish convergence of our calculations, we show in
Fig. 2 results for the decay rate ¥ as a function of Tr/T
for three different angular harmonics (a) m = 1, (b) m = 2,
and (c) m = 3. Shown are several curves obtained with an
increasing number of basis functions N. First, we show in
Fig. 2(a) the decay rate y,,—;, where different lines from top
to bottom indicate results obtained with an increasing basis
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dimension N =1, ..., 10. The m = 1 mode is special since
it is a zero mode of the collision integral, i.e., a conserved
mode that is not degraded by electron scattering. For electron-
electron interactions, these zero modes are associated with
charge (m = 0) and current (m = =£1) conservation, and cor-
respond to a compression of the Fermi surface and a rigid
shift, respectively [cf. Fig. 1(c)]. While it is possible to check
the cancellation in the collision integral for the m = 0 mode
explicitly (where it follows from particle number and energy

conservation which implies M‘_ ) = M =0 for all £ =
1,...,N), this is far from obvious for the m = 1 mode, for

which a cancellation between different orders has to occur.
Indeed, this is the behavior exhibited in Fig. 2(a), which does
not converge to a finite nonzero result but rapidly drops to
zero as the number of basis functions is increased (indicated
by the gray arrow in the figure), with an especially rapid drop
at low temperatures. Establishing here a cancellation to all
orders and recovering the exact zero mode is a strong check
of our numerical procedure.

Next, in Figs. 2(b) and 2(c) we show the first modes not
associated with zero modes of the collision integral, namely
m = 2 (parity even) and m = 3 (parity odd). The correspond-
ing Fermi surface deformation is sketched in the inset of
the figures. Gray lines indicate results obtained for basis di-
mension N =1, ..., 15, and we mark the largest dimension
N =16 as a blue and orange line, respectively. As is ap-
parent from the figures, these modes behave very differently
from the zero modes, and converge rapidly to a finite decay
rate at all temperatures, even for a small number of (two
or three) basis functions—in fact, the colored lines almost
completely cover the gray lines for most temperatures. To
illustrate the convergence further, we show in the insets of
the figure results on a linear scale at isolated temperatures
as a function of the basis dimension N, where we indicate
the size of the largest relative jump explicitly. Note that
even though convergence is fast, an accurate result requires
going beyond the leading-order rigid Fermi surface deforma-
tion at all temperatures (i.e., include basis functions beyond
N =1). These results establish that the basis expansion is
robust and accurate at all temperatures, which is one of the
main results of this Letter. In addition, comparing Figs. 2(b)
and 2(c), it is immediately apparent that while at high
temperatures T 2> Tr both decay rates are of comparable mag-
nitude, the odd-parity m = 3 mode drops much more quickly
at low temperatures compared to the even-parity m = 2
mode.

Let us now analyze this low-temperature scaling in more
detail. Figure 3 shows a double-logarithmic plot of the
decay rates over a large temperature range for the first
twenty angular harmonics m as a function of Tp/T. The
calculations are performed using the first three basis func-
tions, where even-parity modes are shown as blue lines
and odd-parity modes as orange lines. The inset of the fig-
ure shows the logarithmic derivative of the results in the
main plot with respect to Tr/T to extract a local scaling
exponent ¥, ~ (Tr/T)~*"). At high temperatures T > T,
the decay rate is independent of the angular parameter and
approximately constant. This changes at smaller tempera-
tures T < Tp, where Pauli blocking effects start to enter,
which reduce the decay rate. For even-parity perturbations,

100 —
—
—— even parity
-3
L{Z 10 odd parity
~ 10-6 Ym ~ (THT) ™
by 4
S a(T)
g 10,
£ 4
10_12 10 T T T
1072 10° 102 104 ~(TE/T)™*
1072 100 102 104

TelT

FIG. 3. Decay rate y,, of Fermi surface deformations for the first
twenty angular harmonics m = 2, ..., 20, where blue lines indicate
even-parity modes and orange lines odd-parity modes. While even-
parity modes display a standard Fermi liquid scaling 72 at low
temperatures, odd-parity modes have a significantly reduced decay
rate with a 7~ scaling at very low temperatures. Inset: Logarithmic
derivative of the decay rate y,, to extract the local scaling exponent
as a function of temperature. For odd m, the crossover from a T2 to
a T~ scaling is clearly visible, where the crossover temperature T,
decreases with increasing m.

the decay rates cross over to the canonical Fermi liquid
Vm.even ~ (Tr/ 7)™ scaling, which persists over the complete
low-temperature range for 7 < 0.27r. Odd-parity modes
(orange lines), by contrast, are seen to decay much more
slowly, with a rate ¥, 0da ~ (T /T)’4 at the very lowest
temperatures. This result agrees with the analytical predic-
tion [25]. Different from the even-parity modes, the onset
temperature below which the asymptotic low-temperature
scaling form is reached depends on the angular parameter m,
where larger modes first assume a plateau near o ~ 2 before
they cross over to the more rapid decay with o & 4. Using
«(T,) = 3 to mark the onset of the low-temperature scal-
ing, we find T,(m = 3) = 0.12 Ty, T,(m = 5) = 0.04 Ty, and
T.(m =7T7) = 0.02 Tr. A fit to higher (odd) angular momenta
up to m = 19 gives T,(m)/Tr = 0.91/m>. Our calculations
using a parabolic dispersion apply directly to doped semicon-
ductors and should be a good approximation for graphene or
bilayer graphene at temperatures T < Ty, where the valence
band is not depleted by thermal excitations. In particular,
for GaAs, a wide hydrodynamic regime is predicted in the
range T = 1 — 40K despite seemingly weak electron inter-
actions [18]. With Fermi temperatures in the range Tp =
50 — 200K for typical doping densities, we thus predict the
anomalous odd-parity transport in a large window of tem-
peratures T < 5 — 20K, well within the range of current
experiments [9].

In summary, we obtain a complete description of decay
rates in two-dimensional Fermi liquids valid at all temper-
atures by developing a numerically exact solution of the
quasiparticle collision integral. In particular, we provide an
exhaustive characterization of a transport regime in which
odd-parity perturbations of the Fermi surface decay anoma-
lously slowly, where the crossover to this new regime occurs
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at readily accessible temperatures 7 < 0.17. Going for-
ward, the formalism developed here will allow a precise
description of 2D Fermi liquids in terms of transport co-
efficients and collective modes. The 2DEG discussed here
is an important proof-of-principle evaluation of the finite-
temperature collision integral, and points the way to broader

applications, for example, to graphene or general lattice
problems [40].

We thank M. Granath, S. Lara-Avila, H. Linander, E.
Nilsson, and H. Rostami for discussions. This work is sup-
ported by Vetenskapsradet (Grant No. 2020-04239).
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