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0. Introduction

In connection with the spectacular developments of Kéhler geometry in the last decade
(see [11,24,2,4,34,33,35]), several finite energy spaces of quasi-plurisubharmonic func-
tions have been studied, each of which endowed with a strong topology, that ensures
completeness of the space, good compactness criteria, and continuity of the complex
Monge-Ampere operator (the latter being discontinuous for the weaker L'-topology).
In this note we introduce yet another strong convergence, the quasi-monotone conver-
gence.

Let (X,w) be a compact Kéhler manifold. A function ¢ : X — R U {—o0} is quasi-
plurisubharmonic if it is locally the sum of smooth and a plurisubharmonic function. The
function ¢ is called w-psh if w + dd°p > 0 in the sense of currents. We let PSH (X, w)
denote the set of all w-psh functions; it can be endowed with the L!-topology, which
is equivalent to the weak topology of distributions. If ¢; € PSH(X,w) converges in
L' to ¢ € PSH(X,w), then cp;r = (supzzj w)* is a decreasing sequence of w-psh
functions that pointwise decreases to ¢ (see [29, Proposition 8.4]). The quasi-monotone
convergence requires a dual property:

Definition. We say that ¢; converges quasi-monotonically if ;" := P, (infe>; ) is a
sequence of w-plurisubharmonic functions that increases to .

Here P, (h) denotes the w-psh envelope of the function h: this is the largest w-psh
function that lies below h. The family of such functions is compact, but it may happen
that it is empty in which case P, (h) = —co (see Example 3.3).

The complex Monge-Ampere operator MA is well defined for bounded w-psh functions,
as follows from Bedford-Taylor theory [1,29]. At the heart of the theory lies the continuity
property of MA along monotone sequences. Our convergence notion naturally extends
this property, allowing for sequences ¢; that are bounded from above and below u; <
©; < v, by a sequence of w-psh functions u; (resp. v;) which increases (resp. decreases)
to ¢ [see Lemma 2.2].

The property that we require is somewhat dual to the property for the upper-envelope,
which always holds. This is well illustrated by the case when the ¢;’s are solutions of
a complex Monge-Ampeére equation (or of a complex Monge-Ampéere flow), where this
operation (envelope of infima) leaves the space of super-solutions invariant (see [25,
Theorem C] and Examples 3.1 and 3.2).

Our main result compares all these strong topologies:

Theorem. Let (X,w) be a compact Kihler manifold, and (¢;) € PSH(X,w)Y a sequence
which converges in L1(X) to some ¢ € PSH(X,w). Fix ¢ € £}(X,w).

1) If ¢; converges quasi-monotonically then ¢, converges in capacity.
j j
(2) If ; converges in capacity and ¢; > 1 then ¢; converges in (£'(X,w),dy).
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(3) If ¢; converges in (E'(X,w),d1), then ¢; converges to ¢ in capacity. Moreover up
to extracting and relabelling, the convergence is quasi-monotone and there exists
¥ € EY(X,w) such that p; > 9.

A sequence (p;) converges in capacity to ¢ if for all 6 > 0,
Cap,, ({z € X, |@;(z) —p(2)| = 6}) — 0,

as j — 400, where Cap,, denotes the Monge-Ampere capacity introduced by Kolodziej
[32] and further studied in [26,31,39,22].

The set (£'(X,w),d;) denotes the finite energy space introduced in [27], endowed
with the metrizable strong topology considered in [2] and further studied in [15]. One
can equally well consider other finite energy classes (€ (X,w),dy), endowed with the
induced Mabuchi topology, and show an appropriate version of the above result. We refer
the reader to Definitions 1.2 and 1.8, and to Theorem 2.5 for the precise statements.

All the previous notions of strong convergence therefore coincide —up to extracting
and relabelling— when the sequence is uniformly bounded:

Corollary. Let (X,w) be a compact Kihler manifold, and (p;) € PSH(X,w)Y a uni-
formly bounded sequence which converges in L'(X) to some ¢ € PSH(X,w). Up to
extracting and relabelling, the following properties are equivalent

(1) ¢; converges quasi-monotonically to ¢;
(2) ¢, converges to ¢ in capacity;
(3) ¢, converges to ¢ in (£1(X,w),d;).

Example 3.3 shows that a sequence can converge in capacity but not quasi-
monotonically. The sequence ¢; = ¢/j converges to zero both in capacity and quasi-
monotonically, but not in energy if ¢ does not belong to £! (X, w). Example 3.4 shows that
extracting is necessary to ensure the quasimonotone convergence. Finally Example 3.5
provides an example where these strong convergences do not hold, while Example 3.6
compares the various types of convergence in energy.

Contents We recall basic facts in Section 1. The quasi-monotone convergence is in-
troduced in Section 2, where we prove our main Theorem. We provide several explicit
examples in Section 3 and explain how our observations extend to big cohomology classes
with prescribed singularities, as well as to the local setting.
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1. Capacity and energies

In the whole article we let X denote a compact Kéhler manifold of complex dimension
n > 1, and we fix w denote a Kéahler form on X.

1.1. Convergence in capacity

1.1.1. Quasi-plurisubharmonic functions

A function is quasi-plurisubharmonic if it is locally given as the sum of a smooth and
a psh function. Quasi-psh functions ¢ : X — R U {—o0o} satisfying w + dd°p > 0 in the
weak sense of currents are called w-plurisubharmonic (w-psh for short). Here d = 9 + 0
and d° = ;-(9 - 0).

A C%-smooth function u has bounded Hessian, hence eu is w-psh if 0 < ¢ is small
enough. Note that constants functions are also w-psh functions.

Definition 1.1. We let PSH(X,w) denote the set of all w-plurisubharmonic functions
which are not identically —oo.

The set PSH(X,w) is a closed subset of L!(X), for the L'-topology. Subsets of w-psh
functions enjoy strong compactness and integrability properties, we mention notably the
following: for any fixed r > 1,

e PSH(X,w) C L"(X); the induced L"-topologies are all equivalent;

o PSH(X,w) C Wh(X) = {u € L' (X), Vu € LX)} for all ¢ < 2; the induced
Wl topology is again equivalent to the L'-topology;

e PSH4(X,w) :={u € PSH(X,w), —A <supy u < 0} is compact.

We refer the reader to [29] for further basic properties of w-psh functions.
Let ¢ be a plurisubharmonic function in C™. If ¢ is smooth, its complex Monge-
Ampere measure is defined by

2

— (ddeo) — Oy
MAG) = (0] = ey det (G2 ) Vi,

where dV,,.; is the euclidean volume form, and ¢, > 0 is a normalizing constant.

When ¢ is less regular, one can approximate it from above by smooth plurisub-
harmonic functions ¢., = ¢ * x., obtained by convolution with a standard family of
mollifiers. If the measures M A(¢p.;) converge to a limit ., one sets M A(p) := p,. This
definition has been shown to be consistent by Bedford and Taylor [1] when ¢ is locally
bounded: in this case they have shown that p., is the limit of any decreasing sequence of
plurisubharmonic approximants.

Bedford-Taylor’s theory has been adapted to the compact setting (see [29,21]), and
the definition of M A has been extended to mildly unbounded quasi-plurisubharmonic
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functions (see [10,7,13,29]). In the compact setting, one needs to replace plurisubhar-
monic functions by quasi-plurisubharmonic ones. One can approximate ¢ € PSH (X, w)
by a decreasing sequence of smooth w-psh functions ¢; [19] and set V = f yw" and

MA(p) == lim V' (w+dd°p;)",

j—+o0

whenever the limit is well-defined and independent of the approximants.

The complex Monge-Ampére measure M A(p) is in particular well-defined for any
w-psh function ¢ which is bounded. It is also well-defined for unbounded w-psh functions
that have finite energy (see Section 1.2).

1.1.2. The Monge-Ampére capacity

Definition 1.2. Given K C X a compact set, its Monge-Ampere capacity is

Cap,,(K) :=sup /(w +dd°uw)"”, u € PSH(X,w) with0 <u <1
K

This notion has been introduced in [32] and further studied in [26]. We refer the reader
to [29, Chapter 9] for its basic properties.

Definition 1.3. A sequence (p;) € PSH(X,w)N converges in capacity to ¢ € PSH (X, w)
if for all § > 0,

Cap,, ({z € X, |;(x) — p(x)| > 8}) =55 0.

It is known that convergence in capacity implies convergence in L! (see [29, Lemma
4.24]). One can moreover reduce to uniformly bounded sequences:

Proposition 1.4. A sequence (p;) € PSH(X,w)N converges in capacity to ¢ €
PSH(X,w) if and only if for all C > 0, the sequence max(p;, —C') converges in ca-
pacity to max(p, —C).

Proof. We can assume without loss of generality that ¢,p; < 0. It follows from the
Chern-Levine-Nirenberg inequalities [29, Corollary 9.5] that

il +nV

Cap, ({r € X, ¢j(z) < —C}) < c

and similarly Cap,, ({p < —C}) < WHL%W. Thus {z € X, |p;j(z) — ¢(x)] > ¢} and
{z € X, |max(p;(z), —C) — max(p(z), —C)| > ¢} differ by a set whose capacity is
uniformly small in j, as C goes to +00. The conclusion follows. O
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For uniformly bounded sequences, the convergence in capacity implies the conver-
gence of Monge-Ampeére measures [38, Theorem 1]. More generally we have the following
consequence of [29, Theorem 4.26]:

Proposition 1.5. Let gof be a uniformly bounded sequence of w-psh functions which con-
verge in capacity to ¢* € PSH(X,w), 0 < £ < n. For all continuous weight x : R — R,
the weighted measure x(¢})(w-+dd°@;)A- - - Aw+dd° @} ) weakly converges to the weighted
measure X (%) (w + dd°p') A+ A (w + ddo™).

We shall need the following estimate, which is an adaptation to the compact setting
of a local observation of Blocki [6].

Proposition 1.6. Let u, v, w be w-psh functions such that —1 < u <0 and v < w. Then
/(w — )" Hw+ddu)" < (n+ 1) /(w — )" (w + ddCv) A W™
X I=0%

Proof. Set w, = w + ddu and w, = w + dd°v. Let S be a closed current of bidegree
(1,1). By induction it suffices to establish the following inequality,

/(w—v)pruASg/(w—v)p+1wAS+(p+1)/(wfv)pwv/\S,
X X X

and apply it to S = w? A w’ A we. This follows from Stokes theorem, observing that
—dd“(w — v)P*t < (p + 1)(w — v)Pw,, hence [ (w —v)PTddu NS = [ udd(w —
VPTPAS<(p+1) [(w—v)Pw, ANS. O

1.2. Finite energy topologies

1.2.1. Finite energy classes
Given ¢ € PSH(X,w), we consider

@, = max(p,—j) € PSH(X,w) N L>(X).

The measures M A(p;) are well defined probability measures and the sequence p; :=
1oy M A(yp;) is increasing [27, p.445], with total mass bounded from above by 1. We
consider

Mo = lim py,

Jj—+oo

which is a positive Borel measure on X, with total mass < 1.
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Definition 1.7. We set £(X,w) := {p € PSH(X,w) | py,(X) = 1}.
For ¢ € £(X,w), we set M A(p) := .

It is proved in [27] that the Monge-Ampere operator M A is well defined on the class
E(X,w). One has a stratification

E(X,w) = U Ev(X,w),
XEW

where W denotes the set of all functions y : R — R such that y is increasing and
X(—00) = —o0, and the finite energy class &, (X,w) is defined as follows:

Definition 1.8. We set &, (X, w) := {¢ € £(X,w) | x(—|¢|) € L' (MA(p))}.
When x(t) = —(—t)?, p > 0, we set EP(X,w) = & (X, w).

The set £1(X,w) can be characterized as the set of ¢ € £(X,w) such that

1

E(p) := 1 Z/gp(w +ddp)? Aw™ I > —c0.
jZOX

Observe that (1 ¢y Ex(X,w) = PSH(X,w) N L*>(X), so that finite energy classes in-
terpolate between £(X,w) and bounded w-psh functions.

It follows from [27, Theorem C] that a probability measure u is the Monge-Ampére
measure of a potential in £P(X,w) if and only if EP(X,w) C LP(X, ), while [27,20]
ensures that p does not charge pluripolar sets if and only if there exists a unique ¢ €
E(X,w) such that u = (w4 dd®p)™ with supy ¢ = 0.

Example 1.9. Every bounded w-psh function belongs to £(X,w). The class £(X,w) also
contains many w-psh functions which are unbounded:

o when X is a compact Riemann surface, £(X,w) is precisely the set of w-sh functions
whose Laplacian does not charge polar sets.

o if p € PSH(X,w) satisfies ¢ < —1, then ¢. = —(—¢)¢ belongs to £(X,w) whenever
0 <e < 1, and ¢, belongs to EP(X,w) if e < 1/(n + p).

o the functions in £(X,w) have relatively mild singularities; in particular they have
zero Lelong number at every point.

1.2.2. Mabuchi geometry
The class £1 (X, w) has played a key role in recent applications of pluripotential theory
to Kéhler geometry (see e.g. [4]). Set

(o) = / (0 — ) [MA() — MA(p)] > 0.

X
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This quantity is well defined for ¢, € £1(X,w) and satisfies a quasi-triangle inequality
[2, Theorem 1.8], hence induces a distance dj.

Definition 1.10. The strong topology on £(X,w) is the one induced by dj.

This notion has been introduced in [3, Section 5.3], it implies convergence in capacity
[3, Theorem 5.7]. A sequence (p;) € EX(X,w)N strongly converges to ¢ iff it converges in
L' and E(yp;) converges to E(p). Moreover the metric space (E!(X,w),dy) is complete
[2, Propositions 2.3 and 2.4].

Let H = {¢ € C>*°(X,R), w+ dd°p > 0} denote the set of smooth and strictly w-
psh functions (Kdahler potentials). This set can be thought of as an infinite dimensional
Riemannian manifold, whose tangent space at ¢ € H can be identified with C*>°(X,R).
Following earlier work of Mabuchi, Darvas [15] has considered the following Finsler struc-
ture: for f € T,H he sets |fl, := [y |f|MA(p). If v : [0,1] — H is a Lipschitz path, one
then defines

1

o) = / / Iy ()| M A((t) ),

0

and given ¢, € H, one considers

di(,¢) == 1inf {£(7), v : [0, 1] — H with (0) = ¢, v(1) = ¥},

where the infimum runs over all Lipschitz paths joining ¢ to 1. The following summarizes
some results of [15] that we shall need:

Theorem 1.11. Fiz ¢, € EY(X,w). The following properties hold:

o dy is a distance on H which is uniformly equivalent to dy;

o dy uniquely extends to EY(X,w), (EY(X,w),dy) is a geodesic metric space;
P,(min(p,v)) € £1(X, w) with di(p, P,(min(p, ¥))) < di(e,);

o if ) <, then di(p, ) is comparable to fX (o — )M A(%).

We refer to [15, Theorem 2, Theorem 3, Corollary 4.14] for more details.

Analogous strong topologies have been defined on the other energy classes, notably the
classes EP (X, w) (see [15,25,16]). If x € W is convex with polynomial growth at infinity,
the class &, (X,w) can be equipped with a Finsler metric d,, making it a complete geodesic
metric space [15]. The Mabuchi distance d,, is again comparable to a pluripotential quasi-
distance,

€1y () < Lue) = [ [ = 0)|(MAQ) + MAQ) < Cay(usv),
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for a constant C'= C(x) > 0 and u,v € & (X, w).

Concave weights x correspond to low energy classes. These are the weights one needs
to consider for the stratification of the class £(X,w). One can still consider I, and d,,
but the distance d, is no longer induced by a Finsler metric as emphasized in [16, p2].
The following summarizes the results obtained by Darvas in [16] that we shall need:

Theorem 1.12. Fiz ¢,y € &£, (X,w). The following properties hold:

e dy is a distance on H which is uniformly equivalent to I, ;

o dy uniquely extends to £ (X,w), (E(X,w),dy) is a complete metric space;
Pw(min(% ¢)) € gX(Xv UJ) with dX(SOv Pw (min(% 77[]))) < dX(QOv ¢)!

o if i <, then d\(p,v) is comparable to fX x o (p—Y)MA(Y).

We refer to [15] for convex weights with polynomial growth, and to [16, Proposition
5.3, Theorem 5.7, Theorem 6.1] for concave weights.

2. Quasi-monotone convergence
2.1. Capacity vs quasi-monotonicity

Continuity of complex Monge-Ampére operators along monotone sequences lies at the
heart of Bedford-Taylor theory [1]. Several extensions of this continuity property have
been proposed over the last decades under various restricted types of convergence. The
following notion seems to encompass many of the latter:

Definition 2.1. A sequence ¢; € PSH(X,w) converges quasi-monotonically to ¢ €
PSH(X,w) if there exists an increasing (resp. decreasing) sequence u; (resp. v;) in
PSH(X,w) such that uj; < ¢; <wvj; for all j and u;,v; — ¢ in L'(X).

It follows easily from the definition that ¢; converges to ¢ in L'(X). Observe that
1/1}' i= supy>; ¢¢ decreases to ¢, while ¢ := infy>; ¢ increases to ¢. However none of
these functions usually belongs to PSH (X, w): ¢;F satisfies the mean value inequalities
but it is no longer u.s.c., while 1" is u.s.c. but does not satisfy the mean value inequalities.
It follows from [29, Proposition 8.4] that

gpj = (supw) € PSH(X,w)
25

and decreases to ¢ pointwise. By duality we consider the sequence

p; =F, <ér>1£_ w) .
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The latter belongs to PSH (X, w) as soon as it is not identically —oo, which is the case if
¢j > u; with u; increasing, since we then obtain ¢ > u;. We thus obtain the following
reformulation of the quasi-monotone convergence:

Lemma 2.2. A sequence ¢; € PSH(X,w) converges quasi-monotonically to ¢ €
PSH(X,w) if and only if ¢ := P, (infr>; ) increases to .

It is a celebrated result of [1] that if ; converges to ¢ in L', the convergence holds
pointwise off a pluripolar set.

Example 2.3. Assume ¢; € PSH(X,w) converges in L'(X) to ¢ € PSH(X,w), and
assume there exists ¢ > ¢ € PSH(X,w) and ¢; € RT decreasing to 0 such that ¢; >
(1—¢j)p+e;jv. Then ¢ > (1—¢;)p+e;9, hence p; converges to ¢ quasi-monotonically.
In this case it has been observed in [25, Lemma 1.2] that ¢; converges to ¢ in capacity.
This is a special case of Theorem 2.4 below.

It is well-known that monotone convergence implies convergence in capacity (see [29,
Proposition 4.25]). We extend this here to quasi-monotone convergence.

Theorem 2.4. If a sequence p; € PSH(X,w) converges quasi-monotonically, then it
converges in capacity.

Conversely if ¢; € PSH(X,w) is uniformly bounded and converges in capacity, then
a subsequence converges quasi-monotonically.

The converse does not hold without a uniform lower bound on the ¢;’s, as shown in
Example 3.3 which provides a sequence (y;) which converges in capacity while p; = -0
(even after extracting). Example 3.4 moreover shows that it is usually necessary to
extract, in order to reach the quasi-monotone convergence.

Proof. We let the reader check that if ¢; converges quasi-monotonically, then for all C' >
0, max(p;, —C) converges quasi-monotonically to max(p, —C'). Since the convergence in
capacity of ¢; to ¢ is equivalent to the convergence in capacity of max(yp;, —C) to
max(p, —C), we are reduced to the uniformly bounded case.

Assume first that ¢; converges quasi-monotonically to ¢ € PSH(X,w). Fix u €
PSH(X,w) such that —1 <u < 0. It follows from Proposition 1.6 that for all § > 0,

[ e figr - gy i iy
{lej—wl>0} X

<6 (n 4 1) Z/(@j — 7 )" (w A+ ddp) ) AW
j:OX
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Each of the above integral converges to zero as j — 400, as follows from Bedford-Taylor
monotone convergence theorem. Thus ¢; converges in capacity.

Assume now that ¢, converges in capacity. Rescaling w, we can assume that —1 <
pj < 0. Let d5,e; > 0 be sequences decreasing to zero. Observe that

{les = wimal =0} C{lp; — vl = 6/2} U{lwjta — vl 2 6/2}.

Extracting and relabelling, we can thus assume that

Cap, ({l¢; — wjr1l = 0;}) <ej — €541

Set E; = {¢j4+1 < ¢;—9;} and F; = Uy>; Ey. The sequence j — F} is decreasing with
Cap,,(F}) < ¢j. Fix A; > 1 and consider

hj = (sup{u € PSH(X,w), u < —A; on Fj and u <0 on X})".

This is a variant of the “relative extremal function” considered in [29, Definition 9.13].
Adapting [29, Section 9.3], one easily obtains the following;:

o hj S PSH(X7LU) with —Aj < hj < 0;
e hj=—A; on F;\ Pj, where P; is a pluripolar set;
o Cap,(Fj) = A7 [ (=hy)(w + dd°h;)".

Thus [y (—h;)(w + dd°h;)" < 1 if we choose A}*'e; = 1 and it follows from Stokes
theorem that

[ < [rio s aany <1

We infer that >, , 2='hy € PSH(X,w), hence the sequence

Hj:=Y 27"""n € PSH(X,2 w)
5

increases to zero as j — 4o00.

We set 1, := (1—277)p; + H; —2‘j+1 € PSH(X,w). Singe H; <0and ¢; > —1, we
obtain v; < ;. We choose §; = 27771 /(1 —277) and A; = 277! and claim that j — 1),
increases to ¢ as j — 4oc0. Indeed

o either x € X \ F}, then ¢,11(x) > ¢;(x) — d; hence
Yirr =5 =1 =27 (i1 —95) + 277 o =277 +277 20

using that —h; > 0 and ;41 > —1;



12 V. Guedj, A. Trusiani / Bull. Sci. math. 188 (2023) 103341

e or x € F; and we obtain ¢ —1; > —1 — 2_j_1hj =0ifz ¢ P;.

Thus 9j+1 > ¢; a.e. hence everywhere. Replacing ¢; by max(¢;, —1), we moreover
obtain an increasing sequence which is uniformly bounded. O

2.2. Finite energy sequences

Following Theorem 2.4 we now prove our main Theorem, which extends several partial
results previously obtained ([38, Theorem 2], [31, Theorem 2.1], [39, Theorem 1.2], |3,
Theorem 5.7], [15, Corollary 5.7], [5, Propositions 2.6 and 6.4], [25, Proposition 1.9], [36,
Proposition 5.7], [30, Theorem 1.2]).

Theorem 2.5. Assume ¢; € PSH(X,w) converges in L'(X) and fix x € W a weight
which is either conver or concave with polynomial growth at —oo.

o If @, converges in capacity and p; > ¢ for some ¢ € £, (X,w), then ¢; converges in
(Ex(X,w), dy).

o If ¢; converges in (£,(X,w),dy), then ¢; converges in capacity. Moreover up to
extracting and relabelling, ¢; converges quasi-monotonically and there ewists ¢ €
Ey(X,w) such that p; > .

For sequences that are not uniformly bounded, one cannot expect that quasi-monotone
convergence is equivalent to convergence in energy. For instance if ¢ € PSH (X, w) has
some positive Lelong number and ¢; decreases to zero, then ¢; = €9 converges quasi-
monotonically to ¢ = 0, but not in energy. A finite energy lower bound turns out to be
a necessary and sufficient condition.

Proof. We start with the first item. Assume first that the sequence (y;) is uni-
formly bounded. When x(t) = ¢, it follows from [2, Proposition 2.3] that ¢; — ¢ in
(EM(X,w),dy) if and only if [, (p; — ¢)[MA(p) — MA(gp;)] — 0. The latter holds when
; converges in capacity, as follows from Proposition 1.5. More generally the convergence
in (£,(X,w),dy) is equivalent to the following

/ Ix(95 — 9| [MA(p;) + MA(p)] - 0,
X

which is a consequence of [29, Theorem 4.26].

We now reduce the general case to the uniformly bounded one. Fix y a weight such
that [, (—xov)MA(Y) < 400 and x(t)/x(t) = +oo as t — —oco (see [29, Exercise
10.5]). Set gajc = max(yp;, —C) and ¢¢ = max(p, —C), it follows from Theorem 1.12
that
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dX(SOjv‘PJC)N/XO(QDJ‘C_‘PJ')MA(%‘) < / (=x 0 @;) MA(p))

X {pj<=C}
X=C) [ ioo )< MO [y
ﬁg(C)X/(‘XWﬂMAWS i X/( o) MA(),

where the last inequality follows from [27, Lemmas 2.3 and 3.5]. The conclusion thus
follows from the uniformly bounded case and the triangle inequality.

It thus remains to show the second item. To check that ¢; converge in capacity,
it suffices to show that any subsequence admits a subsubsequence that converges in
capacity. Extracting and relabelling, we can assume that d, (¢, p;j+1) < 277. Set i =
P, (minj<o<jtx ¢r). A repeated use of Theorem 1.12 ensures that ¢, € &, (X,w) with

Belesr £5) < (W’Pw <j+1gléi£j+k W))
< dy(pj, pj11) +dy <90j+1» P, (jﬂgl@igﬂk w))
< dy (), jp1) +dy <<Pj+1, P, <j+221zi£j+k W))

k-1
< Y di(pr peyr) <270
=

We infer that k — ik decreases, as k increases to +oo, to p; € Ey(X,w) with
dy(pj, ;) < 27771 Tt follows that ¢, converges to ¢ quasi-monotonically and for all 7,
p; > =] € E(X,w). In particular ¢; converges to ¢ in capacity. O

3. Examples and remarks

3.1. Quasi-monotone convergence of Monge-Ampére potentials

Families of solutions to complex Monge-Ampeére equations or flows provide natural
examples of sequences which converge quasi-monotonically. We illustrate this here with
two typical situations.

Example 3.1. Let x4 be a non pluripolar probability measure. It follows from [27,20] that
there exists a unique function ¢ € £(X,w) such that

MA(p) = e?p.

[25, Theorem C] and Choquet’s lemma show that ¢ is the quasi-monotone limit of a
sequence of functions ¢; € £(X,w) such that MA(p,) < e¥ipu.
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We now consider smoothing properties of the Kéhler-Ricci flow [28,23].

Example 3.2. Assume that X is a Calabi-Yau manifold and fix Ty = w+ dd®pg a positive
closed current with zero Lelong numbers which is cohomologous to w. It has been shown
in [28,23] that there exists a unique family of Kéhler forms (w;)¢so on X, which evolve
along the Kéhler-Ricci flow

(9th

W = —Ric(wt),

and such that w, — Ty as ¢ — 0. The (normalized) potentials ¢, € PSH(X,w) of
wy = w + dd°yp, are solutions of a complex Monge-Ampere flow,

(W + dd°py)™ = P thyn,

and the convergence ¢; — @ at time zero is such that ¢ > o — A(t — tlogt) for some
constant A > 0 [28, Lemma 2.9]. It follows that

oy = Pw< inf <ps> > o — A(t — tlogt),

0<s<t

hence the convergence of ¢; towards ¢q is quasi-monotone.
3.2. Intermediate convergences

We first provide examples of w-psh functions ¢; such that ¢; is identically —oo, while
; converges in capacity to some w-psh function ¢.

Example 3.3. Consider the Riemann sphere endowed with the Fubini-Study Kéhler form
(X,w) = (P!,wrs). Then

@;lz] = log|z1 — Tj20] — log |2| — ¢[2] = log |z1| — log |2|

if the 7;’s converge to 0, and P,(min(p;,pj+1)) = —oo because functions in
PSH(P!,wrg) can have at most one Lelong number of size 1. On the other hand
the convergence of ¢; towards ¢ is uniform on compact subsets of P!\ [1 : 0], so the
sequence converges in L' and in capacity.

More generally if ) € PSH(P",wrg) the set F1(v) = {x € P, v(¢),z) > 1} has to
be included in a hyperplane [12, Proposition 2.2], so one can cook up similar examples
for which ¢} is identically —oo.

We now provide an example of a uniformly bounded sequence (g;) of w-psh functions
which converge to 0 in capacity with ¢, = —1. This shows that it is necessary to use
extractions in Theorem 2.5.
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Example 3.4. Using local charts, we construct for each point ¢ € X a function G, €
PSH(X,w) which has a logarithmic singularity at point a.

Observe that max(G,, —1) = —1 in a neighborhood V, of a. We cover X by finitely
many such neighborhoods Valm yeon Valsl,l' We similarly cover X by finitely many neigh-
borhoods Vazm, c Vazsz,2 on which the function max(G,/2,—1) is identically —1. The
latter neighborhoods are smaller and we need more points.

We go on by induction, dividing at each step G, by an extra factor 2, considering the
family of functions max(G, /2", —1) at step n. We then label the corresponding sequence
of functions (¢;), so that ¢; = max(G,/2",—1) € PSH(X,w) for some a; = a;,, with
1<¢<s,andn =n; = +oo as j — +00. By construction we obtain ¢; > —1
and ¢; = —1, since ¢; lies below each function from a fixed step. On the other hand
Ga,; /2" — 0 in capacity, hence ¢; — 0 in capacity.

It has been observed by Cegrell in [9] that the Monge-Ampére operator is not con-
tinuous for the Llloc—topology. The following is an explicit example of this phenomenon,

adapted to the compact context.

Example 3.5. Assume (X,w) = (P2, wrg) and consider

1 , : 4
pilz] = }max <log ’zé + 2] + 23|, log |ZO\) — log |z|.
Observe that ; € PSH(X,w) is locally bounded outside the finite set
Fj={[z] €P? 2 =0& 2] + 23 =0}
which is included in the circle S = {zp = 0 & |z1| = |22|}. Note also that ¢; converges
in L' to ¢[z] = maxo<j<2log® |z;| — log|z|. The Monge-Ampére measures M A(yp;) are
combination of Dirac masses at points of F; and converge to the Haar measure on S L
while M A(y) is the Haar measure on the torus
T? = {[z] € P, |20| = |21] = |22]}-
Thus ¢; does not converge in capacity to ¢.
We finally compare the various types of convergence in energy classes.
Example 3.6. Assume (X,w) = (P!, wrg) and consider

@;[z] = ¢j max(log |z1| — log ||, —C;) € PSH(X,w),

where 0 < e; < 1 and C; > 0. These examples are toric, so one can use the dictionary
established in [14] to justify the following assertions:
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e ¢; — 0in L' iff it does so in capacity/quasi-monotonically iff £; — 0;
o 95 = 0in (Ex(X,w), dy) iff £;x(—;C)) = 0.

By considering weights with arbitrarily slow growth, we conclude that ¢; — 0 in some
(Ex(X,w),dy) as soon as ; — 0, whatever the speed at which C; ' +oc.

3.8. Concluding remarks

3.3.1. Independence on w

Let @ = w + dd°p be a Kéhler form cohomologous to w. Then ¢; € PSH(X,w) if
and only if ¢; = ¢; —p € PSH(X,®). We let the reader check that ¢; converges quasi-
monotonically if and only if so does 1; (and similarly for the other notions of strong
convergence).

Assume now @ is an arbitrary Ké&hler form. We want to compare notions of strong
convergence with respect to w and with respect to @. We claim that these are essentially
the same. Using w 4 @ as a third auxiliary form, we see that it suffices to treat the case
when w < @. The following are left to the reader:

e PSH(X,w)C PSH(X,®) and if p € £, (X,w) then ¢ € £,(X,D);

o if p € & (X, @) then P,(p) € & (X, w);

o ¢; € PSH(X,w) converges to ¢ € PSH(X,w) with respect to Cap,, if and only if
it does so with respect to Capg;

o if p; € PSH(X,w) converges quasi-monotonically to ¢ € PSH(X,w), then the same
property holds with respect to @.

Adapting Example 3.3, one can find (p;) € PSH(X,&)N which converges quasi-
monotonically to ¢ € PSH(X,®) with P,(infy>; ¢s) = —oo. This converse however
holds if we assume an appropriate lower bound on the sequence.

In particular a uniformly bounded sequence ¢; € PSH(X,w)NPSH(X,®) converges
quasi-monotonically w.r.t. w if and only if it does so w.r.t. @.

3.3.2. Big classes and prescribed singularities

All notions introduced previously and all properties established so far can be adapted
to the case when the reference form w is no longer Kéahler, but merely a smooth closed
real (1,1)-form representing a big cohomology class. We refer the reader to [8] for basics
of pluripotential theory in that context. One can also extend these results to the case of
big classes with prescribed singularities, a theory that has been developed by Darvas-Di
Nezza-Lu in [17,18] and further studied in [36,37].

3.83.83. The local setting
Let © be a pseudoconvex domain of C™. We let PSH () denote the set of plurisub-

harmonic functions in €.



V. Guedj, A. Trusiani / Bull. Sci. math. 188 (2023) 103341 17

Definition 3.7. A sequence (p;) of plurisubharmonic functions in Q converges to ¢ €
PSH(Q) quasi-monotonically if ; 1= Po (infs>; ¢¢) increases to .

Here Pq(h) denotes the largest plurisubharmonic function in Q lying below h. Adapt-
ing what we have done in the compact case, we can establish that

e quasi-monotone convergence implies convergence in capacity;
e a sequence can converge in capacity but not quasi-monotonically;
e both notions essentially coincide for uniformly bounded sequences.

We leave the details to the reader.
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