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Abstract

In this paper, we obtain a precise formula for the one-level density of L-functions attached to non-Galois cubic
Dedekind zeta functions. We find a secondary term which is unique to this context, in the sense that no lower-order
term of this shape has appeared in previously studied families. The presence of this new term allows us to deduce
an omega result for cubic field counting functions, under the assumption of the Generalised Riemann Hypothesis.
We also investigate the associated L-functions Ratios Conjecture and find that it does not predict this new lower-
order term. Taking into account the secondary term in Roberts’s conjecture, we refine the Ratios Conjecture to
one which captures this new term. Finally, we show that any improvement in the exponent of the error term of the
recent Bhargava—Taniguchi-Thorne cubic field counting estimate would imply that the best possible error term in

the refined Ratios Conjecture is O s (X _%J"S). This is in opposition with all previously studied families in which

1
the expected error in the Ratios Conjecture prediction for the one-level density is O o (X~2+%).
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1. Introduction

In [KS1, KS2], Katz and Sarnak made a series of fundamental conjectures about statistics of low-
lying zeros in families of L-functions. Recently, these conjectures have been refined by Sarnak, Shin
and Templier [SaST] for families of parametric L-functions. There is a huge body of work on the
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confirmation of these conjectures for particular test functions in various families, many of which are
harmonic (see, e.g. [ILS, Ru, FI, HR, ST]). There are significantly fewer geometric families that have
been studied. In this context, we mention the work of Miller [M 1] and Young [Yo] on families of
elliptic curve L-functions and that of Yang [ Ya], Cho and Kim [CK 1, CK2] and Shankar, Sodergren and
Templier [ShST] on families of Artin L-functions.

In families of Artin L-functions, these results are strongly linked with counts of number fields. More
precisely, the set of admissible test functions is determined by the quality of the error terms in such
counting functions. In this paper we consider the sets

F*E(X) := {K/Qnon-Galois : [K:Q] =3,0< +Dg < X},

where for each cubic field K/Q of discriminant Dk, we include only one of its three isomorphic
copies. The first power-saving estimate for the cardinality N*(X) := |F*(X)| was obtained by Belabas,
Bhargava and Pomerance [BBP] and was later refined by Bhargava, Shankar and Tsimerman [BST],
Taniguchi and Thorne [TT] and Bhargava, Taniguchi and Thorne [BTT]. The last three of these estimates
take the shape

N*(X) = CEX + CEXb +0(X7%) (1.1)
for certain explicit values of @ < 2, implying, in particular, Roberts’s conjecture [Ro]. Here,

A D74 ¢ ) N RSN A '<V4 ¢ )
CTme S Twee O TRE T seud

The presence of this secondary term is a striking feature of this family, and we are interested in studying
its consequences for the distribution of low-lying zeros. More precisely, the estimate (1.1) suggests that
one should be able to extract a corresponding lower-order term in various statistics on those zeros.

In addition to (1.1), we will consider precise estimates involving local conditions, which are of the
form

N (X,T) : =#{K € F*(X) : p has splitting type T in K}
+ + 3
= A5(T)X + B3 (T)X0 +0,(p“X?%), (1.2)

where p is a given prime, T is a splitting type and the constants A7 (T) and B7;(T) are defined in Section
2. Here, 6 is the same constant as that in (1.1) and w > 0. Note, in particular, that (1.2) implies (1.1)
(take p = 2 in (1.2) and sum over all splitting types 7).

Perhaps surprisingly, it turns out that the study of low-lying zeros has an application to cubic field
counts. More precisely, we were able to obtain the following conditional omega result for N;—; (X,7T).

Theorem 1.1. Assume the Generalised Riemann Hypothesis for (i (s) for each K € F*(X). If0,w > 0
are admissible values in (1.2), then 0 + w > %

As part of this project, we have produced numerical data which suggest that 6 = % and any w > 0

are admissible values in (1.2) (indicating, in particular, that the bound w + 6 > % in Theorem 1.1 could
be the best possible). We have made several graphs to support this conjecture in Appendix A. As a first

example of these results, in Figure 1, we display a graph of X3 (N3(X,T) - AL(T)X - B;’(T)X%) for
the various splitting types 7, which suggests that 6 = % is admissible and the best possible.
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Figure 1. The normalised error terms X_%(N;(X, T) - AL(T)X - B;“(T)X%) for the splitting types

T =

on

Ti,...,Ts as described in Section 2.

Let us now describe our unconditional result on low-lying zeros. For a cubic field K, we will focus
the Dedekind zeta function {k (s), whose one-level density is defined by

2
Dy(K) = Z ¢(—log(X£;27re) )YK

Here, ¢ is an even, smooth and rapidly decaying real function for which the Fourier transform

36 = [ oe

is compactly supported. Note that ¢ can be extended to an entire function through the inverse Fourier

tra

nsform. Moreover, X is a parameter (approximately equal to |Dg|) and px = % + i'yk runs through

the nontrivial zeros! of k (s)/{(s). In order to understand the distribution of the yx, we will average
Dy (K) over the family F*(X). Our main technical result is a precise estimation of this average.

Theorem 1.2. Assume that the cubic field count (1.2) holds for some fixed parameters % <0< g and

w = 0. Then, for any real even Schwartz function ¢ for which o = sup(supp(a)) < ﬁ, we have the
estimate ’
1 - 1 4 2 Cc* X_l C* 2 X_l
— 33¢(K)=¢(0)(1+M_ 2 2~ +%_3)
N*(X) o L 5T L 5(CY)
1 * (Lr rL ., . 2 xp, log p ~/log p¢ 1
t7 Lo 8(55 ) Re(F G win)ar- pZ T =) )

1

https://doi.org/1

1
20Xt cE o o
2727 (12 2% gpr gp O-1+o(w+i)+e
5 (1 C+X );e . ¢( ),Be(p)+0 (X D) (1.3)

The Riemann Hypothesis for {x (s) implies that yx € R.
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where Ty (s) = n—sr(g)% I_(s) := JT_SF@)F(%), xp = (1+ % + #)_1, 0. and B.(p) are defined
in (3.4) and (3.6), respectively, and L := log ((25—6)2)

Remark 1.3. In the language of the Katz—Sarnak heuristics, the first and third terms on the right-hand
side of (1.3) are a manifestation of the symplectic symmetry type of the family F*(X). More precisely,
one can turn (1.3) into an expansion in descending powers of L using Lemma 3.4 as well as [MV, Lemma
12.14]. The first result in this direction is due to Yang [ Ya], who showed that under the condition o < %,
we have that

1
N*=(X)

D5 (K) = 50) - 29 Lo 1), (1.4)

KeF=(X) 2

This last condition was relaxed to o < % by Cho—Kim [CK 1, CK2]? and Shankar-Sodergren—Templier

[ShST], independently, and corresponds to the admissible values 6 = % and w = 19—6 in (1.1) and (1.2)

(see [TT]). In the recent paper [BTT], Bhargava, Taniguchi and Thorne show that 6 = % and w = %

are admissible and deduce that (1.4) holds as soon as o < % Theorem 1.2 refines these results by
obtaining a power saving estimate containing lower-order terms for the left-hand side of (1.4). Note,
in particular, that the fourth term on the right-hand side of (1.3) is of order X Zro(D) (see once more,

Lemma 3.4).

The Katz—Sarnak heuristics are strongly linked with statistics of eigenvalues of random matrices
and have been successful in predicting the main term in many families. However, this connection does
not encompass lower-order terms. The major tool for making predictions in this direction is the L-
functions Ratios Conjecture of Conrey, Farmer and Zirnbauer [CFZ]. In particular, these predictions
are believed to hold down to an error term of size roughly the inverse of the square root of the size
of the family. As an example, consider the unitary family of Dirichlet L-functions modulo ¢, in which
the Ratios Conjecture’s prediction is particularly simple. It is shown in [G+] that if n is a real even
Schwartz function for which 77 has compact (but arbitrarily large) support, then this conjecture implies the
estimate

log p N

1 lo —~, log(8me” Zp|q 1 > 2(0) — n(t

b(q) 2, Z"( 2gnq7)f):’7(0)(1— glf) ) _ - )+/ —"(L) T(L)dt+E(q),
q xmodq Yy g4 2q 0 q2 —q2

(1.5)

where p, = % + 1y, is running through the nontrivial zeros of L(s, x) and E(q) <, q_%”. In [FM],
it was shown that this bound on E(g) is essentially the best possible, in general, but can be improved
when the support of 77 is small. This last condition also results in improved error terms in various other
families (see, e.g. [M2, M3, FPS1, FPS2, DES]).

Following the Ratios Conjecture recipe, we can obtain a prediction for the average of D4 (K) over the
family F*(X). The resulting conjecture, however, differs from Theorem 1.2 by a term of order X o) ,

which is considerably larger than the expected error term O ¢ (X ’%”). We were able to isolate a specific
step in the argument which could be improved in order to include this additional contribution. More
precisely, modifying Step 4 in [CFZ, Section 5.1], we recover a refined Ratios Conjecture which predicts
a term of order X Zetro(l) , in agreement with Theorem 1.2.

Theorem 1.4. Let % <6< % and w > 0 be, such that (1.2) holds. Assume Conjecture 4.3 on the average
of shifts of the logarithmic derivative of {k (s)/{(s), as well as the Riemann Hypothesis for (k (s), for

2In [CK 1], the condition o= < % should be corrected to o= < %.
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all K € F*(X). Let ¢ be a real even Schwartz function, such that $ is compactly supported. Then we
have the estimate

1 log(dn’e)  C3 X4 (G x~!
Ni(X)Kefi<X) 7K ¢(%):¢(0)( +0g% 5ci L +5(C1+)2 L )
Y R IR e T LT

+y—1L +
SI T (1 2t ) 2 G ) s ) 0,01,
1 pe P?

where J*(X) is defined in (5.1). If o = sup(supp()) < 1, then we have the estimate

+ _ ty-1 X (6o lie
ron=cixt [ (Gres) fede 0.0, (1.6)

where C* is a nonzero absolute constant which is defined in (5.7). Otherwise, we have the identity

P05 [ ()0~ Gt T B a2

2mi 1“4,(2 )
1 Ls\C5 1 +(2 s) 3 -1 {(6_S)A4( 5, 8)
- — 6 1-2s - ==
oy ¢(2m)C+X (L )(( ){( CTX )§(6+s) 1-&
G -1 As(=s,9)

where A3(—s,s) and A4(-s, s) are defined in (5.2) and (4.9), respectively.

Remark 1.5. It is interesting to compare Theorem 1.4 with Theorem 1.2, especially when o is small.
Indeed, for o < 1, the difference between those two evaluations of the one-level density is given by

X \6= =
Ctx—% ‘/R ((271_6)2) 6¢(§)d§+O£(XTI+8+X6_1+0-(w+%)+8).

Selecting test functions ¢ for which ¢ > Oand o is positive but arbitrarily small, this shows that no matter
how large w is, any admissible 6 < % in (1.1) and (1.2) would imply that this difference is asymptotic

to C*X~3 /]R((er(_e)Z)%a(g)d‘f > X"3.In fact, Roberts’s numerics [Ro] (see also [B]), as well as our

numerical investigations described in Appendix A, indicate that § = % could be admissible in (1.1) and
(1.2). In other words, in this family, the Ratios Conjecture, as well as our refinement (combined with
the assumption of (1.1) and (1.2) for some 6 < % and w > 0), are not sufficient to obtain a prediction

. . _1 o - . . . .
with precision o(X~3). This is surprising, since Conrey, Farmer and Zirnbauer have conjectured this

error term to be of size O (X ’%”), and this has been confirmed in several important families [M2,
M3, FPS1, FPS2, DES] (for a restricted set of test functions).

2. Background

Let K/Q be a non-Galois cubic field, and let K be the Galois closure of K over Q. Then, the Dedekind
zeta function of the field K has the decomposition

(ke (s) = L(5)L(s, p, K/Q),

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.70

6 P J. Cho et al.

where L(s, p,I? /Q) is the Artin L-function associated to the two-dimensional representation p of
Gal(f /Q) =~ S3. The strong Artin conjecture is known for such representations; in this particular case,
we have an explicit underlying cuspidal representation 7 of GL,/Q, such that L(s, p, K /Q) = L(s, 7).
For the sake of completeness, let us describe 7 in more detail. Let F = Q[vDg], and let y be a
nontrivial character of Gal(E /F) =~ Cs3, considered as a Hecke character of F. Then T = Ind% Y isa

dihedral representation of central character yp, = (D—K) When Dk < 0, T corresponds to a weight one
newform of level | D | and nebentypus xp, , and when Dk > 0, it corresponds to a weight zero Maass
form (see [DFI, Introduction]). In both cases, we will denote the corresponding automorphic form by
fk, and, in particular, we have the equality

L(s,p,K/Q) = L(s, fx).

We are interested in the analytic properties of {x (s)/{(s) = L(s, fx). We have the functional
equation

A(s»fK):A(l_s’fK)' (21)

Here, A(s, fx) := |Dk|3T i ()L (s, fx) is the completed L-function, with the gamma factor

Ty (s) I'y(s) if Dg > 0 (thatis K has signature (3, 0));
S) =
f I'_(s) if Dg <0 (thatis K has signature (1, 1)),

where 'y (s) := 7r“"l"(§)2 and I'_(s) := n_“'F(%)F(%).
The coefficients of L(s, fx) have an explicit description in terms of the splitting type of the prime
ideal (p)Ok . Writing

(9]

Ak (n)
L(s, fx) = ). =,
n
n=1
we have that
Splitting type (P)Ok Ak (p°)

Ti P1P2P3 e+l
T pip2 (I+(=-1D°)/2
T3 P1 Te
T pips 1

Ts vf 0

where

1 if e = 0 mod 3;
Te:=4—-1 ife=1mod3;
0 if e = 2 mod 3.

Furthermore, we find that the coefficients of the reciprocal

R 7))
e =2 w 22

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press
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are given by

—Ak(p) ifk=1;
uc (P =1(85) itk =2
0 if k > 2.

The remaining values of Ak (n) and ug (n) are determined by multiplicativity. Finally, the coefficients
of the logarithmic derivative

A T

ns
n>1

are given by

Splitting type (p) ak (p°)
Ti P1P2P3 2
T PP L+ (=1)°
T} P1 Ne
T PP 1
Ts p 0

where

2 if e = 0 mod 3;
-1 ife=+1mod3.

We now describe explicitly the constants A;—;(T) and B; (T) that appear in (1.2). More generally, let
p = (p1,...,py) be avector of primes and letk = (ky,...,ky) € {1,2,3,4,5}’ (whenJ =1,p=(p)
is a scalar, and we will abbreviate by writing p = p and similarly for k). We expect that

N;(X,Tk) = #{K € F*(X) : p; has splitting type Ty, in K (1 < j < J)}
= A5 (TOX + By (T) X3 + 04((p1 -+ ps) “X ™), 23)

for some w > 0 and with the same 6 as in (1.1). Here,

J J
AE(T) = CE [ [ Cepyen (21, BE(Ti) = G5 | | py i, (),
J=1 J=1
1
1 1,\-! 1-p73
Xp = (1+—+—2) s yp = — s
p p 1-p3)Q+phH

and ¢y (p) and di (p) are defined in the following table:

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press
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k  ck(p) di(p)
1 1 (|+p_%)3
; Ay
5 1 (+p~3)(14p”53)
1 (+p~")
33 5
1 (+p”3)?
4 P P .
5 % (]+p:§)
pP- 2
Recently, Bhargava, Taniguchi and Thorne [BTT] have shown that the values 6 = w = % are

admissible in (2.3).

3. New lower-order terms in the one-level density

In this section, we shall estimate the one-level density

1
Vo 2, Do ®)

K eF*(X)

assuming the cubic field count (1.2) for some fixed parameters % <6< % and w > 0. Throughout the
paper, we will use the shorthand

L =log ((27r—Xe)2)

The starting point of this section is the explicit formula.

Lemma 3.1. Let ¢ be a real even Schwartz function whose Fourier transform is compactly supported,
and let K € F*(X). We have the formula

1= S 2] D o [ o2t i)

=5 Ag B2 )ax (), (3.1

n=1
where px = % +iyk runs over the nontrivial zeros of L(s, fx).

Proof. This follows from, for example, [RS, Proposition 2.1], but for the sake of completeness, we
reproduce the proof here. By Cauchy’s integral formula, we have the identity

Lygky_ 1 LW
;¢(7) " 27 /(;) ¢(2m (S 2)) A (5 f)ds
1 L

L\ A
“wa Lyl Ko

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press
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These integrals converge since ¢(2m (s - %)) is rapidly decreasing in vertical strips. For the second

integral, we apply the change of variables s — 1 — 5. Then, by the functional equation in the form
AK(l -, fx) = —Ax(s, fx) and since ¢(—s) = ¢(s), we deduce that

L 1 L 1Y\ A/
Sl 5E) =5 [ olzalea) o o

Next, we insert the identity

(s fk) =5 10g|DK|+ ;K (@—ZM

nS
n>1

and separate into three integrals. By shifting the contour of integration to Re(s) = 5 in the first two
integrals, we obtain the first two terms on the right-hand side of (3.1). The third 1ntegral is equal to

A(”)aK(n) 1 Lo by
ZZ 2ni ‘/(;)¢(27ri(s 2)) d

n>1

By moving the contour to Re(s) = 5 1 and applying Fourier inversion, we find the third term on the
right-hand side of (3.1) and the claim follows. m]

Our goal is to average (3.1) over K € F*(X). We begin with the first term.

Lemma 3.2. Assume that (1.1) holds for some 0 < 6 < %. Then, we have the estimate

1 C5 o ( ;)2
— log|Dk|=logX —1 - —=X"5 +
NE(X) og|Dk| =log

1 1
XT3 +0.(X07*% 4+ x77).
+ + 2
KeF*(X) 5C1 S(C )

Proof. Applying partial summation, we find that

X
1
Z log |Dg| = / (logt)dN*(t) = N*(X)log X — N*(X) - —c;X% +0,(X9%9).
K eF*(X) 1 5

The claimed estimate follows from applying (1.1). O

For the second term of (3.1), we note that it is constant on F*(X). We can now concentrate our
efforts on the average of the third (and most crucial) term

) p— y loep g elogp ax (p°). (32)
"IN (X) / L

=1 P KeF=(X)

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press
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It follows from (1.2) that

ax (p®) =2N, (X, T1) + (1 + (=1)°)N;(X,T2) + 7N, (X, T3) + Ny (X, Ty)

KeF=(X)
= CEX(0e + 2)xp + CEX3 (14 p™ ) (ke(p) + p™ 4+ p™T)yp + 0o (pOX5*2),
(3.3)
where
2 ife=0mod6
0 ife=1mod6
1 ife=2mod6
O, = 02)e +031e = 3.4
¢ T UeTBIETAL fe=3mod6 4
1 ife=4mod6
0 ife=5mod®6,
and
2+2p73 ife =0mod6
p3 ife=1mod6
1 2
2 1 l1+p73+p 3 ife=2mod6
ke(p) = (B2 +83) (L4 p )+ (1=by)pi=4 P TP 7 1= (3.5)
1+p73 if e =3 mod 6
1+p_%+p_% ife =4 mod 6
p3 if e = 5 mod 6.

Here, 6p is equal to 1 if P is true and is equal to 0 otherwise. Note that we have the symmetries 6_, = 6,
and k_.(p) = k. (p). With this notation, we prove the following proposition.

Proposition 3.3. Let ¢ be a real even Schwartz function for which ¢ has compact support, and let
o= sup(supp(¢)) Assume that (1.2) holds for some fixed parameters 0 < 6 < 2 2 and w > 0. Then we
have the estimate

N 2 xplog p ~/log p¢
1‘(X;¢)=—ZZPP—%¢( ip

p.e

2( C5 (Ci)2
+Z(_C_1*X6 ™ )pz Lo

J6.+4)

),Be(p)+0 (XH ]+0’(w+2)+s + X 5+

where

Be(p) = yp(1+p ) (ke(p) +p~" +p75) —xp (6 + 1) (3.6)
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Proof. Applying (3.3), we see that

Ii(x;qs):—jvﬁé)zgx”bg” () 0+ 1)

11

205X yp(1+p~ 3)logp lo
_ 2 )4 g p°
LNi(X)ZZ = ¢( )(Ke(p)+p +p7%)
+ 0£(X9—1+s Z pu)—j 1ng)
p(*SX(T
e>1
2 5y (Cs ) o Xp logp log p¢
=—Z[1-2x5+ Oe
L( CE (c+)2 )Zp]; ( )( +p)
C2(GF (C2i)2 S yp(1+p 3)10gp log p* N
(CiX“(Ci)z );Zl (=) e (p)+ 7 4 p7)
+0 (X(') l+0’(u)+ )+e X % %)

Note, in particular, that the error term O (X ‘%+%) bounds the size of the contribution of the first omitted
term in the expansion of X d /N*(X) appearing in the second double sum above. Indeed, this follows

since k1 (p) = p‘% and

The claimed estimate follows.

Proof of Theorem 1.2. Combine Lemmas 3.1 and 3.2 with Proposition 3.3.

]

]

We shall estimate I*(X; ¢) further and find asymptotic expansions for the double sums in Proposition

Lemma 3.4. Let ¢ be a real even Schwartz function whose Fourier transform is compactly supported,

define o = sup(supp(a?)), and let € be a positive integer. Define

L(X:9) —Zix”logp (logp )0+ b R(X:e) —ZZ

p e=1 p e=1

Lo

e
2

Then, we have the asymptotic expansion

$™ (0)v (n
B =40 Z¢ On) 1o ( 1)

where

Vl(,l)_én(ﬁzz% e+%>+zz"<lo+f>’”l(x,,(1+ll))-1)
p

P e#2

.\ /°° 2" (logu)" ' (logu — n)
1

u?

R(u)du
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with R(u) := X, <, 10g p — u. Moreover, we have the estimate
L(X;¢) = L/ a(u)e%du + O(X%e_”‘)(”) VlogX),
0

where co(o) > 0 is a constant. Under the Riemann Hypothesis, we have the more precise expansion

(X:9) = / ¢(u)eﬁdu+z ¢(")(0)V2(n) 1n+0€(L;+1)7

where

va(n) = 6, °+Zze " (log p)™'Be (p) 2y togp)™ (lo gp)"+1 (ﬂ( - )
P e=2 p2 P p2 P3

00 n—1 _
+[ (logu)"* (Slogu 6n)R(u)du.

11
6u s

Proof. We first split the sums as

oy Nt logp ~2logpy o, = Nt logp ~logpy oy
Il(X,qs)—; LA ) H e, Iz(X,¢)—; p% o(2E)+ o). G

where

5, ¢>—sz"l°g” (22 (5, + >+Z

P e#2
B = Y)Y BG4 3 022 OI%”)(,B](p)—%). (3:8)
P e=2 P2 p P2 p3

We may also rewrite the sums in (3.7) using partial summation as follows:

N
- @LJ(O)—/M (7E )+ (P Rt

Z logp¢(10gp / F)e™ /5 du + 5(0)

5
p P°

X(T

5 ~logu I —~logu\\ 1
_/1 (62071 + ¥ (5 )i Rawd (3.9)
Next, for any £ > 1 and [¢t| < o, Taylor’s theorem reads

— 5(n)

- _Z B 0, (3.10)
n=0 .

and one has a similar expansion for ¢'. The claimed estimates follow from substituting this expression into
(3.8) and (3.9) and evaluating the error term using the prime number theorem R (u) < ue Vo2« g

We end this section by proving Theorem 1.1.
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Proof of Theorem 1.1. Assume that 6, w > 0 are admissible values in (1.2) and are such that 8+ w < %

Let ¢ be any real even Schwartz function, such that ¢’S\ >0and 1 < sup(supp(a)) < (% -0)/ (% +w);
this is possible thanks to the restriction 8 + w < % Combining Lemmas 3.1 and 3.2 with Proposition
3.3, we obtain the estimate?

1 - log(4n2e) Cf x75  (CH)?* X3
Ni—(X)KE;(X) Dy (K) = ¢(0)(1 T T 5C: L * 5(C3)? L )
1 < (Lr rL ., . 2 xp log p ~(log p¢ 1
+7—r'[°o ¢(E)Re(r—i(§+”’))dr—zpzf; p% ¢( )(9 + )
1
2C5X s 1 -
— Zt ( ) Oggp ( )ﬂe(p)"'o (XH l+0’(w+2)+8 + X~ %"'F)’ (311)
C:iL 21" )5

where o = sup(supp(a)).
To bound the integral involving the gamma function in (3.11), we note that Stirling’s formula implies

that for s in any fixed vertical strip minus discs centred at the poles of I'..(s), we have the estimate
I
Re F_(S) =log|s| +O(1).

Now, ¢(x) < |x|72, and thus,
1

%‘/_:¢(%)Re(r—i(%+ir))dr < ‘/_1

Moreover, Lemma 3.4 implies the estimates

2 < xplog p ~/log p©
—ZZ—p% ¢( 7 )(9 + )<<1
p.e

o(5)

log(1 1
dr+/ L-'-erl)alr < —.
ri=t (Lr) L

and

ZC*X"
= /¢(u)eﬁdu+0( o+ X e ),

since the Riemann Hypothesis for {x (s) implies the Riemann Hypothesis for £ (s). Combining these
estimates, we deduce that the right-hand side of (3.11) is

CXT 40 (1+XTF 0% 4 X‘%’“%),

where & > 0 is arbitrary, C is a positive constant and 6 := %= — (6 = 1 + o (w + 2)) > 0. However,
for small enough &, this contradicts the bound

1

NE ) Z Dy(K) = O(log X),

KeF*(X)

3This is similar to the Proof of Theorem 1.2. However, since we have a different condition on 6 (thatis 0 + w < %), there is
an additional error term in the current estimate.
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which is a direct consequence of the Riemann Hypothesis for k (s) and the Riemann-von Mangoldt
formula [IK, Theorem 5.31]. ]

4. A refined Ratios Conjecture

The celebrated L-functions Ratios Conjecture [ CFZ] predicts precise formulas for estimates of averages
of ratios of (products of) L-functions evaluated at points close to the critical line. The conjecture is
presented in the form of a recipe with instructions on how to produce predictions of a certain type in any
family of L-functions. In order to follow the recipe, it is of fundamental importance to have control of
counting functions of the type (1.1) and (2.3) related to the family. The connections between counting
functions, low-lying zeros and the Ratios Conjecture are central in the present investigation.

The Ratios Conjecture has a large variety of applications. Applications to problems about low-lying
zeros first appeared in the work of Conrey and Snaith [CS], where they study the one-level density of
families of quadratic Dirichlet L-functions and quadratic twists of a holomorphic modular form. The
investigation in [CS] has inspired a large amount of work on low-lying zeros in different families (see,
e.g. [M2, M3, HKS, FM, DHP, FPS1, FPS3, MS, CP, W]).

As part of this project, we went through the steps of the Ratios Conjecture recipe with the goal of
estimating the one-level density. We noticed that the resulting estimate does not predict certain terms
in Theorem 1.2. To fix this, we modified [CFZ, Step 4], which is the evaluation of the average of the
coeflicients appearing in the approximation of the expression

1 L(%+a,f]<)
N*(X)

R(a,y;X) = 4.1)

K eF=(X) L(% +7,f1<)

More precisely, instead of only considering the main term, we kept track of the secondary term in
Lemma 4.1.

We now describe more precisely the steps in the Ratios Conjecture recipe. The first step involves the
approximate functional equation for L(s, fx ), which reads

A T (1 = A
L(s, fx) = Z IZEH) +|Dgl|2™* _I“( (s)S) Z ;Zl) + Error, 4.2)
+ n<y

n<x

where x, y are such that xy < |Dg|(1 + t|)? (this is in analogy with [CS]; see [IK, Theorem 5.3] for a
description of the approximate functional equation of a general L-function). The analysis will be carried
out assuming that the error term can be neglected and that the sums can be completed.

Following [CFZ], we replace the numerator of (4.1) with the approximate functional equation (4.2)
and the denominator of (4.1) with (2.2). We will need to estimate the first sum in (4.2) evaluated at
s = % + @, where | Re(«)| is sufficiently small. This gives the contribution

Ak (m)px (h)

1 1
ma2tapaty

Ri(a,y; X) = 4.3)

+
N=(X) K eF=(X) h,m

to (4.1). This infinite sum converges absolutely in the region Re(«@) > % and Re(y) > %, however, later
in this section, we will provide an analytic continuation to a wider domain. We will also need to evaluate
the contribution of the second sum in (4.2), which is given by

r.(i-
Ry(a@,y; X) ::Ni;(X) Z Dk |~ (2 a) Z’lK(m)/lK(h)

: T 4.4)
KeF=(X) Fi(§+0z) hom m2"Th2YY
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(Once more, the series converges absolutely for Re(a) < —% and Re(y) > %, but we will later provide
an analytic continuation to a wider domain).

A first step in the understanding of the R;(a,y; X) will be achieved using the following precise
evaluation of the expected value of Ax (m)ug (h).

Lemma 4.1. Let m, h € N, and let % <0< % and w > 0 be, such that (2.3) holds. Assume that h is
cubefree. We have the estimate

= >
— Ak (m)ug (h)
N*=(X) KeF=(X)
C; S
=[] respum+| [ sespm- [] flespm|2xs(i-2x74)
R B ey C C
pellm,ps||h pelim,ps b pellm,ps||h 1 1
+08( ((26+5)p‘“)X9_1+8),
plhm,pe||m
where
e+l 1+ (-1)° 1 1
f(e,0,p) := G + 4 3 +p,
e+l 1. 1
1,p):=— e -
f(e’ ’p) 3 + 3 p’
e+l 1+(-D°¢ =
2 = - —
f(e,2,p) G 4 +3
(e+D(1+p75)°  (1+(=D)(1+p3)(1+p)
g(e,0,p) = +
6 4
-1 12
+Te(1+p )+(1+p 3) :
3 P
(e+D)(1+p5)° 7(1+p™) (1+p73)?
gle,1,p) :=— + - ;
3 3 )4
(e+D(1+p3)° (1+(=D)A+p )(1+p73) w.(1+p™h)
g(evzvp) = 6 - 4 + 3 .

Proof. We may write m = Hjj.zl p;j and h = Hjj.zl pj.j , where p1,..., py are distinct primes and for
each j, e; and s; are nonnegative integers but not both zero. Then we see that

J J
> ot = Y [ (o)) =3 X [ (o e (7).
KeF*(X) KeF*(X) j=I k I(e]—'i();) j=1
p: rype Tk
where k = (ky,...,ky) runs over {1,2,3,4,»5}’ and p = (p1,...,ps). When each p; has splitting
type T, in K, the values Ak (pj.j) and ug (pj:’) depend on p;, k;, e; and s;. Define
Mop;(kjse)) =k (pF)s  mup(kjusj) = u (p))

for each j < J with p; of splitting type Ty, in K, as well as

J J
nptk ) = [ [nup ke, mplks) = [nap, kjsp). 4.5)
j=1 j=1
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We see that

D, Axmux(h) =) mpkempks) > 1
k

KeF=(X) KeF*(X)
p: type Ty

= Z M.p (K, )n2p(k, )Ny (X, Ti),
k

which by (2.3) is equal to

J J . J
Z m,p(Kk, e)ns p(K, s) (Cf I—[(xpjckj (p)X+C3 l_l(ypjdkj (pj))Xe + Os( n P}”XQM))
K =1 =1

J=1 Jj= J

J J
= c;x( D ik emap(k,s) [ |Gopen (p ,-))) +CEXG ( D npk, ek s) [ [(p,d, (p ,-)))
k j=1 k Jj=1

J
+ 0.9( > ik ek )l [ | pj-"X‘g”)-
k j=1

We can change the last three k-sums into products by (4.5). Doing so, we obtain that the above is equal to

J J

J
CiX 1_[ (xpjf(ej, sj,pj)) + CziXg 1—[ (ypjg(ej,sj,pj)) + 05( 1_[ (p;"(2ej + 5))X9+g)

J=1 J=1 J=1

J
+ Y +v2 ~
=CiX 1_[ fle,s,p)xp +C5 X5 1_[ g(e,s,p)yp+08(l_[(p;-"(Zej+5))X9+s)’

pellm,psiih pelim,ps|lh J=1

where

5 5
fle.s.p) =Y mplk.empk.)ck(p),  &le.s.p) =y m1p(k e p (k. 5)dk(p).
k=1 k=1

A straightforward calculation shows that f(e, s,p) = f(e,s,p) and g(e,s,p) = g(e,s,p) (see the
explicit description of the coefficients in Section 2; note that 175 , (k, 0) = 1) and the lemma follows. O

We now proceed with the estimation of Rj(«,y; X). Taking into account the two main terms in
Lemma 4.1, we expect that

Cs Cs
Ri(a,y:X) = RY (@.9) + 22 X4 (1= X7 ) (R (@.7) ~ R (@7) + Error, (4.6)
1 1

where

RY (a,) :zl—[(l_l_zxpf(e,o,p)JrZ xpf(e,1,p) +Z xpf(e,2,p) )

p S pero S pelarar(an) - A pe(3+a)+2(3+y)

R (a,y) :=1_[(1+ ypg(e’o’p)+z yp(e. 1. p) +Z Yr8(¢.2.p) ) 4.7
e>0

e(+a) pe(%+a)+(%+y) = pe(%+a)+2(%+y)

p ex1 P
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for Re(a),Re(y) > % Since

1 1

M —

ki Wﬂ)‘ﬂ(“,ﬁ‘ﬁ
p

1 1 1 1 1
+0< S + — +— +— +— ) ,
p§+Re(a) p’§+3Re(a) p§+Re('y) p§+Re(2¢t+'y) p§+Re(3(y+27)

we see that

(l+a+y)

(% 20) RM (a,y) (4.8)

As(a,y) =

is analytically continued to the region* Re(a), Re(y) > —é. Similarly, from the estimates

ypg(e,0,p) 1 1 1 1 1
e(3+a) - é+a+ 1+2a ( Re(a)+3 * 2Re(a)+% * 3Re(a)+3)

el D2 pe p P 2 p 3op 2

yps(elp) 1 1 ( 1 )
= pe(%+a)+(%+y) p%+y p1+a’+7 p%+Re((y+y) ’

ypg(eyz’p) :0( 1 )
= pe(%+a)+2(%+y) p%+Re(ar+2y) ’

we deduce that
(G+i(1+a+y)
Ag(e,y) = RY(a,y) (4.9)

{(Z+a)¢(1+20)

is analytic in the region Re(a), Re(y) > —é. Note that by their defining product formulas, we have the
bounds

Asz(a,y) = 0.(1), As(a,y) =04(1) (4.10)
for Re(a@),Re(y) > —é +&> —%. Using this notation, (4.6) takes the form

Z(1+2a)
(I+a+y)

1

(A3(a,y) + C—X_6 (1 - C+X

Ri(a,y;X) = c: )(4(6 il

(Z+y)

+ Error.

As(@.y) = As(@.y)))

The above computation is sufficient in order to obtain a conjectural evaluation of the average (4.3).
However, our goal is to evaluate the one-level density through the average of £ (2 +r, fx); therefore,
it is necessary to also compute the partial derivative 57~ 9 Ri(a,v:X)|a= y=r. TO do so, we need to make
sure that the error term stays small after a differentiation. This is achieved by applying Cauchy’s integral
formula for the derivative

f(2)
=g [

4To see this, write ((((l 1+ gg)

converge in the stated region.

as an Euler product and expand out the triple product in (4.8). The resulting expression will
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(valid for all small enough « > 0) and bounding the integrand using the approximation for R (e, y; X)
above. As for the main terms, one can differentiate them term by term and obtain the expected approxi-
mation

Ct)

’ Ct
iRl(a/,y;X)) = Ao (rr) + (14 20) As(rr) + X (1 - Zx
oa a=y=r ’ é’ Cf 1

x (A4,(,(r, )+ %(3 +1)As(rr) = Ao (r,r) + %(1 +2r)(Aa(r, r) — As(r, r)))

+ Error, 4.11)

where Az o(r,r) = —A3(a v) and A4 o(r,r) = 6 - As(a,y)
=y=r

a=y=r

Now, from the definition of f(e J>p)and g(e, j, p) (see Lemma 4.1) as well as (3.4) and (3.5), we
have

f(1,0,p) + f(0,1,p) =g(1,0,p) +g(0,1,p) =0
f(e,O,p)+f(e—1,1,p)+f(e—2,2,p)=g(e,0,p)+g(e—1,1,p)+g(e—2,2,p)=0
f(e’o’p)_f(e_z’z’p):08+p_1’
_1 _ _4
8(e,0,p) —g(e=2,2,p) = (1+p 3)(ke(p) +p" +p 7).
By the above identities and the definition (4.7), we deduce that

R{w (r,r) =As(r,r) = Rf(r,r) = A4(r,r) =1.

It follows that for Re(r) > 1,

Rt = ST 0t
r,r)= ——— = —/1og a,y
l,a RM(r, r) da 1 amyer

1 plo
—Z( i ogpf(lo p) - Z T (f(e,0.p) - f(e—2,2,p>))

+Z(_Z);p:cl>gl’( = D(f(e,0,p) + fle=1,1,p) + fe = 2,2, p)))
e>2 2

xplogp 1
:_ZZ pe(2+r)( ;)

pe>1p

and

yplogp yplogp
R} (r.r)= Z - —="¢(1,0,p) - Z P—="{(g(e.0,p) — g(e — 2.2, p))
p2+r = pe(2+r)

p

1
+Z( Zy” nLap —1)(g(e,o,p>+g(e—1,1,p>+g(e—2,2,p)))

+r
P e>2 (2 )

——Zzyplogp p) (ke(p) +p7" 4 p7)

5 lpe( +r)

== Z Z leo(ng) (ﬁe(p) +xp (He + 119))
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by (3.6). Thus, we have

Az o(r,r) = R{‘:’a(r,r) - %(1 +2r)=-— Z (ge " Il])xp logp %’(1 +2r)

p.e>1 pe(%+r)
and
3)lo
Avarr) = Asa(rory == 5 Lell) e({’m) er, @.12)
p,e>1 2

which are now valid in the extended region Re(r) > 0. Coming back to (4.11), we deduce that

GoR@yX)| = Aalun+ S(1+20)
a=y=r

oa
G (1= Zxt)(a A £ E
+—=XT5(1- ==X o(rr) = A3 o(r,r)+ =(2+r)| +
C+ ( Cli )( 4,0(r,1) 3.0(r,r) {(6 r)) ITOr
G5 Ccs —p3
__ Z ( )xplogp__ix_,(l _iX_é) (Be(p) P 3)log p
s e(2+r) C 1 vt pe(§+r)
C5 C5 ’
+—+X 6(1 +X_E)—(6+r)+E1rr0r
CY C Iq
where the second equality is valid in the region Re(r) > 0.
We now move to R (a, y; X). We recall that
i( -a) Ag (m (h
Ro(@.v:X) = 3oz IDg[T——=2—" Klfff"; ), (4.13)
KeF*(X) Fj:(2+a') m?2 ha™Y

and the Ratios Conjecture recipe tells us that we should replace Ag (m) ug (k) with its average. However,
acalculation involving Lemma 4.1 suggests that the terms |D g |~% and Ax (m) ug (h) have nonnegligible
covariance. To take this into account, we substitute this step with the use of the following corollary of
Lemma 4.1.

Corollary 4.2. Let m, h € N, and let % <6< % and w > 0 be, such that (2.3) holds. For a € C with
0 < Re(a) < 1, we have the estimate

1 X
[IDk|"" Ak (m)ug (h) = fle,s,p)xp
+ —_
N=(X) ¢ Fx L= o mpein
- 1 1 2 (-Gt
+ [ ea [ gle.s.p)yp— 7= [1 flespmx, —i( “Cr )
5 pellm.ps|h pelim,ps ||k 1 1

og((1+|a|) [ ((ze+5)pw)x9—l—Re<a>+s),

plhm,pe|m
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Proof. This follows from applying Lemma 4.1 and (1.1) to the identity

X
Dl A mypx = [ ued Y dwnux ()

K €F*(u)

X
=X¢ Z AK(m)uK(h)+a'[ u_"_l( Z /lK(m)uK(h))du

KeF*(X) KeF*(u)

K eF*(X)

Applying this lemma, we deduce the following heuristic approximation of R, («, y; X):

I.(3-a) | {X_a
1ﬂ+(%+a)2 vt Enull [ ERPACENOL

—ap 5+
hom M"Y pelim,ps [l

C; (G 1 1
_,_u 2 2 -1
g [ sesmn-— ] f<e’s’1’>xp)}

5 pelim,ps|lh pelim,ps|lh

+(5 - M (_ + + RS(— M _
R a){X“Rl ( CV,)’)+X,%,QC_3(1_C_3X7%)( 1 ( LI,)/)_R1 ( a,'y))}
F+(2+a) 1-a Cf Cf 1_6?“ 1-«a

L(3-a) (1-2a) { —oA3(=a,y)
X
Fi(§+a)§(1_a+7) l-a

N " 5 _ _
+X-g_ac_i(1 Ci )(A4(—a,7) - A cw))}.
cLoq =% (@G+y) 1-a

If Re(r) is positive and small enough, then we expect that

d Ta(3-7) L As(=r,r)
a—Rz(a/ ’y,X)’ wmyer = m{(l—Zr){X T
+ + 5 _ _
+X—%—rc+(1—c—+ )(4(6 r) As(=r,r)  As( V,r))}+Error.
c Ct (C+r) 1-% l—r

We arrive at the following conjecture.

Conjecture 4.3. Let % <6< % and w > 0 be, such that (2.3) holds. There exists 0 < § < é, such that
for any fixed € > 0 and for r € C with % < Re(r) <band|r] < X%,

1 L'(§+r, fx)
N=(X) o Fx) L(3+r, fx)
__ Z ( >xplog17 C+X‘%(1—C—2;X‘%) (ﬂe(p)—]];_i)logp
p.ex1 e(7+r) Cy G ] pe(z+7)
, > ' To(-r Aa(—
+—3X’5(1 ——iX’%)g—(%+r)_ TG )4(1 ) 3(=r,1)
Cr Y r.(L+r) 1-
2 y-r- > -\ ez =) (=1 A(=r,r)  As(=r,r) _
__iX (1 __ZiX 6)21—4(1 - )( fS) 4 i 31 )+03(XH 1+a).
! 1 Fa(z+7) {(g+r) 1-% -r

(4.14)

Note that the two sums on the right-hand side are absolutely convergent.
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Traditionally, when applying the Ratios Conjecture recipe, one has to restrict the real part of the
variable r to small enough positive values. For example, in the family of quadratic Dirichlet L-functions

[CS, FPS3], one requires that < Re(r) < 3—‘. This ensures that one is far enough from a pole for

lo X
1
the expression in the right-hand side. In the current situation, we will see that the term involving X" "%

_1
has a pole at s = ¢.

Proposition 4.4. Assume Conjecture 4.3 and the Riemann Hypothesis for {k (s) for all K € F *(X), and
let ¢ be a real even Schwartz function, such that ¢ is compactly supported. For any constant 0 < ¢ < é,
we have that

Ly 10g(47r e) C:xs (CH? x3
Ke;(X)yZ:¢( ZK) ¢(O)( L SC%J' L +5(C%li)2 L )

1 = (Lr 2 xp log p ~(log p*¢ ,
+;/_ ¢(E)R (—(2+zr)) r—zz e ff’( 2 )(9e+;)

(o)

N*(X)

= 6( ) g ( (Be(p) -
© (Zm){__xh(l_FX %)%(§+s)+X‘5 iii+ ; (1-2s )A3( 5, 5)
c Xt
G ol G r—s) (s )
et (- o hé peuo® o (§+s) Ai(_sﬁf) A31(_Sss))}d
+08(X671+g)' s

Proof. By the residue theorem, we have the identity

1 L'(s+ 4, fx)
Ni(X) Z ¢( )_2”1(‘[) [1))Ni( )KE;(X) L(S+22,f[{) ¢(27n)dS. (4.16)

KeF=(X)

Under Conjecture 4.3 and well-known arguments (see, e.g. [FPS3, Section 3.2]), the part of this sum
involving the first integral is equal to

- L ¢(ﬂ){2(ae+;)’“’“’gp G yt(1-Sxt) 5 Cel)=rDogs

2mi (L) 2 Pzl p€(2+S) C+ Cli Pzl pe(§+s)
C5 : ’ Ti(5-s As(—
- 2xi(1- —iX_é)—(%+s)+X_°—i(§ 1 -2y tas)
T o 4 Lu(3+5) 1=
Ct (o5 r.(4- - -
s Zxoi(1- 2 —é)—*(f D (1= 2s )(“g ) Al 53 A “))}ds
ct Ci™ T3 +9) (Gs) 1-%  1-s
+0£(Xe—1+8),
where we used the bounds (4.10) and
Ls (-1)¢ LRe(s)x iL Im(s)x () oLIRe(s) | sup(supp())
)= d 4.17
(2711') i Re e o' (x)dx < iR 4.17)

for every integer £ > 0, which is decaying on the line Re(s) = % We may also shift the contour of

integration to the line Re(s) = ¢ with 0 < ¢ < %.
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For the second integral in (4.16) (over the line Re(s) = —%), we treat it as follows. By the functional
equation (2.1), we have

1 1 L'(s+3, L
SRy TS5
270 Sy N2 iy Lls+ 3. fi) 12w
L[y Hlradl s,
2mi J Ly N*(X) K2 x) L(s+ %,fK) 2mi
1 1 I I Ls
4 log|Del+ —=(L+5)+ 21— (—)d
5 - —Ni(X) KE;(X)(Ogl Kl Fi(z s) Fi(z s))¢ i s

The first integral on the right-hand side is identically equal to the integral that was just evaluated in the
first part of this proof. As for the second, by shifting the contour to the line Re(s) = 0, we find that it

equals
1 1 Ls 1 I I Ls
. log | D | f o2 Vs + — ( = (1 +)+—i<l—s))¢—.ds
N*(X) Ke;(X) 27i (0) (2711) 2ni Joy\I'z 2 r, 2 (2711)
1 Z #0) 1 [~ (Lr | A
=| = log |Dk||—= + — | 5= Re| == (5 +ir)|dr.
N*(X) K20 L T Jooo (27r) I,

By applying Lemma 3.2 to the first term, we find the leading terms on the right-hand side of (4.15).
Finally, by absolute convergence, we have the identity

1 Ls 1 xplogp x,,logp 1 Lsy\ _
3 )., 5) 2 0+ 3) = 3 (oer ) () d
27i (C)¢(2m)p;21( ‘T p e(2+V) Z pi 2ri (C)¢ 2ri P s
1 Z ( )xplogp¢(elogp)
pe>1 p? L

since the contour of the inner integral can be shifted to the line Re(s) = 0. The same argument works
for the term involving B, (p) — p~ 5. Hence, the proposition follows. O

5. Analytic continuation of A3(—s,s) and A4(-s, s)

The goal of this section is to prove Theorem 1.4. To do so, we will need to estimate some of the terms
in (4.15), namely,

i 26 G5 1\ \ log p ~(log p°
0= (1— X )pepf ¢( - )
1 Ls CZi -1 CZi -1 4 5 s _(2 5) A3z(-s,s)
- — (L)¢(E){—C—I£X (]_C_lix )?(E S)+X l"+(2 ){(1—2s)?
21 _s—1 Cf (3 -9) 5(%—5) Ag(=s,5)  Az(=s,s)
X ( & )Fi(% i )({(%”) BT Jas. .0

for0 < ¢ < é. The idea is to provide an analytic continuation to the Dirichlet series A3(—s,s) and

Ay(—s,s) in the strip 0 < Re(s) < % and to shift the contour of integration to the right.
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Lemma 5.1. The product formula

1 1 1 1
- et (5.2)

As(=s.5) = {(3)¢(3 - 39) H ( ERER e
p? p>

provides an analytic continuation of Az(-s,s) to |Re(s)| < % except for a simple pole at s = % with
residue

LB
3@

Proof. From (4.7) and (4.8), we see that in the region | Re(s)| < %,

-1
weso-[1(-#] -5

p

(1+_+ Zf(e ?_\1))) Z f(fij);pi‘ Z f(eji)%)

e>1
1 (e L, p) f(e,2,p)))
=40 - === 0, . (53
g( )]:[ ( p1—2s)(p2 +§) pe(l S) (f(e ) p2+s + p1+25 ( )

The sum over e > 0 on the right-hand side is equal to

1 1 1 1 1+(-D¢ 1
11 - 11 -
6( p%+ ) Z(e+ 1) e(;—s) 2( p1+23)2 2 pe(%‘s)

e>0 e>0
1 1 1 1 1 1 1
+—(1+ — + 12)2 +—(1 )Z
3 p§+s pltss = pe(f—s) p p2+s pe(f—s)
2
1 (1--+) R B R R s o
=-. 2L s P P — = (5.4)
6 (l— 1 ) 2 l_pl—Zs 31+ l_s+1ﬁ p l_l_—s
o p? p?

Here, we have used geometric sum identities, for example,

k 3k 3k+1
X = X7t = X = = x| < 1).

k=0 k=0 k=0

Inserting the expression (5.4) in (5.3) and simplifying, we obtain the identity

1 1 1 1
5
2

- - +
—s 3-3s p3—45 p%—Ss

1
Asz(=s,5) = C(3) (32 - 3s) (1— — +
’ ? l_[ p>* p p?

in the region |Re(s)| < 1/6. Now, this clearly extends to |Re(s)| < 1/2 except for a simple pole at
s = 1/6 with residue equal to

5(3) l—[ §_ 2, U

as desired. ]

B3 1
34322

u.

+
<

https://doi.org/10.1017/fms.2022.70 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.70

24 P J. Cho et al.

Lemma 5.2. Assuming the Riemann Hypothesis, the function A4(—s, s) admits an analytic continuation
to the region |Re(s)| < L, except for a double pole at s = %. Furthermore, for any 0 < € < 41'1 and in the

region |Re(s)| < % — &, we have the bound

Ad(=s,5) <o (|Tm(s)| + 1)3.

Proof. By (4.7) and (4.9), for | Re(s)| < £, we have that
g(e,2,p)

1 1 _ 1 gle,1.p)
(1 p172s)(1 p%_s)(l p%)(l g(e,0,p) + p%” S

1
e |

1
p2

p pi 50 pes)

since y;l -g(0,0,p) = # (1 + L%) Recalling the definition of g(e, j, p) (see Lemma 4.1), a straight-

forward evaluation of the infinite sum over e > 0 yields the expression

(1- 7=)1- s..><1—,ﬁ)((“ﬁf@—psﬁ

Ag(=5,9) =] .
P (1— glﬂ) 6(1— ] )
ps p2s
2
R L (o 3 e B
p3 p3 + p2 + p3 p2 + ;3)
e e I ==

Isolating the ‘divergent terms’ leads us to the identity

As(=5,5) =)L) [ [(Pap.1 () + Aap 1 (5)),
p

where
2
=== (1 2 -2)(1- ) 1+ )
3= 3 3+s 5
Dupi(s) = _p1 ( P pl P
po 6(1_ LS)
p2
_1 .1 1 1 1
1_P1£25 (1 p%+ )(1+p%+s+ st)(l plizc) 1)
+ + +—
2 3(1+ =+ ) P
pj—s 14
and
1 1 1 1 1 1
A ()-_1 P _(1 p%“) (1+p%'°) l_pll"zs_(1+17% +pl+2s)(1 pl_k)
4.p,1(8) =77 4 | ¢ 4 1 1
¥ e PPy
p2 p?
(1+L1—L2—l)(1— ] )(1+ 1 )—1
A e )
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The term A4 p,1(s) is ‘small’ for |Re(s)| < %, hence, we will concentrate our attention on Dy , 1(s).
We see that

1-—
[ 1
D4,p,1(s) = —plD4,p,2(s) +—+ A4,p,2(s)»
I-—= p
po
where
(e ) (- ) () 1o
3 pQ“ pr‘ pl+s
Dy po(s) = L
6(1- ) 2
p2-
(I_L%)(l"' 1] +p11+2s)(1 p1]—2s)
J4
+
3(1 + p%]-s + pll_zs)
and
2
() ) (oea)ia) |
A — J4 _ P P P +1|- 2,
4,17,2(5) L ( N a(1s L. 1 »
p 5., 1, tan o
pe” p? p?

which is also ‘small’. Taking common denominators and expanding out shows that

1 1 1 1 1
Dy po(s) = —,(1 -ttt +A4,p,3(s)),
1- T p pg+s pg—s p§—2s
p2”
where
1 1 1 1 1 1 1
Agpa(s) 1= - ——t —— = — O, ~ 1 1.2
p2 h p2 p3 p [ p [ p3 p3

is ‘small’. More precisely, for |Re(s)| < % —e< % and j = 1,2,3, we have the bound A4, ;(s) =
O, (FL) Therefore,

I+e

[ )
~ 57 1 1 1
Aa(=s.5) = {2 (3)E G = 35)Au(s) ﬂ( . (1 -ttt )) (55
p 1_ +) p6 S p6 N p3 S
pa+s
where
1- —%+s 1— —%+s
_ %(1 - p%l_3s - I_Z_g_s) + I_Z_%_S A4,p,3(s) + (1 - p%l_3s)(A4,p,2(s) +A4,p,1(s))
Ayq(s) = l_[ 1+ 3.
14 l—p:) (1—5—+g—++)
l_p—*g—s p‘6+s p‘gfs pg—zs

is absolutely convergent for |Re(s)| < % Hence, the final step is to find a meromorphic continuation

for the infinite product on the right-hand side of (5.5), which we will denote by D3(s). However, it is
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straightforward to show that

(3 —45)¢(3 -25)¢ (2 -3s)

Agq4(s) = D3(s)- {(3-2y)

(5.6)

converges absolutely for | Re(s)| < 5. This finishes the proof of the first claim in the lemma.
Finally, the growth estimate

As(=s.5) <o (J1TIm(s)| + D 1L (3 = 39)2(4 = 29)] < ([ Tm(s)| + 1)’

follows from (5.5), (5.6), as well as [MV, Theorems 13.18 and 13.23] and the functional equation for
L(s). O

Now that we have a meromorphic continuation of A4(—s, s), we will calculate the leading Laurent

coeflicient at s = %.

Lemma 5.3. We have the formula

lim (s - )?A4(-s.5) = 12003 [1 (1 - i)z(l - l)(1 201 i).

4

s—>g 6 é’(%) p p3 p p3 p p3

Proof. By Lemma 5.2, A4(-s, s) has a double pole at s = é. Moreover, by (5.5) and (5.6), we find that
Aq(=s,5)
£(3-35)¢(5-29)
the order of the limit and the product in the calculation below), so that

has a convergent Euler product in the region | Re(s)| < % (this allows us to interchange

L 1 Ag(=s,s)
Slgrf(s ) Ag(=s,5) = 6s_r>r: é’(é —3s)§(4 2s)

L) 1y Ly (1_L){(“ﬁ) -5

p3

The claim follows. |

We are now ready to estimate J*(X) when the support of J; is small.

Lemma 5.4. Let ¢ be a real even Schwartz function, such that o = sup(supp((;)) < 1. Let J*(X) be
defined by (5.1). Then we have the estimate

JE(X) = C%(%)X—é + og(XT’+8),

where

. C3 T+(3) £(5)%¢(3)¢(2)
€= 152C+1“+( 5 ) l:[( _p%)Z( l)(”i
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Proof. We rewrite the integral in J*(X) as

JRErE >{<l—%x-a>< ——< e S M)
+ 2)2 ‘S‘§%m —m%ﬁ”}ds 58)
for 0 < ¢ < 1. The integrand has a simple pole at s = § with residue
k- S - by
_ 2¢(12Lm)g—2jxé;:_g“f)z i s - 1244(=s, 5) +0(¢(12LM)X’%) (5.9)

=-c* ¢( —)x s+ o(xFh

by Lemma 5.3, as well as the fact that the ﬁrst lme vanishes. Due to Lemmas 5.1 and 5.2, we can shift
the contour of integration to the line Re(s) = 5 — 5, at the cost of —1 times the residue (5.9).

We now estimate the shifted integral. The term 1nvolv1ng v ( 2 +5) can be evaluated by interchanging
sum and integral; we obtain the identity )

1 Ls\{" s 2 o logp ~(log p*
E/t_g ¢(%)?(6+s)ds_ LZ se ¢( L ) (5.10)
(2 2) p.e p

The last step is to bound the remaining terms, which is carried out by combining (4.17) with Lemmas
5.1 and 5.2. O

Finally, we complete the Proof of Theorem 1.4.

Proof of Theorem 1.4. Given Proposition 4.4 and Lemma 5.4, the only thing remaining to prove is (1.7).
Applying (5.8) with ¢ = % and splitting the integral into two parts, we obtain the identity

1
26X G log p ~log p°
P = 22— (1= 2x0t) ) 222
X =—r " )pepﬁ,f(p( L )

’

i (.)‘p(ﬁ){(l‘c—’(—)( C—;X‘éz(%+s)+x‘sr(é D1 - 2922 gy

2mi Ct Cy T.(5+5)
1 Ls\(Cy —s-4 Cy -1 Fi(%—s) 4’(6 5) A4(=s, s)
“ri iy il e )n(% DTy me
C;— 2 —-5= 1F+(2 ) A3(_S’S)
+(C—1i) X T bs.

By shifting the first integral to the line Re(s) = and applying (5.10), we derive (1.7). Note that the
residue at s = 1s the first line of (5.9), which is equal to zero.
O
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The function f,(10%,Ty) as a function of p<10*

o 2000 4000 6000 8000 10000

Figure 2. A plot of(p,fp(104,TJ-))f0rp <10*and j = 1,2,3.

A. Numerical investigations

In this section, we present several graphs® associated to the error term
+ AT + + 2
EL(X,T) :=N,(X,T) - A,(T)X - B,,(T)X5.

We recall that we expect a bound of the form E;; (X,T) <, p®X?*¢ (see (1.2)). Moreover, from the

graphs shown in Figure 1, it seems likely that 6 = % is admissible and the best possible. Now, to test the
uniformity in p, we consider the function

- -3t .
fP(X7T) L lg}CaSXXx 2|Ep('x9T)|a

we then expect a bound of the form f,(X,T) <, p®“X -3+ with 9 possibly equal to % To predict
the smallest admissible value of w, in Figure 2, we plot fp(104,Tj) for j = 1,2, 3, as a function of
p < 10*. From this data, it seems likely that any w > 0 is admissible. Now, one might wonder whether
this is still valid in the range p > X. To investigate this, in Figure 3, we plot the function f}, ( 10*, T3) for
every 10*-th prime up to 103, revealing similar behaviour. Finally, we have also produced similar data
associated to the quantity N, (X, T;) with j = 1,2, 3, and the result was comparable to Figure 2.
However, it seems like the splitting type T4 behaves differently (see Figure 4 for a plot of p- f}, ( 104, 7y)
forevery p < 10°). One can see that this graph is eventually essentially constant. This is readily explained
by the fact that in the range p > X, we have N; (X, T4) = 0. Indeed, if p has splitting type 74 in a cubic
field K of discriminant at most X, then p must divide D g, which implies that p < X. As a consequence,

1
pfp(X,Ty) < X2, which is constant as a function of p. As for the more interesting range p < X, it seems

like fp (X, Ts) <& p‘%”X'S (i.e. for T = Ty, the values 0 = % and any w > —% are admissible in (1.2)).

In Figure 5, we test this hypothesis with larger values of X by plotting p% : fp(105, Ty) for all p < 10%,
This seems to confirm that for 7 = T4, the values 6 = % and any w > —% are admissible in (1.2). In

SThe computations associated to these graphs were done using development version 2.14 of pari/gp
(see https:/pari.math.u-bordeaux.fr/Events/PARI2022/talks/sources.pdf), and the full code can be found here:
https://github.com/DanielFiorilli/CubicFieldCounts.
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10000000 2 o 40000000 o 0 00000

1 1
other words, it seems like we have E; (X, Ty) < p72*¥X 2% and the sum of the two exponents here

is 2¢&, which is significantly smaller than the sum of exponents in Theorem 1.1, which is w + 6 > %

Note that this is not contradictory, since in that theorem we are assuming such a bound uniformly for all
splitting types and, from the discussion above, we expect that E; (X,T1) <z p?X 3+E g essentially the
best possible. Finally, we have also produced data for the quantity N, (X, T4). The result was somewhat
similar but far from identical. We would require more data to make a guess as strong as the one we made
for £} (X, Ty).

For the splitting type Ts, it seems like the error term is even smaller (probably owing to the fact that
these fields are very rare). Indeed, this is what the graph of p? - f,,(10%,T5) for all p < 103 in Figure 6
indicates. Again, there are two regimes. Firstly, by [B, p. 1216], p > 2 has splitting type 75 in the cubic
field K if and only if p?> | Dg, hence, N, (X,Ts) = 0 for p > X3 (that is p? - fr(X,Ts5) = X%). As
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0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 5. A plot of (p, p2 f,(10,T4)) for p < 10%.

e I I I I I J

o 100 200 300 400 0 600 700 800 900 1000

Figure 6. A plot of (p, p* f,(10°,T5)) for p < 10°.

forp < X%, Figure 6 indicates that f,(X,T5) <, p~1*¢X? (e.g. for T = Ts, the values 0 = % and any
w > —1 are admissible in (1.2)). Once more, it is interesting to compare this with Theorem 1.1, since it

seems like E£,(X, Ts5) <. plrex 5+2_and the sum of the two exponents is now —% + 2¢. We have also
produced analogous data associated to the quantity N, (X, T5). The result was somewhat similar.
Finally, we end this section with a graph (see Figure 7) of

E*(X) := X3 (N},(X) - CI X - C} X?)

for X < 10'! (which is the limit of Belabas’ program® used for this computation). Here, N7, (X) counts all
cubic fields of discriminant up to X, including Galois fields (by Cohn’s work [C], N, (X)=N*(X) ~ c¢X 3 ,

6The program, based on the algorithm in [B], can be found here: https://www.math.u-bordeaux.fr/~kbelabas/research/cubic.html.
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Figure 7. A plot of E*(X) for X < 10",

with ¢ = 0.1585. . .). This strongly supports the conjecture that E* (X) <, X 2+# and that the exponent %
is the best possible. It is also interesting that the graph is always positive, which is not without reminding
us of Chebyshev’s bias (see, for instance, the graphs in the survey paper [GM]) in the distribution of
primes.

Given this numerical evidence, one may summarise this section by stating that in all cases, it seems
like we have square-root cancellation. More precisely, the data indicate that the bound

NA(X,T) = AL(T)X = B5(T)X? < (pX)®(A4(T)X)? (A1)

could hold, at least for almost all p and X. This is reminiscent of Montgomery’s conjecture [Mo] for
primes in arithmetic progressions, which states that

x NEEE _
Z A(n)—m«gx (¢(q)) (g < x, (a,q)=1).

n<x
n=a mod g

Precise bounds such as (A.1) seem to be far from reach with the current methods, however, we hope to
return to such questions in future work.
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