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Abstract. The current framework for dark matter (DM) searches at beam dump and fixed
target experiments primarily relies on four benchmark models, the so-called complex scalar,
inelastic scalar, pseudo-Dirac and finally, Majorana DM models. While this approach has
so far been successful in the interpretation of the available data, it a priori excludes the
possibility that DM is made of spin-1 particles — a restriction which is neither theoretically
nor experimentally justified. In this work we extend the current landscape of sub-GeV DM
models to a set of models for spin-1 DM, including a family of simplified models (involving
one DM candidate and one mediator — the dark photon) and an ultraviolet complete model
based on a non-abelian gauge group where DM is a spin-1 Strongly Interacting Massive
Particle (SIMP). For each of these models, we calculate the DM relic density, the expected
number of signal events at beam dump experiments such as LSND and MiniBooNE, the
rate of energy injection in the early universe thermal bath and in the Intergalactic Medium
(IGM), as well as the helicity amplitudes for forward processes subject to the unitary bound.
We then compare these predictions with experimental results from Planck, CMB surveys,
IGM temperature observations, LSND, MiniBooNE, NA64, and BaBar and with available
projections from LDMX and Belle II. Through this comparison, we identify the regions
in the parameter space of the models considered in this work where DM is simultaneously
thermally produced, compatible with present observations, and within reach at Belle IT and,
in particular, at LDMX. We find that the simplified models considered here are strongly
constrained by current beam dump experiments and the unitarity bound, and will thus be
conclusively probed (i.e. discovered or ruled out) in the first stages of LDMX data taking. We
also find that the vector SIMP model explored in this work predicts the observed DM relic
abundance, is compatible with current observations and within reach at LDMX in a wide
region of the parameter space of the theory.

Keywords: dark energy theory, dark matter experiments, dark matter simulations

ArXiv ePrint: 2307.02207

© 2023 The Author(s). Published by IOP Publishing
BY Ltd on behalf of Sissa Medialab. Original content from
this work may be used under the terms of the Creative Commons .. . X
Attribution 4.0 licence. Any further distribution of this work must httpb//dOIOrg/lo1088/1475_7516/2023/11/058

maintain attribution to the author(s) and the title of the work,
journal citation and DOI.


mailto:catena@chalmers.se
mailto:taylor.gray@chalmers.se
https://arxiv.org/abs/2307.02207
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2023/11/058

Contents

1 Introduction 1
2 Models for vector dark matter 3
2.1 Simplified models 3
2.2 Non-abelian SIMPs 4
2.3 Vector DM phenomenology: general considerations )
2.3.1 Relic density 5

2.3.2 Kinetic equilibrium 6

2.3.3 Mediator production and decay 6

2.3.4  Scattering by electrons and nuclei 7

3 Experimental and theoretical constraints 7
3.1 Relic density 7
3.2 Direct detection 9
3.3 Energy injection 9
3.4 Beam dumps and fixed target experiments 10
3.5 Monophoton searches 11
3.6 Unitarity bound 11

4 Thermal targets identification 11
4.1 Simplified models 12
4.2 Non-abelian SIMPs 15

5 Conclusion 17
A Cross sections for relativistic dark matter-nucleon scattering 18
B Cross sections for relativistic dark matter-electron scattering 20
C Scattering cross sections for SIMP DM 20

1 Introduction

The lack of discovery of Weakly Interacting Massive Particles (WIMPs) at dark matter
(DM) direct detection experiments has motivated the exploration of a variety of alternative
theoretical and experimental paradigms over the past decade [1, 2]. In this exploration,
emphasis has been placed on probing DM candidates lying outside the canonical WIMP
mass window, with most of these efforts focusing on the MeV-GeV mass range [3]. This
choice is supported by at least three reasons [4]. First, a DM candidate lighter than a
nucleon would not carry enough kinetic energy to induce an observable nuclear recoil in a
direct detection experiment, thereby explaining in a simple and economical way the lack
of discovery of WIMPs. Second, the present cosmological density of particles in this mass



range can match the one observed for DM by the Planck satellite [5]. This can occur via
the chemical decoupling mechanism if the new sub-GeV states have interactions that involve
new particle mediators in the same mass range, thus evading the Lee-Weinberg bound [6].
Finally, the sub-GeV DM hypothesis can be tested experimentally using existing methods,
including direct detection experiments sensitive to DM-induced electronic excitations in
materials, as well as beam dump and fixed target experiments. Especially important for
this work are the operating beam dump experiments LSND [7] and MiniBooNE [8], and the
fixed target experiment LDMX [9], as they can effectively probe sub-GeV DM models with
DM-electron or -nucleon scattering cross sections that are suppressed by small DM velocities
or momentum transfers.

The theoretical framework currently used in the analysis of operating beam dump
experiments, as well as in assessing the prospects of next-generation beam dump and fixed
target experiments consists of four benchmark models [10-15], often referred to as complex
scalar DM, scalar inelastic DM, pseudo-Dirac DM, and, finally, Majorana DM. While
reviewing these four models goes beyond the scope of this introduction, it is apparent that
this theoretical framework a priori excludes the possibility that DM consists of spin-1 particles.
However, as pointed out by different groups in a series of recent works focusing on the direct
detection of vector DM [16-20], there is no theoretical or experimental argument supporting
this restriction.

The main purpose of this work is to extend the current framework for DM searches at
beam dump and fixed target experiments to the case of spin-1 DM. As a first step towards
this extension, we study the phenomenology of a set of simplified models for vector DM
featuring a kinetic mixing between an ordinary and a “dark photon” [21, 22]. The latter is
responsible for mediating the interactions between DM and the known electrically charged
particles. These simplified models conceptually extend the Standard Model (SM) of particle
physics in the same minimal way as the four benchmark models listed above. Next, we will
focus on the phenomenology of an ultraviolet complete model where DM is made of Strongly
Interacting Massive Particles (SIMPs) [23]. In both cases, we identify the regions in the
parameter space of the theory where DM can be thermally produced, is not excluded by
current experiments and, finally, is within reach at LDMX [24]. One usually refers to these
regions as thermal targets.

We find that the simplified models for spin-1 DM that we consider here are subject to
strong constraints from existing beam dump experiments, as well as from the unitarity of the
S-matrix. We also find that the regions in the parameter space of these models that are not
already ruled out by existing theoretical and experimental constraints will soon be probed at
LDMX, which will conclusively discover or exclude this family of models in the early stage
of data taking. In contrast, in the case of vector SIMP DM, we find that the observed DM
cosmological density can be reproduced in a broader region of parameter space. A significant
fraction of this is not excluded by existing beam dump experiments, and is within reach
at LDMX.

This article is organised as follows. We start by introducing the spin-1 DM models
explored in our work in section 2. We then review the experimental and theoretical constraints
these models have to fulfill in section 3. The main results of our analysis are reported in
section 4, where we identify the regions of the parameter space of our models in which DM is
not ruled out by current experiments, is thermally produced, and is within reach at LDMX.
Finally, we summarise and conclude in section 5. Useful scattering cross section formulae are
listed in the appendices.



2 Models for vector dark matter

In this section, we provide a brief review of the spin-1 DM models that we consider in this
work. We focus on so-called “simplified models” featuring one DM candidate and a single new
particle mediator in the mass spectrum, as well as on a renormalisable, ultraviolet complete
model where the DM candidate is a Strongly Interacting Massive Particle (SIMP). The first
framework enables us to extend the study of DM at fixed target and beam dump experiments
in a way that can directly be compared with the existing literature on scalar and fermionic DM.
As we will see, this first approach is constrained by existing data and subject to strong bounds
from the unitarity of the S-matrix, and will therefore be conclusively probed in the early stages
of LDMX data taking. The second framework is by construction compatible with the unitarity
of the S-matrix, and it complements our simplified model analysis by focusing on a different
mechanism to explain the present DM cosmological density. Specifically, the relic abundance
of SIMPs is set by so-called 3 — 2 processes and 2 — 2 forbidden annihilations, whereas in
the simplified models we consider here the relic abundance is set by pair annihilation into
visible particles.

2.1 Simplified models

We start our exploration of spin-1 DM by considering a general set of simplified models [25].
These models extend the Standard Model (SM) of particle physics by a complex vector field,
X*#, playing the role of DM, and a mediator particle described by the real vector field A,
The following Lagrangian specifies the interactions between the complex and real vector fields
X# and A'¥, respectively, and the Dirac spinors f associated with the electrically charged
SM fermions,

& = — |ibs X [0, X" A" + b X[ "X, A" + h.c]
— |brepwpe (X107 XP) A7 4 hc|
— hs AL fA"f, (2.1)

where, as anticipated, f includes electrons, muons, taus, and quarks (neutrinos are not
included). The first line in eq. (2.1) describes interactions that can be generated in models for
non-abelian spin-1 DM, as reviewed in section 2.2 and shown in detail in [23]. The strength
of these interactions is parametrized by the coupling constants bs and bg. Without loss of
generality bs can be taken to be real, while the coupling constant bg is in general complex.
The second line in eq. (2.1) describes interactions that can arise from abelian spin-1 DM
models [26], and is characterised by the in general complex coupling constant b;7. Finally, the
last line in eq. (2.1) corresponds to the coupling between the electrically charged SM fermions
and a “dark photon”, here associated with the vector field A’*. In order to make the analogy
with the dark photon model explicit, one could identify hs with hy = ee, where, ¢ is the
so-called kinetic mixing parameter, which enters the Lagrangian of the dark photon model
via the term —(e/2)F,,, F'*, F,, and F'* being the field strength tensors of the ordinary
and dark photon, respectively. In our numerical applications, we consider the following cases
in which only one b-coupling at a time and hs are non-zero: (hs,bs) # 0, (hs, Re[bg]) # 0,
(h3,Im[bs]) # 0, (hs,Re[b7]) # 0, and (hs,Im[b7]) # 0. To further facilitate the comparison
between our results and the existing literature on the dark photon model, we later write
the non-zero DM couplings in terms of ap = g% /(4w), where gp is one of bs, Re[bg], Im[bg],
Re[by] or Im[b7]. As far as the DM and mediator particle mass are concerned, we denote



them by mx and mys, respectively. In the simplified models of this section, they are free,
independent parameters.

In this analysis, we restrict ourselves to the case where m4 > 2myx. Under this mass
hierarchy, and since gp > ee, dark photons are produced on shell and decay dominantly
to DM at fixed target experiments. This choice allows for easy comparison with previous
literature on invisible signatures at fixed target experiments [10, 24]. If m4 < 2mx, the
predicted signal yield for missing energy /momentum signatures is suppressed, resulting in
less sensitive predicted exclusion bounds [10, 27] and visible dark photon decay signatures
becoming more relevant [10].

2.2 Non-abelian SIMPs

As a second framework for vector DM, we consider a model where the DM candidate is a
Strongly Interacting Massive Particle, or SIMP [23]. In this model, the SM gauge group is
extended by a local SUx(2) x U(1)z symmetry group under which none of the SM particles
is charged. The corresponding gauge couplings are gx and gz. The model also features an
extended Higgs sector including a scalar singlet, .S, and a second scalar Hx transforming
non-trivially under SUx (2) x U(1)z. The gauge bosons associated with the new symmetry
group are denoted by X; ,, i =1,2,3 and Zl’“ or, equivalently, by X, = (X1, + ng#)/\/i,
X;Q = (X1 —iX2,)/V?2, X3, and 7, respectively. The SU(2) x U(1)z gauge group is
spontaneously broken by the vacuum expectation values of 5, i.e. vg, and Hx, i.e. vx. This
generates one complex and two real mass eigenstates, corresponding to X, and two linear
combinations of Z!’L and X3 ,, denoted here by ZL and X37M, respectively. Their masses
are [23],

Lo

mg( = igXI’l)g(,
m2Z, = 93([2'1}3( (1 — Cotef)( gZ’/gX) )
m% = G Pvk (1+ tan by g2/gx) | (2.2)
where
2cxsx
tan(20 ) = —— XX 2.3
an(20'y) & as? (2.3)

with sx = gz2//\/9% + 9%, cx = gx/\/9% + 9% and, finally o = 1 + ¢%v%/(1%v%). Here
gs is the Uz/(1) charge of S, while I labels the representation of SUx (2) under which Hx
transforms, e.g. I = 1/2 for a doublet, I =1 for a triplet, and I = 3/2 for a quadruplet. The
interaction Lagrangian containing the cubic self-interactions between these mass eigenstates
is [23],
Ly = —igx cosOly {(WX” — XM X[ Xy, — (00X -0 X)X, X,
+ X, X[ (9"Xy - 0" X)) ]
— igx sin @y [ (O" XY — " X" X1 2]~ (aMX”T — v xmt ) X, 7!

+ X, X[ (o2 — v 2) } . (2.4)



The model also predicts quartic interactions between mass eigenstates. These are relevant in
relic density calculations, and have explicitly been calculated in [23]. Finally, “neutral current”
interactions between Z X3u and the charged SM fermions arise from a kinetic mixing term
added to the Lagranglan of this SUx(2) x U(1)z gauge model. Specifically, they are given
by [23]

Lmix = —ee cos(0y) ZL T f + eesin(Oy) Xs, fy*f - (2.5)

Eq. (2.2) shows that for tan 0y < 0 and gz//gx|tan 6’| < 1/2, the predicted mass hierarchy is

m% < m§~(3 < mQZ/ . (2.6)
For example, for sin(20y) = —0.1 and ap = g% /(47) = 0.5, eq. (2.6) is always satisfied for
perturbative values of gz/. Consequently, when the mass hierarchy in eq. (2.2) is realised, X,

is a stable DM candidate, while X3 and Z’ mediate the interactions between X, and the SM
fermions via eq. (2.5). Finally, let us note that for cos(fy) =1, eq. (2.4) reduces to the first
line in eq. (2.1) with bs = —2Im[bg] = g, if one integrates by part the second line in eq. (2.4)

and uses the equation of motion for X, (i.e. Proca equation), which implies 9, X* = 0.

2.3 Vector DM phenomenology: general considerations

In this subsection, we highlight the main differences between the models defined in section 2.1
and in section 2.2 focusing on the predicted DM relic abundance, kinetic equilibrium, mediator
production and decay rates, and, finally, relativistic DM-electron and -nucleon scattering
cross sections.

2.3.1 Relic density

Let us denote the DM particle associated with X, by X* and the corresponding DM
antiparticle by X~. Also, let nx+ be the cosmological number density of DM particles
and ny- be the corresponding cosmological density of DM antiparticles. In the case of the
CP-preserving simplified or SIMP DM models that we consider here, ny+ = ny-, and the
total DM number density, nx = nx+ + nx-, evolves with time according to the following
Boltzmann equation [23],

. 1
nx +3Hny = — 5<O—Urel>X+X*%f? (nk — ”if,eq)
1 3 2
§<UUrel>X+X+X Xt X3 (”X - ”X"X,eq)
2 ”g(
+2 <Uvrel>X3X3_>X+Xf nf(&eq 1- n2 . (27)
X,eq

In general, eq. (2.7) shows that nx evolves from an equilibrium configuration to a constant
co-moving value as a result of the DM chemical decoupling from the thermal bath, i.e. the
so-called freeze-out or chemical decoupling mechanism. The first term in the right-hand-side of
eq. (2.7) describes the time evolution of the DM number density due to DM pair annihilation
into SM fermions. For ¢ ~ 10~ (107%) and myx ~ 100 MeV (1 MeV), this term alone can
account for the entire DM relic density. We will explore this DM production channel within
the framework of simplified models for vector DM introduced above. The second and third
line in eq. (2.7) describes the time evolution of the DM number density due to 3 — 2 processes



and 2 — 2 forbidden annihilations that are specific to the vector SIMP model introduced
above (i.e. they are zero in the simplified model framework). The DM to X3 mediator mass
ratio determines whether the DM relic abundance is set by 3 — 2 processes or 2 — 2 forbidden
annihilations, as shown in figure 3 of [23]. We will explore the interplay of these two DM
production mechanisms in the case of SIMP DM.

2.3.2 Kinetic equilibrium

In eq. (2.7) we implicitly assumed the mass hierarchy of eq. (2.6) for the SIMP DM model
we introduced in section 2.2. We also assumed that the associated mediator X3 is in
kinetic equilibrium with the SM thermal bath during the DM freeze-out. Interestingly,
the in-equilibrium decay of X3 into SM particles, combined with the effective scattering of
DM with the X3 mediator induced by the cubic and quartic interactions introduced above,
serve as mechanisms to keep the DM particles in kinetic equilibrium during freeze-out, and
thereby satisfy the strong constraints from structure formation on the DM kinetic decoupling
temperature [23]. For a given gx, sin(20’ ), my and mg,, the value of € required for X5 and,
consequently, for the DM particles to be in kinetic equilibrium at the freeze-out temperature
T can be estimated from

N3y ea (T 5y > H(TF)nxeq(Ty) (2.8)

where H(Ty) is the Hubble rate at T, and the equilibrium densities for X and X3 are given by

452>
=——F—sK.
"X eq QQ*S(T)7T4 s 2(1‘) ’
2 2
S i S () (2.9)
X3,eq 4g*s(T)7T4m§( mx ’

where s is the entropy density, g.s(7") is the effective number of entropic relativistic degrees of
freedom at the temperature T, K> is a modified Bessel function of the second kind and =z =
mx/T. Ineq. (2.8), 'z, is the total decay rate of X3, for which the expression is given in [23].

2.3.3 Mediator production and decay

Key to our exploration of spin-1 DM is the production and subsequent decay of mediator
particles in fixed target and beam dump experiments. In the case of the simplified models of
section 2.1, we generically expect that A’ particles are produced through the kinetic mixing
term in eq. (2.1), either via dark bremsstrahlung or via meson decays. These A’s are then
expected to decay into a DM particle/anti-particle pair for values of € that are consistent with
the observed relic density set via the first term in the right-hand side of eq. (2.7). In contrast,
in the case of the vector SIMP DM model introduced in section 2.2, both the X3 and the
Z' mediator can in principle be produced in fixed target and beam dump experiments. In
our calculations we will focus on sin(26y) = —0.1, which implies that only Z’ particles can
significantly be produced via the interaction in eq. (2.5), and that, once produced, these Z
particles will dominantly decay invisibly via gauge bosons self-interactions, as long as ¢ is
small compared to gx. Consequently, for sin(260’) = —0.1, the simplified and SIMP models
behave similarly from the point of view of “dark vector boson” production at fixed target and
beam dump experiments.



2.3.4 Scattering by electrons and nuclei

Finally, we also need the (relativistic) cross sections for DM-electron and -nucleon scattering
in order to compare the simplified models of section 2.1 and the SIMP DM model of section 2.2
with the experimental constraints reviewed in section 3. This in particular applies to the
analysis of DM direct detection experiments and of beam dump experiments, where DM
particles produced by the decay of A" mediators (in the case of simplified models) or Z
mediators (in the case of SIMPs) are searched for in electron or nuclear recoil events in a
downstream detector.

We calculate these cross sections by implementing the models of section 2 in FeynRules [28]
and then using CalcHEP [29] to generate analytic expressions for the squared modulus of
the spin-averaged scattering amplitudes. We finally validate the outcome of this symbolic
calculation through direct analytical calculations of a subset of selected cross sections. In
appendices B and A, we list the relativistic DM-electron and -nucleon scattering cross sections
that we find for the simplified models of section 2.1. In appendix C, we report the scattering
cross sections that we obtain for the SIMP DM model of section 2.2 as explained above. In the
calculation of DM-nucleon scattering cross sections, we use the mediator-nucleon interaction
Lagrangian,

_ F
Dy = ec Py Al + e
2mpy

[ (0,9) + (0,0) o 0| A, (2.10)

in the case of simplified models. For the case of SIMP DM, we use eq. (2.10) but with
Fy(Fy) — cos(0' ) F1(Fy) and A" — Z'. Here, F} and F; are nuclear form factors, and we list
them in appendix A.

3 Experimental and theoretical constraints

In this section, we introduce a selection of constraints and projections from, respectively,
operating and future DM search experiments that apply to the models of section 2. By
complementing these constraints and projections with bounds from the unitarity of the
S-matrix, in section 4 we will identify the regions of the parameters space of the vector DM
models we consider in this work where DM is simultaneously: 1) thermally produced, 2)
experimentally allowed and, finally 3) detectable. We refer to these regions in parameter
space as thermal targets.

3.1 Relic density

Accurate measurements of the Cosmic Microwave Background (CMB) angular power spectrum
by the Planck collaboration set strong constraints on the present DM cosmological density [5].
The spin-1 DM models considered in this work, introduced in section 2, are capable of producing
the observed DM relic abundance consistent with Planck by the freeze-out mechanism. In the
case of simplified models (section 2.1), the freeze-out of DM pair annihilations into visible
SM particles sets the DM relic density, whereas in the case of vector SIMP DM (section 2.2)
the present DM cosmological density arises from the freeze-out of 3 — 2 and forbidden
annihilations, as one can see from eq. (2.7). Below, we discuss the two scenarios separately.

In the case of simplified models, we are interested in the region of parameter space
where m 4 > 2mx. In this region, the relic abundance is set dominantly by direct DM
annihilation into SM fermions through an s-channel. Comparing our theoretical predictions
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Figure 1. Contours consistent with the observed DM abundance for each of the simplified models
for spin-1 DM introduced in section 2.1 (coloured solid contours) and for scalar, pseudo-Dirac, and
Majorana DM (dashed, dotted, and dash-dot) with m 4 = 3mx, and ap = g% /(47) = 0.5, where gx
is the corresponding b-coupling in the legends. Results are presented in the plane spanned by the DM
particle mass and the standard “coupling constant” y.

based on eq. (2.1) with CMB data, we calculate the thermally averaged cross sections for
direct annihilation using the MicrOMEGAS software [30]. We then compute the DM relic
density by using our own Boltzmann solver, which relies on the freeze-out approximation
from [31]. Our software results agree with MicrOMEGAS, although we include the contributions
from DM annihilation into hadronic final states [32-34]. Figure 1 shows the contour lines
consistent with the Planck DM abundance, or relic targets, for each of the simplified models
introduced in section 2.1 in addition to three benchmark models from [10] (and mentioned
in the introduction, namely complex scalar, pseudo-Dirac, and Mjorana DM). Each of the
simplified models for spin-1 DM in figure 1 is defined as having all couplings in eq. (2.1) set
to 0 except for hs and the b-coupling specified in the legends. There are kinks in the curves
occurring at myx ~ my, where DM annihilation into muons become kinematically accessible.
The resonance features appear because of resonances in the cross sections for DM annihilation
into hadrons.

In the case of vector SIMP DM, we rely on previus results from [23]. For each given
ap = g% /(4m) (gx is one of the gauge couplings introduced in section 2.2) and sin(26%) we
extract the value of the mg, /mx ratio that gives the correct DM relic density from figure 3
in [23]. While for ap = 0.1 the correct relic abundance can be obtained for DM masses above
approximately 10 MeV, for ap = 0.5 vector SIMP DM can account for the whole cosmological
abundance of DM only for masses above about 80 MeV. This effect is illustrated in figure 2,
which shows the DM relic abundance as a function of the DM mass and of the m ¢, /mx ratio,
focusing on the case in which 3 — 2 are the dominant production mechanism. As one can see
from this figure, for myg, /mx = 2 the DM relic abundance drops to zero, independently of
the DM particle mass. This is due to the fact that for me/mX > 2, the 3 — 2 process is
kinematically not allowed.
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Figure 2. DM relic abundance, Qh2, as a function of myx and mg, /mx for SIMP DM thermally
produced by the freeze-out of 3 — 2 processes. Here we take ap = 0.5. The horizontal dashed line
corresponds to the observed value of Qh2. Coloured lines have been obtained by evaluating eq. (40)
from [23].

3.2 Direct detection

In principle, DM direct searches via electronic transitions in detector materials located deep
underground also place important constraints on sub-GeV DM models, e.g. [21]. For spin-1
DM, the current most competitive constraints are from XenonlT and Xenonl0, which only
appear in our plots for the b and Re[b7] models. We take the 90% C.L. exclusion limits from
the work of [21].

3.3 Enmergy injection

DM annihilations in the early universe can inject energetic particles into the photon-baryon
plasma or into the intergalactic medium (IGM), altering the CMB or the IGM temperature,
respectively. However, CMB limits are only competitive for s-wave annihilating DM [35, 36].
Among the models introduced in section 2, only the model with Im[b7] # 0 gives rise to s-wave
dominant annihilation cross sections, thus we include 95% C.L. exclusion bounds from the
CMB for this model. For all remaining spin-1 models in section 2, including the SIMP DM
model, the predicted annihilation cross section is p-wave. CMB limits on p-wave annihilation
cross sections have been computed here [37]. We find that they are weaker than the IGM
limits on the spin-1 models we consider in this work. Consequently, we set 95% C.L. exclusion
limits from measurements of the IGM temperature extracted from Lyman-a observations on
our p-wave annihilating DM models. Specifically, we require that the predicted thermally
averaged annihilation cross section is smaller than the upper bounds reported in [38] as
a function of the DM mass. In this analysis, we calculate the relevant annihilation cross
sections analytically, and then compare them with the output of MicrOMEGAS. These IGM
upper limits only appear in the top left corner of our parameter space for certain mass ratios
(mas/mx) and models.



3.4 Beam dumps and fixed target experiments

A beam of protons or electrons incident on a fixed target creates cascades of interactions at
beam dump experiments. The goal is to produce DM in these cascades, which can then be
detected in a downstream detector. Calculating the experimental reach of these experiments
involves modeling the processes that give rise to DM production and detection, which is
done through Monte Carlo (MC) simulations. These simulations include the details of the
detector, the beam, the interactions which produce DM, and the DM model. With this
objective, we use a modified version of the numerical tool BANMC, a beam dump Monte
Carlo software package [12], in which we implement our spin-1 DM models to simulate DM
production and interactions. BANMC has the benefit of providing a simple and rigorous
framework for simulating the relevant experiments Mini-Boone and LSND. In the following
section, 90% C.L. limits on the model parameter space calculated from these simulations
are presented, showing the reach of current experiments including beam dump and missing
energy /momentum experiments which give rise to the most competitive constraints on spin-1
DM. Below, each experiment considered is introduced.

LSND and MiniBooNE. At proton beam dump experiments LSND [7, 15] and Mini-
BooNE [8], a proton beam is incident on a target and the following chain of interactions
occur producing DM: pp — X710 70 — ~A’; A’ — DM DM, where in the inclusive process,
pp — X7°, X denotes an unspecified /unmeasured set of particles, whereas 7% can also be 7 in
the case of MiniBooNE where the energy is sufficient. In addition, dark proton bremsstrahlung
also produces DM in the case of MiniBooNE. The produced DM can then be detected in the
downstream detector through DM-electron and for MiniBooNE also DM-nucleon scattering.
We compute the expected number of signal events using a modified version of the software
BANMC [12], a MC simulation tool for beam dumps. We added to BANMC the model
dependent DM-electron and -nucleon scattering cross section reported in the appendix A
and B as well as the relevant branching ratios for dark photon decay.

At LSND, 55 non standard events were observed at 90% confidence level. A factor of 2 is
included to account for the uncertainty in the pion production rate, so we take the 90% C.L.
at 110 events. We perform MC simulations of DM events at LSND, taking into account our
model dependent cross sections, and we draw the contours in y vs mx space that corresponds
to 110 signal events. In this work, we adopt the standard notation y = 2ap(mx /mas)*.

Similarly, we perform MC simulations of MiniBooNE to calculate the expected number
of signal events. No events were observed at MiniBooNE, thus we take the contour in y vs
mx space at 2.3 events which corresponds to a 90% C.L. exclusion limit.

E137. Limits from the electron beam dump experiment E137 are not competitive with
MiniBooNE and LSND, thus we do not include them in our analysis.

NAG64. The missing energy experiment NA64 [39], where an electron beam is incident on
a target, aims to produce a DM flux from dark bremsstrahlung and detect these signals by
their missing energy. No signal events have been observed at this experiment. We report 90%
confidence limits extracted from [39], which we project onto the y vs mx plane.

LDMX. LDMX is a future missing momentum experiment [10, 24] with an 8 GeV electron
beam incident on a tungsten target with 10'® EOT. The ultimate reach at 90% C.L. is
calculated using the expected number of DM signal events from simulations and we project
this expected limit onto our parameter space. In addition, we include the projected 90 % C.L.
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exclusion limits from the analysis of [40], where bremsstrahlung photons are converted into
vector mesons and then decay to invisible states, giving an extended sensitivity reach in the
larger DM mass regime.

3.5 Monophoton searches

We also include searches for single photon events at eTe™ colliders, where DM is produced
through the process ete™ — ~vA', A" — DMDM.

BaBar. The BaBar detector at the PEP-II B-factory searches for a narrow peak in the
missing mass distribution in the events with one high energy photon. BaBar has observed no
signal events, and we take the 90% C.L. limits on € vs mx from [41] and project them onto
our parameter space.

Belle-11. For the future experiment Belle-II, we use the expected 90% C.L. limits on € vs
mx for phase 3 of Belle-1I reported in [42], to obtain the expected exclusion limits on our
spin-1 DM model.

3.6 Unitarity bound

In general, simplified DM models can violate perturbative unitarity in some regions of pa-
rameter space [43]. Due to the energy dependence introduced in the cross section by the
longitudinal component of the vector DM polarization vectors, as well as from the underlying
derivative couplings, the simplified models for spin-1 DM introduced in section 2.1 predict
large and un-physical scattering amplitudes. Therefore, their parameter space is subject to a
“unitarity bound”, or in other words a bound of theoretical validity. Violations of this bound
indicate either that the theory is non perturbative (all terms in the perturbative expansion of
the S-matrix are equally important), or that it is not complete, and thus additional fields have
to be included to cancel out energy dependent, un-physical contributions to scattering cross
sections. Unitarity violation from DM self-scattering was investigated in [44], while here we cal-
culate the DM-e~ scattering amplitude to determine at which parameters unitarity is violated.
Following [43], we implement the unitary bound by requiring that in the (y, mx) plane,
Tm(M;,;)| <1,

1—1

2[Re(M/,)| < 1, (3.1)

1—1
where 1 1= Xe™ — Xe™, J =0, and

p

Mg(e‘—)Xe— <3> = 3277_‘_

1
/ dcosOM xe—_ xe—(8,cos6). (3.2)
-1

4 Thermal targets identification

We now present our spin-1 thermal targets for DM searches at beam dump and fixed target
experiments. As anticipated, in these regions of parameter space DM is simultaneously
thermally produced, not excluded by existing experimental results, and within reach at Belle

II or LDMX. We discuss the simplified models of section 2.1 and the vector SIMP model of
section 2.2 separately.
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Figure 3. Panels 3(a) and 3(c). Exclusion limits from MiniBooNE, LSND, NA64, BaBar, IGM
temperature observations and direct detection experiments (coloured shaded regions) and projected
reach for Belle IT and LDMX (dashed line) on the simplified model with b5 # 0 (see section 2.1) in the
parameter space, y vs mx for ap = 0.5. The contours consistent with the observed relic abundance

(Qh? =~ 0.12) are drawn in solid black. The top panel is for m 4 = 3my, whereas the bottom panel
assumes my4s = 2.5mx. The model is strongly constrained by MiniBooNE. Panels 3(b) and 3(d).

Same as the left panels, now for complex scalar DM.

4.1 Simplified models

Figures 3, 4, and 5 summarize the constraints and projections on the (mx,y) plane that
we obtain as explained in section 3 for the simplified models introduced in section 2.1.
Here, y = e2ap(my/ma)* and the black curves on these figures show the contours that
are consistent with the observed abundance of DM measured by Planck [5]. The scientific
potential of the upcoming experiment LDMX, the area above the red dashed curves of the
figures, is significant for sub-GeV DM, since it is projected to probe down to much smaller
couplings than previous experiments.

Specifically, the left panels in figure 3 show current and expected exclusion limits on
the spin-1 model with b5 # 0 for both my /mx = 3 and ma//mx = 2.5. The excluded
areas in orange, green, blue and purple correspond to the MiniBooNE, LSND, NA64, and
BaBar experiments, respectively. For comparison, we also include the exclusion limits on
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Figure 4. Same as figure 3, now for the Re[bg], Im[bg], Re[br], and Im[b7] models with ap = 0.5 and
mas = 3m,. The models with Re[b7] # 0 and Im[bs] # 0 are strongly constrained by beam dump
experiments, while the model with Im[b7] # 0 is ruled out by CMB observations. The Re[bg] model
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10

predicts the current DM relic abundance while also being compatible with observations and within
reach at LDMX in the mass range between about 40 MeV and 200 MeV.

the y coupling obtained in [21] from the null result reported by the Xenonl0 and XenonlT
experiments. Finally, the expected exclusion limits for LDMX are compared with the expected
reach of Belle II. Independently of the (m4//mx) ratio, this model is ruled about by current
beam dump experiments. The right panels in figure 3 shows the same set of constraints and
projections now for the familiar complex scalar DM model, which we recompute as described

in section 3 to calibrate our codes, and for comparison. Indeed, the complex scalar DM model

exhibits the same derivative coupling between DM and the dark photon as in the model with
bs # 0. The only difference between the two models is in the Feynman rules for incoming and

outgoing DM particles, which in the latter case involves momentum dependent polarisation

vectors. This difference produces a cross section for DM-nucleon scattering that is enhanced
by a factor of (E,/mx)? > 1 relative to the case of the complex scalar DM model, where Ej,
is the relativistic energy of the incoming DM particle in the rest frame of the downstream

detector. As a result, the MiniBooNE constraints on the b; model are much stronger than in

the case of complex scalar DM.
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Figure 5. Same as figure 4, now for the mass ratio m 4 = 2.5 m,. For this choice of parameters, the
Re[bg] model predicts the current DM relic abundance, is compatible with observations, and is within
reach at LDMX in the mass range between about 10 MeV and 300 MeV.

Let us now focus on figure 4. This figure shows current and expected exclusion limits on
the spin-1 models with Re[bg] # 0 and Im[bg] # 0 (top left and top right panels) as well as on
the models with Re[b7] # 0 and Im[b7] # 0 (bottom left and bottom right panels). In all panels
we assume m 4/ /mx = 3, while the colour code is the same as in figure 3. Current beam dump
experiments, LSND and MiniBooNE (green and orange shaded regions respectively), and
BaBar (pink shaded regions) are able to rule out large parts of the (mx, y) plane for the Re[b7],
Im[bg] and Im[b7] models, while leaving the Re[bs] # 0 spin-1 model still compatible with
observations in the mass range between approximately 40 MeV and 200 MeV. Remarkably, the
constraints from MiniBooNE on y are much stronger in the case of the Im[bg] model than for the
Re[bg] model. This is due to the fact that for the Im[bg] model the cross section for DM-nucleon
scattering is enhanced by a (Ep/mx)? > 1 factor relative to the analogous cross section for
the Re[bg] model. Here Ej, is the energy of the DM particle in the downstream detector rest
frame. As anticipated above, a similar enhancement is also present in the case of the b5 # 0
spin-1 model. Finally, in the case of the Re[bg] model, top left panel in figure 4, we also report
the unitary bound on y arising from the helicity amplitude for DM-electron scattering, which
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is one of the processes directly entering the calculation of the constraints in figure 4.

It should also be noticed that for the Im[b7] spin-1 model, figures 4(d) and 5(d), the
DM annihilation cross section is s-wave dominant in contrast to being p-wave dominant as in
the other models we consider, leading to a strong constraint from CMB measurements on
this scenario.

Figure 5 shows current and expected exclusion limits on the same models as in figure 4,
now assuming the different mass ratio, ma/myx = 2.5. While this leaves are conclusions
qualitatively unchanged, the range of DM masses that are compatible with all observations
in the case of the Re[bg] model is now significantly broader, varying from about 10 MeV to
300 MeV.

4.2 Non-abelian SIMPs

We now turn our attention to the case of vector SIMP DM. We start by reviewing some of the
features of the model, and its differences with the simplified models. In the SIMP model, the
DM relic abundance is set by the freeze-out of 3 — 2 processes and forbidden annihilations,
and is thus independent of the coupling y. At the same time, for the thermal production of
SIMP DM to work, DM has to be in kinetic equilibrium in the early universe. As anticipated,
this occurs via effective DM-X3 mediator scattering processes combined with in-equilibrium
X5 decays into SM particles. Since the decay rate of X3 depends on & [23], only above a
certain critical value for y vector SIMP DM can effectively be thermally produced in the right
amount. As described in section 2, we calculate this lower bound by using eq. (2.8). The
result of this calculation defines a region in the parameter space of the model above which
SIMPs are in kinetic equilibrium at their chemical decoupling, and the freeze-out mechanics
can in principle successfully predict the present DM cosmological density. Whether or not the
whole cosmological DM abundance is in the form of vector SIMPs depends on the choice of
ap. For example, for ap = 0.1 vector SIMPs can constitute the entire DM in our universe
for masses above about 10 MeV, whereas for ap = 0.5 this is only possible for masses above
about 80 MeV. Here and in the figures below, we assume the benchmark value for the mixing
angle sin(26’) = —0.1.

Keeping these general considerations on SIMP DM in mind, we are now ready to
compare the predictions of the vector SIMP DM model with the experimental and theoretical
constraints of section 3. Figure 6 shows the current and expected exclusion limits on the y
coupling as a function of the DM mass that we obtain from a reanalysis of data collected
at NA64, MiniBooNE, LSND, and BaBar, as well as from projections for LDMX and Belle
II. We obtain these exclusion limits by comparing theory and observations as described
in section 3, while the colour code in the figure is the one of the figures in the previous
sections. Remarkably, in the case of SIMP DM the strongest bound on y arises from NA64,
rather than from MiniBooNE or LSND. This is due to the fact that the NA64 bound on y is
model-independent, while the cross section for DM-nucleon and -electron scattering for SIMP
DM is suppressed by cancellations between contributions from the m ;, and m Xy mediators. In
figure 6, we assume ap = 0.5, my//mx = 3, and me/mX ~ 2. Figure 7 reports the results
of an analogous analysis where we assume a different combination of parameters, namely
ap = 0.1, my /mx = 3, and ng/mX ~ 2. The main difference between the analyses is the
range of masses for which the whole cosmological DM abundance is in the form of vector
SIMPs. As explained above, this difference is due to the different assumptions made for ap
in the two figures.
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Figure 6. Current and expected exclusion limits on vector SIMP DM in the (mx,y) plane from NA64,
MiniBooNE, LSND, and BaBar, as well as from projections for LDMX and Belle II. The colour code is
the one used in previous figures. The strongest bound on y arises from N64, rather than from MiniBooNE
or LSND. This is due to the fact that the N64 bound on y is model-independent, while the cross
section for DM-nucleon and -electron scattering for SIMP DM is suppressed by cancellations between
contributions from the mz, and m X, mediators. In this figure, we assume ap = 0.5, ma/mx = 3,

and myg, /mx ~ 2. Above the grey area, SIMPs are in kinetic equilibrium at chemical decoupling,
and can constitute the entire cosmological density of DM on the right of the vertical brown line.
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5 Conclusion

In this analysis, we extended the current landscape of sub-GeV DM models considered in the
context of various experiments such as MiniBooNE, LSND and LDMX to a set of models for
spin-1 DM, including a general family of simplified models (involving one DM particle and one
mediator — the dark photon) and an ultraviolet complete model based on a non-abelian gauge
group (now including two mediators and an extended Higgs sector) where DM is a vector
SIMP. For each of these models, we calculated the DM relic density, the expected number of
signal events in beam dump experiments such as LSND and MiniBooNE, the rate of energy
injection in the early universe thermal bath and in the IGM, as well as the helicity amplitudes
for forward processes subject to the unitary bound. We then compared these predictions with
a number of different experimental results from Planck, CMB observations, direct detection
experiments (XenonlO and XenonlT), data on the IGM temperature from Lyman alpha
observations, LSND, MiniBooNE, NA64, and BaBar and with available projections from
LDMX and Belle II. Through this comparison, we identified the regions in the parameter
space of the models considered in this work where DM is simultaneously thermally produced,
compatible with present observations, and within reach at Belle IT and, in particular, at LDMX.

We found that the simplified models for spin-1 DM investigated in our analysis are
strongly constrained by LSND and MiniBooNE, as well as from bounds on the unitarity of
the S-matrix. The only model not already excluded by these experimental and theoretical
constraints is the one characterised by the coupling constants hs and Re[bg]. For a dark
photon to DM mass ratio of 3 (2.5), this model is compatible with current observations, within
reach at LDMX and admits a thermal DM candidate for DM masses in a window between
about 40 (10) MeV and 200 (300) MeV. In this mass range, the model has a relic density
contour lying very close to current 90% C.L. exclusion limits from beam dump experiments
in the (mx,y) plane, and will thus be conclusively probed (i.e. excluded or discovered) in the
first LDMX run.

At the same time, we found that the vector SIMP model explored in this work admits
thermal DM candidates that are not ruled out by beam dump experiments and within reach
at LDMX in a wide region of the underlying parameter space. The model features a DM
production mechanism that is complementary to the freeze-out of DM pair annihilations
into SM particles of simplified models, and is based on the interplay of 3 — 2 processes
and forbidden annihilations. It also exhibits a lower bound on the DM particle mass arising
from the relic density constraint. The larger ap, the larger the minimum admissible DM
particle mass.

Ultimately, our investigation bridges a gap in the current knowledge of sub-GeV DM
by providing the DM community with new sub-GeV spin-1 thermal targets lying in the
experimentally accessible region of next-generation beam dump and fixed target experiments
such as LDMX.
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A Cross sections for relativistic dark matter-nucleon scattering

In this appendix, we provide analytic expressions for the differential cross sections for
relativistic DM-nucleon scattering for the spin-1 DM models of section 2. As anticipated,
we obtain these cross sections by implementing the models of section 2 in FeynRules [28]
and then using CalcHEP [29] to generate analytic expressions for the squared modulus of
the spin-averaged scattering amplitude. We finally validate the outcome of this symbolic
calculation through direct analytical calculations of a subset of selected cross sections. In the
laboratory frame, we find

dO’Nx(Ep,Ep/) 1
= Mux(Ey E )2, Al
dEy 32mmn (B2 — iy M (Ep: By ) (A1)
where Ej, (E,) is the initial (final) DM particle energy and the squared scattering amplitude
is given by
2[F2A(Ep, Ey) + F3B,(Ep, Ey) + F1F2Cp(Ey, By
’MNX(EpaEp’)P:T/[I n(p p) 2 n(p p) 12277(10 p)]. (A.2)

3m§( [QmN(Ep —Ep)+ mi,]

Here, a dependence of the nucleon form factors Fy(g?) and F»(g?) on the momentum transfer
g = p — p' is understood. The three functions, A, (Ep, Ey), By(Ep, Ey) and Cy(Ep, Epy) in
eq. (A.2) are model dependent and have dimension of mass to the eighth power, so that
|IMnx(Ep, Epy)|? is dimensionless. 7 is the coupling constant characterising the underlying
DM model. Below, we specify A, (Ep, Ey ), By(Ep, Ey) and C,(Ep, Eyy) for different choices
of n.

o For n = b5, we find
Ap (Ep, Epy) = 8my [Ep/ (2EpmN + mi) - Epm?x} 25265“* ,
By, (Ep, Ey) = 2m (Ep — Bp) |Ej + 2(Ep + mu) Ey + Ejy — 2Epmy — 4mX]
X Z g,

Cos (Ep, Bp) = —8my (Ep — Ep) (meEp, + Epmy + 2m§<) > enet . (A3)
S

where the sum over spin configurations of the product of DM polarisation vectors is
given by

ZEZSS”* = {Ef,m?v +myEy [mNEp/ -2 (EpmN + mg()} + 2E,mym% + 3mf‘§<} .
S

(A.4)
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« For n = Re(bg), we obtain

ARe(ve) (Ep, By) = 8mkmi (Ep — Ey) [Ey (mxEy +mk = m ) +mi (B, — 2my)
+Epmy(Ep —my)]
Bre(be) (Ep» Ey) = dmnmi (Ep — Ey)® |Ey (2Bpmy — mb, +m%)
+Ep(my —mx)(my +mx) + 2mNm_2X} )
CRe(ve) (Eps Epr) = 16miym% (Ep — Ep’)2 <_mNE:D’ + Epmy + Qm?)() : (A.5)
o For 1 = Im(bg), the model dependent functions in eq. (A.2) can explicitly be written as
follows
Atin(oe) (Bps Epr) = 8m (Ep— Ep) { Ep [2E2m3 —2Eym3; By +mnmi (2Ep-+my)
—m_‘%{} —Epm?vm_%(+m§((Ep—2mN)} ,
BIm(bg) (Ep, Ep’) =2my (Ep_Ep’)Z {Ezm?v(Ep—QmN)
+Ep |[=m3 By (B + Ep+2mu) + Eym3 (Ep-+4my)
+ 2mNm§((2Ep+mN)+2m§(} —2E,mim% —2mf4X(Ep—2mN)} ,

2
Clia(so) (Ep, Eyy) = =8m3y (Ep— Ey)* | E2mdy +m3 By (Ey —2Bp)—4m¥%| . (A6)
o For n = Re(b7), we find

ARe(b7)(Epa Ep/) = 8mNm_2X (—mNEp/ + EpmN + Qm%() [Ep/ (mNEp/ + m?\f — m%c)

+m5 (Ep — 2my) + Epmy (Ep — mN)} ;
Bre(vr) (Ep: Ey) = 4m% (Ep — Ey) (_mNEp’ + Epmy + 2m§()
X [Ep’ <2EpmN —my + m%{) + Ep(my —mx)(mn +mx)

+2mNm§(} ,

2
CRe(b7)(Ep7 Ep/) = 16mNm%( (Ep — Ep/) (—mNEp/ + Epymy + 2m§() . (A7)
o Finally, for n = Im(b7), we obtain

Atin(o) (Ep, Eyy) = 8mm3 (Ep — Ey) [E2my + Ey (mu By +m3; +m¥ )
_EP (m?V + m%{)} )
Biun(on) (Ep, Ey) = 4m3m’ (Ep — Ep)? [(2Ep — my) By + Epmy — 2m%|

Crin(br) (Ep, By) = 16m3m% (Ep — Ey)? (—mNEp/ + Epmy — m§() : (A.8)

~19 —



B Cross sections for relativistic dark matter-electron scattering

In the laboratory frame, the differential cross section for DM-electron scattering can be written
as follows

doex (Ep, Ey) 1
’ = E, E,./)|? B.1
dE), 327rme(E12) - mQX)‘MEX( Pk P B

where Ej, is the final state electron energy. As for the case of DM-nucleon scattering,
we evaluate eq. (B.1) by the combined use of FeynRules [28], CalcHEP [29] and analytical
calculations for validation. Here, we express the squared modulus of the scattering amplitude
in eq. (B.1) as

21,2

Mox (B B )P = — 1 Pu(Fp: Bi) (B.2)
PRI 3l [2me (B — 212 '
my [2me(Ey — me) +m3)]

Below, we specify the model dependent function D, (Ep, Ey/) for different choices of coupling
constant 7:

Dy, (Ep, Eyy) = 8me {mz(Ek/ —me)? + 2mem% (B — me) + 3mf§(}

x [2Byme(~Ey + Ep +me) +mk(me - By)|

Dre(ve) (Ep: Br) = 8mZmi (Byy = me) {me [EY — By (2B + 3me) + 2 (E2 + Eyme +m?) |
+m3 (By — 3me)} ,

Diun(ve) (B Bir) = —8m2(Eyy — me) { =mem3 |~ By (2Ep + me) + 2B} + 2Epm. + m]
+2Epm?(me — Ey)(~Ey + Ep+me) — mk (B —3me) } ,

Die(or) (Ep, Be) = —8mem’ (= Egme +m? — 2m% ) {me [EL — By (2B, + 3m,)
+2 (B} + Epme + m2) | + mi (Ey - 3me) }

Dian(or) (B Bir) = 8mZmic (Byy = me) {me |EY — By (2B + 3me) + 2 (E2 + Eyme +m?) |

+m (me — By) } - (B.3)

C Scattering cross sections for SIMP DM

For the DM-electron scattering cross section for the non-abelian SIMP model, we find the
expression

do 1 sin?(20%)e%e%g% 9
o~ e I (50 B - (B - ma) By - A (). (€

where we collected terms depending on different powers of Ep, and introduced the two
coefficients

o (Ee) =2(E, — me)ng + 10(E,. — me)mgmg( + 24mem§( , (C.2)
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and
BE) = (B — me)mi (B — me)m} + (3B, — me)mem’ + 12m | . (C.3)

The overall factor € (FE.) arises from the propagators due to Z' and Xj exchange, and it is
given by

2
“(B,) = < ! ! ) . (C.4)

2E.me — 2m2 + mQZ, © 2E.me — 2m2 + m§~(3

In the non-relativistic limit, eq. (C.1) reduces to eq. (66) from [23] if integrated from 0 to
2112v2 /me, where p is the DM-electron reduced mass, while v is the DM-electron relative
velocity.

For the DM-nucleon scattering cross section for the non-abelian SIMP model, we find
the expression

PP
d(z), = 192im r SIHQ%% );z U [FEAL(Ep, Ey) + F3Ao(Ep, Ey) + 21 FaAra(Ep, Ep)]
y @(EZEP) (C.5)
where
A(Ep, By) = 4{2E,m} By + 2B, [ Egm; + Eym¥m3 (5B, + my)
+mymk (15E, + my) + 6m§(]
— mxEY [ABZmA; + mymk (10E, + my) + 3m¥ |
— Epm% [Epm;sv +mym% (3Ep + 2my) + 12m§<} } , (C.6)

As(Ep, By) = (Ep — Ep) { Egm¥(Ep — 2mu) + 2Egmym3 (2B, — 5mw)
+ By [6E2m + Ey (my By (m By + 2m%; — 4m%) — 2Bym3 (Ep + 3my)
— 2mymi (4B + 5mn) + 10m% ) + 4mk (TEp + 9my)

+ 4Bpmym% (2B + 5my) | + 2Eym’ (5B, — 18my) — 48m% |, (C.7)

Ar2(Ep, Ep’) =-2 (Ep - Ep’) <_mNEp’ + Epmy + 2m%<> {E;Q;m?v +myEp [mNEP’

-2 (EpmN + m_QX) } + 2E,mym% + 12m§(} , (C.8)
and
DBy, Ey) = ! _ ! 2 (C.9)
el \md, +2my(Ep — Ep)  myg, +2mn(Ep—Ey)) '
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