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Abstract—Reconfigurable intelligent surface (RIS)-assisted lo-
calization has attracted extensive attention as it can enable
and enhance localization services in extreme scenarios. However,
most existing works treat RISs as anchors with known positions
and orientations, which is not realistic in applications with
mobile or uncalibrated RISs. This work considers the joint RIS
calibration and user positioning (JrCUP) problem with an active
RIS. We propose a novel two-stage method to solve the considered
JrCUP problem. The first stage comprises a tensor-estimation of
signal parameters via rotational invariance techniques (tensor-
ESPRIT), followed by a channel parameters refinement using
least-squares. In the second stage, a two-dimensional search
algorithm is proposed to estimate the three-dimensional user and
RIS positions, one-dimensional RIS orientation, and clock bias
from the estimated channel parameters. The Cramér-Rao lower
bounds of the channel parameters and localization parameters
are derived to verify the effectiveness of the proposed tensor-
ESPRIT-based algorithms. In addition, simulation results reveal
that the active RIS can significantly improve the localization
performance compared to the passive case under the same
system power supply in practical regions. Moreover, we observe
the presence of blind areas with limited JrCUP localization
performance, which can be mitigated by either leveraging more
prior information or deploying extra base stations.

Index Terms—5G/6G, reconfigurable intelligent surface,
tensor-ESPRIT, RIS calibration, positioning.

I. INTRODUCTION

Reconfigurable intelligent surface (RIS) is an emerging
technology for 5G/6G and beyond, which consists of an array
of reflecting elements and offers distinctive characteristics that
make the propagation environment controllable [1], [2]. With
the flexibility to reshape wireless channels and the low cost
of deployment, RIS has become one of the key enablers for
future millimeter wave (mmWave) and terahertz (THz) band
communication systems [3]–[5]. Over the years, different types
of RISs have been proposed and widely studied, including
passive RISs, active RISs, hybrid RISs, and simultaneous
transmitting and receiving (STAR) RISs [6]–[8].
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Apart from the benefits to communication, the inclusion
of RISs also opens new opportunities for radio localization.
Radio location via wireless networks has been regarded as
an indispensable function in advanced 5G/6G systems, which
plays an increasingly important role in various applications.
For example, radio and network localization systems in scenar-
ios where the global positioning system (GPS) is insufficient or
not available are well-studied [9]–[11]. A significant advantage
that RISs offer in radio localization is reducing the number of
base stations (BSs) required to perform localization. A RIS can
not only act as a new synchronized location reference but also
provide additional geometric measurements thanks to its high
angular resolution. With RISs being introduced properly, it is
possible to perform localization using a single BS [12] or even
without any BSs [13]–[15] at all. Recent studies have shown
the potential of RIS-assisted localization systems in various
scenarios, e.g., localization under user mobility [16], simulta-
neous indoor and outdoor localization [17], received-signal-
strength based localization [18], etc. Besides, the position
and orientation estimation error bounds for the RIS-assisted
localization are derived in [19]. A few RIS beamforming
design optimization works can be found in [20]–[22].

Although promising results on RIS-assisted localization are
shown in the literature, most of the existing works regard
RIS as an anchor with known position and orientation, which
is not realistic in some application scenarios involving RISs
with calibration errors or mobile RISs. As a matter of fact,
calibration errors in the RIS placement and geometric layout
are unavoidable in practice, making RIS calibration a neces-
sity for performing a high-precision localization. The results
in [23] reveal that a minor calibration error on RIS geometry
can cause a non-negligible model mismatch and result in
performance degradation, especially in a high signal-to-noise
ratio (SNR) scenarios. In this context, Bayesian analysis for
a RIS-aided localization problem under RIS position and
orientation offsets is carried out in [24], which discussed the
possibility of correcting the RIS position and orientation under
the near-field and far-field models. Recently, some efforts
have also been directed towards the integration of unmanned
aerial vehicless (UAVs) and RISs [25], [26], which extends the
application scenarios where RISs locations vary with time. In
such scenarios, the localization of the RIS becomes a newly
introduced issue that needs to be tackled. As a consequence,
localizing the RIS itself while localizing the user has become
an increasingly important problem to solve today.

The joint RIS calibration and user positioning (JrCUP) prob-
lem refers to localizing the RIS and user simultaneously (with
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or without a priori information about the RIS position and
orientation). The three-dimensional (3D) JrCUP localization
problem was first formulated in [27], which explored the
relationship between the channel parameters and localization
unknowns, with the corresponding Fisher information matrix
derived and analyzed. Nonetheless, the adopted passive RIS
in [27] limits the localization performance, and the design
of an efficient channel estimator for JrCUP is still missing.
In [28], a multi-stage solution for the two-dimensional (2D)
JrCUP problem in a hybrid RIS-assisted system is reported.
However, the hybrid RIS setup requires an extra central
processing unit (CPU) for the receiver and RIS to share
observations, which increases the system complexity. Recently,
active RIS, which can simultaneously reflect and amplify the
incident signals without requiring extra CPU, has shown the
potential to provide better localization performance compared
to the passive RIS, as it enhances the reflected signals thus
avoiding the overwhelming dominance of the TX-RX line-of-
sight (LOS) channel [13], [29], [30].

In this work, we extend the 3D JrCUP problem in [27]
by developing an efficient channel estimation algorithm and
utilizing active RISs to improve localization performance. The
contributions of this work can be summarized as follows:

• We formulate the JrCUP problem in an uplink single-
input-multiple-output (SIMO) scenario with an active
RIS. Motivated by the mobile RIS with vertical attitude
adjustment capability, we define the unknown localization
parameters as the 3D position of user equipment (UE),
the 3D position and 1D orientation of the RIS, and
the clock bias between the UE and BS. By performing
a localizability analysis, we show that this problem is
solvable and that more dimensions of RIS orientation can
be estimated by introducing more UEs.

• We propose a two-stage solution to the JrCUP problem.
In the first stage, we perform a coarse channel estimation
via tensor-Estimation of Signal Parameters via Rotational
Invariance Techniques (ESPRIT) followed by a channel
parameter refinement through a least-squares (LS)-based
algorithm. In the second stage, a 2D-search-based algo-
rithm is proposed to estimate the localization parameters.

• The fundamental Cramér-Rao lower bounds (CRLBs) for
the JrCUP problem are derived, which consist of the
CRLBs for the estimations of the channel parameters
and localization parameters. We show that the received
noise in the active RIS-involved system is colored and
unknown which causes the proposed algorithm to fail to
reach the theoretical bounds. However, the very minor
gaps between the tested root mean square errors (RMSEs)
and the derived CRLBs still show the effectiveness of our
algorithms.

• Based on the derived CRLBs, we compare the active RIS
and the passive RIS setups. It is shown that the active RIS
can outperform the passive RIS within practical power
supply regions. The localization performance of the active
RIS setup is improved with the power supply increasing
up to a certain level where the performance saturates.
Furthermore, we show that blind areas exist in the JrCUP
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Fig. 1: Schematic diagram of the hardware architecture of a typical active
RIS. Each RIS element integrates a phase shifter [31] and a reflection-type
amplifier [32].

problem, which can be restrained by leveraging prior
geometric information and/or deploying more BSs.

The remainder of this paper is organized as follows. Section
II introduces the system model and formulates the JrCUP prob-
lem. Section III reviews the necessary mathematical prelimi-
naries for the tensor decomposition and ESPRIT algorithms,
based on which a two-stage solution for the JrCUP problem
is proposed in Section IV. The CRLBs of the underlying
estimation problems are derived in Section V. Simulation
results are presented in Section VI followed by the conclusion
of this work in Section VII.

Notations: Italic letters denote scalars (e.g., a), bold lower-
case letters denote vectors (e.g., a), bold upper-case letters
denote matrices (e.g., A), and bold calligraphic letters denote
tensors (e.g., A). The notations (·)T, (·)∗, (·)H, (·)−1, (·)†,
and tr(·) are reserved for the transpose, conjugate, conjugate
transpose, inverse, Moore-Penrose pseudo-inverse, and the
matrix trace operations. The notation ⊗ denotes the Kronecker
product, ◦ denotes the outer product, and ⊙ denotes the
Hadamard product. We use [x]i to represent the ith entry of
a vector x, and [X]i,j to represent the entry in the ith row
and jth column of a matrix X. The notations R(·) and I(·)
denote the operations of taking the real and imaginary parts
of a complex quantity, respectively.

II. SYSTEM MODEL

A. Active RIS

Active RIS is an array of active elements that can scatter
the incident signals with both amplification and tunable phases.
Fig. 1 presents a schematic diagram of the hardware architec-
ture of a typical active RIS, where the RIS element consists
of a phase shifter and a reflection-type amplifier [6]. Many
circuit implements have been proposed to achieve the function
of phase shift and amplification. For example, the phase shift
can be realized through a parallel resonant circuit [31], and the
amplification can be realized by a tunnel diode circuit [32],
as depicted in Fig. 1. Usually, the circuit network in an
active RIS element can be modeled as a two-port component
whose characteristics can be described by an S-parameter
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Fig. 2: Illustration of an uplink SIMO JrCUP scenario, where the states of
the UE and RIS are unknown. The RIS is deployed on a drone with gravity
sensors, where the RIS is always perpendicular to the ground; hence, only
one orientation angle ([oR]3) needs to be estimated.

matrix [33].1 By modulating the load impedance of each
RIS element, the desired amplitude and phase change can be
obtained (examples can be found in, e.g., [31], [32]).

Consider an active RIS of size NR,1×NR,2. Assuming all the
RIS elements keep the same amplification coefficient, the RIS
profile for a transmission can be denoted as γ = pγ̃, where
p > 1 is the amplification coefficient and γ̃ ∈ CNR,1NR,2 is
the phase-shift vector with unit-modulus entries. We define
the incident signal power per RIS element (assumed identical
across RIS elements) as Pin. Then the required power supply
of the active RIS can be calculated as [34]

PR = (p2 − 1)NR,1NR,2(Pin + σ2
r), (1)

where σ2
r denotes the power of the thermal noise introduced in

each active RIS element. Note that (1) is an idealized model,
and the actual energy consumption of an active RIS needs
to further account for the RIS mutual coupling (MC) effect,2

electronic circuit energy consumption, energy efficiency, etc.

B. Geometry Model

This subsection describes the geometric relationship among
the system devices. Here, we only focus on the LOS compo-
nents of the UE-BS and the UE-RIS-BS paths which are used
for localization, while the non-line-of-sight (NLOS) multipath
will be discussed in Subsection II-D.

We consider an uplink SIMO wireless system consisting of
a single-antenna UE, an NR,1 ×NR,2-element active RIS, and
an NB,1×NB,2-element BS located at pU ∈ R3, pR ∈ R3, and
pB ∈ R3, respectively, as shown in Fig. 2. The orientations of

1The investigation into detailed circuit networks is beyond the scope of this
work, so we simply adopt two cascading mathematical operations (i.e., phase
shift and amplification) to model the function of the active RIS.

2The MC effect on RIS refers to coupling that arises between adjacent RIS
elements, which causes a higher energy consumption and lower achievable
data rates in wireless communication systems [35], [36]. The usage of active
RIS can further accentuate this impact. The method development in this paper
is based on a RIS MC-free scenario, while the impact of RIS MC will be
examined in Subsection VI-B4.

the RIS and the BS are denoted as Euler angles oR ∈ R3 and
oB ∈ R3. Note that the orientations can also be represented
by the rotation matrices RR ∈ SO(3) and RB ∈ SO(3),
which is constrained in the group of 3D rotations defined
as SO(3) = {R|RTR = I3,det(R) = 1}. The mapping
between a rotation matrix and its Euler angles can be found
in [5]. In this work, the states of the UE and the RIS are
the unknowns to be estimated, while the BS is used as
the reference point in the considered coordinate system with
known states. Specifically, we consider a scenario where the
RIS is mobile and has vertical attitude adjustment capability,
making a single degree of freedom in the RIS’s orientation.
For example, the RIS can be deployed on a drone with gravity
sensors/accelerometers [26], [37]. Then we can assume the
RIS plane to always be perpendicular to the ground (fixed
pitch and yaw angles) and only a 1D orientation (roll angle)
in the horizontal plane needs to be estimated, as depicted in
Fig. 2. Hence, the unknown geometric parameters consist of
the 3D position of UE, the 3D position, and the 1D orientation
of RIS.

In the BS’s local coordinate system (LCS), the angle-of-
arrival (AOA) for the LOS path and the RIS reflection path
are denoted as θL and θR. Note that each AOA pair consists of
an azimuth angle and an elevation angle, i.e., θL = [θaz

L , θ
el
L ]

T

and θR = [θaz
R , θ

el
R ]

T. Those angles are related to the geometric
parameters as follows:

θaz
L = arctan 2

(
[RT

B(pU − pB)]2, [R
T
B(pU − pB)]1

)
, (2)

θel
L = arcsin

(
[RT

B(pU − pB)]3/∥pU − pB∥2
)
. (3)

A similar relationship holds for θaz
R and θel

R . Analogously, in
the RIS’s LCS, the AOA from the UE can be denoted as ϕA =
[ϕaz

A , ϕ
el
A]

T and the angle-of-departure (AOD) towards the BS is
ϕD = [ϕaz

D , ϕ
el
D]

T. Furthermore, we assume an unknown clock
bias ∆ ∈ R exists between the UE and BS [5], [20]. Therefore,
delays over the UE-BS and the UE-RIS-BS paths are given by

τL = ∥pB − pU∥2/c+∆, (4)
τR = ∥pR − pU∥2/c+ ∥pB − pR∥2/c+∆, (5)

where c is the speed of light.

C. Signal Model

The BS observes and processes the uplink signals received
through the UE-BS channel and the UE-RIS-BS channel
simultaneously. We consider the transmission of G orthogonal
frequency-division multiplexing (OFDM) pilot symbols with
K subcarriers. The frequency of the kth subcarrier is denoted
as fk = fc +

(2k−1−K)
2 ∆f , k = 1, . . . ,K, where fc is the

carrier frequency, ∆f = B/K is the subcarrier spacing, and B
is the bandwidth. With reflection-type amplifiers supported by
a power supply, the active RIS profile at the gth transmission
is denoted by γg = [pejβ1,g , . . . , pejβNR,1NR,2,g ]T ∈ CNR,1NR,2 ,
g = 1, . . . , G, where p > 1 denotes the amplification factor
and βn,g denotes the phase shift of the nth RIS element at the
gth transmission. Again, here we assume that each active RIS
element keeps the same amplification factor. The reflection
matrix of the active RIS can be defined as Γg = diag(γg).
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Suppose that all the BS antennas are connected to an N1×N2

radio-frequency chain (RFC) array. We assume N1 > 1 and
N2 > 1. The received baseband signal for the gth transmission
and the kth subcarrier, yg,k ∈ CN1N2×1, can be expressed as

yg,k = WH
(
hkLxg,k +Hk

R,2Γgh
k
R,1xg,k +Hk

R,2Γgnr + n0

)
,

(6)
where xg,k ∈ C is the transmitted signal with average
transmission power |xg,k|2 = PT, hkL is the UE-BS channel
vector, hkR,1 is the UE-RIS channel vector, Hk

R,2 is the RIS-BS
channel matrix, nr ∼ CN (0, σ2

rI) denotes the thermal noise
introduced in the active RIS, n0 ∼ CN (0, σ2

0I) denotes the
thermal noise at the receiver, and W ∈ CNB,1NB,2×N1N2 is the
combiner matrix which will be specified in Subsection IV-A.
Note that model (6) is reduced to the passive RIS case when
p = 1 and σr = 0.

According to (6), we have the total received noise for the
gth transmission and the kth subcarrier as

ng,k = WH(Hk
R,2Γgnr + n0). (7)

Here we notice the received noise ng,k is colored and related
to the unknown RIS-BS channel Hk

R,2. The statistics of ng,k
will be derived in Subsection V-A. The channel model (6) can
be rewritten as

yg,k = WHhg,kxg,k + ng,k, (8)

where hg,k = hkL +Hk
R,2Γgh

k
R,1.

D. Channel Model

By introducing the NLOS multipath, the UE-BS channel
hkL, the UE-RIS channel hkR,1, and the RIS-BS channel Hk

R,2
are given by [5]

hkL =

IL∑
i=0

αiLe
−j2π(k−1)∆fτ

i
LaB(θ

i
L), (9)

hkR,1 =

IR,1∑
i=0

αiR,1aR(ϕ
i
A), (10)

Hk
R,2 =

IR,2∑
i=0

αiR,2e
−j2π(k−1)∆fτ

i
RaB(θ

i
R)a

T
R(ϕ

i
D), (11)

where aB(θ) ∈ CNB,1NB,2 and aR(ϕ) ∈ CNR,1NR,2 denote
the array response vectors of the BS and the RIS, and αiL,
αiR,1 and αiR,2 are the complex channel gains for the UE-
BS, the UE-RIS, and the RIS-BS channels, respectively. Here,
i = 0 represents the LOS channel and the rest are the NLOS
multipath channels reflected by scattering points (SPs). The
numbers of the NLOS paths of the UE-BS, the UE-RIS and
the RIS-BS channels are denoted as IL, IR,1, and IR,2.

In this work, the multipath components are not used to
perform localization, thus, it acts as a negative effect that
generates additional noise. Given that, the algorithm devel-
opment in this paper is based on the multipath-free model;
however, the impact of the multipath effect will be evaluated

in Section VI. Ignoring the multipath, the channel models (9)–
(11) are reduced to

hkL = αLe
−j2π(k−1)∆fτLaB(θL), (12)

hkR,1 = αR,1aR(ϕA), (13)

Hk
R,2 = αR,2e

−j2π(k−1)∆fτRaB(θR)a
T
R(ϕD), (14)

where αL, αR,1 and αR,2 are the complex channel gains for
the corresponding LOS channels. The array response vectors
of the BS and the RIS are defined as

[aB(θ)]i = ej
2πfc

c t(θ)TpB,i , (15)

[aR(ϕ)]i = ej
2πfc

c t(ϕ)TpR,i , (16)

where pB,i and pR,i are respectively the positions of
the ith element of the BS and the RIS given in
their LCS, and t(θ) is the direction vector defined as
t(θ) ≜

[
cos(θaz) cos(θel), sin(θaz) cos(θel), sin(θel)

]T
. For

later derivation, we assume both the antenna arrays in the BS
and the RIS to be uniform planar arrays (UPAs) and their
element spacings are denoted as dB and dR.

We assume that all the BS and RIS elements are deployed
on the YOZ plane of their LCSs, i.e., the x-coordinates of
these elements’ positions are zeros. Since the first entry of the
pR,i is zero, we introduce the intermediate RIS-related angles
ϑ = [ϑ2, ϑ3]

T as [27]

ϑ2 = sin(ϕaz
A ) cos(ϕel

A) + sin(ϕaz
D ) cos(ϕel

D), (17)

ϑ3 = sin(ϕel
A) + sin(ϕel

D). (18)

Then, the total RIS array response for both signal ar-
rival and departure can be represented through ϑ2 and
ϑ3 as [aR(ϕA)⊙ aR(ϕD)]i = ej

2πfc
c (t(ϕA)+t(ϕD))

TpR,i =

ej
2πfc

c (ϑ2[pR,i]2+ϑ3[pR,i]3). Thus, a more compact formulation
for the UE-RIS-BS channel can be represented as

Hk
R,2Γgh

k
R,1 = αR

[
(aR(ϕA)⊙ aR(ϕD))

Tγg
]

× e−j2π(k−1)∆fτRaB(θR), (19)

where αR = αR,1αR,2.

E. Localizability Analysis and Problem Formulation

This work aims to jointly estimate the RIS position and
orientation, the UE position, and the clock bias based on the
received signals. We adopt a two-stage estimation framework
consisting of a channel parameters estimation followed by
a RIS and UE states estimation from the obtained channel
parameters. Based on (12)–(14), we define the vector ηch of
all unknown channel parameters and the vector η that contains
only localization-related channel parameters as

ηch ≜ [ηT,R(αL), I(αL),R(αR), I(αR)]
T ∈ R12, (20)

η ≜ [θaz
L , θ

el
L , θ

az
R , θ

el
R , τL, τR, ϑ2, ϑ3]

T ∈ R8. (21)

Note that the parameters αL and αR that contribute to ηch
are nuisance parameters that will not be used for solving
the JrCUP problem. As an objective of the general JrCUP
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problem, the localization parameter vector that contains the
RIS and UE states is defined as

ξLoc ≜ [pT
U,p

T
R ,o

T
R ,∆]T ∈ R10. (22)

The JrCUP problem refers to using estimates of the channel
parameters η to determine the state vector ξLoc. However, in an
estimation problem, the number of unknowns cannot exceed
the number of observations η. In the general case, it is unlikely
to find a unique value of ξLoc based solely on the observations
η. The restriction of the RIS orientation as highlighted in
Subsection II-B reduces the unknowns pertaining to the RIS
orientation to a single parameter, making the number of
observations equal to the number of unknowns.3 Consequently,
the localization parameters to be estimated in this work can
be redefined as

ξ ≜ [pT
U,p

T
R , o3,∆]T ∈ R8, (23)

where o3 = [oR]3 is the Euler angles of the RIS orientation
around the Z-axis; the rest of Euler angles (i.e., o1 and o2)
are assumed to be known.

In this work, we focus on developing a solution to the JrCUP
problem with a single UE and 1D RIS orientation. When the
BS received the OFDM symbols from the UE through both
LOS and RIS reflected channels, we first estimate η based
on the received signals yg,k, k = 1, . . . ,K, g = 1, . . . , G.
Afterwards, ξ is estimated based on η.

III. MATHEMATICAL PRELIMINARIES

To make the paper self-contained, we provide a brief review
of the canonical polyadic (CP) decomposition of tensors and
the fundamentals of the ESPRIT method. More details on these
topics can be found in [38]–[41].

A. Tensors & CP Decomposition

A tensor, also known as multi-way array, is a general-
ization of data arrays to three or higher dimensions. Let
T ∈ CI1×I2×···×IN denote an N th-order tensor. The order
N indicates the number of dimensions, and each dimension is
called a mode.

The polyadic decomposition approximates a tensor with a
sum of R rank-one tensors. If the number of rank-one terms
R is minimum, the corresponding decomposition is called a
CP decomposition and the minimum achievable R is referred
to as the rank of the tensor. Suppose T is a rank-R tensor,
the CP decomposition decomposes T as

T =

R∑
r=1

λru
(1)
r ◦ u(2)

r ◦ · · · ◦ u(N)
r . (24)

Here, [u(n)
1 , . . . ,u

(n)
R ] = U(n) ∈ CIn×R is the factor matrix

along the nth mode. Each matrix U(n) has orthonormal
columns. A visual representation of (24) in the third-order
case (N = 3) is shown in Fig. 3.

3In cases where the full 3D orientation of the RIS needs to be estimated,
multiple UEs can be utilized to obtain more channel parameters. For example,
two UEs at different locations can provide 16 localization-related channel
parameters, and the dimension of the unknowns ξLoc becomes 14 (with one
more UE position and clock bias), making the problem solvable.

Fig. 3: A CP decomposition of a rank-R third-order tensor.

B. Tensor-ESPRIT

ESPRIT is a search-free signal subspace-based parameter
estimation technique for multidimensional harmonic retrieval,
which has been widely used in channel estimation [42],
spectrum sensing [43], sub-Nyquist sampling [44], etc. This
subsection recaps two ESPRIT variants, namely, element-
space and beamspace tensor ESPRIT.

Element-Space Tensor ESPRIT: Consider a multidimen-
sional harmonic retrieval problem with an observation tensor
T whose elements are given by

[T ]i1,i2,...,iN =

R∑
r=1

λr

N∏
n=1

ej(in−1)ωn,r . (25)

To estimate the unknown angular frequencies ωn,r, we define

a(In)(ωn,r) = [1, ejωn,r , . . . , ej(In−1)ωn,r ]T ∈ CIn , (26)

An =
[
a(In)(ωn,1), . . . ,a

(In)(ωn,R)
]
∈ CIn×R. (27)

Then (25) can be rewritten as

T =

R∑
r=1

λra
(I1)(ω1,r)◦a(I2)(ω2,r)◦ · · · ◦a(IN )(ωN,r). (28)

We define two selection matrices Jn,1 =
[
IIn−1,0(In−1)×1

]
∈

R(In−1)×In , Jn,2 =
[
0(In−1)×1, IIn−1

]
∈ R(In−1)×In , and

let Φn = diag
{
[ejωn,1 , . . . , ejωn,R ]T

}
∈ CR×R. To estimate

the angular frequency, ESPRIT relies on the shift-invariance
property of An, which is given by

Jn,1AnΦn = Jn,2An. (29)

Then the associated frequencies ωn,r, r = 1, . . . , R, n =
1, . . . , N , can be estimated as follows. By applying the CP
decomposition to T , we obtain the factor matrices U(n), n =
1, . . . , N . Since a(In)(ωn,r) lies in the column space of U(n),
we replace An by An = U(n)Dn, where Dn ∈ CR×R is a
non-singular matrix. Then (29) becomes

Jn,1U
(n)Θn = Jn,2U

(n), (30)

where Θn = DnΦnD
−1
n . Based on (30), the LS estimate of

Θn reads [40]

Θ̂n =
(
Jn,1U

(n)
)†
Jn,2U

(n). (31)

Since the rth eigenvalue of Θn is given by ejωn,r , the angular
frequencies ω̂n,r, r = 1, . . . , R, can be obtained from the
phase components of the eigenvalues of Θ̂n.
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Beamspace Tensor ESPRIT: For beamspace measurements,
after the nth-mode product of T with a linear transformation
matrix [45], the model (28) is modified to

T b =

R∑
r=1

λrb
(J1)(ω1,r) ◦ b(J2)(ω2,r) ◦ · · · ◦ b(JN )(ωN,r),

(32)
where b(Jn)(ωn,r) = TH

na
(In)(ωn,r) with Tn ∈

CIn×Jn . The beamspace array manifold becomes Bn =[
b(Jn)(ωn,1), . . . ,b

(Jn)(ωn,R)
]

∈ CJn×R and T b ∈
CJ1×J2×···×Jn .

In the beamspace model with the transformation matrix Tn,
generally the shift-invariance property (29) does not hold, i.e.,
Jn,1BnΦn ̸= Jn,2Bn. However, if Tn has a proper structure,
the following proposition [46], [47] shows that the lost shift-
invariance property can be restored.

Proposition 1. Assume that Tn has a shift-invariant structure
that satisfies Jn,1Tn = Jn,2TnFn where Fn ∈ CJn×Jn is a
non-singular matrix and TH

n = [t1, . . . , tIn ]
T. If there exists

a matrix Qn ∈ CJn×Jn such that{
QntIn = 0Jn×1,

QnF
H
nt1 = 0Jn×1,

(33)

then we have
QnBnΦ

H
n = QnF

H
nBn, (34)

where the shift-invariance property is restored.

Proof. See Appendix A in [48].

The matrices Qn and Fn can be estimated as [46]

Q̂n = IJn − tInt
H
In −

(
FH
nt1
) (

FH
nt1
)H
, (35)

F̂n = (Jn,2Tn)
†
Jn,1Tn. (36)

Then, similarly, after obtaining U(n) by applying the CP de-
composition, we can replace Bn by Bn = U(n)Dn, thus (34)
becomes QnU

(n)Θn = QnF
H
nU

(n). Therefore,

Θ̂n =
(
QnU

(n)
)†
QnF

H
nU

(n). (37)

Finally, the unknown angular frequencies are obtained from
the phase of the eigenvalues of Θ̂n.

IV. PROPOSED LOCALIZATION METHOD

This section develops a two-stage localization method to
solve the JrCUP problem formulated in Subsection II-E based
on the preliminaries in Section III.

A. Coarse Channel Estimation via Tensor-ESPRIT

Given yg,k in (10), we can obtain the beamspace channel
estimates by multiplying the received signals by the conjugate
of the pilot symbols and dividing them by the average power
as

ĥ
(b)
g,k =

yg,kx
∗
g,k

PT
= WHhg,k +∆h

(b)
g,k, (38)

where ∆h
(b)
g,k is the noise term. We organize the beamspace

channels as

Ĥ =


ĥ
(b)
1,1 · · · ĥ

(b)
G,1

...
. . .

...
ĥ
(b)
1,K · · · ĥ

(b)
G,K

 = [ĥ
(b)
1 , . . . , ĥ

(b)
G ] ∈ CKN1N2×G.

(39)

The goal of this subsection is to estimate the localization-
related channel parameters in η defined in (21) given Ĥ.

To apply the tensor-ESPRIT method, we design the com-
biner matrix W and the total RIS profile matrix Γ to follow
the structure

W = T1 ⊗T2 ∈ CNB,1NB,2×N1N2 , (40)

Υ = [γ1,γ2, . . . ,γG] = T3 ⊗T4 ∈ CNR,1NR,2×G, (41)

where T1 ∈ CNB,1×N1 , T2 ∈ CNB,2×N2 , T3 ∈ CNR,1×
√
G,

and T4 ∈ CNR,2×
√
G with G thus set to a square number. Note

that we utilize a fixed combiner W over different transmis-
sions while the RIS profile γg changes with g. Considering the
structure of the array response vectors in (15), and according
to (26), we can write

aB(θL) = a(NB,1)(ωL,1)⊗ a(NB,2)(ωL,2), (42)

aB(θR) = a(NB,1)(ωR,1)⊗ a(NB,2)(ωR,2), (43)

where

ωL,1 = (2πfcdB/c) sin(θ
az
L ) cos(θel

L ), (44)

ωL,2 = (2πfcdB/c) sin(θ
el
L ), (45)

ωR,1 = (2πfcdB/c) sin(θ
az
R ) cos(θel

R), (46)

ωR,2 = (2πfcdB/c) sin(θ
el
R). (47)

Furthermore, we define

ωτL = −2π∆fτL, ωτR = −2π∆fτR. (48)

1) Estimating θaz
L , θ

el
L , θ

az
R , θ

el
R , τL, τR: We first use the sum of

the channels over g = 1, . . . , G, which is ĥ(b) =
∑G
g=1 ĥ

(b)
g ∈

CKN1N2 . Suppose ĥ(b) = h(b) + ∆h(b) with h(b) represents
the true beamspace channels. The true beamspace channel h(b)

can be naturally represented by a tensor H(b) ∈ CK×N1×N2

as

H(b) = GαLa
(K)(ωτL)◦TH

1 a
(NB,1)(ωL,1)◦TH

2 a
(NB,2)(ωL,2)

+(

G∑
g=1

βR,g)a
(K)(ωτR)◦TH

1 a
(NB,1)(ωR,1)◦TH

2 a
(NB,2)(ωR,2),

(49)

where βR,g = αR
[
(aR(ϕA)⊙ aR(ϕD))

Tγg
]
. We can see

that H(b) is a rank-two third-order tensor based on the
definition in Subsection III-A, as it is the sum of two rank-
one tensors (i.e., the UE-BS channel and the UE-RIS-BS
channel) and each of them is an outer product of three
vectors. The first mode of H(b) lies in the element-space
while the rest of modes lie in the beamspace generated by the
transformation matrices T1 and T2. Further, we can define
Φ1 = diag

{
[ejωτL , ejωτR ]T

}
, Φ2 = diag

{
[ejωL,1 , ejωR,1 ]T

}
,

and Φ3 = diag
{
[ejωL,2 , ejωR,2 ]T

}
.
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Algorithm 1 Coarse Channel Estimation via Tensor-ESPRIT

Input: yg,k, g = 1, . . . , G, k = 1, . . . ,K.
Output: channel parameters estimate η̂.

1: Obtain H = [h
(b)
1 , . . . ,h

(b)
G ] based on (38) and (39).

2: Calculate h(b) =
∑G
g=1 h

(b)
g and form tensor H(b) in (49).

3: Apply CP decomposition to H(b) and obtain the factor
matrices U(n), n = 1, . . . , 3.

4: Estimate Θ̂1 through (31) and obtain {ω̂τL , ω̂τR} from the
phases of the eigenvalues of Θ̂1.

5: Estimate Θ̂2 and Θ̂3 through (35)–(37), and obtain
{ω̂L,1, ω̂R,1, ω̂L,2, ω̂R,2} from the phases of the eigenvalues
of Θ̂2 and Θ̂3.

6: Recover {θ̂az
L , θ̂

el
L , θ̂

az
R , θ̂

el
R , τ̂L, τ̂R} based on (44)–(48).

7: Obtain sR by (51) and form tensor S(b) in (54).
8: Obtain {ω̂ϑ2

, ω̂ϑ3
} by applying CP decomposition and

repeating Step 5 to S(b).
9: Recover {ϑ̂2, ϑ̂3} based on (53).

10: Return η̂ = [θ̂az
L , θ̂

el
L , θ̂

az
R , θ̂

el
R , τ̂L, τ̂R, ϑ̂2, ϑ̂3]

T.

To estimate the underlying angular frequencies, we first
apply the CP decomposition to Ĥ (generated from ĥ(b)) and
obtain the factor matrices U(n), n = 1, 2, 3. Then Θ1 can
be estimated by (31) while Θ2 and Θ3 can be estimated
through (35), (36), and (37). Next, the estimated angular fre-
quencies ω̂τL , ω̂τR , ω̂L,1, ω̂R,1, ω̂L,2, and ω̂R,2 can be obtained
from the phases of the eigenvalues of Θ̂1, Θ̂2, and Θ̂3, and
the corresponding channel parameters can be recovered based
on (44)–(48).

2) Estimating ϑ2 and ϑ3: Based on the estimated parame-
ters, we construct a matrix R as

R =
[
a(K)(ω̂τL)⊗WHaB(θ̂L) a(K)(ω̂τR)⊗WHaB(θ̂R)

]
.

Then, we have the following system of equations:

R[αL, βR,g]
T = h(b)

g , g = 1, . . . , G. (50)

Thus, we have a set of LS estimates {α̂L, β̂R,g}, g = 1, . . . , G
given by

[α̂L, β̂R,g]
T = (RHR)−1RHh(b)

g . (51)

Now, let

ŝR = [β̂R,1, β̂R,2, . . . , β̂R,G]
T = sR +∆sR ∈ CG, (52)

where sR = [βR,1, βR,2, . . . , βR,G]
T ∈ CG and ∆sR is the

estimation error of ŝR. By defining

ωϑ2
= (2πfcdR/c)ϑ2, ωϑ3

= (2πfcdR/c)ϑ3, (53)

the noise-free vector sR can be represented as a second-order
tensor (matrix) S(b) ∈ C

√
G×

√
G as

S(b) = αR(T3 ⊗T4)
(
a(NR,1)(ωϑ2

)⊗ a(NR,2)(ωϑ3
)
)

(54)

= αRT3a
(NR,1)(ωϑ2

) ◦T4a
(NR,2)(ωϑ3

). (55)

Therefore, the parameters ϑ2 and ϑ3 can be estimated from
ŝR using the same routine given by (35), (36), and (37).

As a summary, the complete steps of the coarse channel
estimation process are presented in Algorithm 1.

B. Channel Parameters Refinement via Least Squares

Channel parameter estimates η̃ are refined based on the LS
criterion initialized using the coarse estimates from Subsec-
tion IV-A. By defining

µg,kL = WHe−j2π(k−1)∆fτLaB(θL)xg,k, (56)

µg,kR = WH
[
(aR(ϕA)⊙ aR(ϕD))

Tγg
]

(57)

× e−j2π(k−1)∆fτRaB(θR)xg,k, (58)

we have the noise-free signals given by

µg,k = αLµ
g,k
L + αRµ

g,k
R . (59)

We further define vectors {y,µL,µR} ∈ CGKN1N2 as the
concatenation of yg,k, µg,kL and µg,kR over g = 1, . . . , G, k =
1, . . . ,K. Since the noise in (8) is colored with unknown
statistics, we perform a sub-optimal estimator based on the
LS criterion as

η̂LS = argmin
η

∥y − αLµL(η)− αRµR(η)∥22. (60)

The value of the complex channel gains αL and αR can be
obtained as a function of y, µL and µR by solving{

∂∥y − αLµL(η)− αRµR(η)∥22/∂R(αL) = 0,
∂∥y − αLµL(η)− αRµR(η)∥22/∂R(αR) = 0,

(61)

which give

α̂L =
µH

Ly∥µR∥22 − µH
Ryµ

H
LµR

∥µL∥22∥µR∥22 − |µH
LµR|2

, (62)

α̂R =
µH

Ry∥µL∥22 − µH
Lyµ

H
RµL

∥µL∥22∥µR∥22 − |µH
LµR|2

. (63)

Then, (60) can be solved by using, e.g., gradient descent
method given the initialization η̂. We denote the refined
localization-related channel parameters as η̃.

C. Conversion to the Localization Domain

Based on the refined channel parameters estimates η̃, the
localization parameters ξ can be recovered by carrying out
a 2D search over o3 and ∆; the rest of the localization
parameters can be determined from each search point [o3,∆]T

and a cost metric can be defined to compare the fitness of
different search points, as will be explained imminently.

Given channel parameters [θaz
L , θ

el
L , θ

az
R , θ

el
R , τL, τR, ϑ2, ϑ3]

T

and any ǒ3 and ∆̌, we can first determine the propagation
distance of the LOS UE-BS path and RIS reflection path as

ďL = c(τL − ∆̌), ďR = c(τR − ∆̌). (64)

which further determine the UE position as

p̌U = pB + ďLRBt(θ
az
L , θ

el
L ). (65)

The RIS position can be obtained as the intersection of the
ellipsoid ∥p̌R − pB∥2 + ∥p̌R − p̌U∥2 = ďR and the line p̌R =
pB + xRBt(θ

az
R , θ

el
R), with x > 0 being the distance between

BS and RIS. The intersection is determined by solving for x
to obtain

x =
ď2R − ∥pB − p̌U∥22

2
(
ďR + (RBt(θ

az
R , θ

el
R))

T(pB − p̌U)
) . (66)
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Algorithm 2 2D Search-Based Localization Algorithm

Input: refined channel parameters η̃, number of refinement Q.
Output: localization parameters estimates ξ̂.

1: Initialize search space and resolution {P0
o3 ,P

0
∆, d

0
o3 , d

0
∆}.

2: for i = 0, . . . , Q do
3: for every candidate ǒ3 ∈ Pio3 do
4: for every candidate ∆̌ ∈ Pi∆ do
5: Compute ďL and ďR through (64).
6: Estimate UE position p̌U through (65) and estimate

RIS position p̌R through (66).
7: Predict the intermediate measurements {ϑ̌2, ϑ̌3}

based on ǒ3, p̌U, p̌R and pB.
8: Compute the cost metric f(ǒ3, ∆̌) based on (67).
9: end for

10: end for
11: Select the candidate pair {ôi3, ∆̂i} that minimize

f(o3,∆) and determine p̂iU and p̂iR based on {ôi3, ∆̂i}.
12: Shrink {Pi+1

o3 ,Pi+1
∆ , di+1

o3 , di+1
∆ } by (68)–(70).

13: end for
14: Return ξ̂ = [(p̂QU )T, (p̂QR )T, ôQ3 , ∆̂

Q]T.

Then, we can predict the intermediate measurements {ϑ̌2, ϑ̌3}
according to (17) and (18) based on ǒ3, p̌U, p̌R and pB. Thus,
we can compute the cost metric as

f(ǒ3, ∆̌) =
∥∥[ϑ̌2, ϑ̌3]T − [ϑ̂2, ϑ̂3]

T
∥∥2
2
, (67)

which allows us to perform a 2D search over all the {o3,∆}
candidates in a pre-defined search space. The optimal values
that minimize f(ǒ3, ∆̌) in (67) are then returned as the
estimated ô3 and ∆̂, and the corresponding p̂U and p̂R can
be determined accordingly.

Let {Po3 ,P∆} denotes the search spaces and {do3 , d∆} de-
notes the search resolutions. We can further perform multiple
rounds of search grid refinement. As an example, for the ith
round refined search over the search space {Pio3 ,P

i
∆} and

resolution {dio3 , d
i
∆} that returns estimates {ôi3, ∆̂i}, we can

shrink the resolution and the search space in round i+1 such
that

di+1
o3 = κdio3 , di+1

∆ = κdi∆, (68)

Pi+1
o3 = {. . . , ôi3 − di+1

o3 , ôi3, ô
i
3 + di+1

o3 , . . . }, (69)

Pi+1
∆ = {. . . , ∆̂i − di+1

∆ , ∆̂i, ∆̂i + di+1
∆ , . . . }, (70)

where κ ∈ (0, 1) and the cardinalities of Pio3 and Pi∆ are fixed
as card(Pio3) = Co3 and card(Pi∆) = C∆ for all i values. The
pseudo-code of the proposed search method is summarized in
Algorithm 2.

D. Complexity Analysis

This subsection evaluates the computational complexity
of the proposed algorithms. Among the proposed method,
Algorithm 1 involves the channel matrix recovery with a
complexity O(KGN1N2), the CP decomposition of H(b) and
the corresponding matrix multiplications with a complexity
O(KN1N2)+O(K2)+O(N2

1 )+O(N2
2 ), and the CP decom-

position of S(b) and the corresponding matrix multiplications

with a complexity O(G). The LS refinement of the channel
parameters performs an iterative procedure, which gives a
complexity O(TKGN1N2) where T denotes the total number
of iterations. Finally, a complexity of O(QCo3C∆) is intro-
duced by Algorithm 2. In summary, the overall complexity of
the proposed solution for the JrCUP problem is given by

Ototal = O(K2) +O(N2
1 ) +O(N2

2 )

+O(TKGN1N2) +O(QCo3C∆). (71)

V. LOCALIZATION ERROR BOUNDS DERIVATION

A. CRLB for Channel Parameters Estimation

Considering the fact that the received noise (7) is zero-
mean noncircular complex Gaussian random variables, the
Fisher information matrix (FIM) of all the unknown channel
parameters ηch is given by the following Proposition 2.

Proposition 2. Based on the channel model (7), (8) and (59),
the FIM of channel parameters ηch can be computed as

J(ηch) =

G∑
g=1

K∑
k=1

DT
g,k

[
C0 +Cg,k

r

]−1
Dg,k, (72)

where

Dg,k =

[
R

(
∂µg,k
∂ηch

)T

, I

(
∂µg,k
∂ηch

)T ]T
, (73)

C0 =
σ2
0

2

[
R
(
A0A

H
0

)
I
(
A0A

H
0

)T
I
(
A0A

H
0

)
R
(
A0A

H
0

)] , (74)

Cg,k
r =

σ2
r

2

[
R
(
Ag,k
r (Ag,k

r )H
)

I
(
Ag,k
r (Ag,k

r )H
)T

I
(
Ag,k
r (Ag,k

r )H
)

R
(
Ag,k
r (Ag,k

r )H
)
]
, (75)

with A0 = WH and Ag,k
r = WHHk

R,2Γg .

Proof. See Appendix A

Remark 1. Note that in (72), the covariance matrix Cg,k
r is

a function of ηch, which also contributes to the FIM of ηch

in principle [49, B.3.3]. Nonetheless, since the noise statistics
information is not used in the channel estimation processes in
Subsection IV-A and IV-B, we ignore this relationship in this
work.

Based on (72), we can compute the FIM of localization-
related parameters η using Schur’s complement: we partition
J(ηch) = [X,Y;YT,Z], where X ∈ R8×8 so that J(η) =
X−YZ−1YT. Then the estimation error bounds for θL, θR,
τL, τR and ϑ can be derived as

EB(θL) =
√

tr([J(η)−1]1:2,1:2), (76)

EB(θR) =
√

tr([J(η)−1]3:4,3:4), (77)

EB(τL) =
√
[J(η)−1]5,5, (78)

EB(τR) =
√
[J(η)−1]6,6, (79)

EB(ϑ) =
√

tr([J(η)−1]7:8,7:8), (80)

which lower bound the estimation RMSEs for the correspond-
ing parameters.
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TABLE I: Default Simulation Parameters

Parameter Value
Propagation Speed c 2.9979× 108 m/s

Carrier Frequency fc 28GHz

Bandwidth B 100MHz

# Subcarriers K 32

# Transmissions G 9

Clock Offset ρ 100 ns

Transmission Power PT 10 dBm

Active RIS Power PR 7 dBm

Noise PSD of Receiver & RIS −174 dBm/Hz

Noise Figure of Receiver & RIS 10 dB

Array Size of BS / RFC / RIS 10× 10 / 5× 5 / 15× 15

Position & Orientation of BS pB = [0, 5, 3]T, oB = [0, 0,−π/2]T

Position & Orientation of RIS pR = [−5, 0, 3]T, oR = [0, 0, 0]T

Position of UE pB = [3, 2, 1]T

B. CRLB for Localization Parameters Estimation

Based on the calculated J(η) and the geometric model
in (2)–(5) and (17)–(18), we can further derive the FIM of
the localization parameters ξ using the chain rule of the FIM
transformation as [50]

J(ξ) = TTJ(η)T, (81)

where T = ∂η/∂ξ ∈ R8×8 is the Jacobian matrix. Then the
lower bounds for the estimation RMSE of pU, pR, o3 are

EB(pU) =
√

tr([J(ξ)−1]1:3,1:3), (82)

EB(pR) =
√

tr([J(ξ)−1]4:6,4:6), (83)

EB(o3) =
√

[J(ξ)−1]7,7. (84)

VI. NUMERICAL RESULTS

A. Evaluation Setup

We consider an indoor localization scenario within a 10m×
10m × 3m space. We use random signal symbols xg,k with
the power constraint |xg,k| =

√
PT, and random precoder W

and RIS profiles Υ satisfying the structure constraints (40)
and (41). Based on (1), the active RIS amplification factor p
is calculated as

p =

√
PR

NR,1NR,2(PT|αR,1|2 + σ2
r)

+ 1. (85)

The channel gains of the LOS UE-BS, UE-RIS and RIS-
BS paths are generated by αL = λc

4π∥pU−pB∥2
ejψL , αR,1 =

λc

4π∥pU−RR∥2
ejψR,1 , αR,2 = λc

4π∥pR−RB∥2
ejψR,2 , where λc =

c/fc and ψL, ψR,1 and ψR,2 are independently generated
from a uniform distribution U(0, 2π). When the multipath
effect is introduced, as an example, the channel gains of
the NLOS paths between the UE and BS in (9) are set as

αiL =

√
4πcL,iλc

16π2dU,idB,i
ejψL,i , i = 1, . . . , IL, where cL,i represents

the radar cross section (RCS) coefficient and ψL,i is the
random phase. Here, dU,i and dB,i are the distances between
the UE and the ith SP and the distance between the BS and
the ith SP. The channel gains αiR,1 and αiR,2 in (10) and (11)

are defined in a similar manner. In addition, we define the
received SNR as

SNR ≜

∑G
g=1

∑K
k=1 ∥µg,k∥22∑G

g=1

∑K
k=1 tr(C0 +Cg,k

r )
. (86)

In this paper, the three Euler angles, i.e. [o]1, [o]2 and
[o]3, represent the rotations around X-axis, Y -axis and Z-
axis, respectively. The default orientation o = [0, 0, 0]T is set
to face the positive X-axis. The element spacings of the BS
and RIS are set as 0.5λc and 0.2λc, respectively. Other default
simulation parameters are listed in Table I. Throughout the
simulation examples, all the involved RMSEs are computed
over 500 Monte Carlo trials. The channel delays and the clock
bias are presented in units of meters by multiplying them by
the constant propagation speed c for better intuition.

B. Performance Evaluation of the Proposed Algorithms

1) Channel Estimation Performance: We first evaluate the
performance of the proposed channel estimators. To provide
a benchmark in addition to the CRLBs, the proposed channel
estimator is compared with the existing simultaneous orthog-
onal matching pursuit (SOMP) algorithm which has been
verified to offer better channel estimation performance than the
original orthogonal matching pursuit (OMP) algorithm [51].
We use SOMP to estimate the two strongest paths as the UE-
BS and the UE-RIS-BS channels. For implementation details
of SOMP, the readers are referred to [51], [52]. To meet
the restricted isometry property [53] that SOMP requires,
we use random combiner W and random RIS profile Υ
when performing SOMP, while the proposed {W,Υ} in (40)
and (41) are used when evaluating the proposed methods. We
derive and present the CRLBs for both cases. The SOMP
dictionary sizes for each parameter in {θL,θR, τL, τR,ϑ} are
set equally as D, where D = {212, 214, 216}. Besides, the
LS refinement in (60) is solved using the trust-region method,
which is implemented through Manopt toolbox [54] and the
number of iterations is set as T = 40.

Fig. 4 shows the evaluation of the RMSEs of θL, θR,
τL, τR and ϑ versus the received SNR for the SOMP al-
gorithm, the proposed tensor-ESPRIT coarse estimation, and
the proposed LS-based refinement. It is observed that the
proposed algorithm performs better in high-SNR regions com-
pared to the existing SOMP algorithm but is inferior in low-
SNR regions. While the RMSEs of both coarse estimation
methods exhibit large gaps from the CRLBs, the proposed
LS refinement can significantly reduce the distance to the
CRLBs in high-SNR regions for both methods.4 Nevertheless,
there are still non-negligible gaps between the results of LS
refinement (especially for θL, θR and τL) and the theoretical
bounds, which result from the mismatch between the used
LS criterion (60) and the actual statistics of the noise (7).
By comparing the CRLBs of the random and the proposed

4In the region that SNR < 0 dB, the LS refinement cannot improve the
performance for both SOMP and tensor-ESPRIT methods. This can be referred
to as the threshold of no information region, which is a well-documented
phenomenon in maximum likelihood estimators [55]. The same phenomenon
can be observed in Fig. 5.
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Fig. 4: The evaluation of RMSE of θL, θR, τL, τR and ϑ versus received SNR for the existing SOMP algorithm, the proposed tensor-ESPRIT coarse estimation,
and the proposed LS-based refinement.

−10 0 10 20 30 40

10−3

10−1

101

103

SNR [dB]

R
M

SE
of

p
U

[m
]

Initial search
1st refinement
2nd refinement
3rd refinement
CRLB

−10 0 10 20 30 40

10−3

10−1

101

103

SNR [dB]

R
M

SE
of

p
R

[m
]

−10 0 10 20 30 40

10−2

10−1

100

101

102

SNR [dB]

R
M

SE
of

o
3

[◦
]

Fig. 5: The evaluation of RMSE of pU, pR and o3 versus received SNR for different numbers (0, 1, 2, 3) of grid refinements.

{Υ,W}, we can observe that the proposed design offers lower
bounds on channel parameter estimation, especially for θR, τR,
and ϑ. Consequently, it is noticed that the proposed method
(i.e., tensor-ESPRIT+LS refinement) provides more accurate
estimation of most channel parameters (θR, τR, and ϑ) than
the SOMP+LS solution in high-SNR regions.

For reference, the computational complexity of the
SOMP algorithm used in this paper is provided as
O(DN1N2NB,1NB,2) + O(DKN1N2) + O(DKG) +
O(DGNR,1NR,2). According to (71), the computational
complexity of the proposed tensor-ESPRIT solution is
O(KGN1N2) + O(K2) + O(N2

1 ) + O(N2
2 ), which is not a

function of D (i.e., search-free). The performance of SOMP
relies on the dictionary size D. A large dictionary that

brings heavy computation is needed for the SOMP to offer
satisfactory performance, making tensor-ESPRIT preferred in
scenarios that require a fast response and low computational
load (e.g., as an initialization).

2) Localization Performance: Then, we assess the perfor-
mance of Algorithm 2 for the second stage of localization
parameters estimation. As the second stage in JrCUP is a
specialized problem, there exists no corresponding benchmark
method, and only CRLB are compared. Fig. 5 presents the
RMSEs of estimating pU, pR and o3 versus the received SNR
for different numbers (0, 1, 2, 3) of grid-search refinement
iterations and κ = 0.1. Here, the input of Algorithm 2 is
the result of the proposed tensor-ESPRIT+LS refinement in
the first stage. It can be observed that in the low SNR regions
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Fig. 6: The evaluation of RMSEs of the estimated channel parameters and
localization parameters under the multipath effect. The tested numbers of
SPs are set as I = {0, 6, 12, 18}. (a) RMSEs of θR by SOMP (D =
{212, 214, 216}), SOMP+LS refinement, the proposed tensor-ESPRIT, and
the proposed tensor-ESPRIT+LS refinement; (b) RMSEs of pU and pR by
SOMP (D = 216)+LS refinement+ Algorithm 2 and the proposed method
(i.e., tensor-ESPRIT+LS refinement+ Algorithm 2).

(lower than 10 dB), the RMSEs stay far from the theoretical
bound. In these regions, the input channel parameter estimates
contain large errors that lead to localization failure. Thus,
increasing the number of grid-search refinements does not
improve performance. In the high SNR regions (10 dB or
higher), however, we can see that the RMSEs decrease as
more search refinements are carried out, which indicates
localization success. The RMSEs follow the CRLB closely
after two or more search iterations are performed. These results
confirm that our proposed algorithms can achieve a nearly effi-
cient localization performance at practical SNRs (higher than
10 dB). The refinement dependence of performance presents
an unavoidable trade-off between localization accuracy and
computational complexity in practice.

3) Impact of Multipath: The impact of the multipath effect
is evaluated in Fig. 6. In this trial, we set the number of SPs
in different channels as IL = IR,1 = IR,2 = I . For each of the
UE-BS, the UE-RIS, and the RIS-BS channel, we randomly
generate I SPs within the space defined by −5m < x <
5m,−5m < y < 5m, 0m < z < 5m, to produce a total
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Fig. 7: Evaluation of RMSEs of pU versus RIS element spacing considering
MC. Different active RIS powers PR = {−20,−10, 0} dBm are tested.

of 3I SPs. The RCS coefficients of all NLOS paths are fixed
as cL,i = cR,1,i = cR,2,i = 0.5m2, i = 1, . . . , I [15]. The
received SNR is set as 30 dB.

Fig. 6-(a) illustrates the multipath effect on the channel
estimation performance of the proposed method together with
benchmark methods. The parameter θR is considered as a
representative. From Fig. 6-(a), we can see that the SOMP
algorithm is more robust to the multipath effect, as its estima-
tion error remains stable with the increase of SPs. On the other
hand, the estimation error of the tensor-ESPRIT increases with
the increase of SPs. This can be attributed to the SOMP’s
strategy that involves matching the atoms with the highest
correlation in the dictionary, making the matching results less
sensitive to weak multipath noise. However, since the proposed
tensor-ESPRIT approach is based on tensor decomposition, the
structured noise introduced by NLOS multipath can increase
the rank of the channel tensor, which in turn directly affects
the decomposition result. Nonetheless, both the performance
of SOMP and tensor-ESPRIT can be effectively improved (to a
similar level) by applying the LS refinement. The correspond-
ing RMSEs of pU and pR are shown in Fig. 6-(b). It is clearly
shown that after the proposed LS refinement and running the
localization algorithm, the SOMP and tensor-ESPRIT reach a
similar localization accuracy. The more severe the multipath
effect, the higher the estimation errors for both methods. It is
worth noting that in environments with sparse NLOS multipath
(e.g., I < 6) that most mmWave/THz wireless systems can
satisfy [3], [4], the final positioning accuracy remains very
close to that of the multipath-free case (i.e., I = 0), which
demonstrates the robustness of the proposed LS refinement
and localization algorithm in both cases of initialization using
SOMP and tensor-ESPRIT.

4) Impact of RIS Mutual Coupling: As previously men-
tioned in Subsection II-A, the utilization of active RIS ampli-
fies the impact of the MC among RIS elements, rendering it
unignorable. When MC is taken into account, the reflection
matrix of RIS (denoted as Γ̃g) is given by [56], [57]

Γ̃g = (Γ−1
g − S)−1, g = 1, . . . , G, (87)
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where S denotes the scattering matrix of RIS elements. Ac-
cording to microwave network theory [56], [58], the scattering
matrix S is given by S = (Z + Z0I)

−1(Z − Z0I), where Z
denotes the impedance matrix of RIS elements and Z0 is the
reference impedance (typically Z0 = 50Ω). In general, the
matrices S and Z can be acquired through standard electro-
magnetic solvers such as CST Microwave Studio [33]. For the
sake of simulation convenience, we adopt the analytical model
in [59]. By assuming all the RIS antennas are cylindrical thin
wires of perfectly conducting material, the mutual impedances
between every pair of scattering elements of RIS can be
explicitly calculated using [59, Eq. (2)] or [60, Eq. (3)]. The
results in [60], [61] reveal that a denser integration of RIS
elements generally generates a greater impact on, e.g., received
signal power and channel estimation performance.

Fig. 7 presents the RMSEs of pU versus RIS ele-
ment spacings for different active RIS powers PR =
{−20,−10, 0} dBm. The cases with MC use the reflection
matrix Γ̃g in (87), while the cases without MC use Γg . To
obtain the best performance, we perform both tensor-ESPRIT
and SOMP at the coarse channel estimation stage and choose
the result with lower residual error in (60) to initialize the
LS refinement; then the localization parameters are obtained
through Algorithm 2. We fix the received SNR as 30 dB, and
the other parameters are set according to Table I. It can be
observed that the shorter the RIS element spacing, the higher
the estimation RMSE, which coincides with the results in [60],
[61]. Furthermore, the gap between the cases with and without
MC increases as we enlarge PR at fixed RIS element spacing,
revealing that a higher active RIS power accentuates the impact
of MC. A noteworthy phenomenon is that in the absence of
MC, the higher the active RIS power, the lower the estimation
error. But this rule no longer holds when MC is considered.
Higher RIS power helps to increase the signal strength but also
amplifies the impact of MC, which implies that increasing the
RIS power is not always beneficial. For instance, the case with
PR = −10 dBm can provide better localization accuracy than
PR = 0dBm when the RIS element spacing is less than λc.
This result reveals that an optimal active RIS power exists
when MC is taken into account.

C. Active RIS versus passive RIS

Based on the channel model (6), the active RIS provides
power gain while also introducing additional noise. Therefore,
the combined effect needs to be evaluated and compared
with the passive case. As a representation of the localization
performance, we evaluate the value of EB(pU) over different
power supplies in a multipath-free and MC-free scenario. In
this trial, we define Pvar denoting the additional system power.
For active RIS cases, we fix the transmission power as PT
in Table I, and set PR = Pvar. The passive RIS cases are
simulated by setting RIS power PR = 0 (thus p = 1 according
to (85)) and σr = 0. To guarantee a fair comparison, we set
the transmission power in the passive RIS cases as PT +Pvar,
thus the total power supply of the system stays the same as in
active cases. We evaluate EB(pU) over different values of Pvar
from -80 dBm to 40 dBm.
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Fig. 8: The evaluation of EB(pU) versus active RIS power supply level for the
active and passive RIS setups. (a) Evaluation for the cases {K = 32, G = 9},
{K = 32, G = 169}, and {K = 128, G = 169} while other parameters are
fixed as in Table I; (b) Evaluation for the cases NR,1 ×NR,2 = 5× 5, 10×
10, 15× 15 while other parameters are fixed as in Table I.

Fig. 8 (a) demonstrates the results for different numbers
of subcarriers (K = {32, 128}) and transmissions (G =
{9, 169}). It is clearly shown that EB(pU) of the active
RIS decreases with the increase of RIS power supply until
saturating at around Pvar = 0dBm. This shows that, even
with the introduction of more noise, the power gain from
active RIS can still provide a positive improvement in lo-
calization performance. The performance saturation for the
active RIS can be explained by analyzing the noise pattern.
When the RIS power is large, the noise introduced by active
RIS nr dominates n0. As the noise and signal powers at the
RIS channel are boosted equally, the estimation performance
saturates. In contrast, allocating the additional power to the
transmitter (i.e., the passive RIS case) can continuously im-
prove localization performance when Pvar > 0 dBm. However,
it is also noted that in the passive RIS case, increasing Pvar
offers little improvement to localization performance when
Pvar < 0 dBm. The comparison concludes that in a practical
region (i.e., −60 dBm < Pvar < 30 dBm), allocating an extra
power budget to the RIS can provide a higher localization
accuracy than allocating the same power to the transmitter.
Additionally, Fig. 8 (a) shows that increasing the number
of subcarriers K and transmissions G helps to improve the
localization performance for both the active and passive RIS
cases. Furthermore, larger {K,G} enables the passive RIS to
outperform the active RIS starting from a lower Pvar value.
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(a) (b) (c)

Fig. 9: The visualization of the blind areas. (a) EB(pU) versus pU, where the geometries of the BS and the RIS are fixed as in Table I. In addition, two
sample locations of the blind area (blue cross) and non-blind area (green circle) are shown; (b) f(o3,∆) of the blind location in (a); (c) f(o3,∆) of the
non-blind location in (a).

Fig. 8 (b) demonstrates the results for different RIS sizes,
which reveal that increasing the RIS size can also improve
the localization performance for both RIS types.

D. The Blind Areas Analysis

1) Blind Areas Visualization and Interpretation: So far we
have presented results for scenarios with fixed UE and RIS
positions and orientations. In this subsection, we examine the
spatial variability of performance. To this end, the localization
CRLBs (take EB(pU) as a representative) are computed over
different UE positions while the BS and RIS positions and
orientations are kept fixed. We assume the UE to be placed
across a 10m× 10m space at a fixed height of 1 m, and the
BS and RIS are deployed as default parameters in Table I. The
corresponding results are shown in Fig. 9 (a). From Fig. 9 (a),
we can observe the presence of areas with extremely high
CRLB (yellow areas). Since these areas with high CRLB yield
a poor localization performance or are even unable to perform
localization because of the existence of the ambiguity [27], we
name those areas as the blind areas. In Fig. 9 (a), we select two
sample locations of the blind area (blue cross) and non-blind
area (green circle), respectively, for further investigation.

Fig. 9 (b) and (c) visualize the cost function f(o3,∆) in
(67) with the noise-free observations η for the selected blind
and non-blind locations of the UE as marked in Fig. 9 (a).
The ground-truth values of o3 and ∆ are marked with a red
cross. In both cases, we can see that the ground truth coincides
with a local minimum point, which indicates that Algorithm 2
can converge to the ground truth given a proper initialization
search of the interval. However, the cost function of the blind
location is flat around the ground truth, while the non-blind
location shows a sharper descending structure. This implies
that the uncertainty in the blind location is much higher than
that in the non-blind location, and so the blind locations would
produce a larger estimation error than the non-blind locations
in the noisy case, which results in the extremely high CRLBs
in Fig. 9 (a). To avoid localization in blind areas, we propose
two strategies, namely, leveraging more prior information and
adding extra BSs.

2) Evaluation of the Impact of Extra Prior Information:
We first assess the impact of using extra prior information on
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Fig. 10: EB(pU) versus pU. (a) The RIS’s orientation o3 is known; (b) The
clock bias ∆ is known.

unknown localization parameters. We test two types of prior
information, i.e., the RIS’s orientation o3 and the clock bias
∆. Assume that we know the values of these two parameters
in advance. Then, we remove the corresponding columns in
the Jacobian matrix J in (81) and calculate a new CRLB
accordingly. The results are shown in Fig. 10. It can be
seen that with prior knowledge of o3 or ∆, the blind area
is greatly reduced. Furthermore, prior knowledge of ∆ seems
to provide a better performance in eliminating the blind area
effect compared to using o3. This can be explained by the
fact that ∆ contains more information than o3 regarding the
geometry of the UE and the RIS. For example, once we know
the clock bias ∆, we can determine the positions of the UE
and the RIS immediately through (64)–(66), while the RIS
orientation o3 cannot provide further information other than
itself.

3) Evaluation of the Impact of Additional BSs: Finally, we
evaluate the impact of adding more BSs. Fig. 11 demonstrates
the value of EB(pU) for UE at different positions under
different amount of BSs. In Fig. 11 (a), an additional BS is
introduced at [0,−5, 3]T with orientation [0, 0, π/2]T, while
one more BS is added at [5, 0, 3]T with orientation [0, 0, π]T

in Fig. 11 (b). For each case, we collect parallel observations
yg,k from multiple BSs, which is dependent on the same
geometric parameters of the UE and the RIS. Then the CRLBs
are rederived and evaluated. We can observe that adding more
BSs can significantly reduce the blind areas. The more BSs
we deploy, the lower the overall localization bounds.
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Fig. 11: EB(pU) versus pU. (a) Add one BS at [0,−5, 3]T with orientation
[0, 0, π/2]T; (b) Add two BSs at {[0,−5, 3]T, [5, 0, 3]T} with orientation
{[0, 0, π/2]T, [0, 0, π]T}.

VII. CONCLUSION

In this paper, we formulated and solved a joint RIS cal-
ibration and user positioning problem for an active RIS-
assisted uplink SIMO system, where the 3D user position,
3D RIS position, 1D RIS orientation, and clock bias were
estimated. A two-stage localization method has been proposed,
which consists of a coarse channel parameter estimation
using tensor-ESPRIT, a channel parameters refinement via LS
estimation, and a 2D search-based localization algorithm. The
fundamental CRLBs for the channel parameter and localiza-
tion parameter estimation were derived. Through simulation
studies, we demonstrated the effectiveness of the proposed
algorithms by comparing their estimation RMSEs with those
of the existing SOMP algorithm and the derived CRLBs. In
addition, a comparison between the performance of the active
and passive RISs was carried out, which showed that active
RISs outperform the passive RISs in terms of localization
accuracy within practical power supply regions. Furthermore,
we show that blind areas exist in the JrCUP problem, which
can be interpreted by the uncertainty in the cost function.
Two strategies are proposed to combat blind areas, namely,
using additional prior information (e.g., from extra sensors) or
deploying more BSs. These strategies have been verified by
numerical simulations. Future research on the JrCUP problem
includes extending the formulation to multi-user/multi-RIS
scenarios, addressing 3D RIS orientation estimation, as well
as developing the RIS mutual coupling-aware estimators.

APPENDIX A

Consider estimating the deterministic unknowns x ∈ Rl
from ỹ ∈ Cm based on the noisy observation model

ỹ = f̃(x) + Ãñ, (88)

where Ã ∈ Cm×n, ñ ∈ Cn and ñ ∼ CN (0, σ2In). Suppose
ỹ = yR + jyI, f̃(x) = fR(x) + jfI(x), Ã = AR + jAI and
ñ = nR + jnI. By separating the real and imaginary parts of
the observations ỹ, we can rewrite the model (88) as[

yR

yI

]
=

[
fR(x)
fI(x)

]
︸ ︷︷ ︸

f(x)

+

[
ARnR −AInI

ARnI +AInR

]
︸ ︷︷ ︸

n

. (89)

Since

ARnR −AInI ∼ N
(
0,
σ2

2
(ARA

T
R +AIA

T
I )
)
, (90)

ARnI +AInR ∼ N
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σ2

2
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T
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T
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)
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and
E
[
(ARnR −AInI)(ARnI +AInR)

T
]

=
σ2

2
(ARA

T
I −AIA

T
R) =

σ2

2
I(ÃÃH)T, (92)

we have

n ∼ N

(
0,
σ2

2

[
R
(
AAH

)
I
(
AAH

)T
I
(
AAH

)
R
(
AAH
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Cn

)
. (93)

Then the FIM of x can be derived as [49, B.3.3]

J(x) =

[
R(∂ f̃(x)∂x )

I(∂ f̃(x)∂x )

]T
C−1
n

[
R(∂ f̃(x)∂x )

I(∂ f̃(x)∂x )

]
. (94)

Letting A0 = WH, Ag,k
r = WHHk

R,2Γg and adding up the
FIMs over all the transmissions g = 1, . . . , G and subcarriers
k = 1, . . . ,K yield Proposition 2.
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