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ABSTRACT

This paper proposes a method to synthesise controllers for cyber-physical systems subjected to
disturbances, such that the controlled system satisfies specifications given as linear temporal logic
formulas. To solve this problem, a finite-state abstraction of the original system is first constructed,
and then a controller is synthesised for the abstraction. Due to the disturbances and uncertainty in
the environment, future states cannot be predicted exactly, and the abstraction must take this into
account. For this purpose, the robust stutter bisimulation relation is introduced, which preserves the
existence of controllers for any given linear temporal logic formula that excludes the next operator.
States are related by the robust stutter bisimulation relation if the same target sets can be guaranteed
to be reached or avoided under control of some controller, thus ensuring that disturbances have similar
effect on paths that start in related states. It is shown that there exists a controller enforcing a linear
temporal logic formula for the original system if and only if a controller exists for the abstracted

system. The approach is illustrated by a robot navigation example.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A cyber-physical system (CPS) is an integration of a dynami-
cal physical system and computers affecting its behaviour (Lee,
2015). This can be a continuous time dynamical system subject
to process disturbances, under control of a computer with a
fixed sampling time. CPSs are often safety critical, thus they
must meet correctness guarantees. One way to achieve such
guarantees is to use formal synthesis to construct the control logic
automatically (Belta et al., 2017).

Synthesis computes, from a model of the CPS and a formal
specification, the allowed control actions such that the behaviour
of the controlled system satisfies the specification. The specifica-
tion is a formalisation of the requirements, and can be expressed
in, for instance, Linear Temporal Logic (LTL, Baier and Katoen
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2008). LTL extends propositional logic with temporal operators
so that requirements on future behaviour can be specified.

Standard algorithms (Belta et al., 2017; Kloetzer & Belta, 2008;
Ramadge, 1989) for controller synthesis with LTL specifications
require finite transition systems, whereas many CPSs are de-
scribed by continuous models with infinite state spaces. Such
models can be turned into transition systems by discretisation, but
in general neither the state space nor the transition relation of
the resulting concrete transition system are finite (Tabuada, 2009).
Finite-state abstraction, though, groups states in a finite quotient
state space. One such abstraction method is bisimulation (Milner,
1989). It preserves all LTL properties (Baier & Katoen, 2008), and
is guaranteed to produce finite quotient spaces for certain types
of systems (Alur et al., 2000).

If the bisimulation quotient of a system is infinite, a finite quo-
tient space might be obtained by using a coarser abstraction. One
approach to obtain coarser quotients is approximate bisimulation
where bisimulation is relaxed to allow a bounded difference be-
tween the behaviours of the concrete and abstract system (Girard
& Pappas, 2007). Coarser quotients also result from (approximate)
simulation (Belta et al., 2017; Reissig et al., 2016; Tabuada, 2006;
Zamani et al.,, 2011), which relaxes bisimulation by retaining
only some controlled behaviours of the concrete system. Dual-
simulation (Wagenmaker & Ozay, 2016) produces a coarser ab-
straction than bisimulation by using overlapping subsets. Another

0005-1098/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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coarse abstraction is obtained by divergent stutter bisimulation
which allows stutter steps within the abstract states (Baier & Ka-
toen, 2008). Mohajerani et al. (2021) show that divergent stutter
bisimulation yields abstractions for which a controller can be
synthesised if and only if a controller can be synthesised for
the concrete system, given that the synthesis is performed with
LTL specifications without the next operator (LTL,,). Without this
operator specifications cannot refer to specific time intervals, but
this is not always necessary for formalising the requirements.
Unfortunately, the work by Mohajerani et al. (2021) applies to
deterministic transition systems and do not work for systems
subject to disturbances.

Disturbances, that stem from the system dynamics or fidelity
loss in the discretisation, create non-determinism. Abstraction
methods for controller synthesis for non-deterministic transi-
tion systems have been considered by Liu and Ozay (2016),
using LTL\,. Also, Nilsson et al. (2012) consider abstractions
of discrete-time systems subject to disturbances where N-step
reachability is the basis for abstraction, and in the work by Nils-
son et al. (2017) progress groups are introduced to allow coarser
abstractions while preserving long-horizon reachability and pro-
gress properties. However, for these approaches, controllers that
exist in the concrete system might not have a corresponding
controller in the abstract system. Another abstraction approach
is (approximate) alternating bisimulation (Alur et al., 1998; Pola
& Tabuada, 2009), which is an extension of (approximate) bisim-
ulation applicable for synthesis with LTL specifications on non-
deterministic systems.

This paper addresses the problem of designing a controller
for a given non-deterministic concrete transition system and an
LTL\, specification using an abstraction method that guarantees
that a controller can be synthesised for the concrete system
if and only if a controller can be synthesised for the abstract
system. The abstractions are based on the robust stutter bisimu-
lation relation introduced in this paper, which extends divergent
stutter bisimulation to non-deterministic systems, and relaxes
alternating bisimulation to LTL, specifications. As such, this work
can be seen as a combination of the works by Mohajerani et al.
(2021) and Pola and Tabuada (2009). It is shown how an abstract
transition system can be constructed based on robust stutter
bisimulation, and how this abstraction is used to synthesise and
implement a controller for the concrete system.

2. Preliminaries
2.1. Transition systems

A transition system is a tuple G = (S, X, ,5°, AP, L) with S
a set of states, X a set of transition labels, § € S x ¥ x S a
transition relation, S° C S a set of initial states, AP a set of atomic
propositions, and L: S — 227 a state labelling function. Denote the
set of all transition systems by 7.

Let S* and S“ denote the sets of all finite and infinite sequences
of S, respectively, and S®° = S* U S®. The set of non-empty
finite sequences is denoted by ST = S* \ {¢}, where ¢ is the
empty sequence. Two sequences p € S* and m € S* can be
concatenated to form a new sequence pxr € S*. A finite sequence
p € S*is a prefix of 1 € S, written p C m, if there exists a
sequence 7’ € S* such that p7’ = 7, and p is a proper prefix
of 7, written p C 7, if p C 7 and p # n. A finite sequence of
states p = So---S;, € S* is a finite path fragment of G if for all
0 < i < n there exists o; € X such that (s, 03, Si+1) € 8. The set
of all finite path fragments of G is denoted Frags*(G). An infinite
sequence of states & € S® is an infinite path fragment of G if for
all finite prefixes p C = it holds that p € Frags*(G). The set of
all infinite path fragments of G is denoted Frags”(G). The set of
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all path fragments of G is Frags®(G) = Frags*(G) U Frags®(G). A
path of G is an infinite path fragment 7 = sgs;--- € Frags”(G)
with sg € S°. The set of all paths of G is denoted Paths”(G). For
G € T the state labelling function L can be extended to sequences
T =Sps1 - - € Frags®(G), as L(m) = L(sp)L(s1) - - - € (2A%)>°.

For G1,G, € T with S{ NS, = @, their union is G; U G, =
(51 U 52, 21U X, 81 U (32, S? US;, AP] UAPz, L) with L(S) = Ll(S)
for s € S1, and L(s) = Ly(s) for s € S,.

G € T is deadlock-free if for each state s € S there exists a label
o € X and a state t € S such that (s, 0, t) € 4.

2.2. Relations

Given a set X, a relation R C X x X is an equivalence relation
on X if it is reflexive, symmetric, and transitive. The equivalence
class of x € X is [x]r = {¥ € X | (x,X) € R}. The set of all
equivalence classes modulo R, the quotient space of X under R,
is X/R = {[x]r | x € X }. Partitioning into equivalence classes
is one way to abstract the state set of a transition system; in the
abstract system each equivalence class is one state. A relation R4
is a refinement of a relation R, if R; C R», and then R, is said
to be coarser than R;.

Let R € X x X be an equivalence relation. Aset T C X is
a superblock of R, if for all x; € T and all x, € X such that
(x1,%2) € R, it holds that x, € T. The set of all superblocks
of R is denoted SB(R). Superblocks are sets of elements that are
closed under the equivalence relation R. Alternatively, they can
be characterised as unions of zero or more equivalence classes;
thus, the empty set is also a superblock.

2.3. Linear temporal logic

A formula of Linear Temporal Logic without Next (LTL\,) (Baier
& Katoen, 2008) is a logical formula over atomic propositions
from a set AP, the propositional logic operators, and the binary
operator U. Its syntax is defined by o = T |p | =¥ | Yy A0 | Y U
0, where p € AP, and ¥ and 6 are LTL\, formulas. For G € T,
whether an infinite path fragment # = sps1--- € Frags®(G)
satisfies the LTL,, formula ¢, written 7 & ¢, is defined inductively
on the structure of ¢:

e 7 = T always holds;

e 7w Epiff p e L(sp);

e 7 F — iff 7 =+ does not hold;

e kY AQiff r Fiy and 7 F 6;

e 7 F Y U 6 iff there is m > 0 such that s;;Sy11--- F 6 and
for all 0 <i < m it holds that s;s;1--- F .

An LTL,, formula ¢ holds at state s, written (G,s) F ¢, if all
infinite path fragments starting at s satisfy ¢, i.e, for all infinite
path fragments 7 € Frags“(G) with s C 7, w = ¢. The transition
system G satisfies ¢, written G = o, if (G, s°) = ¢ for all initial
states s° € S°.

Additional temporal operators are defined based on the exist-
ingonesas Oy =T U ¥, 0% = —=0—y,andy WO =0y V(Y U
0). The operators ¢/ and W are read as (strong) until and weak
until. If ¢ U 0 is satisfied on a path fragment, then 6 eventually
holds for some state sequence in the path fragment, and v holds
in all state sequences before that. ¢ W 6 is similar , but is also
satisfied on path fragments where s holds in all states.

LTL\, can be generalised over state sets X C S. For v =
SoS1- - € Frags™(G), let w £ X iff sy € X. Such LTL,, formulas
are called generalised LTL,, formulas.

Let G € T. A stutter step formula for G is a generalised LTL\,
formula of the form P Vv T, where P, T € SwithPNT = ¢
and Ve {U,wW}. Let R € S x S be an equivalence relation. If
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P, T € SB(R), then the formula P V T is called an R-superblock
step formula from P.

Stutter step formulas P V T describe the immediate future
when a system is in some state set P. The set T contains states
that can be entered next from P. A stutter step formula of the
form P & T means that a path visiting P will eventually reach T,
whereas P W T means that it is possible to stay in P indef-
initely or enter T. Superblock step formulas, where the source
and target sets both are superblocks, describe the transition rela-
tion of an abstract system whose states are equivalence classes.
R-superblock step formulas make it possible to abstract away
so-called R-stutter steps, transitions within an equivalence class.
Whether a path fragment satisfies an R-superblock step formula
is independent of the number of R-stutter steps. If R preserves
state labels, then it can also be shown that the satisfaction of LTL,,
formulas is independent of such steps.

For w = sq¢s1 - - - € Frags®™(G), its stutter free sequence sf(xr) €
§% is obtained from 7 by removing all elements s;;; such that
Sit1 = ;. Two path fragments 71, 7, € Frags®(G) are stutter
equivalent if sf(L(;r1)) = sf(L(sr2)), and if both are either finite or
infinite. The trace of equivalence classes of w with respect to an
equivalence relation R is [7 ]z = [Solr[S1]lr - - -. Then mq, 7, are
R-stutter equivalent if sf([m1]r) = sf([72]r).

Theorem 1 (Baier and Katoen 2008). Let G € T, let ¢ be an LTL,,
formula, and let 1, 7, € Frags®(G) be two stutter equivalent path
fragments. Then 71 F ¢ iff 72 E @.

2.4. Controllers

Transition systems can be controlled by dynamically restrict-
ing the set of allowed transitions. A controller does this by de-
ciding, based on the history of visited states, the set of allowed
transition labels. Thus, a (general) controller for G € T is a
function C : ST — 2%,

As a controller controls a transition system G, the resultant
behaviour is described by another transition system, called the
controlled system, the states of which are sequences of states of
the original transition system G.

Let G € T,and C:S* — 2% be a controller for G. The controlled
system is C/G = (St, X, 8¢, S°, AP, L¢), with

Sc={ (S0 50,50 SnSnp1) €ST x ¥ x ST |
(Sn. 0. Sns1) €8 and o € C(so -+~ 5n) }

and Lc(sg - - - Sp) = L(Sp).

The initial states of the controlled system C/G are the initial
states of the original system G, interpreted as sequences of length
one. After observing a state sequence sg - - - S, the state of G is s,
and the state of C/G is sg---s,. The transitions from this state
in C/G are those possible in G from s, and allowed by C from
So - - - Sp. C is said to be deadlock-free if C/G is deadlock-free. Let
C denote all deadlock-free controllers.

C enforces a (generalised) LTL\,-formula ¢ from state s of G if
(C/G,s) E ¢, and C enforces ¥ on G if C/G & . That is, an LTL\,
formula is enforced from a state if every controlled path fragment
starting from that state satisfies the formula. An LTL,, formula is
enforced on a transition system if it is enforced from every initial
state.

The path fragments of a controlled system C/G are given by
Frags®(C/G), which by definition are sequences of states of C/G
and thus sequences of sequences of states of G. Such path frag-
ments (So)(SoS1)- - - (SoS1 -+ -Sp)--- of the controlled system C/G
can be replaced by path fragments sos; - - -S, --- of G.Let C: ST —
2% be a controller for G. A finite path fragment p = 05152 ---Sp €
Frags*(G) is permitted by C if for all 0 < i < n there exists
o; € C(Sg - - - 5;) such that (s;, 0y, Siy1) € 8. The set of all finite path
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fragments in G permitted by C is denoted by Frags*(C, G). This can
be extended to permitted infinite path fragments, Frags”(C, G),
and permitted path fragments, Frags®(C, G). The set of permitted
paths, Paths”(C, G), is defined likewise.

2.5. Positional controllers

A positional controller for G € T is a function C:S — 2%. As
a positional controller only makes decisions based on the current
state, its controlled system can be alternatively defined using the
original transition system state space. The controlled system of
G under the control of C is C/G = C/G where C:St — 2%
with C(pu) = C(u) for all p € S* and u € S. Let C denote all
deadlock-free positional controllers.

Let v be a generalised LTL\,-formula for G € 7. The set of
states where ¢ can be enforced by control is:

gCe(¥)= {seS|3ICecst(C/Gs) =y };
go(y)= {seS|ICeCst (C/Gs)EV }.

It is clear that £Cc(y) C £Cq(yr) for every generalised LTL,
formula . For stutter step formulas, i.e., generalised LTL\, for-
mulas of the form P & T and P W T, also the converse
holds.

Proposition 2. Let G € T be deadlock-free, and let  be a stutter
step formula for G. Then £Cc(y) = ECc(V), and there exists a C € C
such that, for all states s € ECg(y) it holds that (C/G,s) &= .

Proof. Let v = P V T be a stutter step formula. Clearly,
ECq(Y) C ECq(v), as a positional controller is a special case of a
general controller. It remains to show £Cq(v) C ECq(V ). Assume
that so € £Cc(y). Either it holds that so € T or sg € P. If s € T,
clearly sy € £Cg(v). The proof continues on a case-by-case basis
for so € P.

If ¥+ = P W T it must be shown that there exists a controller
C e C such that all infinite path fragments 7 € Frags®(C, G) has
the property that either there exists a path fragmentt = t't C 7
with sg C t/ € P*and t € T, or there exists a path fragment
T C 7 with sg © t € P“. Since there is a controller C € C that
enforces Y from sg, there is always a choice o from any state
s1 € PNEC(Y) such that C(sq, ) € PUT. C can therefore always
enforce the next possible states to be in P U T, which means all
controlled path fragments have the desired property.

The other case is when ¢ = P ¢/ T. For a contradiction, assume
that there does not exist a controller C € C that enforces ¥ from
So. Then there must exist an s; € P N C(sp) such that there does
not exist a controller C € C that enforces Y from s;. It holds
that (C/G, sos1) &= P U T, which means that s; € &£Cg(v¥). By
induction, it is possible to construct an infinite path fragment
w € Frags®(C,G) with m = sps7--- € P®. This contradicts
(C/G,so) EPUT. O

3. Controller synthesis by abstraction

This paper concerns synthesis of a controller enforcing an
LTL\, formula ¢ on a concrete transition system G, as illustrated
by the dashed arrow in Fig. 1. Typically, G models a discrete-
time dynamical system derived from difference equations with
infinite state, control, and disturbance spaces, thus G’s state space
is infinite.

Synthesis Problem. Given G € 7 and an LTL\, formula ¢, find
C e ¢ that enforces ¢ on G.
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G

Abstraction ‘M’ 'ﬂ Controller

Construction

Synthesis

Fig. 1. Illustration of controller synthesis by abstraction. The dashed arrow
represents synthesis directly on the concrete system, the solid arrows represent
synthesis by abstraction.

To apply methods for finite transition systems to infinite state
spaces, an abstraction-based approach is used, shown by the
solid arrows in Fig. 1. First, the concrete transition system G is
transformed into a finite-state abstraction G. Then is synthesised
an abstract controller C that enforces ¢ on G. Third, a concrete
controller C, which enforces ¢ on G, is constructed from C. As
synthesis of controllers for LTL,, specifications is known (Kloetzer
& Belta, 2008; Ramadge, 1989), this paper only concerns the
first and third steps, i.e., constructing the abstraction G and the
concrete controller C.

Abstraction Problem. Given a concrete G € 7, and an LTL,
formula ¢, construct an abstract G € 7 such that, there exists
C e ¢ enforcing ¢ on G iff there exists C € C enforcing ¢ on G.

To solve the Abstraction Problem, the abstract transition sys-
tem G must be constructed so that it is equivalent with respect
to synthesis to the concrete system G. This ensures soundness and
completeness of the approach, i.e., any controller obtained from G
is related to a controller for G, and if there exists a controller for G,
then it can be found by synthesis based on G.

Though the existence of a controller C for G carries over to the
existence of a controller C for G, it remains to find a method to
construct C from C.

Controller Construction Problem. Given a concrete G € 7, an
abstraction G of G, an LTL,, formula ¢, and C € C that enforces ¢
on G, construct C € C that enforces ¢ on G.

4. Robust stutter bisimulation

This section defines the robust stutter bisimulation (RSBS) re-
lation, which identifies two transition systems as equivalent if
the same LTL,, formulas can be enforced on both systems. This
is the crucial criterion to identify solutions to the Abstraction
Problem, ensuring that any transition system G that is robust
stutter bisimilar to the concrete system G can be used as its
abstraction.

The goal is to classify two states of a transition system as
robust stutter bisimilar when the same LTL,, formulas can be
enforced from both. Due to the absence of the “next” operator,
this condition can be simplified by considering only stutter step
formulas, or, more precisely, superblock step formulas. Given an
equivalence class P, a superblock step formula P/ Tor P W T
expresses that the system can transition to other equivalence
classes with or without the guarantee that this transition occurs
eventually. The condition can be further simplified to superblock
step formulas that can be enforced by positional controllers be-
cause of Proposition 2. Controllers for arbitrary LTL,, formulas
can be constructed by combining positional controllers enforcing
stutter step formulas from different states.

Definition 1. An equivalence relation R C S xS is a robust stutter
bisimulation (RSBS) on G € T if for all (s1, s2) € R the following
conditions hold:
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Fig. 2. A transition system G with an RSBS R.

(1) L(s1) = L(s2)
(ii) for every R-superblock step formula ¢ from [s{]r such
that s; € £Cg(y) it holds that s, € ECg(¥).

Two states sq, S, € S are robust stutter bisimilar, denoted s; ~ s,
if there exists an RSBS relation R on G with (sq, s;) € R.

So, a relation R is an RSBS if (i) it preserves the labels of
states, and (ii) the same superblock step formulas can be enforced
from equivalent states. Though (ii) is not inherently symmetric,
symmetry is ensured as R is an equivalence relation. R is re-
quired to be an equivalence relation so that RSBS can be defined
in terms of superblock step formulas. Since the identity relation is
an RSBS, it is clear that there exist RSBS subject to the additional
requirement of being an equivalence relation. It is shown in
Proposition D.2 by Krook et al. (2022) that a coarsest RSBS exists
and is an equivalence relation. By Proposition 2 it is enough to
define enforceability through £Cg(v), i.e., using positional con-
trollers. Definition 1 can be seen as a generalisation of divergent
stutter bisimulation (Baier & Katoen, 2008) to transition systems
with disturbances.

Example 1. Consider the transition system G = (S, X, §, S°, AP,
L) in Fig. 2 and the equivalence relation R that divides the state
space into six equivalence classes S/R = {A1, A, By, By, C, D}
where A; = {ai, az}, Ay = {as, aq}, By = {b1, bp}, By = {bs3, b4},
C = {c1, 2}, and D = {dq, d;}. Clearly, R fulfils condition (i) in
Definition 1 as all states in each class are labelled the same from
AP = {a, b, c,d}. By enumerating all deadlock-free positional
controllers and all R-superblock step formulas it can also be
verified that condition (ii) is fulfilled by R. O

To identify two transition systems as equivalent, the definition
of an RSBS on a single transition system is lifted to a relation
between transition systems by considering the union transition
system.

Definition 2. Let G;,G, € 7 with §; NS, = ¥. G; and G, are
robust stutter bisimilar, G; ~ G,, if there exists a RSBS R on
G1 U Gy, and it holds that

Vsq 65]0.352 ESZO.(S1,52)€R, and
Vs, € 520. ds; € 510. (S], 32) ER.

5. Quotient transition system

Given a RSBS R on the states of G € 7, the Abstraction
Problem still requires to construct an equivalent and hopefully
smaller transition system. This can be done by constructing a quo-
tient transition system whose states are the equivalence classes
induced by R. Standard quotient constructions (Baier & Katoen,
2008) fail to ensure RSBS between the original and quotient
systems since they do not distinguish the different stutter step
formulas. Thus, the following definition.
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Alw@

By U (A UA;)

By U (A UA,)

Fig. 3. A part of the quotient system G/R.

Definition 3. Let G € 7, and R be a RSBS on G. The robust stutter
bisimulation quotient is

G/R=(S/R, Xr,ér,S%, AP, Lz)

where

YR = { ¥ | ¥ is an R-superblock step formula from (1)
P € S/R such that P € £Ce(v) }

Sr={(P.¥.T)eS/Rx Zr xS/R| Yy =PVT (2)

such that 7" € S/Rand T C T } U
{(P.Y,P)ES/Rx Zr xS/R|Yy=PWT
for some T € SB(R) } ;
Se={IIr Is°€5°}:
and L ([s]r) = L(s) for all s € S.

The transition labels X'» are R-superblock step formulas of
the form P V T that can be enforced from the source set P in the
concrete system G. The quotient transitions x are then defined
based on the formulas these labels represent. A label P V T,
where P is an equivalence class and T is a superblock, is attached
to transitions from P to each equivalence class (each abstract
state) that constitutes T, representing the controller’s ability to
force the system to T without being able to determine the precise
concrete state entered. A label P W T is additionally attached to
a selfloop transition on P, representing the fact that the system
may also stay in P. This definition works precisely because it
distinguishes between the different R-superblock step formulas
PUT and PWT, and generates transitions that ensure that all
possible control actions from P are accounted for.

Example 2. Consider again G and RSBS R of Fig. 2. Its quotient
system G/R is given in Fig. 3. The states are the six equivalence
classes and their labels match the corresponding concrete states’
labels. The transition labels in X are constructed based on the
existence of positional controllers. A positional controller C(s) =
{o1} enforces different R-superblock step formulas from different
equivalence classes. For instance, (C/G, a;) F A; W @ for a; € Aq,
s0 Ay C ECg(A; W @). Clearly, Ay € S/R,so Yy =AW € Xp
by (1). Other formulas such as A; W By are implied by ¥/, and
can also be enforced, so a total of 31 formulas A; W T with
T C {A,, By, By, C, D} are included in Xz (not all shown in the
figure). According to (2), the label A; W @ is attached to the
selfloop transition A; — Aq, and A; W By is attached to A; — A;
and A; — By, etc. On the other hand, no stutter step formula
A; U T is enforceable from A;, so those formulas do not appear
in X'». From state ds, it is not possible to force a transition to
only one of d; or ¢y, but it holds that (C/G, d;) £ D W C. Hence,
D W C € Y5 along with implied formulas. O
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The following theorem confirms that the quotient G/R of a
concrete G € 7 with respect to a RSBS R is robust stutter
bisimilar to G.

Theorem 3. Let G € T, and R be a RSBS on G. Then G ~ G/R.

Proof. It will be shown that the following relation R on G =
G U (G/R) fulfils the conditions of Definition 2.

R=RU{G,3)|5eS/R}U (3)
{(s,[slr) |s€S}U{([slr,S) [s€S}.

Note that R is an equivalence relation by construction. It is clear
that condition (i) holds by definition of R and LR For condi-
tion (ii), let (s, t) € R, and let 1/; [slp V T be an. R-superblock
step formula such that s € £C; (1p) Alsolet T =TnNS e SB(R)
and ¢ = [s]g V T. It is to be shown that t € gCa(l//). Consider
four cases. A

Case 1:s,t € S. As G is a disjoint union of G and G/R, it follows
that s € EC(Y) NS = ECx(([s1x NS) V (T NS)) = ECc(r). As
(s,t) € R and R is an RSBS, it holds that t € &C¢(¥). By the
equality above, it also holds that t € ﬁé(@).

Case 2: s € S, t € S/R. As above, it follows that s € &£Cg(¥).
Note that t = [s]g by definition of R so t € €C¢(¥) as R is an
RSBS. By (1) in Definition 3 it follows that ¢ € Xx. Consider
a positional controller C for G such that C([s]g) = {¥}. Then
(C/G, [slr) = ¥ by construction (2) and thus t € [s]g €
ECe(Y) S ECx(r) as in Case 1.

Case 3:s € S/R, t € S. Then s € £C; (W) S/R = ECqr({s} V
(T NS/R)). Let Tx = TNS/R and Y = {s} V Tg. Then there
exists C € Cg/r such that (C/(G/R), s) |: Y. As C is deadlock-
free, there exists § € X'» such that 6 € C( )where 0 =sVy Ty
for some Ty € SB(S) by (2). .

It is next shown that T, C T. Let t' € Ty. Then [t']lr C Ty
as Ty € SB(S), and (s,G,A[t’]R) € 6r by (2). As (C/(G/R),s) &=
Yr ={s} V T and 0 € C(s), it follows that [t']r € {s} UTx. Also
sNTy=PasBisa superblock step formula sothat [t']g € Tr C
T. Finally, as (¢, [t']r) € R and T € SB(R), it follows that t’ € T.

As § € Xp, it follows by (1) that t € s € ECc(0) = ECq(s Vo
Ty) S ECq(s Vo (T NS)) S EC([s1x Vo T). Further, if v =1/, then
it follows from (C/(G/R),s) = ¥ that s® ¢ Frags®(C/(G/R)),
which means (s, 0,s) ¢ éz by (2) and then Vy = . Therefore,
t € ECa([slp Vo T) C ECu(Islp V T) = ECa(¥).

Case 4: s, t € S/R. This case is trivial as s = t by (3).

Lastly, Definition 2 requires that states in S° must be matched
by states in S,, and vice versa, and this follows directly from the
construction of S, and R. [

6. Constructing a concrete controller

Given G,G e T such that G ~ G, and a controller C enforcing
an LTL,, formula ¢ on G, this section shows how to construct a
controller C that enforces ¢ on G. In the case where G = G/R,
this solves the Controller Construction Problem. ~
_ As G~ G, by Definition 2 there exists an RSBS on G U G. Then
C can be regarded to enforce ¢ from all states S of G U G that
are initial states of G, and C to enforce ¢ from equivalent initial
states s of G. Thus, it is enough to consider an RSBS R on a single
G € T that may be a union transition system, and to consider two
equivalent states (s, 5) € R. Given C such that (C/G,5) = ¢, the
goal is to construct C such that (C/G, s) & ¢.

The solution to the Controller Construction Problem is such
that if C observes a path fragment p € ST with s C p, this path
fragment is mapped by a function M:S* — S* to a nonempty
stutter equivalent path fragment p permitted by C, such that
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§ C p. The control action of C after p is then guided by the control
action of C after p.

Assume that some path fragment p = p’u, with p’ € S* and
u € S, has been mapped to p = p'ti, with p’ € S* and i1 € S. If G
under control of C now enters a state v € S in a new equivalence
class, ie., (u,v) ¢ R, then the construction of M considers all
continuations of p = p’li permitted by C that remain in the
equivalence class of # until reaching a state v equivalent to v,
namely

F('l, v) = {p'Uid € Frags*(C, G) | 7 € [iil} and (v, ) € R} .
(4)

Then M is defined by choosing one of these paths. The full
recursive definition of M(p) for p € ST with s C p is:

M(s)=5; (5)
M(p'uv) = M(p'u) if (u,v) eR; (6)
M(p'uv) = T € F(M(p'u), v) if (u,v) ¢ R; (7)

)

where 7 is an arbitrary but fixed choice for each p'uv. If M(p'u
is undefined or F(M(p'u), v) = @ in (6) or (7), then M(p'uv) is
undefined. Later on, the controller C will be constructed so that
M(p) is defined for all p € Frags*(C, G) with s E p. If M(p) is
defined, then M(p) € Frags*(C,G), s T M(p), and M(p) and p
are R-stutter equivalent. Furthermore, M is prefix-preserving,
ie, p’ C p implies M(p') E M(p).

Since C € ¢, it enforces at least one R-superblock step
formula ¢ from i after seeing p. As u ~ i, the construction
of C can make use of the fact that u, &t € £C¢(v) to ensure that a
path permitted by C visits the same equivalence classes as a path
permitted by C. Formally, ¥ is chosen such that its target set is
the superblock reached by C after p = p’ii, defined by

T(C.p'm = |J { [01= | 5270 € Frags’(C. G) (8)
where 7 € [ii]}, and (1, 7) ¢ R } .
The formula v is chosen to be the R-superblock step formula

enforced by C after p = p'il, defined as

w(C, p'li)

[dlr W T(C,p't), if Frags®(C,G) N plily # 9 ;
[l U T(C, p'll), otherwise .

(9)

The superblock reached by C after p contains exactly the states in
equivalence classes that can be entered directly after the equiv-
alence class of &i. The R-superblock step formula enforced by C
after p is a condition in the form of a weak or strong until
formula that describes how the controller behaves within the
equivalence class of &t when reached by p. If C permits some
path fragment that remains in the equivalence class of i1 for-
ever, then the enforced R-superblock step formula is a weak
until formula. Otherwise all permitted path fragments eventually
leave the equivalence class of i, and the enforced formula is
instead a strong until formula. In both cases, the source set is the
equivalence class of the current state i, and the target set is the
superblock reached after p, which contains the states that can
be entered after the equivalence class of ii. The following lemma
shows that ¥ (C, p’i1) is enforceable from ii.

Lemma 4. Let p = p'li € Frags*(C, G) with p’ € S* and @i € S.
Then i € £Cq(¥ (C, p)).

ljroof. Define a controller 6;,:5+ — 2% s~uch that 6~(ﬂ3) =
C(pt) for any t € S*. It will be shown that (C;/G, u) = ¥ (C, p).
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Let 1 = dugly--- € Frags“’(&;,,G), and note that p'mr €
Frags”’(f , G). Either all the states u; are equivalent to ii or not.
If they are, then p'w € Frags”(C, G) with = € [U]%, and 7 |=
[ulr W T(C, p) = ¥(C, p) by (9).

If not all u; are equivalent to i, then 7 can be written as
7w = luglly - - - Uyvrr’ where (i, u;) € R and (i, v) ¢ R. Then
p'litg - - - upv € Frags*(C,G), and so v € T(C,p) by (8). As
Uity - - - Uy € [tt]g it is clear that 7 |= [ti]lg ¢ T(C, p) and then
7 = ¥(C, p) independently of which case of (9) applies.

Combining the two cases, 7 = _ W(C,p) for every m €
Frags”(C;, G) with 1 E . Therefore (C;/G, i) = ¥ (C, p), which
implies &t € £c(¥ (C, p)). O

In other words, there exists a (general) controller enforcing v
from every state equivalent to the end state i of p. As ¥ is an R-
superblock step formula, there exists also a positional controller
enforcing vy from [ii]z. By choosing one such positional controller
and using it while staying in the equivalence class of i1, the control
decision of the concrete controller C can finally be defined. First
let + = P V T be a stutter step formula for transition system G.
Let C(y) € C be such that (C(y)/G, u) = for all u € P, if such
controller exists. Then the concrete controller can be constructed
as follows:

Definition 4. Let R be a RSBS on G € T, C a controller for G, and
M and ¥ defined as above. The concrete controller Cc:St — 2%
for G based on C is then

C(w (C, M(p'w))(u), if M(p'u) is defined ;
X, otherwise .

Ce(p'u) = {

Theorem 5 confirms, using Definition 4, that the same LTL,,
formulas can be enforced from robust stutter bisimilar states.
Corollary 6 lifts this result to robust stutter bisimilar transi-
tion systems, showing the preservation of LTL\, synthesis results
under RSBS.

Theorem 5.
then:

Let R be a RSBS on G € T, and ¢ an LTL,, formula,

Y(5,5) € R.S € ECcl@) = s € ECc(y).

Proof. Let (3,s) € R such that § € £C¢(p), and let C be such
a controller enforcing ¢ from S. To show s € £Cg(¢), it is shown
that C¢ in Definition 4 enforces ¢ from s, i.e., (Cc/G, s) & ¢.

The proof hinges on showing that M(p) is always defined
for path fragments p permitted by Cc with s © p, and that
C{¥(C,M(p))) always exists. It is also shown that M(p) €
Frags*(C, G), and that p and M(p) are R-stutter equivalent. This
latter property is used to show that Cc and C enforce the same
LTL,, formulas.

By induction over p, it is shown that M(p) is defined, M(p) €
Frags*(C, G), and p and M(p) are R-stutter equivalent. The base
case follows by construction of M.

For the inductive step, consider p = p’uv with p’ € S* and
u, v € S. The inductive hypothesis is that M(po'u) is defined, that
M(p'u) = p'tt € Frags*(C, G), and that p’'u and p’li are R-stutter
equivalent. There are two cases depending on whether (u, v) € R
or not. In the first case, (u, v) € R, the inductive step follows from
the inductive hypothesis and the construction of M.

In the second case, (u,v) ¢ R, it must be shown that
F(M(p'u), v) in (7) is nonempty. Let ¥ = ¥(C, p'i). As p'li €
Frags®(C, G), it follows by Lemma 4 and Proposition 2 that & €
ECe(Yr) = ECg(Y). Since R is an RSBS and (i, u) € R, it follows
that u € £Cg(¥). Thus, there exists a controller C(y) enforcing ¥
from u. By Definition 4 it follows that Cc(p'u) = C{¥)(u).
Together with p = p’uv € Frags*(Cc, G), this implies that uv €
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Fig. 4. The equivalence classes of the coarsest robust stutter bisimulation for
the robot navigation example.

Frags*(C(yr), G), and then v € T(C, p'i) by (9). By (8) there exists
p = p'uTv € Frags(C, G) with 7 € [t]%, and then p € F by (4), so
F(M(p'u), v) is nonempty. Also, M(p) € F(3'il, v) C Frags*(C, G)
by (4) and (7). Lastly, any M(p) € F(p'li, v) is R-stutter equivalent
to p'uiv, so as (v, v) € R, it follows that p’uv and p’tiv and M(p)
are R-stutter equivalent. This concludes the induction.

To show that (C/G,s) E ¢, by Theorem 1 it suffices to
show that each infinite path fragment = € Frags”(Cc, G) with
s C m is stutter equivalent to some infinite path fragment 7 €
Frags®(C, G) with s C 7. Consider two cases.

In the first case, w can be written as 7 = p'u[u]}. Let
M(p'u) = p'u, with p’ € S* and ii € S. By Definition 4,
Cc(p'u) = C(¥(C, M(p'u)))(u), which means that ¥ (C, M(p'u))
must be of the form P W T, which by (9) means that 7 =
p'[u]% € Frags(C, G). As p'u and p'li are R-stutter equivalent,
so are 7 and 7.

In the second case, & does not stay in one equivalence class
forever. Let 7 be such that for all finite prefixes p = m with
s C p, it holds that M(p) — 7. Since M is a prefix preserving
map, 7 is well defined and unique. Furthermore, it holds that
p € Frags*(Cc, G), and thus M(p) € Frags*(C, G). Because M is
prefix preserving, it follows that 7 € Frags”(C, G), and as p and
M(p) are R-stutter equivalent, so are 7 and 7.

In both cases where an arbitrary infinite path fragment 7 is
picked from Frags”(Cc, G), there exists an R-stutter equivalent
path fragment 7 € Frags®(C, G). R is an RSBS, so 7w and 7 are
stutter equivalent. O

Corollary 6. Let G,G € T, let R be a RSBS on GU G and let ¢ be
an LTL\, formula. If 3C € C for G such that C/G |= ¢, then 3C € C
for G such that C/G = ¢.

Constructing as by Definition 4 the concrete controller Cc from
a controller C for an abstract transition system G that is robust
stutter bisimilar to a concrete transition system G solves the
Controller Construction Problem.

7. Robot navigation example

This section applies the abstraction and controller construc-
tion to a problem inspired by Mohajerani et al. (2021), where
a robot navigates a two-dimensional space while avoiding the
Obstacle shown in Fig. 4. The main difference to the previous work
is an area, E4, too narrow for the robot to pass due to disturbances.

The robot movement is described by the following discrete-
time linear equation with disturbances

x(k + 1) = x(k) + u(k) + w(k) , (10)

where the state is x € X = ([0, 6] x [0, 5]) \ Obstacle, the control
input is u € U = [—0.6, 0.6]%, and the disturbance is w € W =
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[—0.3,0.3]%. From the dynamics described by (10) a transition
system is constructed as G = (X, U, 8, X°, AP, L) (Tabuada, 2009);
if for u(k) € U, there exists w(k) € W such that x; = xo +
u + w then there is a transition (xg, u, x;) € 8. The set of initial
states S° is the top left corner, E; = [0, 1] x [4, 5]. The set of
propositions is AP = {Home, Taskq, Task,, Tasks}, and the state
labelling function L assigns these to the corner sets, see Fig. 4.
The LTL\, formula to enforce is:

¢ = O0OHome A OQTasky A O0Tasky A OOTasks

meaning that the robot should visit each of the four corner
regions infinitely often.

As shown above, the Abstraction Problem can be solved by
constructing a quotient with respect to a robust stutter bisimu-
lation R. While such a relation R always exists (e.g., the identity
relation), it is desirable to obtain the coarsest robust stutter
bisimulation on a given transition system, for which the quotient
has the smallest number of states possible. This can be achieved
by partition refinement (Paige & Tarjan, 1987), where an initial
partition is repeatedly modified by splitting equivalence classes
until a robust stutter bisimulation is found. Details can be found
in Krook et al. (2022).

Such a partition refinement applied to G results in a ro-
bust stutter bisimulation R consisting of the twelve equivalence
classes Ey, ..., Ej;, see Fig. 4. It is possible to keep the robot
indefinitely in Ey, E1, E», and E3, since the disturbance cannot push
the robot out of these regions from their centre and the control
input has higher magnitude than any possible disturbance. For
example E; W @ is enforceable from all states in Eg, i.e., Ey C
ECc(Eg W ) and thus Eg W ¥} € Y.

The region between the corners is split into eight equiva-
lence classes. E,4 is split off from the other regions because it is
so narrow that, despite the control input, the disturbance may
push the robot into the Obstacle from anywhere within E4, and
consequently there is no R-superblock step formula from E,4
in X'. From all other regions some enforceable R-superblock
step formula exists. The two equivalence classes Es and Eg are
dissimilar since the robot can be forced from Es to E, without
visiting another region (Es U/ Ey € Xgx), but this cannot be
enforced from Eg (Es U Eg ¢ X'»). The equivalence classes E7, Eg,
Eq, E19, and E;; are so small in relation to the disturbance that the
controller cannot force the robot to enter or stay in these classes.
E; is different from Es, since from E; the robot can only be forced
into Ey, not into Ey, so E; U E; ¢ X but Es 4 E; € Y. The
equivalence classes Eg and Eg are split off from E5 since the robot
can be forced directly into the superblock EgUE19UE; from EgUEq
but not from Es. Similar reasons cause E;g U E1; to be split off
from Eg. Then Eg and Eg are split since the robot can be forced
to E; from Eg but not from Eg. The split of Eg and Eg propagates,
causing a separation of Ejp and Eqq, for example Eq; U (Es UEg) €
272 and EolU (Es UEgU Eg) (S ER

From all the superblock step formulas enforceable from the
twelve regions, an abstract transition system G = G/R is con-
structed as by Definition 3. An abstract controller C is synthesised
for G to enforce ¢, and from C is then constructed a concrete con-
troller Cc according to Definition 4. Fig. 4 shows a path fragment
where the robot completes the three tasks and returns to the
home region despite the disturbance causing somewhat erratic
behaviour.

8. Conclusions
This paper proposes a method to synthesise controllers that

enforce requirements specified in LTL\, for cyber-physical sys-
tems subject to disturbances. This is done by constructing a
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finite-state abstraction of the system and then synthesising a con-
troller for this abstraction. The robust stutter bisimulation relation
is shown to characterise the relevant abstraction accurately, and
it is shown how this relation can be used to construct a concrete
controller. Though the main focus is to handle process noise,
robust stutter bisimulation is general and can be used on any
system representable as transition systems.

Krook et al. (2022) outline a simple algorithm for computing
the coarsest RSBS for a transition system, and a more efficient
algorithm for computing the coarsest RSBS is future work.

This paper considers disturbances added to the state transi-
tions, but for some applications there is considerable measure-
ment noise that results in unobservable transitions. Future work
might investigate how such disturbances can be incorporated in
the abstraction.
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