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Crossed products action G ~ 8.T(A) is free and minimal, then we obtain
Group actions McDuffness with respect to invariant traces, and thus Z2-
stability of the corresponding crossed product, also in case

0eT(A) has infinite covering dimension.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

One of the highlights in the development of C*-algebra theory in the last couple of
decades has been the tremendous progress in the Elliott classification programme. There
is now a very satisfactory and nearly final classification theorem, which in this form is the
combination of the Kirchberg-Phillips classification of purely infinite C*-algebras [36],
Elliott-Gong-Lin-Niu’s classification of simple C*-algebras of finite nuclear dimension [g],
and the Tikuisis-White-Winter quasidiagonality theorem [52] (these results build upon a
large body of previous works; we refer to [56] for a complete bibliography on the topic).
We reproduce the classification theorem below:

Theorem. Let A and B be simple, separable, unital, nuclear, Z-stable C*-algebras sat-
isfying the Universal Coefficient Theorem (UCT). Then A = B if and only if Ell(A) =
Ell(B).

The Elliott invariant Ell(A) of a C*-algebra A consists of its K-theory and trace
space (together with the natural pairing between them). The theorem above is virtually
optimal: except for unitality and for the possibly redundant requirement on the UCT, all
other conditions on the C*-algebras are needed in order to obtain a classification result
in terms of the Elliott invariant. We will say that a C*-algebra is classifiable if it satisfies
the assumptions of the classification theorem above.

The present work is concerned with group actions on classifiable C*-algebras, and we
are interested in knowing when the classifiable class is closed under formation of reduced
crossed products by countable, discrete groups. Explicitly, let A be a classifiable C*-
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algebra, let G be a countable, discrete, amenable! group, and let a: G — Aut(A) be an
action. When is A x, G again classifiable?

Some of the conditions listed in the classification theorem are automatically satisfied
by Ax,G; this is the case for unitality, separability, and nuclearity. Simplicity is preserved
whenever a4 is outer for all g € G \ {e}, as proved by Kishimoto in [27]. Preservation
of the UCT is somewhat more subtle: it is automatic if G is torsion free, but already
for finite groups, preservation of the UCT is equivalent to the UCT problem [5]. In
particular, we have a good understanding of the preservation of all properties except for
Z-stability, which is the main focus of the present work.

Question A. Let A be a simple, separable, unital, nuclear, Z-stable C*-algebra, let G
be a countable, discrete, amenable group, and let a: G — Aut(A) be an outer action.
When is A x, G again Z-stable?

It is expected that the answer to the question above should be “always”, and partial
results in this direction have been obtained by a number of authors; see [20,46,30,31,42,
47,21,22,48,9,14,13,58,3]. The situation outside of the discrete setting is less clear, and in
fact Hirshberg recently constructed an example of a circle action on a simple, separable,
unital, nuclear, stably finite, Z-stable C*-algebra whose crossed product is simple but
not Z-stable; see [19].

Closely related to this topic is [47, Conjecture A], where it has been conjectured that
an action as in Question A ought to automatically tensorially absorb the identity on Z
up to cocycle equivalence; this property is often referred to as equivariant Z-stability for
«. It is immediate to check that the crossed product of an equivariantly Z-stable action
is Z-stable. As a consequence, confirming such conjecture would imply that Z-stability
is automatically preserved for crossed products as in Question A. Indeed, in most cases
where crossed products have been shown to be Z-stable, this was obtained by directly
proving equivariant Z-stability of the action.

More precisely, equivariant Z-stability has been verified in full generality for actions
as in Question A in case the C*-algebra A is purely infinite [46]. In the stably finite
case, Matui and Sato’s seminal work [30,31] started a rich literature of partial results
(see [42,47,13,58]) all relying on the additional assumptions that the extreme boundary
0.T(A) of the tracial states space T'(A) is compact and finite-dimensional. It seems that
the technology currently available is not sufficient to push these results any further, and
we have been so far unable to establish equivariant Z-stability whenever 9.7 (A) fails to
be finite-dimensional and compact.

We overcome this obstacle by introducing the notion of McDuff property with respect to
invariant traces (Definition 4.1), a technical condition for actions on C*-algebras which

L This question is also interesting for nonamenable groups, although a completely different set of tech-
niques seems to be needed to analyze it in that setting; see [11] for some recent results in this direction.
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allows us to obtain Z-stability of A x, G in situations where equivariant Z-stability is
far from being established.

Our definition originates from the uniform McDuff property (Definition 5.1). This no-
tion was formally introduced in [7, Definition 4.2], but it implicitly appeared in numerous
earlier papers where Z-stability was derived from strict comparison in the framework of
the Toms—Winter Conjecture, starting with Matui and Sato’s work [29] (see also [54,26]).
Broadly speaking, a unital C*-algebra A has the uniform McDuff property if, for any
d € N, there exist completely positive order zero maps ¢: My — A with approximately
central range and such that the remainder 1 — ¢(1) is arbitrarily small with respect to
all traces of A. An equivariant version of this definition, requiring in addition that the
ranges of these maps are approximately invariant, has proven to be an invaluable tool
in showing equivariant Z-stability, and its (sometimes implicit) presence can be traced
in most works related to the topic [30,31,42,13,58]. As we mentioned, the main issue
with this equivariant analogue of uniform McDuffness is that, with the theory that we
currently have at our disposal, we can only verify it for actions on C*-algebras whose
trace space is a Bauer simplex with finite-dimensional boundary.

Given a C*-algebra A with T'(A) # 0, and an action a: G — Aut(A), the definition
of McDuff property with respect to invariant traces requires the existence of completely
positive order zero maps ¢: My — A with approximately central and approximately
invariant range, similarly to the aforementioned equivariant McDuffness. However, it
differs from the latter in that it only prescribes for 1 — (1) to be small with respect to
invariant traces, rather than all of them. This distinction is not a minor one, as it makes
McDuffness with respect to invariant traces easier to check (see Section 6, Corollary E
and Corollary F), but at the same time it produces a tool specifically suited to verify
Z-stability of A x, G, rather than equivariant Z-stability of «, as clear from our first
main result.

Theorem B (Corollary 4.6). Let G be a countable, discrete, amenable group, let A be
a simple, separable, stably finite, unital, nuclear, Z-stable C*-algebra, and let a: G —
Aut(A) be an outer action such that (A,a) has the McDuff property with respect to
invariant traces. Then Ax,G is a simple, separable, unital, nuclear, Z-stable C*-algebra.

Our strategy is to show that A x, G is tracially Z-stable (see Definition 4.3), and
then take advantage of nuclearity to conclude Z-stability [20, Theorem 4.1]. Tracial Z-
stability requires the existence of completely positive order zero maps ¢: My — A with
approximately central range and such that the value 1 — ¢(1) is suitably small in the
sense of Cuntz subequivalence. If A x,, G is a crossed product as in the statement of
Theorem B, then every trace on it restricts to some element in T'(A)%, the set of a-
invariant traces on A. Thanks to this observation, it is possible to check that if (4, @)
has the McDuff property with respect to invariant traces, then A X, G is uniformly
McDuff (with maps whose image are contained in A). This does not quite imply tracial
Z-stability of A x,, G, as it only gives almost central order zero maps My — A X, G
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with tracially large range, rather than large in the sense of Cuntz subequivalence (i.e. as
in item 2 of Definition 4.3).

In order to fill this gap, a comparison argument is needed. This led us to the notion
of weak dynamical comparison (Definition 3.8), a key property inspired by the upcoming
work [6], which allows to compare (in the Cuntz sense) elements from A inside of Ax,G*
only by knowing that they compare on invariant traces. The fact that weak dynamical
comparison holds in great generality is our other main result, and we believe it will see
other applications in the future:

Theorem C (Corollary 3.11). Let G be a countable, discrete, amenable group and let A
be a simple, separable, unital, exact, Z-stable C*-algebra. Then every action of G on A
has weak dynamical comparison. In particular, this implies that if a,b € (A ® K)4 with
b # 0 satisfy

max dr(a) < min d.(b),
TET(A)™ TET(A)™

then a b in A X, G.

We complement these results by establishing McDuffness with respect to invariant
traces in cases of interest not covered in the previous literature in [13,58]. To this end, we
introduce the weak Rokhlin property with respect to invariant traces, which is a weakening
of the weak Rokhlin property considered in [4,20,12,13] in that the left-over of the towers
is only assumed to be small with respect to all invariant traces, and not with respect to all
traces (or in the sense of Cuntz comparison). We show in Theorem 5.5 that a dynamical
system (A, «) verifying such Rokhlin-type condition satisfies the McDuff property with
respect to invariant traces, provided that A is uniformly McDuff. This is done via an
averaging argument over the elements of the towers. By Theorem B, it follows that the
corresponding crossed product is Z-stable.

In Section 6 we present some concrete instances where the weak Rokhlin property with
respect to invariant traces is realized. We do so by taking advantage of some notions and
ideas coming from a line of research that has run parallel to the progress made in the
setting of the Elliott programme, and has focused on the study of crossed products
arising from topological dynamical systems. Partly motivated by the problem of finding
when such crossed products satisfy the assumptions of the classification theorem, this
theory has recently seen some impressive breakthroughs, obtaining positive results even
for actions on topological spaces with infinite covering dimension [23,25,24,32,10,33].

Thanks to Ozawa’s groundbreaking work in [35], if (A4, «) is a dynamical system as in
Question A such that T(A) is a non-empty Bauer simplex, then the induced action on
0.T(A) can be described, up to some error, using approximately central elements in A.

2 Of course it would suffice to compare them in A, but if we could do this, we would be able to prove
equivariant Z-stability of a and not just Z-stability of A x, G.
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This fact permits to apply some of the techniques and results developed for dynamical
systems in the aforementioned papers, to actions on simple C*-algebras. In particular,
we show that if the induced action on 9.T(A) has the so-called uniform Rokhlin Property
(Definition 6.2; see also [34, Definition 3.1]), then (A, ) has the weak Rokhlin property
with respect to invariant traces, and therefore the resulting crossed product is Z-stable.

Corollary D (Corollary 6.6). Let G be a countable, discrete, amenable group, let A be a
simple, separable, unital, nuclear, Z-stable C*-algebra, such that T(A) is a non-empty
Bauer simplex, and let a: G — Aut(A) be an action such that G ~ 9. T(A) has the
uniform Rokhlin property. Then A x, G is a simple, separable, unital, nuclear, Z-stable
C*-algebra. If moreover A x4 G satisfies the UCT, then it is a classifiable C*-algebra.

The uniform Rokhlin property follows from the small boundary property [25, Defini-
tion 5.1], which automatically holds for all free actions of amenable groups on compact,
metrizable, finite-dimensional spaces [45, Theorem 3.8]. This fact, combined with Corol-
lary D, leads to the following corollary.

Corollary E. Let G be a countable, discrete, amenable group, let A be a simple, separable,
unital, nuclear, Z-stable C*-algebra, such that T(A) is a non-empty Bauer simplex and
dim(9.T'(A)) < oo. Let a: G — Aut(A) be an action such that G ~ 0.T(A) is free.
Then A x4 G is a simple, separable, unital, nuclear, Z-stable C*-algebra.

Note that Corollary E yields a weaker conclusion of [58, Theorem B], as it does not
grant equivariant Z-stability of the action. However, [58, Theorem B] is restricted to
groups with polynomial growth, while we cover all amenable groups.

The uniform Rokhlin property is conjectured to hold for all free, minimal actions
of amenable groups, and is verified in [33, Theorem 4.2] (see also [28,16]) for all free,
minimal Z%actions on compact Hausdorff spaces X, regardless of the dimension of X.
As the UCT is preserved through crossed products of Z%-actions [40], Corollary D yields
the following corollary.

Corollary F. Let A be a simple, separable, unital, nuclear, Z-stable C*-algebra such that
T(A) is a non-empty Bauer simplex, and let a: Z¢ — Aut(A) be an action such that the
induced action Z¢ ~ 8, T(A) is free and minimal. Then A x Z% is a simple, separable,
unital, nuclear, Z-stable C*-algebra. Moreover, if A is classifiable, then so is A x4 Z°.

Note that Corollary F holds also if one assumes, instead of minimality, that the induced
action Z¢ ~ 0,T(A) has the marker property, as defined in [16, Definition 1.2]. Indeed,
the marker property implies the uniform Rokhlin property for free Z%-actions (this was
observed by Niu for minimal systems [34, Remark 1.1], and his observation works just as
well in the non-minimal setting, by following the arguments in [33,16]). For an example
of a free, non-minimal Z-action on a compact space without the marker property, we
refer the reader to [53].
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Section 6 is closed with a further class of examples to which our methods apply. More
precisely, it is not hard to check that all dynamical systems as in Question A such that
the set of invariant traces is a finite-dimensional simplex, verify the McDuff property with
respect to invariant traces. As a consequence, Theorem B entails the following corollary.

Corollary G (Corollary 6.7). Let G be a countable, discrete, amenable group, let A be
a simple, separable, unital, nuclear Z-stable C*-algebra, and let a: G — Aut(A) be an
outer action such that the set of invariant traces is a finite-dimensional simplex. Then
A xq G is a simple, separable, unital, nuclear, Z-stable C*-algebra.

The paper is structured as follows. In Section 2 we cover some preliminary notions
and results needed in later sections. In Section 3 we introduce the definition of dynami-
cal subequivalence (Definition 3.5), weak dynamical comparison (Definition 3.8) and we
prove Theorem C. In Section 4 we define the McDuff property with respect to invariant
traces (Definition 4.1) and we prove Theorem B. In Section 5 we present the definition
of weak Rokhlin property with respect to invariant traces for actions on C*-algebras
(Definition 5.2), and we show that it implies McDuffness with respect to invariant traces
of the action, if the starting C*-algebra is uniformly McDuff (Theorem 5.5). Finally,
Section 6 is devoted to the proof of Corollaries D and G.

After uploading the preprint to the arxiv, we learned that Li, Niu and Wang have
independently obtained results similar to some of ours in an ongoing project.

Acknowledgments: The authors would like to thank Stuart White for helpful conversa-
tions, and to the referee for their careful reading and helpful comments. Most of this
work was done while the first three named authors were visiting the fourth one. We
thank the Institut de Mathématiques de Jussieu-Paris Rive Gauche for the hospitality.

2. Preliminaries
2.1. Functional calculus for order zero maps

We briefly cover some basics on completely positive order zero maps, and we refer the
reader to [57] for more details.

Definition 2.1. Let A and B be C*-algebras, and let ¢: A — B be a completely positive
map. We say that ¢ has order zero if for every a,b € A with ab = 0, we have p(a)p(b) = 0.

By [57, Theorem 2.3 and Corollary 3.1}, there is a natural one-to-one correspondence
between completely positive contractive order zero maps A — B and homomorphisms
Cy((0,1]) ® A — B. Under this correspondence, a completely positive contractive order
zero map ¢: A — B induces the homomorphism p,: Cy((0,1]) ® A — B determined by
py(ido1] ® a) = ¢(a) for all a € A. Conversely, if p: Cy((0,1]) ® A — B is a homomor-
phism, then the induced completely positive contractive order zero map ¢,: A — B is
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given by ¢,(a) = p(id(p,11®a) for all a € A. This assignment allows to consider functional
calculus for completely positive maps of order zero.

Proposition 2.2 ([57, Corollary 3.2]). Let A and B be C*-algebras, let p: A — B be a
completely positive contractive order zero map, let py: Co((0,1]) @ A — B be the associ-
ated homomorphism as above, and let f € Cy((0,1])+. Then the function f(p): A — B
defined as f(p)(a) = p,(f @ a) for all a € A, is a completely positive contractive order
zero map.

We will need the following observation.

Lemma 2.3. Let A, B and C be C*-algebras, let ¢: A — B be a completely positive
contractive order zero map, let ¢: B — C be a homomorphism, and let f € Cy((0,1]) be
a positive contraction. Then qo f(¢) = f(go ).

Proof. Adopt the notation from the discussion above. One readily checks that ¢ o p, =
Pqoys by verifying the equality on elements of id(g,;) ® A, which generate Cy((0,1]) ® A.
Using this at the second step, for a € A we conclude that

(go f(#)(a) = qlpe(f ® a)) = pgop(f @ a) = fgo¥)(a). O
2.2. Norm and tracial ultrapowers

Given a C*-algebra A, we write £°(A) for the C*-algebra of all bounded sequences
in A with the supremum norm and pointwise operations.

Definition 2.4. Let A be a C*-algebra and U be a free ultrafilter on N. We write ¢4 for
the ideal of £*°(A) given by

cu(A) = {(an)nen € £°(A): llan|| = 0}

lim
n—U
The norm ultrapower of A is defined to be the quotient Ay = £°(A)/cy (A).

Note that A embeds canonically into ¢>°(A) and into Ay via constant sequences. We
write Ay N A’ for the relative commutant of A in Ay; this algebra is usually called the
central sequence algebra of A.

Given a C*-algebra A, we let T'(A) be the set of its tracial states. Thorough this paper,
we shall refer to tracial states simply as traces. For a trace 7 on a unital C*-algebra A,
the associated trace seminorm on A is given by [lal|2., = 7(a*a)'/? for all @ € A. For a
non-empty closed subset T C T'(A), we set || - |l2,7 = sup,cr | - 2,7

Definition 2.5. Let A be a C*-algebra, fix a free ultrafilter ¢ on N and a closed non-empty
subset T C T'(A). We write Jr for the ideal of Ay, given by
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Jr = {(an)nen € Au: 7}1_{1114 lan 2,0 = 0}.

The uniform tracial ultrapower of A is defined to be the quotient AY = Au/JIrcay. We
denote by r: Ay — AY the canonical quotient map.

If A is a unital C*-algebra and 7' C T'(A) is a closed non-empty subset, then || - ||2,7
is a seminorm. If T" contains a faithful trace, or more generally if T separates positive
elements, then || - ||2. 7 is a norm on A. This is always true for instance when A is simple
with non-empty trace space. Thorough this paper we will often consider the case of a
discrete, amenable group acting on a C*-algebra A, and T' = T'(A)“, that is, the set of all
invariant traces. Note that the latter is then non-empty by Day’s Fixed Point Theorem
([41, Theorem 1.3.1]).

Regardless of the context, we will always consider situations where || - ||o () and
| - [l2,7(a)» are norms on A, even when we do not explicitly say so. In this case the
canonical embedding A < A;; induces an injective map A — AY. We write AY N A’ for
the relative commutant of the image of A inside AY.

Given any 7 € T(A), we can naturally extend it to a trace on Ay (and AY) by setting

T((an)nen) = thT(an% for every (an)nen € Ay (or in Au).
n—r

Keeping this in mind, with a slight abuse of notation we denote such extension again by
7, and throughout the paper we will identify T'(A) with a subset of T'(Ay) and T'(AY).
If o: G — Aut(A) is an action of a discrete group G on a C*-algebra A, then «
naturally acts coordinatewise on Ay and AY. We denote such actions by az; and oY
respectively. Moreover, the quotient map « is equivariant with respect to these actions.
In the absence of group actions, the following proposition is [26, Proposition 4.5 and
Proposition 4.6]. The last claim is proved in [13, Lemma 7.5].

Proposition 2.6. Let A be a simple, separable, unital C*-algebra, let G be a countable,
discrete group, and let a: G — Aut(A) be an action. Then the quotient map r: Ay — AY
restricts to a surjective equivariant map

k: (Aun A ay) = (AYNA,oY).

al/{

Moreover, K restricts to a quotient map (Ay N A)™ — (AU N A')
3. Dynamical comparison for actions of amenable groups

The main goals of this section are introducing the notion of weak dynamical compari-
son (Definition 3.8) and proving Theorem 3.10, of which Theorem C in the introduction
is a direct consequence. Before doing so, we recall some elementary notions from the
order theory of C*-algebras, in particular the Cuntz semigroup.
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Definition 3.1. Let A be a C*-algebra. Let a,b € A,.

(1) We say that a is Cuntz subequivalent to b (in A) and write a 3 b, if there exists a
sequence (1, )neN in A such that lim,, . ||r,br: — a]| = 0.
(2) We say that a is Cuntz equivalent to b and write a ~ b, if a X b and b 3 a.

The Cuntz semigroup of A is defined as
Cu(A) = (A®K)+/ ~ .

The class of an element a € (A® K)4 in Cu(A4) will be denoted by [a]. The set Cu(A)
is an ordered abelian semigroup (in fact, a monoid) with respect to addition induced by
direct sums and order induced by the Cuntz subequivalence.

For 6 > 0 and a self-adjoint element a € A, we let (a — 0)4 denote the function
[0,00) = R given by x — max{xz — §,0} applied on a using functional calculus.

For n € N, let f,,: [0,00) — [0,1] be the continuous function which vanishes on [0, 1],
is equal to 1 on [%, 00), and is linear on [%, %]
Definition 3.2. Let A be a unital C*-algebra and let QT(A) be the set of normalized
2-quasitraces on A (see [49, Definition 6.7] for a definition in the unbounded case). Fix
7€ QT(A), and let a € (A ® K)4. The quasitrace 7 uniquely extends to an unbounded
quasitrace on A ® K, which we still denote 7. We set d,(a) = lim,,—, o 7(fn(a)) € [0, 00].
Equivalently, we have

d,(a) =sup lim 7((a — E)i_/n).

>0 n—oo

Given a € (A ® K)4, the rank function of a, denoted rk(a): QT (A) — [0, 00], is the
map defined as

for all T € QT(A), which are identified with the corresponding extensions on A ® K.

The rank function rk(a) is a lower semicontinuous function on QT (A). If moreover A
is simple and a # 0, then rk(a) is strictly positive.

It is easy to see that a 3 b implies rk(a) < rk(b). In particular, @ ~ b implies
rk(a) = rk(b). It follows that the rank function is well-defined on the Cuntz semigroup.

Definition 3.3. Let A be a unital C*-algebra. We say that A has strict comparison if
whenever a,b € (A ® K)4 with b # 0 satisfy rk(a) < rk(b), then a X b.
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In this paper we will exclusively be interested in unital C*-algebras for which all
quasitraces are traces (this is the case for instance for exact C*-algebras [17]). We will
therefore systematically consider the rank functions as maps defined on T'(A), and read
strict comparison as a property about comparison on traces.

Given a partially ordered set (S,<) and s,t € S, it is said that s is (sequentially)
compactly contained in t, in symbols s < ¢, if for all increasing sequences (t,)nen such
that sup,,cn tn exists and ¢t < sup,,cy tn, we have that s <t,, for some n € N.

Lemma 3.4. Let A be a simple, separable, unital C*-algebra such that QT(A) = T(A),
letae (A®K)L\{0}, lete >0 and let v € (0,1). Then there exists a continuous affine
function f: T(A) — [0,00] such that

(1-7) 1k((a—e)4) < f < rk(a).

Proof. By [15, Remark 4.2], we have [(a — €)4] < [a] in Cu(A). By [37, Lemma 2.2.5],
it follows that

(1=7/2) 1k ((a—£)4) < (1 - 7/4) - rk(a). (3.1)

Since A is simple and a # 0, we have that rk(a): T(A) — [0, 00] is a strictly positive
function. Moreover, it is well-known that rk(a): T(A) — [0,00], as a lower semicon-
tinuous affine function, is a pointwise limit of an increasing net of continuous affine
functions (see [1, Corollary 1.1.4]). As T(A) is a compact and metrizable space, we
can find an increasing sequence (fy,),en of strictly positive continuous affine functions
fn: T(A) = [0,00] such that sup, cn fn(7) = (1 —v/4) - 1k(a)(7) for all 7 € T'(A) (see
[51, Lemma 4.2]).

By (3.1), there exists n € N such that

(1= 7/2) -tk (@ = £)+) < fu < (1 —7/4) - 1k(a) < rk(a).

Set f = f,. Simplicity of A implies that rk ((a —¢)) is either strictly positive or
constantly zero. The latter happens exactly when (a —¢), = 0, and then we are done
since f, was chosen to be strictly positive. On the other hand, if (a — 5)+ # 0, we have

(I—=7)-tk((a—¢e)4) <(1—=7/2) tk((a—¢)4) < f <rk(a),
as desired. O

We turn to the definition of noncommutative dynamical subequivalence, an analogue
of dynamical subequivalence (see [23, Definition 3.1]) originating from an upcoming work
by Bosa, Perera, Wu and Zacharias [6].

Definition 3.5. Let a: G — Aut(A) be an action of a countable, discrete group G on a
C*-algebra A. Let a,b € A,.
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(1) We say that a is elementarily dynamically subequivalent to b, and write a Zg b, if for
any € > 0 there are 6 > 0, n € N, elements g1,...,9, € G,and z1,...,2, € (AQK);
such that

(@ —e)y T Bjoag,(z;) and  @f 25 3 (b—0)4.

(2) We say that a is dynamically subequivalent to b and write a 3, b, if there exist
m € N and elements y1,...,ym € (A ® K); with

a=y ZJ0Y2 30 30 Ym = .

We currently do not know whether the relation = is transitive, hence the need for
item (2) in the definition of 3,. The following easy observations are isolated for later
use.

Remark 3.6. Let a,b € A;. Suppose that there are n € N, elements ¢1,...,9, € G, and
Z1,...,%Tn € (A®K)4 such that

a3 @] jay(z;) and  @F_;x; 3.

~

It then follows from a double application of [38, Proposition 2.4] that a 3¢ b.

Remark 3.7. Let a: G — Aut(A) be an action of a countable, discrete group G on a
C*-algebra A, and let a,b € A,. It is easy to see that if a X, bthen a 2 bin A %, G,
using the fact that « is unitarily implemented inside A %, G.

Using the notion of dynamical subequivalence, and inspired by the concept of strict
comparison, Bosa, Perera, Wu and Zacharias defined dynamical strict comparison for a
dynamical system; see [6]. In the present work, we will need the following weakening of
this notion, which is motivated by [32, Definition 2.1]. For our convenience, we state it
in terms of traces (instead of quasitraces).

Definition 3.8. Let A be a unital C*-algebra, let G be a discrete group, and let a: G —
Aut(A) be an action. We say that o has weak dynamical comparison if whenever a,b €
(A® K)4 with b # 0 satisty

sup dr(a) < inf d.(b),
TET(B)"‘ ( ) TET(A) ( )

then a 34 b.

Definition 3.9. Let A be a simple, unital C*-algebra. We say that all ranks are realized if
for every lower-semicontinuous, affine function QT'(A4) — (0, oo] there exists a € (ARK) 4
such that rk(a) = f.
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We point out that it is conjectured that all ranks are realized for any nonelementary,
simple, separable, stably finite, unital C*-algebra. (And there is evidence that this may
also hold outside of the simple case; see [2].) Examples of simple C*-algebras where all
ranks are realized include those C*-algebras of stable rank one, by [50, Theorem 8.11].
In particular, this holds for simple, stably finite, unital, Z-stable C*-algebras by [39,
Theorem 6.7].

Theorem 3.10. Let G be a countable, discrete, amenable group and let A be a simple,
separable, unital C*-algebra with strict comparison, such that QT (A) = T(A) and such
that all ranks are realized. Then every action of G on A has weak dynamical comparison.

Proof. Let ao: G — Aut(A) be an action. Let a,b € (A ® K)4 with b # 0 and such that

sup dr(a) < inf d,(b).
TET(g)a ( ) TET(A) ( )

Find constants ¢, co and c satisfying

sup dr(a) < <ec<cy< inf d.(b). (3.2)
TET(A)e TET(A)™

Since all ranks are realized, there exists y € (A ® K)4 such that rk(y) = c. It is sufficient
to show that a g y and y =g b.

We first show that a 3o y. Let € > 0 be given. By Lemma 3.4, there exists a continuous
affine function fo: T(A) — [0, 0c] such that

% k(0= 2)2) < fo < k(@)

Set f =< fo. Then

C1

k((a—e)y) < f (3-3)
and
Tenle(zX)a f(r) <e (3.4)

Let (F,)nen be a Folner sequence in G. We claim that for some n € N we have
ma f( ! Z ) <c (3.5)
X fl—= T . .
TeT(A) " \|Fy| g
9€Fn

Indeed, suppose that for each n € N there exists a trace 7, for which the above inequality
fails. By compactness of T'(A), the sequence (ﬁ dger, 9° Tn)nGN has a subsequence
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converging to some 79 € T(A). This trace 7y is easily seen to be invariant. Since f is
continuous, it follows that f(79) > ¢, which contradicts (3.4).

Note that 7 — ng I dger, 9 7') is a continuous function and (rk((y — 6)+))5>0 is
an increasing net of lower semicontinuous functions converging pointwise to ¢ as 6 — 0.
Thus, by the Dini-Cartan lemma (see [18, Lemma 2.2.9]), there exists § > 0 such that

<|F | Z g- T) <tk ((y— ), ) (1), forall T € T(A). (3.6)

geEF,

Since f is a strictly positive continuous, affine function, the same is true for i F1 | f-
Since all ranks are realized, there is z € (A ® K) such that rk(z) = II‘}_If Then

()
tk ((a—e),) < f= Z|F|

geFy,

= Z rk(z)

gEF,
= rk( DyeF, x)

Moreover,

rk( Bgcr, agfl(:zr)) = Z rk (ag-1(2))

Since A has strict comparison, the computations above yield that
(a - 5)+ 2 DgeF, T and Dger, O‘gfl(x) ! (y - 6)+~ (3'7)

This completes the proof that a Zg y.
We now turn to the proof of y 3¢ b, which is similar. By (3.2), we have

in  1k(b)(r).
2 < lmin (0)(7)

Again by the Dini-Cartan lemma, there is n > 0 such that

co < Terjg(ig)a rk ((b—n),) (7). (3.8)

By Lemma 3.4, there exists a continuous affine function ho: T'(A) — [0, o] such that
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é -tk ((b—1),) < ho < Tk(b). (3.9)

Set h = < - hg, and note that rk ((b— 7)) < h. Combining this with (3.8), we get

in h(7).
@< )

Using compactness of T'(A) and continuity of h, analogously to what we did before for
fin (3.5), find n € N such that

1
< mi h(— : ) 3.10
¢ < i h( g; g7 (3.10)

Since all ranks are realized, there exists z € (A ® K)4 such that rk(z) Fl,n‘ho. We
compute

C

K(y) = < .
rk(y) o C2
(3.10) ¢ 1,
N Lty
2 Z |Fn|g
geF,
1 _
= Z | |9 "o
geFy, n

Moreover,

:hO

3.9
(<) rk(b).

These computations, together with strict comparison of A, yield that
Y3 Bger,ag-1(2) and  Pgep, 2 3.
We deduce that y =g b by Remark 3.6, as desired. This finishes the proof. O

Theorem C, stated here as a corollary, is a particular case of Theorem 3.10.
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Corollary 3.11. Let G be a countable, discrete, amenable group and let A be a simple,
separable, unital, evact, Z-stable C*-algebra with T(A) # 0. Then every action of G on
A has weak dynamical comparison.

Proof. Note that simple, unital, exact, Z-stable C*-algebras verify QT (A) = T(A) and
have strict comparison by [17] and [39, Theorem 4.5]. Moreover, all ranks on them are
realized by the combination of [50, Theorem 8.11] and [39, Theorem 6.7]. Thus the result
follows from Theorem 3.10. O

4. McDuffness with respect to invariant traces and Z-stability

We start this section by introducing the McDuff property with respect to invariant
traces for actions of discrete groups on separable, unital C*-algebras. This is the main
new definition of the present paper. The rest of the section is devoted to the proof of
Theorem 4.5, of which Theorem B is a corollary.

Definition 4.1. Let A be a separable, unital C*-algebra, let G be a discrete group, and
let @: G — Aut(A) be an action with T(A)* # (. We say that (A, «) has the Mec-
Duff property with respect to invariant traces if for every d € N there exists a unital
homomorphism Mg — (Ay N A")* [ Jpa)e.

In Theorem 4.5 below, we will show that, under mild assumptions, a dynamical sys-
tem (A, «) satisfying the McDuff property with respect to invariant traces, produces a
Z-stable crossed product. In order to motivate the argument, assume we are given a
completely positive contractive order zero map

w: Mg — (Ay N A/)au with 1—¢(1) € JT(A)a

coming from McDuffness with respect to invariant traces. Lifting along the canonical
quotient maps £>°(A) — Ay — AY and using projectivity of the cone of M, we get a
sequence (¢n)nen of order zero maps ¢, : My — A which, among other things, satisfy
limy, 00 |1 =0 (1)
In order to conclude that the crossed product is Z-stable, we resort to the notion of

|2,7(4)« = 0. In other words, 1 —¢,,(1) is small in all invariant traces.

tracial Z-stability introduced in [20] (see Definition 4.3). Because of this, what we need
to show is that 1 — ¢, (1) is small in the sense of Cuntz subequivalence. To do so, we
need to prove that 1 — ¢, (1) is small in all dimension functions associated with invariant
traces, and then apply weak dynamical comparison (Theorem 3.10). In the following
proposition, we use functional calculus for order zero maps to show that the lifts can be
chosen to have this property.

Proposition 4.2. Let a: G — Aut(A) be an action of a countable, discrete, amenable
group G on a separable, unital C*-algebra A with non-empty trace space such that (A, «)
has the McDuff property with respect to invariant traces. Let d € N, let F C A and



E. Gardella et al. / Advances in Mathematics 438 (2024) 109471 17

K C G be finite subsets, and let € > 0. Then there exists a completely positive contractive
order zero map p: Mg — A satisfying

(1) |lp(z)a — ap(x)| < ellz|| for all x € My and all a € F,
(2) |lax(p(z)) — p(z)|| < ellz|| for all z € My and all k € K,
(3) d-(1=p(1)) <e forallT € T(A)“.

Proof. Use McDuffness with respect to invariant traces of (A, ) in order to choose a

completely positive contractive order zero map
w: Mg — (Ay N A/)au with 1—¢(1) € JT(A)Q.

By [55, Proposition 1.2.4], there exists a completely positive contractive order zero map
Y = (Un)nen: Mg — €°(A) making the following diagram commute

=(A)

///j>/’ lq

—_—
M, - Ay.

Let f € Cp ((0,1]) be given by

F) = {Qt, if t € (0,1/2],

1, ifte[1/2,1].
By Lemma 2.3, the following diagram commutes:

=(4)

My

Moreover, f(1) = (f(¥n))nen and f(¥n)(1) = f(¥n(1)), for every n € N.
Since the range of f() is contained in (Ay N A")*% and 1 — (1) € Jpca)e, there
exists n € N such that

(1) If@Wn)(z)a —af () (z)|| < el|lz|| for all z € My and all a € F,
(ii) ||og(f(¥n)(@)) — f(n)(z)]] < e|lz|| for all z € My and all k € K,

(i) 11~ (D)3 1 aye < /4

Set p = f(t¢). Then p satisfies conditions (1) and (2) in the statement, and it remains
to show that d, (1 — p(1)) < e for all 7 € T(A)*. Fix 7 € T(A)® and let p, be the Borel



18 E. Gardella et al. / Advances in Mathematics 438 (2024) 109471

probability measure on the spectrum o (¢, (1)) representing the trace

C* (1,9, (1))" Since
o(¢n(1)) C [0,1], we can regard u, as a probability measure on [0,1] supported on
(1 (1)). Then the following computation finishes the proof:

1
= pr({z € o(pn(1)): fz) #1}) = 4- M

1

2
1 2
1 (1-3) dur <4 [0-02dus
0

O\H O\mw

<4 [ 02dp =41 - D)3, < O

As anticipated, our proof of Z-stability for crossed products factors through
Hirshberg-Orovitz’ notion of tracial Z-stability, which we recall below.

Definition 4.3 (/20, Definition 2.1]). An infinite-dimensional, unital C*-algebra A is said
to be tracially Z-stable if for every d € N, every finite subset F' C A, every ¢ > 0
and every a € Ay \ {0}, there exists a completely positive contractive order zero map
@: My — A such that

1) 1-9(1) Za,
(2) |lled),d|l < €||b]| for all b € My and ¢ € F.

By [20, Proposition 2.2 and Theorem 4.1] a simple, separable, unital, nuclear C*-
algebra is Z-stable if and only if it is tracially Z-stable.

Let A be a unital C*-algebra. Recall that an automorphism o € Aut(A) is said to be
outer if there does not exist a unitary u € A with & = Ad(u). An action a.: G — Aut(A)
is called (pointwise) outer if «y is outer for every g € G \ {e}. We reproduce here the
following lemma from [20] for the convenience of the reader, since we will use it more
than once.

Lemma 4.4. [20, Lemma 5.1] Let A be a simple, separable, unital C*-algebra, let G be a
countable, discrete group, let a: G — Aut(A) be an outer action, and let b € A X, o G be
a positive non-zero element. Then there exists a positive element a € A\ {0} such that

azbin Ax,,G.

The following is the main result of this section.

Theorem 4.5. Let G be a countable, discrete, amenable group, let A be a simple, separable,
unital, C*-algebra with QT (A) = T(A) # 0, which has strict comparison and for which
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all ranks are realized. Let a: G — Aut(A) be an outer action such that (A, «) has the
McDuff property with respect to invariant traces. Then A X, G is tracially Z-stable. If
A is moreover nuclear, then A X, G is Z-stable.

Proof. The assumptions of the theorem, together with outerness of «, imply that Ax,G
is a simple, separable, unital C*-algebra (see [27, Theorem 3.1]), which is also nuclear
when A is nuclear. Thus, by [20, Theorem 4.1], it is sufficient to prove that A x, G is
tracially Z-stable.

Let d € N, let F' C A %, G be a finite subset, let ¢ > 0, and let b € (A x, G), \ {0}.
Without loss of generality, we may assume that there exist finite subsets Fy C A and
K C G such that F' = FyU{uk}rex. By Lemma 4.4, there exists a € Ay \ {0} such that
a3bin Ax,G.

Note that T(A)* # () because G is amenable. Set § = inf.cp(a)e d-(a). Since the
rank function rk(a): T(A) — [0, 00] is lower semicontinuous, it attains its minimum on
compact subsets. Simplicity of A therefore implies that § > 0. Set n = min{e, §/2}.

Apply Proposition 4.2 to find a completely positive contractive order zero map
p: My — A satisfying

(1) |lp(z)y — yp(x)|| < n||z|| for all x € My and all y € Fy,
(2) llax(p(z)) — p(2)|| < n||z| for all z € My and all k € K,
(3) dr(1 —p(1)) <nforall T € T(A)“.

It follows from (3) and Theorem 3.10 that 1 — p(1) Sa @, and hence 1 — p(1) 2 b in
A X4 G by Remark 3.7. Since properties (1) and (2) imply that

lo(z)e — cp(a)]| < ell]|

for all x € My and all ¢ € F, we conclude that Ax,G is tracially Z-stable, as desired. O

We isolate the following useful corollary.
Corollary 4.6. Let G be a countable, discrete, amenable group, let A be a simple, sepa-
rable, stably finite, unital, nuclear, Z-stable C*-algebra, and let a: G — Aut(A) be an
outer action such that (A, ) has the McDuff property with respect to invariant traces.
Then A x4 G is a simple, separable, unital, nuclear, Z-stable C*-algebra.

Note that the same corollary holds when A is purely infinite, using Lemma 4.4.

5. The weak Rokhlin property with respect to invariant traces

In this section we show that dynamical systems (A, «) such that A is uniformly McDuff
and such that « satisfies a suitable Rokhlin-type condition, have the McDuff property
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with respect to invariant traces. We begin by recalling the definition of uniform McDuff-
ness.

Definition 5.1 (/7, Definition 4.2]). Let A be a separable, unital C*-algebra with non-
empty trace space. We say that A is uniform McDuff if for every d € N there exists a
unital embedding My — AY N A’

We now introduce the notion of weak Rokhlin property with respect to invariant traces.
Before doing so, remember that for a countable, discrete group G, a finite subset K C G,
and € > 0, we say that a finite subset S C G is (K, ¢)-invariant if

‘ N k:S‘z(l—eHS\.

keKU{e}

Definition 5.2. Let a: G — Aut(A) be an action of a discrete, amenable group G on
a unital C*-algebra A. We say that « has the weak Rokhlin property with respect to
invariant traces if for every finite subset K C G and every € > 0, there exist (K, ¢)-
invariant finite subsets Sip,...,S5, C G and pairwise orthogonal positive contractions
g, € AU N A fori=1,...,m and g € S;, such that

(1) ozzl(ah,i) = agni, foralli=1,...,m, g € G and h € S; for which gh € S,
(2) T(1 =20 X yes, ag.i) <&, forall 7€ T(A)~.

The weak Rokhlin property with respect to invariant traces differs from the weak
(tracial) Rokhlin property from [13] or [20], in that the remainder is only assumed to be
small with respect to invariant traces, and not all traces. This is not a minor difference,
and actions with the weak Rokhlin property with respect to invariant traces are easier to
construct (see Proposition 6.5). The results in this section, and in particular Z-stability
of the crossed products (see Corollary 5.6), are new even for actions which have the
Rokhlin properties considered in [13] and [20].

Observe that actions with the weak Rokhlin property with respect to invariant traces
are outer.

Lemma 5.3. Let G be a discrete, amenable group, let A be a unital C*-algebra, and let
a: G — Aut(A) be an action with the weak Rokhlin property with respect to invariant
traces. Then a is outer.

Proof. Let k € G\ {e} and assume by contradiction that o, = Ad(u), for some unitary
u € A. Find ({k}, 1/2)-invariant finite subsets S1,..., Sy, C G and pairwise orthogonal
positive contractions ag,; € AU N A fori=1,...,m and g € S;, such that

(1) az’(ah,i) = agh, foralli=1,...,m, g € G and h € S; for which gh € S,

(2) T(1 =20 X hes, ag.i) <&, forall 7€ T(A)~.
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Note that condition (1) implies that if as; = 0 for some s € S; and i € {1,...,m}, then
ag; = 0, for all g € S;. Condition (2) therefore forces the existence of ¢ € {1,...,m}
for which ag; # 0, for every g € S;. By ({k},1/2)-invariance of S;, there exists s € S;
such that ks € S;. Since oy, = Ad(u) induces the trivial automorphism on AY N A’ and
as; € AY N A’, condition (1) implies that as; = aks ;. Pairwise orthogonality implies in
turn that as; = 0, contradicting the choice of 7. O

The following proposition is inspired by Kerr’s proof of [23, Theorem 9.4] and isolates
the most technical part of the averaging arguments needed in the main result of this
section, Theorem 5.5.

Proposition 5.4. Let G be a discrete, amenable group, let A be a unital C*-algebra,
let a: G — Aut(A) be an action with the weak Rokhlin property with respect to in-
variant traces, let € > 0 and let K C G be a finite subset. Then there exist finite
subsets Ty, ..., Ty, C G, and pairwise orthogonal positive contractions ag; € AU N A
fori=1,...,m and g € T;, satisfying the following conditions:

(1) [ (ags) — arg.ill <&, foralli=1,...,m, allk € K and all g € T; N k~1T;,
(2) llagill <e, foralli=1,...,m, and g € T; such that Kg € T;,

(3) Hl — Y Yger, Qg L. <& for all T € T(A)“.

Proof. We may assume that ¢ < 1. Choose n € N with n > 1/e. Without loss of
generality, we assume that K is symmetric and contains the identity of G. Let 0 < § <
1 — (1 —¢2)'/2, By definition, any (K", §)-invariant non-empty finite set S C G satisfies

N gS‘ > (1—e)2s).

geEK™

Use the weak Rokhlin property with respect to invariant traces to find (K™,0)-
invariant finite subsets S7,...,S5., € G and pairwise orthogonal positive contractions
ay; € AYN A fori=1,...,mand g € S/, such that

a) a4(a) Y=a', . foralli=1,...,m, g € G, and h € S’ for which gh € S!.
g h,i gh,i i i
(b) T(1 T e a'm) <5, for all T € T(A)°.

Upon translating the sets S1,...,S),, we may without loss of generality assume that
they all contain the identity e of G.

For every i = 1,...,m, we set TSZ) = ﬂgeKn gSi. For j =0,...,n— 1, we inductively
define

T, = KIS0\ KITSY.
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By our choice of § > 0, we have
T3] > (1—e)/?]5]). (5.1)
Moreover, given ¢ = 1,...,m and k € K, we have
k1) 1P Uty and KT C TV LT LT, = KT\ KITTEY, (5.2)

for j = 1,...,n—1. This is the case since for every g € Tj(i) we have that kg € KjJrlTO(i)7
while if we had kg € Kj’QTéi) then g would belong to Kj’lTéi), as K is symmetric,
contradicting the membership of ¢ in Tj(i).

Fori=1,...,m,set S; = []7_, Tj(i). Then S; = K”Téi), and thus S; C S.. Moreover,
we set T; = |_|§L:_O1 Tj(i)7 and note that KT; C S; by (5.2). For j = 0,...,n — 1 and

ge T, define

J
Qg = (]. — E)a;’i € AM n Al,
and note that these are pairwise orthogonal positive contractions. We claim that these
elements satisfy the conditions in the statement.

To verify (1),leti =1,...,m, let k € K, and let g € T;Nk~T;. Suppose that g € Tj(l)
for some j =0,...,n— 1. By (5.2), we have

TV U, if j =0,
kge STV uT UTY, ifj=1,...,n-2,

T o if j=n—1

Thus, using condition (a) in the definition of weak Rokhlin property with respect to
invariant traces, and the fact that g, kg € Si, we get

1
Ha%(ag,i) - akg,i“ < o <&, (5.3)

as desired. To check item (2),let i = 1,...,m, let g € T; and choose k € K with kg ¢ T;.
Then kg € S;\T; = 7Y, and by (5.2) we deduce that g € Tfli_)l. Thus, |lag|| < L <e
by construction.

Finally, to check (3), let 7 € T(A)* Set a = >0, 3" cp agi and o =
Py desg al, ;. Denote 7; = 7(al;), and note that 7(a} ;) = 7(c¥(al,;)) = 7, for

i=1,...,mand g € S, using condition (a) and the fact that e € S}. We have

@) = Y3 (=D



E. Gardella et al. / Advances in Mathematics 438 (2024) 109471 23

V

> Y m

N
—

s
S

(5.1)
>y (1= 8)n

N
—

= (1-e)'r(d).
Therefore,

I1—al}, =7(1-a)?) <r(l—a) <1—(1-e)"r(d)

L a2 2
<1—(1-e%)"%(1-96) <e’,

as desired. 0O

In the next result, we use the weak Rokhlin property with respect to invariant traces
to suitably average order zero maps My — Ay N A’ coming from uniform McDuffness of
A, in order to conclude McDuffness with respect to invariant traces of the action. This
averaging process causes some loss of information in terms of tracial smallness: if the
original order zero map 1 satisfies 1 —4(1) € Jp(a), then the averaged order zero map ¢
will only satisfy 1 — (1) € Jp(aye. By Theorem 4.5, this is often good enough to obtain
Z-stability of the crossed product.

Theorem 5.5. Let G be a countable, discrete, amenable group, let A be a separable, unital
C*-algebra, and let o: G — Aut(A) be an action with the weak Rokhlin property with
respect to invariant traces. Suppose that T(A) # 0, and that A is uniform McDuff. Then
(A, «) has the McDuff property with respect to invariant traces.

Proof. Let d € N, let ¢ > 0, and let K C G be a finite symmetric subset. We will prove
that there exists a completely positive contractive order zero map : My — AY N A’
such that

(1) | ((z)) — (x)|| < eljx], for all z € My and k € K,
(2) 11 =¥(@)|l2,r < e, for every 7 € T(A)*.

With x: Ay — AY denoting the canonical quotient map, a standard diagonaliza-
tion argument then yields a completely positive contractive order zero map ¥: My —
(A% 0 an
sition 1.2.4] and Proposition 2.6 in order to obtain a completely positive contractive

such that 1 —W¥(1) € & (Jr(a)=). Once W is constructed, we use [55, Propo-

order zero map ¢: My — (Ay N A")* making the following diagram commute
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(Ay N A"

)

My (A0 a4y

One readily checks that ¢ satisfies 1 — ¢(1) € Jp(aye.

We now construct the map 1. To start, it follows from uniform McDuffness of A
that there exists a unital *-homomorphism \: My — AY N A’ (see [7, Definition 4.2]).
Applying Proposition 5.4, find finite subsets T1,...,T,, € G, and pairwise orthogonal
positive contractions a4 ; € AYN A fori=1,...,m and g € T}, such that

(i) |4 (ag,i) — arg,ill < 5, foralli=1,...,m,allk € K and all g € T; N k™15,
(ii) |lagqll < 5, foralli=1,...,m, and g € T; such that Kg ¢ T;,

(ii) H1 = X Yger, aga, < forall T € ().

Moreover, letting M = Ui, Uyer,uxr, oM (A(My)), we may assume that ag; € AYNM’,
fori=1,...,m and g € T}, using a standard reindexation argument.
Define ¢: My — AY N A’ by

v(a) =) Y agial (M),
=1 geT;
for all x € My. Using that the elements ag;, for i = 1,...,m and g € T;, are pairwise

orthogonal positive contractions which commute with elements of M, one easily sees that
1) is a completely positive contractive order zero map.

We now verify the inequality in item (1). Fix 2 € My and k € K. Without loss of
generality, we assume that ||z|| < 1. Using at the third step the fact that all summands
are mutually orthogonal (to see that, recall that the ay; commute with M), we get

K (W(@) =) Y o (agi)afy(A())

i=1 geT;

m\?nz g
(]

Y af(ag)af(\@))

=1 gETiﬁk_lTi

Finally, the inequality in (2) is an immediate consequence of condition (iii). O
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Combining the results of this section with those proved in the previous ones, we obtain
the following corollary.

Corollary 5.6. Let G be a countable, discrete, amenable group, let A be a simple, sepa-
rable, stably finite, unital, nuclear, Z-stable C*-algebra, and let a: G — Aut(A) be an
action with the weak Rokhlin property with respect to invariant traces. Then A x4 G is
a simple, separable, unital, nuclear, Z-stable C*-algebra.

Proof. This follows from the fact that Z-stability implies uniform McDuffness (see for
example the proof of (i) = (ii) in [26, Proposition 5.12]), together with Lemma 5.3,
Theorem 5.5 and Corollary 4.6. O

6. Uniform Rokhlin property and finitely many extreme invariant traces

In this section we employ our results, particularly Corollary 5.6 and Corollary 4.6, to
expand the current knowledge on Question A, and provide a positive answer for various
actions which are not covered in the existing literature (particularly in [13,58]). As shown
in Corollary 6.6, our main class of examples comes from dynamical systems (4, «) for
which 0.T(A) is compact and such that the induced action G ~ 9.T(A) has Niu’s
uniform Rokhlin property (see [33, Definition 3.1] or Definition 6.2). As already discussed
in the introduction, this family of examples includes all actions (A, ) of amenable groups
G for which 9,T(A) is compact and finite-dimensional, and such that G ~ 9.T(A) is
free (Corollary E), as well as some cases where 0.T(A) has infinite covering dimension
(Corollary I).

In the second part of this section we show that our methods also entail Z-stability
of crossed products as in Question A for which the set of invariant traces is a finite-
dimensional simplex.

6.1. Uniform Rokhlin property

We begin with some definitions.

Definition 6.1 (/23, Definition 8.1]). Let G be a countable, discrete group acting on a
compact metrizable space X. An open castle is a finite collection {(S;, B;)}/™,, where
S; C G are finite subsets, called shapes, and B; C X are open subsets, called bases, such
that the sets s;B;, for s; € .S; and ¢« = 1,...,m, are pairwise disjoint.

For an action G ~ X of a discrete group G on a compact space X, we denote by
Me(X) the set of G-invariant regular Borel probability measures on X.

Definition 6.2 (/33, Definition 3.1]). Let G be a countable, discrete, amenable group and
let X be a compact metrizable space. An action G ~ X is said to have the uniform
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Rokhlin property if for every € > 0 and every finite subset K C G, there exists an open
castle {(S;, B;)}, with (K, e)-invariant shapes such that

sup M(X\m |_| gBi) < e.

HEMa(X) i=1 geSs;

In Definition 6.2 we may equivalently require that the castle {(S;, B;)}™; is such that
also the closed sets gB; are pairwise disjoint for all i = 1,...,m and g € S;. We make
this explicit in the following lemma.

Lemma 6.3. Let G be a countable, discrete, amenable group acting on a compact metriz-
able space X, let K C G be a finite subset, let € > 0, and let {(S;, B;)}™, be an open
castle with (K, €) invariant shapes such that

m

sup ,u(X\ |_| |_| gBi) <e.

HEMg(X) i=1 geS;

Then there exist open sets U; satisfying U; C B; for alli=1,...,m, such that

sup u(X\ |_| |_| gUi) <e.
peMa(X) i=1g€es,;
In particular, the closed sets gU; are pairwise disjoint for alli=1,...,m and g € S;.
Proof. Set
d=¢e— sup M(X\|_| [_] gBi) > 0.
peMa(X) i=1geS;

Foreach i =1,...,m, set V; = | |,cg, sB;. Use [25, Proposition 3.4] to find open subsets
W, CV;, fori=1,...,m, so that the sets

Ui: Us_l(WlﬂsBl)QB“ izl,...,m
SES;

satisfy the desired properties; we omit the details. 0O

We can now relate the uniform Rokhlin property for the induced action on 9,T(A)
to the weak Rokhlin property with respect to invariant traces. Compactness of 9,7(A)
plays a crucial role in this transfer from commutative dynamics to actions on stably
finite, simple C*-algebras, thanks to the results in [35]. Indeed, for unital C*-algebras A



E. Gardella et al. / Advances in Mathematics 438 (2024) 109471 27

such that T'(A) is a non-empty Bauer simplex, one of the consequences of this seminal
work is the existence of a unital embedding

0: C(8.T(A)) - AYNn A, (6.1)

such that 7(0(f)) = f(r) for every 7 € 0,T(A) (see [26, Section 6], particularly Propo-
sition 6.6, for an explicit proof of the existence of such embedding).

If o is an action on A, we denote the induced action on C(9.T(A)) by o**. Arguing
as in the proof of [13, Proposition 8.3], it is possible to check that the embedding 6 from
(6.1) is equivariant. We summarize these facts in the following proposition.

Proposition 6.4. Let a: G — Aut(A) be an action of a countable, discrete group G on a
separable, unital C*-algebra such that T(A) is a non-empty Bauer simplex. Then there
exists a unital, equivariant embedding

0: (C(8.T(A)),a™) — (A4 N A, o).

Proposition 6.5. Let G be a countable, discrete, amenable group, let A be a unital, sepa-
rable C*-algebra such that 0,T(A) is compact, and let a: G — Aut(A) be an action such
that the induced action G ~ 0,T(A) has the uniform Rokhlin property. Then o has the
weak Rokhlin property with respect to invariant traces.

Proof. Let € > 0 and let K C G be a finite subset. We write X for 9.7'(A4) throughout.
Use the uniform Rokhlin property for G ~ X to find an open castle {(S;, B;)}1™, with
(K, e)-invariant shapes, such that for every u € Mg(X) we have

u(ﬂ |_| siBi> >1—c¢.

i=15;€S5;

Moreover, by Lemma 6.3, we can assume that there are open sets (B})7, such that
B! C By, and for all u € Mg(X) we have

u( UL ng) >1-e. (6.2)

i=1g€eSs;

For i = 1,...,m, let f;: X — [0,1] be a continuous function such that f; = 1
on B! and supp(f;) € B;. For g € S;, set f,; = g - fi. Then supp(f,;) C gB; and
therefore the functions f, ; are positive contractions with pairwise disjoint supports. By
Proposition 6.4 there exists a unital, equivariant embedding 0: C(9.T(A4)) — AY N A’.
We claim that the positive contractions 6(f, ;) satisfy the conditions in Definition 5.2.
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Condition (1) is satisfied by construction. In order to check (2), let 7 € T(A)* and
denote by p € Mg(X) the measure that 7 induces on C(9.T(A)) via the equivariant
embedding 0. Set f =", > o fgi € C(9.T(A)). Then

r(O() 2wz € X: @) =13 2 w( L] L 9B1) 51 <

i=1 geSs;

This shows that 7(1 — 0(f)) < ¢, as desired. O
Combining the proposition above with Corollary 5.6, we obtain:

Corollary 6.6. Let G be a countable, discrete, amenable group, let A be a simple, separa-
ble, unital, nuclear, Z-stable C*-algebra such that T(A) is a non-empty Bauer simplex,
and let a: G — Aut(A) be an action such that G ~ 0.T(A) has the uniform Rokhlin
property. Then A X, G is a simple, separable, unital, nuclear, Z-stable C*-algebra.

We remark that the C*-dynamical systems covered by Corollary 6.6 induce actions
on the trace spaces that are ‘very’ free. As such, this result is at the opposite end of the
spectrum when compared to those in [13] (in particular, Theorem 8.5 therein). Indeed,
the C*-dynamical systems covered by both Corollary 6.6 and [13, Theorem 8.5] must
have G finite (and acting freely on 9.T(A)).

6.2. Finitely many extreme invariant traces

In this part we consider the last class of examples covered by Corollary 4.6, namely
those dynamical systems as in Question A for which the set of invariant traces is a
finite-dimensional simplex. The interesting part of Corollary 6.7, when compared to the
results in [13,58], is the lack of topological assumptions on T'(A), which are compensated
by the strong requirements on T'(A4)“.

Corollary 6.7. Let G be a countable, discrete, amenable group, let A be a simple, separa-
ble, unital, nuclear Z-stable C*-algebra, and let a: G — Aut(A) be an action such that
the set of invariant traces is a finite-dimensional simplex. Then (A, «) has the McDuff
property with respect to invariant traces. In particular, if a is also outer, then A x, G
is Z-stable.

n

Proof. Suppose that 9.(T(A)Y) = {r1,...,Tn}, and let 0 = 1 Z . An argument sim-

n
ilar to the one used in [13, Proposition 2.3] shows that JT(A)a = J,, and thus the
quotient Ay /Jp(a)e is isomorphic to the ultrapower NY of the tracial von Neumann
algebra N := WU(A)/ ', where 7, is the GNS representation associated to o. The action «
canonically extends to an action a, on A/, which is an hyperfinite type II; von Neumann
algebra, since A is nuclear. By the classification of actions of discrete amenable groups
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on semifinite, hyperfinite von Neumann algebras in [44] (see also [43, Section 3] and [13,
Theorem 5.4]), the action «, absorbs the identity action on the hyperfinite II; factor
R. By [13, Proposition 5.3], this is enough in order to grant the existence of a unital
embedding My — (NY NN’ )ag, for every d > 2. In other words, the dynamical system
(A, @) has the uniform McDuff property with respect to invariant traces. The last claim
of the corollary follows now from Corollary 4.6. O
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