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ABSTRACT

Self-stimulated echoes have recently been reported in the high cooperativity and inhomogeneous coupling regime of spin ensembles with
superconducting resonators. In this work, we study their relative amplitudes using echo-silencing made possible by a fast frequency tunable
resonator. The highly anisotropic spin linewidth of Er3þ electron spins in the CaWO4 crystal also allows to study the dependence on spin-
resonator ensemble cooperativity. It is demonstrated that self-stimulated echoes primarily result from a combination of two large control
pulses and the echo preceding it.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0176953

In conventional magnetic resonance spectroscopy, stimulated
echoes (STE) are known to occur when more than two control pulses
are applied to spins. Stimulated echoes refocus the polarization grating
stored on the longitudinal axis,1 in contrast to Hahn echoes, which
refocus the coherence generated on the transverse axes. In specific
cases, Hahn echo emissions into the cavity can themselves induce fur-
ther evolution of the spins. Such back action is commonly referred to
as radiation damping in nuclear magnetic resonance.2,3 So-called self-
stimulated echoes (SSEs) are a direct consequence of strong back
action, resulting in the emitted echo to stimulate another echo emis-
sion. Although first observed in 1954,4 SSEs have recently received
renewed attention.5–7 This is because applications, such as high sensi-
tivity electron spin resonance spectroscopy8–12 and microwave quan-
tum memories,13–18 make use of spin ensembles strongly coupled to
superconducting resonators,19–30 a regime where SSEs are prevalent.

The ensemble coupling of spins with a common resonator mode
is quantified by the cooperativity C ¼ 4g2ens=Cj, where gens ¼ g0

ffiffiffiffi
N

p
,

g0 the single spin-photon coupling strength, C the inhomogeneous
spin linewidth, j the total loss rate of the resonator, and N the number
of spins. When C � 1, emitted echo fields are dissipated from the res-
onator before they could interact with the spin ensemble again. On the
other hand, when C � 1, a strong collective feedback effect of the
emitted field on the spins, e.g., super-radiance31 and radiation damp-
ing,2 can dominate the spin-dynamics. The intermediate regime of
optimal impedance matching C¼ 1 is especially relevant for maximum
efficiency quantum memories.32 It is the purpose of this paper to

experimentally study the scaling of self-stimulated echoes in these dif-
ferent regimes. Our study is, in particular, aided by the use of a fast fre-
quency tunable superconducting resonator33 for controlled emission
of radiation into the resonator.34 Although our results are presented
using conventions of spin ensemble based microwave quantum mem-
ories,13,32 these are readily applicable to a wider range of experiments
of inhomogeneous broadened two-level systems coupled to microwave
and optical cavities, such as room temperature microwave amplifica-
tion,35,36 mode cooling,37,38 and optical quantum memories and
transduction.39,40

Generation of SSEs can be understood using a simplified phase
evolution in time, as proposed in Ref. 5 and schematically presented in
Fig. 1(a). When strong inhomogeneities of Rabi angles of spins exist, a
control pulse brings the spins to different points on the Bloch sphere,
which for simplicity can be decomposed into a subset of ground state
(g) and excited state (e) amplitudes. A second control pulse at a time s
bifurcates the previous spin amplitudes into four subsets causing a
refocusing at the time 2s between two evolution trajectories, i.e., a con-
ventional two-pulse Hahn echo. The emitted Hahn echo then itself
acts like a pulse on spins such that new branches of spin evolution
appear and additional refocusing events occur at a time 3s. Subsequent
echoes create more bifurcations and more refocusing events separated
by s.

We start our experimental studies by qualitatively verifying the
sketch of Fig. 1(a), which, in particular, illustrates that formation of SSEs
requires phase evolution from all the pulses and echoes preceding it.
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Echo trains measured using two control pulses of the same amplitude
and phase are shown in Fig. 1(b). Note that the magnitude is plotted in
the logarithmic scale. We observe that all subsequent echoes are
suppressed when we detune the resonator frequency by an amount
Dx � j to suppress the emission of echo2 (top panel).34 Applying the
same duration detuning pulses between the echoes (dashed curves) pro-
duces no change thus proving that the detuning pulses do not generate
significant phase noise to cause a suppression of echoes. The same
observation of subsequent echo suppression is made when echo3 (bot-
tom panel) is silenced. These suggest that contribution of two-pulse
refocusing to SSE, e.g., from pulse1 and echo1 in echo3, is small. In the
following, we expand on the preceding observations and semi-
quantitatively study the relative amplitudes of SSEs using in situ control
of radiation fields in the resonator and spin-resonator cooperativity.

Our electron spins (with effective S¼ 1/2) are provided by bulk
doped Er3þ substitutional ions in a CaWO4 crystal with a nominal
concentration of 50 ppm. The crystal is held with vacuum grease on a
superconducting resonator of frequency x0=2p ¼ 6:5GHz operating
in the overcoupled regime with a loss rate of jc=2p ¼ 1:96 0:1MHz.
The bulk distribution of Er3þ and narrow inductor width of 1 lm nat-
urally result in extremely inhomogeneous tipping angles bringing spins
to different points on the Bloch sphere after a control pulse. Two addi-
tional properties are relevant to this study. First, the kinetic inductance
of the superconducting resonators (film thickness¼ 50 nm and induc-
tor width¼ 1 lm) made from NbN allows the resonance frequency to
be rapidly tuned by passing a bias current through the inductor strip
of the resonator.33 Second, it is possible to access different cooperativity

C in the same setup. This is because two isotopes of Er3þ, one without
a nuclear spin I¼ 0 (77%) and the rest with I¼ 7/2 (Ref. 41) couple
with different numbers of spins at different transitions. Moreover,
fine tuning of C is facilitated by the spin linewidth varying with the
direction of the applied magnetic field (angle / with c-axis) as the
highly anisotropic gyromagnetic tensor (cab ¼ 117MHz=mTand
cc ¼ 17MHz=mT)42 responds to the charge noise from crystal
defects.43,44 We note that variation in gens with / is relatively small due
to bulk implantation of Er3þ and strongly inhomogeneous B1 field
around the inductor. The crystal is placed such that the inductor is par-
allel to the c-axis. The experiments are performed at the base tempera-
ture of a dilution refrigerator at 20 mK, with the magnetic field aligned
with the c-axis (/ � 0) unless mentioned explicitly. More details of the
experimental setup can be found in Ref. 34.

The resonator tunability helps to control the back action of the
echo field on the spins, that is to vary spin rotations during the echo
emission, and study the amplitudes of subsequent SSE. As shown in
the sketch of Fig. 2(a), two pulses of the same amplitude and phase are
applied and the resonator detuned for 20 ls, a time longer than the
echo duration, with varying Dx around echo1. Figure 2(b) shows the
corresponding echo train traces acquired at a large demodulation
bandwidth of 100MHz to account for the relatively large total loss rate
of jtot=2p � 7MHz near the I¼ 0 transition with C¼ 3 (see further
below). The variation of echo1 magnitude vs normalized resonator
detuning �Dx=jtot is plotted in Fig. 2(c), and the observed decay is
well accounted for by the resonator filtering function ðjtot=2Þ=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dx2 þ j2tot=4

p
.34 Similar to Fig. 1(b), subsequent echoes, echo2 and

echo3, are progressively suppressed. To quantify their relative suppres-
sion, we plot the amplitude of echo2 and echo3 as a function of echo1
and echo2, respectively, in Fig. 2(d). A linear dependence (proportion-
ality constant 0.16 and 0.12, respectively) describes the echo2 and
echo3 data well.

Full quantitative understanding of the scaling of SSE is challeng-
ing due to the lack of knowledge of exact spin frequency detuning and
coupling strength distribution. Here, we use a minimalist model to
explain the scaling of echo2 and echo3 using the classical Bloch theory.
Three pulses with arbitrary flip angles bi produce a STE with an ampli-
tude proportional to sinðb1Þ sinðb2Þ sinðb3Þ,1 where we assume pulse
delay s � T2; T1. Using control pulses of the same Rabi angle b and
the fact that resulting echo1 fields are relatively much smaller, the
resulting spin rotation from back action is sinðh1Þ � h1. Then, the
STE contribution of echo2 is equal to h1 sin2ðbÞ, where hi denotes
the much smaller rotation angle from echo back action. Similarly, the
two-pulse Hahn echo contribution of echo2 (from pulse2 and echo1) is
proportional to h21 sinðbÞ. The latter is smaller in magnitude than the
STE contribution as long as b � h1. Thus, linear scaling of echo2 with
echo1 can be established. Similar arguments can be made for echo3 to
show that the dominating contribution comes from a three-pulse STE
from pulse1, pulse2, and echo2, with a resulting echo3 proportional to
h2 sin2ðbÞ. The proportionality constant extracted from slopes in two
cases is found to be similar, 0.16 and 0.12, as expected from the model.

Overall, our observations in Fig. 2(d) suggest that a SSE primarily
consists of a three-pulse STE from two large control pulses and the
weak echo field preceding it. Barring common prefactors, we can, thus,
quantify the magnitude of the ðiþ 1Þth echo in the limit of s � T1;
T2 as

Aiþ1
echo � gAi

echo sinðb1Þ sinðb2Þ; (1)

FIG. 1. Self-stimulated spin echoes (SSE). (a) A schematic of refocusing mecha-
nism leading to self-stimulated echoes at 3s; 4s; 5s,… as originally described in
Ref. 5. (b) Measured magnitude of echo trains using two pulses of same amplitude,
duration 2ls, and phase, and s ¼ 25 ls. Two panels compare cases when the
resonator is detuned to selectively suppress echo2 (top) or echo3 (bottom) emis-
sions. Dashed curves in top (bottom) panels correspond to cases when the same
resonator detuning pulse is applied between echo1 (echo2) and echo2 (echo3).
Note that the dashed lines lie almost entirely on top of the solid lines, i.e., detuning
in-between echoes has no effect. Measurements are done at C¼ 3.
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where i> 0 is a positive integer, and a scaling factor g2 captures the
fraction of power transferred to spins during the formation of an echo.
To verify this equation further, we acquired SSE traces by varying the
flip angle of the first control pulse b1 [Fig. 2(e)], while keeping b2 fixed.
Their decay is plotted in Fig. 2(f). It has been previously shown that for
strongly inhomogeneous Rabi angles in spin systems coupled to small
mode volume resonators, spins for which pulse amplitudes amount to
p=2 and p contribute maximum to the Hahn echo.44–46 This allows us
to set b2 ¼ 90� and proportionally vary b1 using the ratio of pulse
amplitudes b2=b1. The SSE decays calculated from Eq. (1) are plotted
as solid lines in Fig. 2(f) and show an excellent agreement with mea-
surements using the same scaling parameter g ¼ 0:21 across the entire
dataset. Moreover, g sin2ðbÞ � 0:21 is close to the measured slope in
Fig. 2(d) acquired under the same experimental conditions.

We now study the dependence of SSE amplitudes on spin
ensemble-resonator cooperativity. To this end, we identify two

transitions in the spectrum [Fig. 3(a)] belonging to nuclear spin iso-
topes I¼ 0 and I¼ 7/2 (mI ¼ 7=2 is the nuclear spin projection on the
magnetic field axis). From fits performed to jtot ¼ jþ g2ensC=
ðDx2

s þC2=4Þ,21 we find coupling strengths gens=2p¼ 1061 and
1.26 0.1MHz, and spin linewidths C=2p¼ 7665 and 156 1MHz,
and corresponding cooperativity C¼3 and 0.2, respectively. Here Dxs

is the magnetic field dependent detuning of the spin transition fre-
quency from the resonator. The difference in number of spins is con-
sistent with the isotope and seven sub-level ground state populations
in the I¼7/2 manifold. Echo response measured using the same con-
trol pulses (2ls in duration, such that pulse bandwidth �C) at two
transitions [Fig. 3(b)] shows strongly suppressed or absent SSE for the
case of C� 1 and supports similar observations made in Ref. 6.

To investigate differences of spin dynamics between two Er iso-
topes, the spin-relaxation time is measured using an inversion recovery
sequence [Fig. 3(c)]. For I¼ 7/2, we observe an exponential recovery

FIG. 2. SSE response vs intra-cavity field. (a) An experimental sequence consisting
of two control pulses of flip angles bi, and duration of 2ls with a 20 ls long resona-
tor detuning pulse across echo1 of varying Dx. (b) SSE traces at different Dx and
same flip angles b ¼ b1 ¼ b2. Larger noise floor is because of the larger mea-
surement bandwidth BW � 100MHz compared to other plots acquired at BW of
2 MHz. (c) Measured (symbols) and theoretical (curve) echo amplitude against dif-
ferent resonator detunings. (d) Scaling of echo{2, 3} amplitudes (measured: sym-
bols and fits: lines) with corresponding changes in echo{1,2}. (e) SSE traces for
different flip angles b1 of the first control pulse and fixed b2. The sequence is shown
in the inset. (f) SSE magnitude decay for different b1 vs echo number. Solid lines
are calculated from Eq. (1). For all plots C¼ 3.

FIG. 3. SSE response vs spin-resonator cooperativity. (a) Continuous wave spec-
troscopy near two Er3þ transitions I¼ 0 and I ¼ 7=2; mI ¼ 7=2 at zero angle
(measured: symbols, and fit: lines). (b) Spin energy relaxation (measured: symbols,
and fit: lines) using inversion recovery sequences for the two transitions at zero
angle. (c) Echo response using the control pulses with the same power. (d) Spin
resonance position (left axis, measured: symbols, and theory: line) and spin line-
width (right axis) for the I¼ 0 transition extracted from continuous wave spectros-
copy. The magnetic field angle / is relative to the c-axis of CaWO4. (e) Decay of
SSE magnitudes for different cooperativity, but similar jtot, obtained at different /
for the I¼ 0 transition. Solid lines are calculated using Eq. (1). (f) scaling of the
extracted scaling parameter g as a function of C. Numbers next to data points are
corresponding jtot=2p in MHz. Dashed line is a guide to the eye.
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with a decay constant T1 ¼ 4406 11ms, a value consistent with a
direct-phonon process.34,47 In contrast, we observe a bi-exponential
recovery for I¼ 0, with decay constants T fast

1 ¼ 4:76 0:6ms and
Tslow
1 ¼ 976 12ms. Neither value is compatible with a direct-phonon

process (scaling as 1=B5) or Purcell relaxation time j=4g20 � 8 s (esti-
mated g0=2p < 100Hz for our resonator geometry). More studies are
needed to fully understand the behavior of T1 across the two transi-
tions. The role of incoherent radiation from enhanced spin relaxation
toward formation of SSEs can, however, be ruled out as resonator
detuning pulses of duration 20 ls applied in-between the echoes
[dashed curves in Fig. 1(b)] do not alter the subsequent echoes. We
also measure spin coherence times T2 at two transitions and find the
contrasting SSE amplitudes to not be related to the relative T2 times. In
fact, T2 ¼ 2:5ms for I¼ 7/2 is four times longer compared to that for
I¼ 0 and possibly limited by instantaneous diffusion.48,49

Another control of cooperativity is achieved by different C of the
spin ensemble obtained when rotating the applied magnetic field with
respect to the c-axis of the crystal. Figure 3(d) shows measured mag-
netic field Bres at which the I¼ 0 transition is resonant with the resona-
tor (left axis) and the extracted spin linewidth C (right axis). The Bres

positions agree with the spin Hamiltonian of Er3þ with a reasonable
misalignment angle of 2:5� from the true c-axis. We observed a change
in C=2p from 30MHz at / ¼ 2:5� to 210MHz at / ¼ 21�. Similar
observations have beenmade previously43,44 and attributed to a combi-
nation of local electric fields from charge defects, charge compensation,
and lack of inversion symmetry at the substitutional Ca2þ sites. On the
other hand, the extracted ensemble coupling strength gens decreases by
only 10% in this / range. The small variation in gens is consistent with
g0 calculated from the anisotropic gyromagnetic tensor, inhomoge-
neous B1 field around the inductor of the resonator, and bulk distribu-
tion of Er3þ in the crystal.47

For SSE measurements, we choose slightly off-resonant B fields at
different / to achieve a maximum echo amplitude.49 The SSE magni-
tudes measured with the same control pulses and delay s ¼ 25ls are
plotted as a function of echo number in Fig. 3(e) for different coopera-
tivity C. We note that the off-resonant C is extracted by comparing
the intra-cavity field measured at a repetition rate crep � T1 (spins
saturated) with that taken at crep � T1 (spins polarized).15,17 For all
values of C, we observe an exponential decay of echo amplitudes, simi-
lar to Fig. 2(e) and Ref. 6. For extracting g using Eq. (1), once again we
set b1;2 ¼ 90� to select the spins that maximally contribute to SSE
amplitudes. The calculated SSE decays and corresponding g for differ-
ent C are plotted in Figs. 3(e) and 3(f). Interestingly, for small C, the
scaling parameter g increases in an apparent linear fashion with C.
However, g for C¼ 3 deviates from the linear trend. There are two
specifics important to this. First, a much larger jtot results in a smaller
spin rotation during echo back action. Second, for large C or strong
radiation damping, all three spin magnetization components are
expected to start evolving in a highly non-linear fashion.3 Neither of
these are captured by our simple model [Eq. (1)] implying a more
complex dependence of g on C.

In conclusion, we have used control of intra-cavity field, in partic-
ular through echo-silencing, and cooperativity tuning to study scaling
of self-stimulated echoes in a strongly inhomogeneously coupled spin
ensemble to a small mode volume superconducting resonator. Our
results demonstrate that the amplitude of a self-stimulated echo pri-
marily arises from a three pulse stimulated echo using two large

control pulses and the preceding echo field. Further studies will target
a larger range of C, especially at a fixed jtot, to map out the scaling and
decay of SSE amplitudes against C. STE and SSE in combination with
phase imprinting34,50 could also be used to implement selective in situ
magnetic resonance techniques such as diffusion spectroscopy and
imaging.51
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