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Several quantities important in con-
densed matter physics, quantum informa-
tion, and quantum chemistry, as well as
quantities required in meta-optimization
of machine learning algorithms, can be ex-
pressed as gradients of implicitly defined
functions of the parameters characteriz-
ing the system. Here, we show how to
leverage implicit differentiation for gradi-
ent computation through variational quan-
tum algorithms and explore applications in
condensed matter physics, quantum ma-
chine learning, and quantum information.
A function defined implicitly as the solu-
tion of a quantum algorithm, e.g., a varia-
tionally obtained ground- or steady-state,
can be automatically differentiated using
implicit differentiation while being agnos-
tic to how the solution is computed. We
apply this notion to the evaluation of phys-
ical quantities in condensed matter physics
such as generalized susceptibilities stud-
ied through a variational quantum algo-
rithm. Moreover, we develop two addi-
tional applications of implicit differentia-
tion — hyperparameter optimization in a
quantum machine learning algorithm, and
the variational construction of entangled
quantum states based on a gradient-based
maximization of a geometric measure of
entanglement. Our work ties together sev-
eral types of gradient calculations that can
be computed using variational quantum
circuits in a general way without relying
on tedious analytic derivations, or approx-
imate finite-difference methods.

<latexit sha1_base64="D50n9aIjW7xZ3B/d0/vkRNxGTOM=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIR9Vjw4rEF+wFtKJvtpF272YTdjVBDf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLFbfqzkFWiZeTCuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVS9q6rbuKzUynkcBTiFMpyDB9dQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB4UeM4w==</latexit>

z
<latexit sha1_base64="Vf6ac23v6E8tMClP1H6OY8sZ6qw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflqltzFyDrxMtJFXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fk3CpDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20L2vedc1tXlXrlTyOIpxBBS7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Au2OMyg==</latexit>

a

<latexit sha1_base64="3O4kPOwHg/4h0WenkXT+yJnp81g=">AAAB7nicbVDLSgNBEOyNrxhfUY9ehgQhgoRdEfUY8OIxgnlAsoTeyWwyZHZ2mZkVYshHePGgiFe/x5t/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbmtx6Z0jyWD2acMD/CgeQhp2is1AorT+cEz3rFslt15yCrxMtIGTLUe8Wvbj+macSkoQK17nhuYvwJKsOpYNNCN9UsQTrCAetYKjFi2p/Mz52SU6v0SRgrW9KQufp7YoKR1uMosJ0RmqFe9mbif14nNeGNP+EySQ2TdLEoTAUxMZn9TvpcMWrE2BKkittbCR2iQmpsQgUbgrf88ippXlS9q6p7f1mulbI48nACJaiAB9dQgzuoQwMojOAZXuHNSZwX5935WLTmnGzmGP7A+fwB4LOOgw==</latexit>

f(z, a)

Optimality 
Local gradients<latexit sha1_base64="Vf6ac23v6E8tMClP1H6OY8sZ6qw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflqltzFyDrxMtJFXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fk3CpDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20L2vedc1tXlXrlTyOIpxBBS7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Au2OMyg==</latexit>

a
<latexit sha1_base64="EFPh2opNeUDknhNdqzSlJMJyv8k=">AAAB73icbVBNSwMxEJ2tX7V+VT16CS1C9VB2RdRjwYvHCvYD2rVk02wbmk3WJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqf10n55OKvikVyy7VXcGtEy8jJQhQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7N7J+jYKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOWnTMSJoYLMF4UJR0ai6fOozxQlho8twUQxeysiQ6wwMTaigg3BW3x5mTTPqt5F1b09L9dKWRx5OIISVMCDS6jBDdShAQQ4PMMrvDkPzovz7nzMW3NONnMIf+B8/gBCgY9b</latexit>

z⇤(a)

<latexit sha1_base64="nCv2eH84ZX7PMtIj/QWUEuSbiAQ="></latexit>

@az⇤(a) = �[(@zf)�1@af ]|(z⇤(a),a)

<latexit sha1_base64="EFPh2opNeUDknhNdqzSlJMJyv8k=">AAAB73icbVBNSwMxEJ2tX7V+VT16CS1C9VB2RdRjwYvHCvYD2rVk02wbmk3WJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKOzOOqR/hgWAhI9hYqf10n55OKvikVyy7VXcGtEy8jJQhQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7N7J+jYKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOWnTMSJoYLMF4UJR0ai6fOozxQlho8twUQxeysiQ6wwMTaigg3BW3x5mTTPqt5F1b09L9dKWRx5OIISVMCDS6jBDdShAQQ4PMMrvDkPzovz7nzMW3NONnMIf+B8/gBCgY9b</latexit>

z⇤(a)

<latexit sha1_base64="77PuuVt4gcezJDIAhuixzGB6lLA=">AAAB8nicbVBNSwMxEJ31s9avqkcvoUWoIGVXRL0IBS8eK9gP2C4lm2bb0GyyJFmhLv0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5uFreL2zu7efungsKVlqghtEsml6oRYU84EbRpmOO0kiuI45LQdjm6nfvuRKs2keDDjhAYxHggWMYKNlfyo+nSG8Cm6QW6vVHFr7gxomXg5qUCORq/01e1LksZUGMKx1r7nJibIsDKMcDopdlNNE0xGeEB9SwWOqQ6y2ckTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/zUxNdBxkTSWqoIPNFUcqRkWj6P+ozRYnhY0swUczeisgQK0yMTaloQ/AWX14mrfOad1lz7y8q9XIeRwGOoQxV8OAK6nAHDWgCAQnP8ApvjnFenHfnY9664uQzR/AHzucPg0OPWA==</latexit>

f(z, a) = 0

Implicit gradients

Figure 1: Automatic differentiation through a black-
box algorithm that implicitly defines a solution function
z∗(a) to some problem using an optimality condition
f(z, a) = 0. Solution points (shown with the red stars)
can be obtained using an iterative black-box solver with-
out having access to the explicit solution. However, if we
have access to local gradients (∂zf, ∂af) at the solution
points, implicit differentiation can compute the gradient
of the solution function ∂az

∗(a) without differentiating
through the black box.

1 Introduction

Variational quantum algorithms (VQAs) cast the
solution of a computational problem as the clas-
sical optimization of the expectation value of an
observable with respect to a state generated by
powerful parametrized quantum circuits [1, 2].
In light of their potential for enabling computa-
tional breakthroughs, VQAs have been developed
for a wide range of applications encompassing
most of the domains originally targeted by quan-
tum computing, such as finding ground states
of molecules, determining steady states of open
quantum systems, simulating quantum dynam-
ics, solving linear systems of equations, machine
learning, combinatorial optimization, and many
more [1, 2].

Variational quantum circuits can express
highly-entangled complex quantum states beyond
classical models such as deep Boltzmann ma-
chines and tensor networks with small bond di-
mensions [3]. The increased computational power
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of quantum states comes at a significant price re-
lated to the difficulty of estimating their prop-
erties, which are key to all scientific and tech-
nological applications of quantum computing [4].
An important family of such quantities can be
written as gradients of functions computed on
a quantum state. For instance, nuclear forces
in quantum chemistry [5, 6, 7], permanent elec-
tric dipole [8], static polarizability [8], the static
hyperpolarizabilities of various orders [8], gen-
eralized susceptibilities [9], fidelity susceptibil-
ities [10], and geometric tensors [11]. More-
over, in the emerging area of quantum machine
learning, analogous gradients may prove criti-
cal in the development of hyperparameter tun-
ing, meta-learning, and architectural search tech-
niques. Thus, automatizing gradient computa-
tions may expand the algorithmic flexibility of
VQAs and ease the development of a wider va-
riety of gradient computations by removing the
tedious burden of computing and implementing
these derivatives by hand.

A natural approach to tackle problems involv-
ing gradient computation within a VQA is auto-
matic differentiation (AD). Recently, AD has seen
significant development within the quantum in-
formation research community in part due to the
availability of modern quantum software such as
PennyLane [12] and TensorFlow Quantum [13],
which provide tools to implement AD for func-
tions evaluated on simulated and physical quan-
tum devices. While it is already straightforward
to calculate several important gradients in VQAs,
most prominently energy gradients (with respect
to the parameters in the circuits [14, 15], and with
respect to parameters in the Hamiltonian through
the Hellmann-Feynman theorem [5]), gradient
computation of expectation values of general op-
erators using standard AD techniques remains
generally unavailable. These generic gradients
may become computationally difficult since in
principle they require keeping track of all inter-
mediate optimization steps in a VQA.

Here we develop an implicit differentiation
strategy to automatically evaluate gradients and
higher-order derivatives of expectation values of
generic operators beyond the Hellman-Feynman
theorem. Specifically, this implicit AD approach
applies for the case where the operators, states, or
gates making up the expectation value are them-
selves obtained as the solution of a complex op-

timization problem involving a quantum circuit,
such as finding the ground state of a Hamiltonian.

Our strategy combines differentiable program-
ming of quantum computers [12] with modular
implicit differentiation [16] as a tool to automat-
ically evaluate implicit gradients through varia-
tional quantum algorithms. A sketch explain-
ing the idea of implicit differentiation is given in
Fig. 1, and Fig. 2 shows how this idea can be ex-
tended to VQAs. We present three applications of
using this technique: computing generalized sus-
ceptibilities, hyperparameter tuning in a quan-
tum machine learning algorithm, and obtaining a
Bell state by variationally optimizing a geometric
measure of entanglement. Our implementation
integrates a classical modular implicit differenti-
ation package (JAXopt [16]) with a quantum AD
framework (PennyLane [12]), which allows us to
effortlessly add implicit differentiation to VQAs.

The paper is organized as follows. In Sec. 2
we discuss the implicit function theorem and
the derivations of gradient formulas for implic-
itly defined functions. In Sec. 3 we discuss the
prototypical example of differentiating through
the ground state of a Hamiltonian to demon-
strate how implicit differentiation can be lever-
aged through a ground-state-finding algorithm.
Then, in Sec. 4, we show three applications of
our approach. First, we show how generalized
susceptibilities can be computed through a VQA
that obtains the ground state of a parameter-
ized Hamiltonian in Sec. 4.1. Then we show two
examples that go beyond differentiating ground-
state solutions. In Sec. 4.2 we demonstrate how
hyperparameter optimization of a quantum ma-
chine learning algorithm is possible using implicit
differentiation. Finally, in Sec. 4.3 we generate a
maximally entangled Bell state variationally by
optimizing an entanglement witness. The data
and code for all numerical experiments are avail-
able in [17].

2 Implicit differentiation

The main tool we use in our work is the implicit
function theorem (IFT). Below we state the the-
orem in its simplest form for an analytic func-
tion [18, 19].

Theorem 1 (IFT for analytic functions) Let
f(z, a) be an analytic function of complex
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variables (z, a) in a neighbourhood around the
point (z0, a0) ∈ Cm × Cn. If f(z0, a0) = 0 and
∂zf 6= 0 at (z0, a0), then there exists a unique
analytic solution function z∗(a) to f(z, a) = 0
in a neighbourhood N (a0), given by (z0, a0) with
z∗(a0) = z0.

Since the solution function z∗(a) is analytic, it
can be complex-differentiable in the neighbour-
hood of points (z∗(a), a) that satisfy

f(z∗(a), a) = 0. (1)

This allows computing gradients of the solution
function by differentiating Eq. (1) w.r.t a at (z0 =
z∗(a0), a0)

∂af(z0, a0) + ∂zf(z0, a0)∂az∗(a) = 0
∂az
∗(a) = −(∂zf(z0, a0))−1∂af(z0, a0) (2)

The region N (a0) that defines the analytic do-
main can be lower bounded as shown in [20].

In practice, AD tools can be used to com-
pute the gradients ∂af and ∂zf , which are vec-
tors for a multivariate function. In fact f can
also be vector-valued such that ∂af and ∂zf
are Jacobians. These can be computed column-
wise with vector-Jacobian products (VJPs) or
row-wise using Jacobian-vector products (JVPs).
VJPs—also called reverse-mode autodifferenti-
ation or backpropagation—are efficient for a
scalar-valued function, compared to JVPs, where
we only have one output but several input pa-
rameters. VJPs make the calculation of implicit
gradients easier, as we show below.

Mathematically, the VJP of a function g :
Rn → Rm for input parameters x ∈ Rn is the
operation

VJP(g, x, v) : (x, v)→ (vT∂g(x)), (3)

where the vector v ∈ Rm has the same dimension
as the output of the function g(x) and ∂g : Rn →
Rm×Rn is the Jacobian matrix. It is easy to see
that setting v = [1, 1, ...] gives us the gradients of
the function for all n parameters,

vT∂g(x) =
[
1, 1, . . .

] 
∂g1
∂x1

. . . ∂g1
∂xn

...
...

...
∂gm

∂x1
. . . ∂gm

∂xn

 .

We can write a VJP for the implicit function
z∗(a) from Eq. (2) as the operation

VJP(z∗, a, v) : (a, v)→(vT∂az∗(a))
=(−vTA−1B), (4)

assuming A = ∂zf(z0, a0) and B = ∂af(z0, a0).
VJPs solve the difficulty of obtaining the in-

verse of the matrix A (matrix inversion has a cu-
bic scaling). Using VJPs we can avoid the cost
of full inversion with a trick that only requires
approximately solving the linear system [16]

v = ATu (5)

for a vector u that has the same dimension as
a. The approximate solution to this linear sys-
tem using an iterative algorithm such as general-
ized minimal residual method or conjugate gradi-
ent [16] simplifies the inversion as

[AT ]−1v = u

([AT ]−1v)T = uT

vTA−1 = uT . (6)

We can then compute the VJP of the implicit
function as

VJP(z∗, a, v) : (a, v)→ (−uTB),
(7)

which gives ∂az∗(a) = −uTB.
Implicit differentiation can also be applied to

fixed-point equations such as

f(z, a) = z, (8)

by defining h(z, a) = z−f(z, a), with h(z, a) = 0,
such that a solution map z∗(a) satisfies

h(z∗(a), a) = 0. (9)

A similar derivation for such fixed-point equa-
tions gives the gradients as

∂az
∗(a) = [I−A]−1B. (10)

In Eq. (10) the inversion can also be approxi-
mated with a similar trick as discussed before,
where we now define

v = [I−AT ]u (11)

such that we have

v +ATu = u. (12)
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Eq. (12) now defines a fixed-point function for u
that can be solved using any fixed-point solver.
Then using Eq. (11) we have

uT = vT [I−A]−1, (13)

and the VJP for the fixed point solution can be
computed as

VJP(z∗, a, v) : (a, v)→ (−uTB). (14)

The implicit gradient is again ∂az∗(a) = −uTB.
Therefore, calculating implicit gradients effi-

ciently requires computing VJPs of a function
defining a fixed point equation or optimality con-
dition at the solution point. The inverse term is
approximated efficiently with a simple trick that
requires solving a linear system of equations or it-
eratively finding a fixed point. Other approaches
for calculating the inverse such as using a Neu-
mann series approximation [21, 22] are also pos-
sible.

Now, we can connect implicit differentiation to
quantum algorithms, as illustrated in Fig. 2.

3 Implicit differentiation of variational
quantum algorithms

We can use implicit differentiation on variational
quantum algorithms in several different ways, de-
pending on which elements of the expectation
value (e.g., the states or the observable) are pa-
rameterized. As a motivating example, consider
a variational quantum algorithm whose objective
function is defined through an operator H(a),
with parameters a, that codifies the solution to a
computational problem. Here, H(a) may repre-
sent a quantum Hamiltonian, the objective func-
tion of a quantum machine learning algorithm,
an Ising Hamiltonian encoding a combinatorial
optimization problem, etc. Variational quantum
algorithms optimize the expected value of H(a)
over a quantum state generated by a parameter-
ized quantum circuit, represented by a unitary
matrix U(z) endowed with parameters z. The
unitary U(z) acts on an input state |ψ0〉, typ-
ically a product state, as |ψz〉 = U(z)|ψ0〉. A
quantum computer provides a strategy to evalu-
ate the expectation value of H(a) on |ψz〉,

E(z, a) = 〈ψz|H(a)|ψz〉, (15)
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Figure 2: Implicit differentiation through variational
quantum algorithms: A quantum computer generates
a variational state |ψz〉 and computes expectation val-
ues of quantities such as the energy E(z, a) of a pa-
rameterized Hamiltonian H(a). A classical optimization
provides a solution map z∗(a) for variational parame-
ters z, minimizing the expectation value and therefore
defining an optimality condition. We can then apply im-
plicit differentiation to calculate gradients ∂az

∗(a) which
would otherwise require unrolling all the steps in obtain-
ing z∗(a) using standard automatic differentiation (AD).
In a realistic VQA, unrolling the optimization and stor-
ing intermediate variables may not be feasible for direct
application of AD. However using the higher-order gra-
dients of expectation values computed by the quantum
computer at the solution we can compute ∂az

∗(a) using
implicit differentiation.

as well as its derivatives with respect to z. A
variational quantum algorithm minimizes E(z, a)
with respect to z, which gives optimal parameters

z∗(a) = arg min
z
E(z, a). (16)

Concretely, suppose we are interested in approxi-
mating the ground state of a quantummany-body
Hamiltonian H(a). The algorithm aims at mini-
mizing the expectation value of the Hamiltonian
over a variational quantum circuit to find an ap-
proximation to its ground-state properties.

The solution z∗(a) corresponds to a minimum
of the function E(z, a) which means that

f(z∗(a), a) = ∂zE(z∗(a), a) = 0. (17)

The approximate ground-state solution of H(a),∣∣∣ψz∗(a)
〉
, is therefore implicitly defined by z∗(a)

and depends on the Hamiltonian parameters a.
We are interested in computing how a change in
the Hamiltonian parameter a affects the solution
z∗(a), and functions of the solution state.

Beyond the motivating example of a parame-
terized Hamiltonian, we can also construct im-
plicit gradients for an arbitrary function that
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combines variational parameters z and parame-
ters of interest a, e.g., a loss function L(z, a) de-
fined with a variational state ψz, where a rep-
resents the strength of regularization. Similarly,
we can consider z and a to be variational pa-
rameters for two different quantum circuits, as
we show in our example in Sec. 4.3 using a geo-
metric definition of an entanglement measure us-
ing two variational quantum states. The example
of taking gradients through a ground-state min-
imization task is perhaps most straightforward,
and therefore we focus on it in more detail below.

The gradient of an expectation value defines a
function f(z, a) = ∂aE(z, a) along with an opti-
mality or fixed-point condition, i.e., f(z, a) = 0.
In this case, the function f(z, a) itself is the first-
order gradient of the expectation value. Provided
we can compute the Hessian of E(z, a) w.r.t. pa-
rameters z, and its inverse, implicit differentia-
tion gives a strategy to evaluate ∂az∗(a). As we
demonstrate below, ∂az∗(a) can be used to com-
pute other quantities that depend on the ground
state.

We first consider a function that computes the
expectation value of an operator A on the ground
state,

〈A〉 =
〈
ψz∗(a)|A|ψz∗(a)

〉
. (18)

If A = H(a), i.e., we are computing the
ground-state energy, the Hellman-Feynmann the-
orem [23] can be applied to obtain

∂a〈A〉 =
〈
ψz∗(a)|∂aA|ψz∗(a)

〉
. (19)

In quantum-chemistry problems such as molec-
ular geometry optimization [6], the Hellman-
Feynmann theorem simplifies the gradient com-
putation as we only require expectation values of
∂aA. However, in a more general case, when the
operator A is not the Hamiltonian, the computa-
tion of ∂a〈A〉 requires implicit gradients

∂a〈A〉 = ∂az
∗(a) · ∂z〈A〉

+
〈
ψz∗(a)|∂aA|ψz∗(a)

〉
.

(20)

All the quantities required to compute Eq. (20)
can be evaluated on a quantum computer for a
large family of quantum circuits. Assuming the
existence of a parameter shift-rule [14, 24, 15]
for U(z), the term ∂z〈A〉 can be evaluated us-
ing a similar strategy used to compute gradients

of the objective function of the variational quan-
tum algorithm. Likewise, the second term, which
is analogous to the Hellman-Feynmann theorem,
is evaluated by computing the expectation value
of an operator ∂aA on the variationally obtained
solution ψz∗(a). Finally, the evaluation of ∂az∗(a)
(see Eq. 2) requires access to ∂af, ∂zf , which are
second-order derivatives of the expectation value
E(z, a), accessible on a quantum computer for
large classes of variational circuits [25].

Our implicit differentiation formula can there-
fore extend the capabilities of automatic differen-
tiation tools such as PennyLane to compute gra-
dients of a variationally-obtained solution state
without relying on tedious analytic computations
or numerical approximations. Further, the com-
putation does not require keeping track how the
solution is computed or unrolling all the steps in
the optimization, which might be infeasible in a
variational quantum computation.

4 Examples

In the following examples we show how implicit
differentiation can be applied to calculate quan-
tities such as generalized susceptibility, perform
hyperparameter optimization in a quantum ma-
chine learning algorithm, and to generate multi-
partite entanglement using variational quantum
circuits.

4.1 Generalized susceptibility calculation

The response of an observable A upon the intro-
duction of a perturbation in a Hamiltonian H(a)
can be quantified through a generalized suscep-
tibility. These types of linear response functions
are written in terms of the gradient of the expec-
tation value of the operator A measured on the
ground state ψGS(a),

∂a〈A〉 = ∂a〈ψGS(a)|A|ψGS(a)〉, (21)

where ψGS(a) represents the ground state. Here
a represents, e.g., the strength of a field B in
the Hamiltonian, and A is the operator whose re-
sponse to this perturbation we aim to compute.
Examples of generalized susceptibilities impor-
tant in condensed matter physics include the uni-
form magnetic susceptibility, or transport prop-
erties such as the superfluid stiffness, all of which
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Figure 3: Susceptibility computation for a N = 5 spin
system. The exact computation finds the ground state
of a parameterized Hamiltonian H(a) and unrolls the
eigendecomposition to compute gradients (susceptibil-
ity) ∂a〈A(a)〉 using AD. In the variational setting, we can
approximate the ground state by minimizing the expec-
tation value of H(a) using a variational state |ψz〉. The
variational state is generated by the two-design ansatz
with L layers. Once the ground-state solution z∗(a) is
found, implicit differentiation can compute the suscep-
tibility efficiently without requiring to keep track of how
the variational ground state is obtained.

are central to the characterization of strongly cor-
related phases of matter and their corresponding
phase transitions [9].

The computation of susceptibilities and fidelity
susceptibilities are typically carried out analyti-
cally for sufficiently tractable problems [26, 27,
28], using finite-difference methods through ex-
act diagonalization and density matrix renormal-
ization group [26, 29], through a costly compu-
tation of excited states using exact or variational
techniques [30], or through quantum Monte Carlo
simulations for Hamiltonians which do not have
a sign problem [9]. Alternatively, we can com-
pute susceptibilities in a variational quantum al-
gorithm using implicit differentiation. Here, we
consider a parameterized Hamiltonian for a lin-
ear spin-chain model in an external magnetic field
given by

H(a) = −
∑
i

σzi σ
z
i+1 − γ

∑
i

σxi − a
∑
i

σzi .

We aim at computing the response of the average
magnetization ∂a〈A〉 to a change in a magnetic
field along the z direction, i.e., A = 1

N

∑
i σ

z
i and

B =
∑
i σ

z
i . Here σx,y,zi represent the Pauli spin

operators at the site i. A small field δ
∑
i σ

z
i is

added to the Hamiltonian for numerical stability
near a ≈ 0.

In a variational setting, a parameterized
ground state

∣∣∣ψz∗(a)
〉
can be obtained by optimiz-

ing the state |ψz〉 with respect to its variational
parameters z. With the variationally-obtained
ground state, by applying implicit differentiation
we can compute the susceptibility using Eq. (20),
going beyond the Hellman-Feynmann theorem.

In our experiments, the variational ground
state is obtained by running a standard VQE op-
timization. Our variational circuit is a simpli-
fied two-design ansatz consisting of Pauli-Y rota-
tion gates and entangling controlled-Z gates. We
can consider multiple layers for a more expressive
ansatz. The parameters of the circuit are opti-
mized with respect to the energy E(z, a) using
gradient descent.

In Fig. 3 we show how implicit differentiation
through a variationally-optimized ground state
compares against an exact calculation of the
susceptibility ∂a〈A〉. The exact ground state∣∣∣ψGS(a)

〉
is obtained through eigendecomposi-

tion of H(a), where we evaluate ∂a〈A〉 by dif-
ferentiating through the eigendecomposition [31,
32]. The gradient computation through eigen-
decomposition is implemented with the AD tool
Jax [33] using the formulation in [31] (specif-
ically Eq. (4.60)). For a sufficiently expressive
ansatz with L = 5 layers, we can closely match
the susceptibility computed by eigendecomposi-
tion. However for L = 4 layers, the gradient
computation significantly deviates from the ex-
act values.

Compared to the eigendecomposition ap-
proach, which scales exponentially with system
size, the variational approach may scale well in
practice for larger system sizes in future quan-
tum devices beyond systems that can be simu-
lated classically. Provided that the variational
algorithms find accurate representations of the
ground state and the availability of parameter-
shift rules, we anticipate that variational quan-
tum algorithms paired with implicit differentia-
tion will enable the computation of susceptibili-
ties and other response functions in such systems.
While we have derived the susceptibility formula
in Eq. (20) motivated by their use in a quantum
algorithm, we emphasize that Eq. (20) can be ap-
plied to the simulation of response functions in
classical variational techniques such as in neural
network quantum states [34] and density matrix
renormalization group calculations [35].
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Figure 4: Comparing results of hyperparameter optmiza-
tion in a quantum classifier against classical methods.
The validation score is shown in the inset for each model.
In case of the quantum classifier, the decision bound-
ary obtained without hyperparameter optimization has a
worse performance compared to optimized hyperparam-
eters. The hyperparameter optimization is faster since
we can use a gradient-based optimization by taking im-
plicit gradients of the validation loss.

4.2 Hyperparameter optimization in a quan-
tum classifier

We now consider an example motivated by the
applications of implicit differentiation to hyper-
parameter optimization in machine learning [16,
36]. Hyperparameters play an important role in
model selection and controlling the complexity of
machine learning models [37]. Our demonstra-
tion uses the data-reuploading classifier proposed
in [38], where a single-qubit quantum system is
shown to be a universal classifier similar to neu-
ral networks with at least one hidden layer. In
addition to training the parameters of the clas-
sifier, we consider adding hyperparameters and
tuning them through gradient descent, using so-
called hyper-gradients [39] calculated by implicit
differentiation.

A set of inputs (αi, βi), each with class labels
ci ∈ {0, 1}, forms our data set. The inputs are
normalized and loaded into a quantum circuit as
the parameters (αi, βi, 0) of a single-qubit uni-
tary given by U(xi) (xi ≡ (αi, βi, 0)) followed by
unitaries U(zl) where zl represents model param-
eters for a layer l of quantum gates. The uni-
taries are simply rotations on the Bloch sphere
with three parameters and we set the last pa-
rameter to zero. After applying L layers of such

unitaries on some initial quantum state |ψ0〉 we
obtain the variational state with trainable param-
eters z ≡ {zL, . . . , z0} as

|ψ(z)〉 = U(zL)U(xi) . . . U(z0)U(xi)|ψ0〉. (22)

Therefore we interleave unitaries that load the
data and unitaries that act as learnable weights.
A measurement of the operator σz on the output
state gives a single-shot outcome representing our
prediction for the class label ci. We take a sim-
pler approach than [38] for the measurements and
trainable loss function. By repeating the mea-
surement, we can obtain expectation values of
the measurement operator. After normalizing the
expectation values to the range [0, 1] such that
they can be interpreted as probabilities pi, we
define the binary cross-entropy loss function on
the training data as

Lbincross(z) = 1
N

∑
i

ci log pi + (1− ci) log(1− pi).

(23)
Now we can introduce additional hyperparame-
ters in the loss by considering an L2 (ridge regu-
larization [40]) penalty on the parameters of each
layer to define the training loss

LT (z, a) = Lbincross(z) +
∑
l

al||zl||2, (24)

where a = {al} are the hyperparameters for the
parameters zl in each layer of the variational
quantum circuit. We optimize the parameters z
to minimize the training loss as

z∗(a) = arg min
z
LT (z, a). (25)

A validation loss is constructed using a validation
set of the data not used for training

LV (a) = Lbincross(z∗(a)). (26)

We can minimize the validation loss with respect
to the hyperparameters a using gradient descent
and the learned parameters z∗(a). The gradient
computation ∂aLV (a) requires differentiating the
function z∗(a), which we evaluate through im-
plicit differentiation. We consider a single-qubit
data-reuploading classifier with L = 5 layers and
five hyperparameters, corresponding to each al
controlling the strength of the L2 regularization
in Eq. (24). In Fig. 5, we show how the valida-
tion loss and the hyperparameters change with
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Figure 5: Hyperparameter optmization using implicit
gradients. (a) The validation loss as a function of
gradient-based updates of the hyperparameters. We
compute the gradients of five hyperparameters (one for
each layer in the circuit) using implicit differentiation of
the validation loss in a quantum classifier. (b) The value
of the five hyperparameters as we optimize them by min-
imizing the validation loss. The implicitly computed gra-
dients allow a meta optimization of the hyperparameters
going beyond a costly grid search in the hyperparameter
space.

each gradient-descent update using implicit dif-
ferentiation to compute the so-called hypergradi-
ents. We use the stochastic gradient-descent al-
gorithm for both parameter and hyperparameter
optimization with a learning rate of 0.01. All the
hyperparameters are set to the same numerical
value at the start of their optimization. As the
validation loss improves, we find that the opti-
mal hyperparameters differ significantly and con-
verge to different values. The effect of the hy-
perparameter optimization on the classifier per-
formance can be further seen by considering the
decision boundaries in Fig. 4 where we also show
a comparison to classical machine learning mod-
els such as Gaussian processes or simple neural
networks. We can see that the decision boundary
of the quantum classifier with an unoptimized set
of hyperparameters seems to give a worse perfor-
mance on a validation set compared to the case
where hyperparameters are optimized.

The behaviour of the data-reuploading classi-
fier with and without hyperparameter optimiza-
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Test

Figure 6: Variational generation of entangled quantum
states using implicit differentiation. The distance of a
variational quantum state |ψa〉 to the closest separable
state

∣∣ψz∗(a)
〉
can define a geometric measure of en-

tanglement E(ψa). This measure is dependent on the
variational parameters a. The closest separable state can
be obtained by maximizing |〈ψz|ψa〉|2 computed using a
SWAP test. The optimization implicitly defines the clos-
est separable state z∗(a) and therefore the measure of
entanglement, E(a). The gradient of the entanglement
measure ∂aE(a) can be computed using implicit differ-
entiation to maximize the entanglement using gradient-
based optimization.

tion shows that tuning the hyperparameters leads
to a better learning of the decision boundary. In
most hyperparameter tuning techniques, a grid
search is performed for each of the hyperparame-
ters. However, with implicit differentiation, it is
possible to optimize millions of hyperparameters
faster [21].

4.3 Variational optimization of a geometric
measure of quantum entanglement

Quantum entanglement is an important resource
for quantum communication, quantum cryptog-
raphy, and plays a pivotal role in the possible
speedup provided by quantum algorithms [41].
An entangled quantum state can be defined as a
state that cannot be written as a separable state,
i.e., as |ψ〉 = |ψ1〉⊗|ψ2〉⊗|ψ3〉⊗· · ·⊗|ψN 〉. A mea-
sure of entanglement for an arbitrary quantum
state is any positive real-valued function of the
state that cannot increase under local operations
on parts of the state and classical communication.
There exists several examples of quantum entan-
glement measures, e.g., concurrence, logarithmic
negativity, von Neumann entropy [42]. A num-
ber of such measures become simple for bipartite
quantum systems, but quantifying multiparitite
entanglement is generally difficult. We use the
geometric measure of quantum entanglement de-
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fined in [43] as,

E(ψ) = 1−max
|ψ′〉
|
〈
ψ′|ψ

〉
|2, (27)

where the optimization is over the set of sep-
arable states |ψ′〉. This geometric measure of
entanglement can be intuitively understood as
the distance between an arbitrary quantum state
and the nearest separable quantum state found
by solving Eq. (27). We now demonstrate how
a variational algorithm can generate entangled
quantum states by optimizing this geometric
measure using implicit differentiation.

In Fig. 6 we show how two different variational
quantum circuits can be used to create an en-
tangled state |ψa〉 with variational parameters a.
One circuit consists of only local (single-qubit)
unitaries specified by parameters z, which creates
separable states |ψz〉. The other circuit contains
general operations that could possibly create en-
tangled states |ψa〉. A SWAP test, its improved
version [44], or any choice of randomized mea-
surement overlap estimator [45, 46, 4], can pro-
vide a measure of the distinguishability between
the two states [47, 48], and we can obtain a sep-
arable quantum state

∣∣∣ψz∗(a)
〉
that is close to a

fixed state |ψa〉 by the following optimization

z∗(a) = arg max
z
|〈ψz|ψa〉|2. (28)

The optimization problem defines an implicit
function z∗(a) that gives a measure of the entan-
glement of the state E(|ψa〉) = E(a). Practically,
we solve Eq. (28) by minimizing −|〈ψz|ψa〉|2.
Now, using implicit differentiation we can ob-
tain the gradients of the entanglement measure
∂aE(a) and maximize it. In Fig. 7, we show the
results of this procedure by minimizing the loss
function

L(a) = − logE(a) (29)

The gradient of the loss function can be computed
without the need for backpropagation through
the quantum algorithm that generates the near-
est separable state. We only need the value of
the overlap and local gradients at z∗(a). We op-
timize both Eq. (28) and Eq. (29) with stochas-
tic gradient-descent with a learning rate of 0.001.
The results of this bi-level optimization is shown
in Fig. 7 where we can see that the entanglement
measure increases as the loss function (negative
log of the entanglement) decreases. As a result
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Figure 7: Optimization of a geometric entanglement
measure using gradient descent. The loss and entan-
glement measure after each update of the variational
parameters a. Using implicit differentiation, we com-
pute the gradient of the loss function and minimize it to
maximize the entanglement measure.

we variationally obtained one of the Bell states
starting from a random initial state, without ever
defining it, as shown in Fig. 8. We can similarly
extend this approach to multiple qubits to gen-
erate entangled quantum states variationally us-
ing gradient-based optimization. The algorithm
is sensitive to the choice of the loss function,
optimization, and hyperparameters and here we
demonstrate one choice that allowed the creation
of Bell states. In future investigations, we can
determine the best choice of loss function and
hyperparameters for a robust generation of en-
tangled quantum states.

5 Conclusion

In this work, we have presented a common ap-
proach to applying implicit differentiation to
quantum algorithms that encompasses a range
of use-cases—from calculating ground-state prop-
erty gradients using a variational quantum algo-
rithm to hyperparameter optimization in quan-
tum machine learning. We show how leveraging
modern automatic-differentiation tools working
in tandem with quantum software can simplify
the application of implicit differentiation to wide
variety of problems.

Our work shows how we can go beyond the
Hellman-Feynmann theorem to compute deriva-
tives of the expectation of arbitrary operators
and not just the total energy in a parameterized
Hamiltonian. As a demonstration, we take a sim-
ple spin-chain model to show how a variational
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Figure 8: The final state |ψa〉 (bottom) generated by our
variational approach starting from a random set of initial
parameters (top). We use a variational quantum circuit
that can create entanglement but learn the parameters
using implicit differentiation and gradient descent; see
Fig. 6. The geometric measure of entanglement uses
another variational quantum circuit that only consists
of single qubit operations, i.e., can only create separa-
ble states, such that computing an overlap between the
separable state and a (possibly) entangled state gives
a measure of entanglement. Implicit differentiation al-
lows us to compute gradients through this geometric
measure of entanglement. Optimizing the entanglement
using gradient descent, we arrive at a maximally entan-
gled Bell state |00〉+|11〉√

2 without ever explicitly defining
the Bell state.

quantum algorithm can be used to obtain ground-
state gradients by a parameterized quantum cir-
cuit. Such calculations may be easily performed
on emerging NISQ devices.

Finally, we demonstrated two powerful appli-
cations of implicit differentiation: hyperparam-
eter optimization of quantum machine learning
algorithms, and variationally generating entan-
gled quantum states using a geometric measure
of entanglement. We demonstrate how hyperpa-
rameter optimization with implicit differentiation
can not only be applied in the classical machine
learning setting but also in quantum algorithms.
We have shown that optimizing regularization
strength using implicit differentiation could lead
to better performance where implicit differentia-
tion allowed a meta-optimization on the hyper-
parameters to avoid a costly grid search. The
idea of entanglement generation using a bi-level
optimization in a variational setting could pos-
sibly allow creating large multipartite entangle-
ment beyond specific classes such as GHZ or W
states.

Implicit differentiation is an idea as old as cal-
culus itself with the first notable application by
Fermat to compute tangents in the folium of
Descartes curve [49]. As it was with the idea of
applying gradient descent in both classical and
quantum machine learning, new breakthroughs
came with efficient and algorithmic ways to com-
pute gradients by automatic differentiation. Re-
cent demonstrations of implicit differentiation
for inverse design in steady-state quantum sys-
tems [50] show how powerful this idea is with po-
tential applications to quantum chemistry, con-
trol, and quantum machine learning. Our work
opens up avenues to explore ideas such as neural
quantum ODEs and compute interesting physical
quantities using quantum computers and implicit
differentiation.

The practical implementations of implicit dif-
ferentiation on quantum hardware would require
access to gradient computations as well as fast so-
lutions to the optimality condition. Future works
could investigate in detail how feasible such com-
putations are when scaled to larger systems. It
is also important to analyze how errors affect the
gradient computation and its scaling. During the
preparation of this manuscript, we became aware
of another work that focuses on using implicit dif-
ferentiation to compute the fidelity susceptibility

10



and analyzes some of these issues [51]. We hope
that our work together with similar demonstra-
tions of implicit differentiation [50] can find many
more applications in the emerging area of quan-
tum computation and quantum machine learning.
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