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ABSTRACT

We study the collision rates of settling spheres and elongated spheroids in homogeneous, isotropic turbulence by means of direct numerical
simulations aiming to understand microscale-particle encounters in oceans and lakes. We explore a range of aspect ratios and sizes relevant
to the dynamics of plankton and microplastics in water environments. The results presented here confirm that collision rates between elon-
gated particles in a quiescent fluid are more frequent than those among spherical particles in turbulence due to oblique settling. We also dem-
onstrate that turbulence generally enhances collisions among elongated particles as compared to those expected for a random distribution of
the same particles settling in a quiescent fluid, although we also find a decrease in collision rates in turbulence for particles of the highest den-
sity and moderate aspect ratios ðA ¼ 5Þ. The increase in the collision rate due to turbulence is found to quickly decrease with aspect ratio,
reach a minimum for aspect ratios approximately equal to 5, and then slowly increase again, with an increase up to 50% for the largest aspect
ratios investigated. This non-monotonic trend is explained as the result of two competing effects: the increase in the surface area with aspect
ratio (beneficial to increase encounter rates) and the alignment of nearby prolate particles in turbulence (reducing the probability of collision).
Turbulence mixing is, therefore, partially balanced by rod alignment at high particle aspect ratios.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0177893

I. INTRODUCTION

Particles suspended in a fluid play an important role in many
industrial and natural processes.1,2 Some of the examples are aerosol
dispersion, transport of sediment in the estuaries and lakes, pulverized
coal combustion, agglomeration of fine powders in gas flows, pneu-
matic conveying, water droplets in clouds, volcano eruptions, marine
snow, and microplastics in oceans.3–6 Often, these suspended particles
collide and merge to form large aggregates. Understanding the process
of collisions in the particle suspensions is necessary to predict the fate
of the system. In most situations, the flow of the carrier fluid is turbu-
lent and the chaotic turbulent velocities play an important role in the
collision process. Due to density contrast, particles commonly settle
with the settling affecting the collision rate between the particles.4

The present work is motivated by the need to understand micro-
plastics fate in oceans. Plastics provide a lightweight, durable and
hygienic surface for packaging.7 However, its extensive use and our
social behavior have led to the accumulation of solid plastic waste

around marine areas.8 Marine plastic litter has become a major con-
cern and threat to the ecosystem and human health. Microplastic par-
ticles are found everywhere, in all marine environments in different
densities, shapes and sizes.9 Their properties change with the time
spent in the marine eco-system due to mechanical degradation, bio-
fouling, weathering and several other external factors.10,11 The collision
dynamics between microplastics, plankton, and marine micro-
organisms, can lead to the formation of polluted marine snow.
Therefore, marine snow generation has an important role in the bio-
geochemical processing of microplastic pollution.12,13 As a result of
these different interactions, it is hard to predict the microplastics trans-
port, behavior, migration, and other characteristics.14 Nevertheless, we
need to improve our current modeling capabilities as microplastics
must be considered as a new kind of pollutant.

The dynamics of a microplastic particle differs from those of a pas-
sive tracer due to its shape and settling.11 From the point of view of fluid
dynamics, it can be argued that their dynamics are similar to sediment
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grains, marine snow, and phytoplankton. In particular, a non-spherical
shape is associated with a settling velocity not necessarily parallel to
gravity and particle rotation induced by the local velocity gradients.

Phytoplankton is the most important and largest group of photo-
synthetic organisms in a coastal environment. They serve as the base
of several food webs and play a crucial role in the carbon cycle of
aquatic ecosystems.15–17 These unicellular micro-organisms often form
long chains, colonies, and filaments. These formations can be modeled
as elongated particles in a turbulent flow, as microplastics. Some
groups of phytoplankton are non-motile, and some of them have a sili-
ceous cell wall that is denser than the seawater;18 hence, they settle
under gravity. Sedimentation of these organisms affects the trapping of
CO2 from the atmosphere into the ocean and how this is kept sus-
pended there for a long time.15,17 Collisions of spherical tracers and
heavy inertial particles suspended in homogeneous and isotropic tur-
bulence have been studied extensively in the literature. Tracer particles
move with the local flow velocity and collide due to their finite size so
that their mean collision rate depends on their size, the viscosity of the
carrier fluid, and the mean rate of energy dissipation of the turbu-
lence.19 Heavy infinitesimal particles, instead, detach from the flow
streamlines due to their inertia, which may lead to collisions character-
ized by a high relative velocity.20,21 In the limit of high inertia, and
high-density ratios, the collision rate is studied in Refs. 4 and 22.

As mentioned above, the settling velocity of an elongated particle
depends on its orientation.23–27 The interactions between elongated set-
tling particles and turbulence have been studied, among others in Ref.
16, which provide evidence of the accumulation of elongated particles.
Two elongated particles settling in a quiescent fluid with the same orien-
tation have the same settling velocity and never collide. Differences in
the orientation, however, will lead to a difference in their settling veloci-
ties which may lead to a collision, unlike the case of spherical particles.
Collision rates of the ellipsoids settling in a quiescent fluid have been
studied by Słomka and Stocker.28 More recently, Arguedas-Leiva et al.29

have studied the effect of elongation of the encounter rates of phyto-
plankton in turbulent flows. These authors have explored a parameter
range going from a turbulence-dominated regime, when the settling
speed is smaller than the turbulence fluctuations, to a settling-
dominated regime, when turbulence weakly affects the particle settling.
Here, we explore a range of settling speeds and aspect ratios that is rele-
vant for the microplastics and phytoplankton in a marine environment
and, therefore, focus on an intermediate regime where the effects of set-
tling and turbulence are of similar order.30

Our analysis is based on the results of simulations of settling inertia-
less prolate spheroids in homogeneous isotropic turbulence (HIT). These
settling spheroids weakly cluster in turbulent flows, which can lead to
enhanced collision rates. The other quantity that determines the collision
rate of the particles is their relative velocity. In this paper, we will, there-
fore, examine both aspects, the clustering and the relative velocity of set-
tling inertia-less prolate spheroids in laminar and turbulent flows.

The paper is organized as follows. We begin by introducing the
model used to describe the motion of inertialess ellipsoids in homoge-
neous isotropic turbulence in Sec. II. In Sec. III, we introduce the simu-
lation parameters. Next, we investigate whether turbulence affects the
collision rates of these particles and how this varies as a function of
aspect ratio, settling speed and density ratio, see Sec. IV. The clustering
and relative velocity are considered in this section. The main conclu-
sions from this study are summarized in Sec. V.

II. GOVERNING EQUATIONS AND NUMERICAL
METHOD
A. Fluid flow

The motion of the fluid is governed by incompressible Navier–
Stokes equations, written here in dimensionless form,

@u
@t

þ u � $u ¼ �$pþ 1
Re

r2uþ f ; (1)

$ � u ¼ 0; (2)

where u is the velocity vector of the fluid at position x and time t, p is
pressure, and f is the external forcing that supplies the energy to main-
tain the turbulence. Re ¼ UL=� is the Reynolds number of the flow,
where, U, L, and � denote the velocity scale, length scale, and kine-
matic viscosity of the fluid.

Equations (1) and (2) are numerically solved by a pseudo-spectral
method with the 2/3 dealiasing rule. The third-order Runge–Kutta
method is used for the time integration.31 All the simulations are per-
formed in a cubic box of length 2p with periodic boundary conditions
in all three directions. The simulation box is discretized with 1283 uni-
formly spaced points. To maintain a turbulent flow, we use a stochastic
forcing f in Fourier space that acts isotropically on the first shell of
wave vectors. The forcing amplitude is constant and the phase is delta-
correlated in time.32 The same numerical code has been used to study
the clustering and sedimentation of inertia-less prolate spheroids with
application to phytoplankton,16 gyrotactic micro-organisms,33 and
rain droplet evaporation in clouds,34 all in homogeneous isotropic
turbulence.

The homogeneous and isotropic turbulent flow is defined by the
Taylor microscale Reynolds number, Rek ¼ u0k

� , where u0 is the root

mean square of the velocity fluctuations, and k ¼ ffiffiffiffiffiffiffiffiffi
e

15�u02
p

is the Taylor
scale, with � the mean rate of energy dissipation of the flow. For the
simulations presented in this study, Rek ¼ 75.

B. Particle motion

The elongated spheroids studied here are small when compared
to the smallest turbulent eddies, hence smaller than the Kolmogorov
length scale g ¼ ð�3=�Þ1=4 of turbulence. For the applications of this
study, � is chosen to correspond to the surface layer of the ocean,
which is of the order 10�6m2=s3, corresponding to a length scale
g¼ 1mm, while the particle density is assumed to be close to the den-
sity of the carrier fluid.35

The settling velocity of an ellipsoid in the Stokes flow depends on
its orientation, defined here by the unit vector p, and is given by the
following expression:23

vsðpÞ ¼ 1
8pll

ðb0I þ b1ppÞ � g; (3)

where the dimensionless functions b0 and b1 are given by

b0 ¼
A 2

A 2 � 1
2A 3 � 3Að Þnþ; (4)

b1 ¼
�3A 2

A 2 � 1
þ 2A nþ þ A � 2A 3ð Þn�; (5)

and the coefficients nþ and n�,
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n6 ¼
ln A6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA 2 � 1Þ

q� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A 2 � 1

3
p : (6)

In the above, l is dynamic viscosity, g denotes the acceleration due to
gravity, and A is the particle aspect ratio, i.e., the ratio between the
length l and width w of the semi-major and semi-minor axis of a pro-
late. Equation (3) shows that the settling speed of a prolate spheroid
depends on its orientation. The settling speed is maximum when its
long side is aligned with gravity, and minimum when the long side is
normal to the direction of gravity. Full expressions and explanations of
the different functions of the aspect ratio A can be found, among
others, in Ref. 27.

It may be convenient to rewrite Eq. (3) for the settling velocity
vsðpÞ as follows:

vsðpÞ ¼ vmineg þ ðvmax � vminÞðeg � pÞp; (7)

where eg is the unit vector in the direction of gravity, vmin and vmax are
the minimum and maximum settling speeds of the particle.
Combining Eqs. (3) and (7), it can be shown that

vmax ¼ b0 þ b1
8pll

DqgV ; (8)

vmin ¼ b0
1

8pll
DqgV ; (9)

where Dq is the difference between the density of particle and fluid.
We also define the average settling speed vavg in a quiescent fluid as in
Ref. 16

vavg ¼ vmax þ 2vmin

3
: (10)

We assume that the microplastics and phytoplankton behave like
passive tracers, as their densities are close to the density of the fluid36

with their settling velocity given by Eq. (3). The translational motion
of the particle is therefore governed by the following equation:

dx
dt

¼ ujx þ vsðpÞ; (11)

where x is the position of the particles, ujx is fluid velocity at the posi-
tion of the particle, the settling speed vsðpÞ is given by Eq. (7), and p is
the orientation vector introduced above.

It has been observed that the rotational relaxation times associ-
ated with spinning and tumbling of small prolate particles are small
compared to the translational relaxation times;37,38 we, therefore, use
the inertialess equation for the rotational degrees of freedom.39,40 The
orientation vector p of an inertia-less spheroid particle obeys the
Jeffery equation,41

dp
dt

¼ 1
2
xjx � pþ a I � pp½ � � Ejx � p; (12)

where xjx is the flow vorticity at the particle’s position, I the second-
rank identity tensor, Ejx is the symmetric part of the velocity gradient
tensor at the position of the particle, and a depends on the aspect ratio
AR of the particle,

a ¼ A 2 � 1

A 2 þ 1
: (13)

To integrate the equations of motion for the particle [Eqs. (7) and
(12)], we need flow velocity and its gradients at the position of the par-
ticle, which are obtained with second-order interpolation. The
Runge–Kutta scheme used for the time advancement of the carrier
phase has also been used to perform the time integration of the particle
equations of motion. To track the orientation of the particle, we use a
formulation based on quaternions (see Ref. 42).

III. SIMULATION PARAMETERS

To study encounter rates of elongated particles in turbulence and
quiescent fluid, we consider prolate spheroids of aspect rations A ¼ 1
(spheres), 2, 5, 10, and 20. For each of the aspect ratios, we examine two
different values of the dimensional average settling speeds, vavg ¼ ug
and vavg ¼ 3ug, where ug ¼ ð��Þ1=4 is the Kolmogorov velocity of the
underlying flow. Note again that there are no collisions among spheres
of the same density in a quiescent environment as they all set with the
same velocity, both in terms of magnitude and direction.

Table I reports the values of the maximum and minimum settling
velocity that is used for the simulations with vavg ¼ ug. When
vavg ¼ 3ug, all values from the Table I should be multiplied by 3,
except for the ratio vmax=vmin which is not changing with the absolute
value of the settling speed. These velocities are presented in the SI
units. To obtain these values from the dimensionless parameters used
in the simulations, we have assumed a fluid density qfl ¼ 1029kg=m3

and kinematic viscosity of the fluid � ¼ 10�6m2=s (e ¼ 10�6W=kg as
mentioned above). These aim to represent a marine environment.

For the purpose of our analysis, that is comparing particles of dif-
ferent aspect ratio and same volume settling in a turbulent flow for the
two values of the average settling speed mentioned above, we introduce
the equivalent radius req, defined so that the volume of a sphere with
radius req is equal to the volume Vrod of the elongated spheroids.

Furthermore, to analyze the effect of changing size and aspect
ratio in a systematic way, we also fix the value of the average settling
speed vavg and vary separately the aspect A and particle size via req.
To have a constant settling speed while varying the particle volume
and shape, we need to consider particles with different densities for
each value ofA and req. The values of particle density qp, correspond-
ing to the different values of the aspect ratio A and of the equivalent
diameter req which give an average settling speed vavg ¼ ug and 3ug
are reported in Tables II and III in SI units. Not that with our choice of
dimensional parameters the Kolmogorov velocity ug ¼ 0:000 93m=s.

Note finally that we track 200 000 particles in each of the simula-
tions, and save about 300 snapshots for each case, spaced in time by
about one Kolmogorov timescale, to compute the statistics presented
below. Particles are injected in fully developed homogeneous and iso-
tropic turbulence. Since the particles under consideration behave

TABLE I. Maximum, minimum, and average of settling velocities for different values
of the particle aspect ratios and settling speed equal to the Kolmogorov velocity of
the underlying turbulence, vavg ¼ ug.

A 1 2 5 10 20

vmaxðm=sÞ 0.000 93 0.001 02 0.001 11 0.001 17 0.001 21
vminðm=sÞ 0.000 93 0.000 89 0.000 84 0.000 81 0.000 79
vmax=vminð�Þ 1 1.145 1.328 1.440 1.526
vavgðm=sÞ 0.000 93 0.000 93 0.000 93 0.000 93 0.000 93
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inertialess, they reach the statistical steady state rapidly. Convergence
is checked comparing with the results obtained with half the samples.

IV. RESULTS

In our analysis, we first study the collision kernels, as obtained
from the particle relative position. Afterward, we focus on the potential
for particle clustering, and particles relative velocity at close distance.
The results are based on the simulations introduced above, see the
schematic visualization in Fig. 1, where we display the particle position
x with blue dots and the orientation p with red arrows.

A. Collision kernel

1. Quiescent flow

An analytical expression for the collision kernel between thin
cylindrical rods with spherical caps settling in a quiescent fluid is
derived in Ref. 28. For our analysis, this is rewritten in terms of the
quantities used here, req and vavg. Let us first introduce the coefficient
c ¼ DqVg

l as in Ref. 28 and combine it with Eqs. (10) and (7), such that

vavg ¼ 2b0DqVg
8pll

þ ðb0 þ b1ÞDqVg
8pll

¼ 3b0 þ b1
24pl

c:

From the equality Vrod ¼ Vsp ¼ 4
3 pr

3
eq, we obtain an expression for the

length of the particle l, as function of req and the aspect ratio A . With
this, the collision kernel for rods in quiescent Cq finally reads as

Cq ¼

3vavgpb1
16r3eqA

2

3� 1
A

0
B@

1
CA

2=3

2A 3b0 þ b1ð Þ : (14)

The expression above is obtained assuming a uniform distribu-
tion for the orientation of rods of the same shape and density, see
Ref. 28. This expression shows that the collision rate increases with the
density contrast, the particle volume and aspect ratio, or simply—
average settling velocity vavg. When combining the expressions for the
settling velocity Eqs. (7) and (14), at fixed volume Vrod; Cq displays a
non-monotonic dependence on the aspect ratioA . As example,28 find
that for req ¼ 5 lm, Cq is maximum atA � 50.

To estimate the collision kernel in quiescent flow, we consider
several snapshots of randomly distributed particles with random orien-
tation vectors p, following Ref. 28. The particles are assumed to keep
their orientation in quiescent flow during the settling because we
neglect the hydrodynamic interaction between them.

Collision rates between two populations of rods with orientations
p1 and p2 can be calculated using the equation provided by28

Cp1;p2 ¼
2l2

A
jp1 � Dvj þ jp2 � Dvj� �

: (15)

Here, v1 and v2 represent the velocities of the centers of mass of the
particles, and Dv ¼ v1 � v2 the relative velocity. The full collision
kernel C is obtained by averaging Cp1;p2 over all possible orientations
p1 and p2. When the minimum distance between two particles is equal
to the width of the particle w, as illustrated in Fig. 10 and described in
the Appendix, the particles are considered to be in contact. To deter-
mine the collision kernel from our simulations, we calculate the aver-
age of Cp1;p2 for all pairs of particles that have a minimum distance
equal to w. In the appendix, we also show that the simulation data in
quiescent flow correctly match the formula in Ref. 28.

Collision kernels in quiescent fluid are presented in Fig. 2, where
we display values for different values of the settling speed (left and
right columns), together with the values normalized with the collision

TABLE II. Densities of the particles in kg=m3 for different values of A and req in lm
to maintain a constant value of vavg ¼ ug.

A

reqðlmÞ 1 2 5 10 20

50 1205 1212.3 1248.44 1299.93 1379.35
75 1107.1 1110.47 1126.53 1149.42 1184.71
100 1072.97 1074.82 1083.86 1096.73 1116.59
125 1057.12 1058.33 1064.11 1072.35 1085.06
150 1048.52 1049.37 1053.38 1059.10 1067.93

TABLE III. Densities of the particles in kg=m3 for different values of A and req in
lm to maintain a constant value of vavg ¼ 3ug.

A

reqðlmÞ 1 2 5 10 20

75 1264.2 1275.27 1322.64 1391.54 1497.8
100 1161.3 1166.96 1194.17 1232.92 1292.7
125 1113.65 1117.3 1134.71 1159.51 1197.77
150 1087.78 1090.32 1102.41 1119.63 1146.21

FIG. 1. Visualization of elongated particles settling in homogeneous isotropic turbu-
lence. The simulations track point particles (blue circle) and their orientation (indi-
cated by the red arrows). Isocontours of the turbulent velocity magnitude are
depicted on the background planes.
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rates of spheres in turbulence (bottom row). These data are obtained
from simulation statistics and are shown to match the theory, see the
Appendix. The data in Fig. 2 show that for nearly spherical shapes
(A ¼ 1:01), Cq is equal to zero, which confirms that there are no col-
lisions between spheres in quiescent flow. The collision rates are found
to increase with A and size of the particles; given the same settling
speed, the increase with aspect ratio can be attributed to the increase in
surface area for more elongated particles. Comparing panels a and b of
Fig. 1, we notice the collision rates also increase at higher average set-
tling speed, and the factor of increase is approximately 3, i.e., the ratio
between the two settling speeds under examination.

As we will analyze the role of particle shape on the collision rates
in turbulence, we introduce the ratio between the collision kernels of
settling elongated particles in the quiescent fluid, Cq and the kernels
for neutrally buoyant spheres in turbulence, Ct;sphere, where the latter is
obtained from our simulations of nearly spherical particles,A ¼ 1:01,
in homogeneous isotropic turbulence. The values of the ratio

Cq=Ct;sphere are displayed in panels c and d of Fig. 2. We show these as
a function of the particle aspect ratio A for the different particle vol-
ume and average settling speed under investigation. The data show
that for A � 2; Cq is larger than zero and this implies that settling
rods in a quiescent flow have higher collision rates than neutrally
buoyant spheres of the same volume transported in a turbulent flow.
In particular, the collision rates increase by a factor approximately 20
for very elongated particles and average settling speeds equal to three
times the Kolmogorov velocity scale. For nearly spherical shapes
(A ¼ 1:01), when Cq ¼ 0, we can appreciate the increase in collision
rates due to turbulence.

2. Collisions in turbulence

Next, we turn our attention to the main objective of this work,
i.e., the collision kernel of settling elongated particles in turbulent
flows, denoted here by Ct.

FIG. 2. (a) and (b) Collision kernel for cylinders with spherical caps in quiescent flow Cq as a function of the aspect ratio A . (c) and (d) Ratio between the collision kernel of
rods in quiescent flow Cq and neutrally buoyant spheres Ct;sphere of the same volume in turbulent flow as a function of the aspect ratio A , for the different values of particle vol-
ume, defined by the equivalent diameter req, indicated in the legend. The data in panel (a) and (c) pertain to particles of different sizes and shapes with an average settling
speed vavg ¼ ug and those in (b) and (d) to cases with vavg ¼ 3ug, with ug the Kolmogorov velocity of the underlying turbulence. Note that Cq is zero for spherical particles in
quiescent flow, so that computations have actually been performed with a value A ¼ 1:01.
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The collision rates in turbulence, Ct, are depicted as a function of
the aspect ratio A in Figs. 3(a) and 3(b) for the two average settling
speeds under investigation, vavg ¼ ug and 3ug and for different particle
volumes (see equivalent radius in the figure legend). The values of Ct

are greater than 0 for all different particle sizes under investigation, i.e.,
for the different values of req, and increase with the aspect ratio,
A > 1. Hence, in turbulence, the collision rates of settling rods are
always greater than those between spherical particles of same volume
and average settling speed. A comparison between the data in panels
(a) and (b) indicates that the collision rates are higher for particles
with vavg ¼ 3ug than for vavg ¼ ug. The ratio between the two is less
than 3. Indeed, we expect the collision rate to be proportional to the
settling speed vavg only when we are in the settling dominated
regime,29 as also shown above from the results in quiescent fluid.
Quantitatively, we observe that the collision rates of settling rod-like
particles are up to ten times higher than the collision rates of spheres
with the same volume.

To obtain further insight on the role of turbulence, we compare
the collision kernels of a suspension of settling rods in a quiescent
fluid, denoted Cq, to those in the presence of turbulence, Ct, for the
same monodisperse suspension. The ratio between the two, Cq=Ct, is
displayed in panels (c) and (d) of Fig. 3. Note again that in a quiescent
fluid there are no collisions among spheres because all particles just
settle vertically and with same velocity (zero relative velocity), that is
Cq=Ct ¼ 0 forA ¼ 1.

The data in the figure reveal that for most of the values ofA and
req the ratio Cq=Ct is smaller than 1, which implies that the collision
rates of settling prolate particles increase in turbulence. This enhance-
ment can be explained by a weak clustering, absent in quiescent fluid,
and by the increase in the particle relative velocity, now induced by the
turbulent fluctuations and not only by a different particle orientation
(see discussion in Sec. IVB). The increase in collision rates between
rods induced by the turbulence can reach up to 100% (Cq=Ct � 0:5Þ.
We also note that the difference between collision rates in quiescent

FIG. 3. (a) and (b) Collision kernel of cylinders with spherical caps in turbulence Ct as a function of the aspect ratio A . (c) and (d) Ratio of collision kernels in quiescent fluid
and turbulent flow Cq=Ct as a function of the aspect ratio A . In all panels, the different curves pertain to different values of the particle volume, defined by the equivalent diam-
eter req, indicated in the legend. Panels (a) and (c) display the collision kernels for particles of average settling speed vavg ¼ ug whereas panels (b) and (d) those for particles
with vavg ¼ 3ug.
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and turbulent flow is smaller for higher settling velocity and
smaller particle sizes. Interestingly, we note a maximum of Cq=Ct

for aspect ratios of approximately 5. For these intermediate values,
the gain in turbulence is lower, and we even observe a reduction in
collision rates in turbulence for the particles with the highest set-
tling speed and A ¼ 5, see panel d) of Fig. 3. This is explained by
the alignment between rods in turbulence, see Sec. IV B, which is
not compensated by clustering and larger surface area as observed
for higher values of A .

Next, we wish to analyze collision kernels as a function of the par-
ticle density, which we have varied in order to fix the settling speed. To
this end, we display the collision kernels from all our simulations in
Fig. 4 vs the density ratio qp=qfl , see Table II. In particular, panel (a)
depicts the collisions kernels in quiescent fluid, Cq, panel (b) those in
turbulence, Ct , and panel (c) their ratio, Cq=Ct .

The data pertaining to settling in quiescent fluid confirm that the
collision probability increases with settling speed and aspect ratio while
decreasing in a notable manner with the density ratio. Note that a
high-density ratio corresponds to a smaller particle size at the same
settling speed. The overall picture is not different in turbulence flow,
see panel (b) in Fig. 4; a remarkable difference is now the reduced dif-
ference for the two settling speeds under investigations (depicted with
circles and squares). Finally, presenting the data in terms of relative
variations shows that the increase in collision rates induced by turbu-
lence is more limited for the high settling speed vavg ¼ 3ug, i.e.,
Cq=Ct > 0:8 and almost independent of the density ratio. For the
lower settling speed, vavg ¼ ug, we notice a more clear increase in colli-
sion rates by the turbulence for increasing density ratios. Overall, the
increase in collision rates in turbulence is strong for the smallest par-
ticles, and density ratios below 1.2.

To be able to better interpret the collision rate data just shown,
we next focus on the potential for particle clustering, and on their rela-
tive velocity at close distance.

B. Particle clustering

To quantify the clustering of the settling particles, we compute
the radial distribution function (RDF), which measures the probability
of finding a particle pair separated by a given distance r, normalized by
the value expected for uniformly distributed particles. The RDF is
defined as

gðrÞ ¼ 1
4pr2

dNðrÞ
dr

1
n0

; (16)

where N(r) is the number of particle pairs having separation less than

or equal to r and n0 ¼ 0:5NpðNp�1Þ
V0

is the mean number density of the
pairs in the entire volume V0 filled with Np particles.

Figure 5 displays the radial distribution function g as a function
of the pair separation r for settling speeds vavg ¼ ug and 3ug. The data
show that for spheres, A ¼ 1; gðrÞ � 1 at all values of r=g, so no
clustering is observed. For A > 1, however, g(r)> 1 at small separa-
tions and decreases as r increases, approaching unity, the uniform dis-
tribution, for r=g > 10. The data, therefore, confirm a weak
accumulation in turbulence for the case of elongated fibers. We note
that the values of the radial distribution function increase with the
aspect ratio A and the settling speed. As shown in Ardekani et al.,16 a
prolate spheroid has the tendency to preferentially sample a downwel-
ling flow in a constant shear. Thus, the increase in settling speed
observed in homogeneous and isotropic turbulence is solely attributed
to this preferential sampling of regions exhibiting downwelling flow.

To focus on clustering, we display in Fig. 6 the values of the radial
distribution function at contact, i.e., gðr ¼ 2reqÞ, vs the particle aspect
ratio A , for different values of the particle radius req, as indicated in
the legend, and for the two values of the settling speed considered
(panel a and b for vavg ¼ ug and vavg ¼ 3ug). For small separation dis-
tances,43 estimated the radial distribution function of a monodisperse
collection of inertial particles to be power-law function gðrÞ ¼ c0r�c1 ,
which is used here to obtain the values for distances approaching req.
The data in the figure reveal that the clustering increases with the
aspect ratio, in agreement with the results in Ref. 16. Comparing the
data in the two panels, we also observe that clustering in stronger for
the largest settling speed examined, vavg ¼ 3ug, than for particles with
average settling speed vavg ¼ ug. Finally, we note that, in all the cases
examined here, clustering increases as req is decreased, which is attrib-
uted to larger density of the smallest particles at the same settling
speed, see Table II.

C. Particle mean relative velocity

Next, we examine the effect of aspect ratioA and particle size on
the relative velocity between two particles at distance r; the value at a
distance equal to the equivalent diameter, req, is considered as this is

FIG. 4. Collision kernels vs the density ratio qp=qfl in (a) quiescent flow and (b) turbulence. Panel (c) shows the ratio of the two, Cq=Ct . Data from all simulations are dis-
played, with the color map indicating the aspect ratio and the symbols the settling speed: circle for vavg ¼ ug, and squares for vavg ¼ 3ug.
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typically used to estimate the collision probability. Let us assume that
two particles with separation r have velocity v1 and v2, and define the
mean relative velocity as

dv�ðrÞ ¼ �hðv2 � v1Þ � r̂iapp; (17)

where r̂ is the unit vector along r and hiapp denotes the average taken
over approaching pairs, i.e., with negative relative velocity.

The mean relative approaching velocity is displayed as a function
of the separation r in Fig. 7 for vavg ¼ ug and 3ug. The magnitude of
the relative velocity, dv�, increase with r. Differences are found at small
separation, and to be more pronounced for the largest settling speed
under consideration. At large separation the curves approach a con-
stant value, corresponding to the average fluctuation amplitude, i.e.,
the rms value of the underlying turbulence.

The relative velocity at contact, dv�ðreqÞ, is displayed as a func-
tion of A for the average particle settling speed vavg ¼ ug in Fig. 8(a)
and for vavg ¼ 3ug in panel 8(b). These values are normalized with the

values for spheres. The results show that the settling elongated particles
have higher relative approaching velocities as compared to spheres
with the same volumes and the values are greater for higher average
particle settling speed vavg ¼ 3ug. We also report data for different val-
ues of the particle volume, defined by means of the equivalent diameter
req, for each of the two average settling speeds under consideration.
We note that values of the relative velocities are higher by a factor
almost 3 for vavg ¼ 3ug than for particle settling with an average veloc-
ity vavg ¼ ug. This suggests that the particle relative velocity at contact
is more closely related to settling rather than to the local orientation
and shear/vorticity.

Finally we investigate the average angle, h, between the orienta-
tion vectors of two particles near contact, i.e., at a distance� req in tur-
bulent flow. Figure 9 displays the average modulus of the cosine of the
angle h, hj cosðhÞji, as a function of the particle aspect ratioA and for
the different values of req under consideration. An average value
hj cosðhÞji � 0:5 would be obtained if the orientation vectors are

FIG. 6. Radial distribution function at contact gðr ¼ 2reqÞ, vs the particle aspect ratio A and for different values of the particle radius req, see legend. Panel (a) displays values
pertaining particles of same volume (4=3pr3eq) and same settling speed vavg ¼ ug whereas in (b) vavg ¼ 3ug. The values are normalized by the corresponding value for spheri-
cal particles.

FIG. 5. Radial distribution function vs the separation distance r for different values of the particle aspect ratio A , see legend. Panel (a) displays values for a settling speed
vavg ¼ ug, whereas in (b), vavg ¼ 3ug.
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randomly distributed. Instead, we find here that forA > 1, hj cosðhÞji
> 0:5. This indicates that, in the presence of turbulence, nearby par-
ticles tend to align with each other. As a consequence of this alignment,
the particles have very similar settling directions, which leads to a
decreasing collision probability. To conclude, we note that the align-
ment of the particle with the local velocity field has been investigated
in several previous studies, see among others Marchioli et al.,38

Parsheh et al.,44 Meneveau45 and the review by Voth and Soldati.40

The anisotropic particle dynamics are significantly influenced by pref-
erential alignment with the local velocity gradient tensor. This align-
ment not only greatly impacts particle rotations but also leads to
instantaneous alignment among nearby particles. The study by Pumir
andWilkinson,46 among others, highlights that thin elongated particles
strongly align with the vorticity vector in isotropic turbulence, whereas
alignment with the eigenvectors of the strain rate tensor is compara-
tively weaker.

V. CONCLUSION

We report the results of simulations of settling elongated
spheroids with different aspect ratios in homogeneous, isotropic
turbulence. The parameters used for the simulations are chosen to
represent marine snow, diatoms, plankton, and microplastics (see
Refs. 13 and 29) with settling velocities of the order of Kolmogorov
velocities. To focus the analysis on particles of different shapes but
the same volume and settling speed, we here adjust the particle
density and simulate the settling of mono-disperse suspensions of
prolate particles with an aspect ratio varying from 1 to 20 and set-
tling speeds equal to 1 and 3 times the Kolmogorov speed of the
underlying turbulence. The particle size is assumed to vary from 50
to 150 lm. Because of their small size, the particles have been
assumed to behave like passive tracers with a correction given by
the Stokes settling velocity—function of the orientation for non-
spherical particles.

FIG. 8. Particle relative approaching velocities at contact, dv�ðreqÞ [see Eq. (17)] normalized by the value for spherical particles. The data are displayed as a function of the
aspect ratio A for: (a) particle of fixed volume and average settling speed vavg ¼ ug and (b) vavg ¼ 3ug. For each value of vavg, data are shown for different values of the parti-
cle volume, defined through the equivalent diameter req.

FIG. 7. Mean relative velocity dv�ðrÞ vs the separation distance r for different values of the particle aspect ratio A , see legend. Panel (a) displays values for settling speed
vavg ¼ ug whereas in (b) vavg ¼ 3ug.
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From a methodological viewpoint, we introduce a computation-
ally less expensive alternative for collision detection between rods.
Specifically, we do not directly count collisions during the time integra-
tion of the governing equations but estimate the collision rate from the
statistics of the minimum distance as function of relative position and
orientation, in the limit of the distance between the surface going to
zero. (See details in the manuscript Appendix where we validate the
proposed approach.)

This work extends previous studies which have shown that colli-
sion rates between randomly oriented elongated particles settling in a
quiescent fluid can be much larger than collision rates among spheres
settling in homogeneous and isotropic turbulence.28,29 This significant
increase in collision rates is due to the oblique settling speed of elongated
objects, in turn, a consequence of the drag-anisotropy in Stokes flows:23

a random distribution of orientation would therefore lead to collisions

between rods even if they all have the same size and density. Moreover,
numerical simulations and experiments have shown that elongated par-
ticles can cluster in a turbulent flow16 and that collision rates increase
with the aspect ratio of the elongated spheroids, the idealized shape usu-
ally assumed in theoretical and numerical models. This has been shown
in the study by Arguedas-Leiva et al.29 and confirmed by the analysis
performed here for a wide range of parameters. We also recall, as known
from several previous studies in different contexts, that turbulence sig-
nificantly increases the collision rates of nearly spherical particles.

The new results presented here demonstrate that turbulence gen-
erally enhances collisions among elongated particles as compared to
those expected for a random distribution of the same particles settling
in a quiescent fluid. The increase in collision probability is much less
pronounced than for nearly spherical particles, but still significant: For
the cases considered in this study, this enhancement reaches up to 50%
for very elongated particles. In particular, the increase in collision rate
due to turbulence is found to quickly decrease with the aspect ratio,
reach a minimum for aspect ratios approximately equal to 5, and then
slowly increase again. Note that for A ¼ 5 we even find a lower colli-
sion probability in turbulence than in quiescent fluid for particles of
highest density ratios (corresponding to settling speeds equal to three
times the Kolmogorov velocity).

This non-monotonic trend is explained as the result of two com-
peting effects: the increase in the surface area with aspect ratio (benefi-
cial to increase encounters rates) and the alignment of nearby prolate
particles in turbulence (reducing the probability of collision). Both
effect are more pronounced when increasing the particle aspect ratio,
with the former responsible for the increase observed at high aspect
ratios despite the particle alignment, which becomes independent of
the particle shape forA > 5.

In addition, our simulations also show that the collision rates
increase almost proportionally to the settling speed and the clustering
due to the particle shape is relatively more important at a lower settling
speed. Note finally that we have here considered collisions among par-
ticles of the same shape, size and density, while tiny particles dispersed
in the ocean, either naturally or as a consequence of human activity,
are characterized by a range of different settling speeds. In the future, it
would therefore be relevant to investigate and estimate collision rates
among particles with different densities, sizes and shapes.
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APPENDIX: COMPUTATION OF COLLISION KERNELS
FROM DNS DATA

We present here an alternative approach to determine the col-
lision kernel from point-particle simulations of rod-like particles in
turbulent flows, which is computationally less expensive than count-
ing directly the collisions during time integration. This is based on
the estimation of the collision probability at distances approaching
the distance between the rod surfaces at collision, i.e., the rod width
w (see Fig. 10). We validate it by showing a good matching with the
theory presented in Refs. 28 and 29 in quiescent fluid.

For the encounter detection algorithm, we approximate the
particles as thin rods with spherical caps. The length of the rod is l,
and the diameter is w; aspect ratio A ¼ l=w. The position of the
center of mass is x, and its axis is oriented along the direction
defined by the unit vector p. The coordinate of a point along its axis
can be written in terms of the parameter t as

r tð Þ ¼ x þ t
l
2
� w

2

� �
p; t 2 �1; 1½ �;

¼ x þ t 1� 1
A

� �
l
2
p: (A1)

Next, we consider two such rods having centers of mass at x1
and x2, separation Dx ¼ x1 � x2, and orientations along p1 and p2.
Following Ref. 29, the minimum distance between the surface of the
two is

rmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l
2

1� 1
A

� �
p1tmin � p2sminð Þ þ Dx

� �2s
; (A2)

where

tmin ¼ 2

l A � 1ð Þ
A

p1 � p2ð Þ2 � 1
Dx � p1 � p1 � p2ð ÞDx � p2
� �

;

smin ¼ 2

l A � 1ð Þ
A

p1 � p2ð Þ2 � 1
p1 � p2ð ÞDx � p1 �Dx � p2

� �
:

(A3)

The equations presented above give the minimum distance
only when �1 � tmin � 1 and �1 � smin � 1. If tmin or smin lie out-
side the interval ½�1; 1�, we should use the following expressions:

set tmin ¼ �1 if tmin < �1;

set; tmin ¼ 1 if tmin > 1;

and smin ¼ tminp1 � p2 þ
2

l A � 1ð ÞDx � p2:
(A4)

Similarly for smin,

set smin ¼ �1 if smin < �1;

set smin ¼ 1 if smin > 1;

tmin ¼ sminp1 � p2 þ
2

l A � 1ð ÞDx � p1:
(A5)

FIG. 10. Contact between two equal cylindrical rods with spherical caps. Definition
of minimum distance rmin, tmin, and smin, used to identify the particle relative position
from their orientation and center of mass location. Contact occurs when rmin ¼ w,
the fiber cross section diameter.
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The collision probability between non-spherical particles given by
Eq. (15),28 and reported here for clarity, is then evaluated as a func-
tion of the minimum distance rmin.

Cp1 ;p2ðrminÞ ¼ 2l2

A
jp1 � Dvj þ jp2 � Dvj� �

: (A6)

The collision kernel is finally estimated by extrapolating the values
to the minimum possible separation w, the fiber diameter. The func-
tion Cp1;p2ðrminÞ is displayed in Fig. 11 for the case of settling fibers
in quiescent and turbulent flow. In panel (a), the collision probabil-
ity is independent of the particle–particle distance, as it should be
for randomly oriented fibers in the absence of any flow (note that
the oscillations at short distances are due to poor statistics in this
range). For the case of turbulent flow, panel (b), we clearly identify
an almost linear range for short separations, which validate the use

of linear extrapolation to the values of contact to estimate the colli-
sion kernels.

The algorithm used is therefore as follows:

1. Consider the particle pair defined by ðx1; p1;v1Þ and ðx2; p2;v1Þ.
2. Calculate the vectors Dx ¼ x1 � x2 and Dv ¼ v1 � v2.
3. Calculate tmin and smin using Eq. (A3).
4. If tmin and smin lie outside of the interval ½�1; 1�, use Eqs. (A4)

and (A5).
5. Calculate rmin by using Eq. (A2).
6. Identify the bin corresponding to rmin in order to build a distri-

bution of Cp1;p2ðrminÞ.
7. Calculate Cp1 ;p2 by using Eq. (15).
8. Add the value of Cp1 ;p2 to the corresponding bin: CðkÞ

¼ CðkÞ þ Cp1;p2 .
9. Repeat these steps for all particle pairs.

To validate our method, we report in Fig. 12 the collision ker-
nel pertaining rod-like particles in quiescent flow as a function of
the aspect ratio, for vavg ¼ ug. The data from the simulations are
compared with the theory, see Eq. (14), showing that the collision
rates obtained by our method are in good agreement with the ana-
lytical model.
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