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Abstract: We consider a special class of Galton—Watson theta-processes in a varying environment fully defined
by four parameters, with two of them (6, r) being fixed over time n, and the other two (ay, ¢,) characterizing
the altering reproduction laws. We establish a sequence of transparent limit theorems for the theta-processes
with possibly defective reproduction laws. These results may serve as a stepping stone towards incisive general
results for the Galton—-Watson processes in a varying environment.
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1 Introduction

The basic version of the Galton—Watson process (GW-process) was conceived as a stochastic model of the popu-
lation growth or extinction of a single species of individuals [3, 7]. The GW-process {Z, } >0 unfolds in the discrete
time setting, with Z, standing for the population size at the generation n under the assumption that each indi-
vidual is replaced by a random number of offspring. It is assumed that the offspring numbers are independent
random variables having the same distribution {p(j)};so.

By allowing the offspring number distribution {p(j)};=o to depend on the generation number n, we arrive
at the GW-process in a varying environment [4]. This more flexible model is fully described by a sequence of
probability generating functions

fa(s) =Y pa()s/, 0<s<1,n>1.
j=0
Introduce the composition of generating functions
Fp(s)=fio---ofn(s), 0<s<l,nx>1
Given that the GW-process starts at time zero with a single individual, we get
E(s”) = F(s), P(Zn = 0) = Fn(0).

The state 0 of the GW-process is absorbing and the extinction probability for the modeled population is deter-
mined by

q = lim F,(0)
(here and throughout, all limits are taken as n — oo, unless otherwise specified). In the case of proper repro-
duction laws with f,(1) = 1 for all n > 1, we get
F(1)

E(Zn) = Fy(D) = f{(1) - fo(D), E(ZalZn > 0) = 35

*Corresponding author: Serik Sagitov, Department of Mathematical Sciences, Chalmers University of Technology; and the University
of Gothenburg, Gothenburg, Sweden, e-mail: serik@chalmers.se. https://orcid.org/0000-0002-4577-8188

Yerakhmet Zhumayev, Department of Mathematics, L. N. Gumilev Eurasian National University, Astana, Kazakhstan,

e-mail: yerakhmet@enu.kz

3 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0 Inter-
national License.

3



2 — S, Sagitovand Y. Zhumayev, Galton-Watson Theta-Processes in a Varying Environment DE GRUYTER

In [5], the usual ternary classification of the GW-processes into supercritical, critical, and subcritical pro-
cesses [1], was adapted to the framework of the varying environment. Given 0 < f;(1) < oo for all n, it was shown
that under a regularity condition (A) in [5], it makes sense to distinguish among four classes of the GW-processes
in a varying environment: supercritical, asymptotically degenerate, critical, and subcritical processes. In a more
recent paper [10] devoted to the Markov theta-branching processes in a varying environment, the quaternary
classification of [5] was further refined into a quinary classification, which can be adapted to the discrete time
setting as follows:

e supercritical case: q < 1 and lim E(Z;,) = oo,

o asymptotically degenerate case: q < 1 and liminf E(Z,) < oo,

o critical case: ¢ = 1 and lim E(Z,|Z,, > 0) = oo,

o strictly subcritical case: q = 1 and a finite lim E(Z,|Z, > 0) exists,

o loosely subcritical case: ¢ = 1 and lim E(Z,|Z,, > 0) does not exist.

Our paper is build upon the properties of a special parametric family of generating functions [9] leading to
what will be called here the Galton-Watson theta-processes or GW%-processes. The remarkable property of
the GW%processes in a varying environment is that the generating functions F,(s) have explicit expressions
presented in Section 2. An important feature of the GW?-processes is that they allow for defective reproduction
laws. If the generating function fi(s) is defective, in that f;(1) < 1, then Fy(1) < 1 for all n > i. In the defective
case [6, 11], a single individual, with probability 1 — f;(1) may force the entire GW-process to visit to an ancillary
absorbing state A by the observation time n with probability

P(Zn =A) =1-Fnp(1).

In Sections 3 and 4, we state ten limit theorems for the GW®-processes in a varying environment. These
results are illuminated in Section 5 by ten examples describing different growth and extinction patterns under
environmental variation. The proofs are collected in Section 6.

2 Proper and Defective Reproduction Laws

Definition 1. Consider a sequence (6, r, a,, cp)ns>1 satisfying one of the following sets of conditions:

@ 0Be(,1],r=1,andforn>1,0<a, <oo,cp >0,cp >21-ay,

® 0€(,1],r>1,andforn>1,0<a,<1,1-a)r%<c,<1-ay)r-179,

(0 8e(-1,0),r=1,andforn>1,0<a,<1,0<cyp <1-ay,

(d) 6e(-1,0,r>1,andforn>1,0<a, <1, A1 -a)r-1)"?<c, <1 -apr?,

(e) 6=0,r=1,andforn>1,0<a,<1,0<c, <1,

f) 6=0,r>1,andforn>1,0<a,<1,0<c, <1.

A GW(’-process with parameters (6, r, a,, cp)n>1 is @ GW-process in a varying environment characterized by
a sequence of probability generating functions (f;,(s))n>1 defined by

fn(8) =1 —(ay(r- s)‘6 + cn)‘%, 0<s<r, far)=r, 2.1
for 6 + 0, and for 6 = 0, defined by
fa(§)=r—(r-cp) " (r-s)%, 0<s<r. (2.2)

Definition 1is motivated by [9, Definitions 14.1 and 14.2], which also mentions a trivial case of = —1 notincluded
here. Observe that in the setting of varying environment, the key parameters 6 € (-1, 1] and r > 1 stay constant
over time, while the parameters (a,, ¢,) may vary. The case 6 = r = 1 is the well studied case of the linear-
fractional reproduction law.

This section contains two key lemmas. Lemma 1 gives the explicit expressions for the generating functions
Fp(s) in terms of positive constants A, Cp, Dy = Dp(r) defined by

n n n
Ao=1, Ap=[Jai Ca=Y Aiaci, Dn=]]r-cyt
i=1 i=1 i=1
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Lemmas 2 presents the asymptotic properties of the constants A, Cp,, D, leading to the limit theorems stated in
Sections 3 and 4.

Lemma 1. Consider a GWG-process with parameters (0,1, an, cy). If 6 # 0, then
Fn(s)=T—(An(r-s)?+Co) 8, O<s<r, Fur)=r, nx1,

and if 0 = 0, then
Fu(s)=r—-(r-s)*D,, 0<s<r, n>1.

Here:
(@ for6e (0,1, r=1,

=

0<Ap<oo, Cp>0, Cp=21-4, F,(1)=1, F,(1)=A4,", n=>1,
(b) for6e(0,1], r>1,
0<Ap<l, (A-Aprf<cCi<@-4)0r-1"° F.()<1, n>1,

with Fn(1) = 1ifand only if cx = (1 — ax)(r - 1)%, 1 < k < n, implying F/,(1) = A,,
(©) for6e(-1,0),r=1,

D=

0<Ap<oo, 0<Cp<l-4,; F1)=1-C,°, n=x=1,
(d fore(-1,0),r>1,
0<Ap<1l, (A-Anr-1Df%<cC,<1-4A)r Y% FM<1, n>1,

with F,(1) = 1ifand only if cx = (1 — ax)(r - )P 1<k<n implying F)(1) = Ay,
(e) for6=0,r=1,
0<Ap<1l, 0<Dp<1l, F(1)=1, Fyl)=c0, nx=1,

) for6=0,r>1,
0<Ap<l, r-D'"*<D,<r'™, F,(1)<1, nx1,

with Fp(1) = 1ifand only if cx = 1, 1 < k < n, implying F),(1) = Ap.

Lemma 2. Denote the limits A = lim A,, C = lim Cp,, D = lim D,,, whenever they exist, whether finite or infinite.
(@ If6€(0,1],r=1,thenC € [1,00], and if C < oo, then A € [0, co].

() If6e(0,1],r>1,thenAe[0,1)and(1-A)rf<C<(1-A)r-1)".

(©) If6e(-1,0),r=1,thenAc[0,1)and0<C<1-A.

(d) If6e(-1,0),r>1,thenAec[0,1)and (1-A)r- D P%<c<@1-Art.

(&) If6=0,r=1,thenA €[0,1) and D = [],51(1 — cp)»174» with D € [0, 1].

(f) If6=0,r>1,thenA € [0,1) and D = [],21(r — cp)n174n with (r - )14 < D < r'-4,

3 Limit Theorems for the Proper GW°-Processes

Theorems 1-5 deal with the GWe-process in the case 0 € (0,1], r = 1, when by Lemma 1,

_1
E(Zn) = An’, P(Zn>0) = (An+Cn) 0.

Putting B, = g—z, we obtain
E(Zn|Zn > 0) = (1 + By)?.

These five theorems fully cover the five regimes of reproduction in a varying environment and could be sum-
marized as follows. Let 8 € (0,1],r =1,
. given C < oo, the GW?-process is

— supercritical if A, — 0, see Theorem 1,

— asymptotically degenerate if A, — A € (0, 00), see Theorem 2,

—  strictly subcritical if A, — oo, see Theorem 4,
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« given C = oo, the GW?-process is

— critical if B, — oo, see Theorem 3,

- strictly subcritical if B, — B € [0, 0c0), see Theorem 4,

— loosely subcritical if the lim B, does not exist, see Theorem 5.
This section also includes Theorem 6 addressing the proper case 8 = 0, r = 1. Notice that Theorem 6 deals with
the case of infinite mean values, when the above mentioned quinary classification does not apply.

1
Theorem 1. Let 0 € (0,1], r=1, and C < 0. IfA;, — 0, thenq =1 - C7 and Ap Zy, almost surely converges to
a random variable W such that
Ee*W)y=1-Q%+C) 7, A>0.

Theorem 2. Let 0 € (0,1], r =1, and C < co. If A, — A € (0, 00), then
q=1-(A+0)5, EZ)—>AT,
and Z, almost surely converges to a random variable Z, such that
E(Zeo) = A7, E(s%)=1-(A1-9)7"+0)%, 0<s<l.

Theorem 3. Let 6 € (0,1], r =1, and C = co. If By — oo, then q =1,

_1
[4

1
P(Zn >0) ~ C,°, E(ZnlZ, > 0)~ By,

=

and with A, = AB,°,
E(e M%7, >0) > 1-(1+A975, A>0.

Theorem 4. Let 0 € (0,1] andr = 1. If A, — co and B, — B € [0,00), then q =1,

_1
P(Zy>0)~(1+B)9A,°, E(ZnlZn >0) — (1+B)7,

and
E(s%(Z,>0) > 1-((1+B)(1-s)?+B+B%) 5, 0<s<1.

Theorem 5. Let 0 € (0, 1], r = 1, and assume that lim B, does not exist. Then q = 1 and letting
Bkn — Be [0, OO]

along a subsequence k, — oo, we get:
(1) ifB = oo, then
_1 1
P(Zk, >0)~ C", E(Zk,|Zk, >0) ~ B ,

SN

and with A, = AB,°,
E(e M|z >0) > 1-(1+A47078, A>0,

(i) if B € [0, c0), then Ay, — oo,
_1
P(Z, >0) ~ (1 +B) 1A, ", E(Zk,|Zk, >0) — (1+B)3,

and
E(s%|Z, >0) > 1-((1+B)(1-5)° +B+B*)77, 0<s<l.

Theorem 6. Suppose 6 =0 and r = 1. Then P(Z,, > 0) = Dy, so that q = 1 — D, with D given by Lemma 2 (e). Fur-
thermore:
(D ifA=0andD =0, thenq=1and

PA,InZ, <x|Z,>0) -1-¢* x>0,
(i) fA=0andD > 0, thenq < 1 and

P(A,InZ,<x) ->1-e*D, x>0,
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(iii) if A € (0,1) and D = 0, then q = 1 and
E(s“Zn>0) > 1-(1-9)*, 0<s<1,
(iv) if A € (0,1) and D > 0, then q < 1 and Z,, almost surely converges to a random variable Z, such that

E(Zo) =0, E(s%®)=1-(1-5)2D, 0<s<1.

Remarks

We make the following observations.

(i) Itisastraightforward exercise to check that the abhove mentioned regularity condition (A) in [5] is valid for
the GW%-process in the case 6 € (0,1], r = 1.

(i) The limiting distribution obtained in Theorem 3 coincides with that of [12] obtained for the critical
GW-processes in a constant environment with a possibly infinite variance for the offspring number.

(iii) Statement (ii) of Theorem 6 is of the Darling—Seneta-type limit theorem obtained in [2] for GW-processes
with infinite mean.

(iv) Part (iv) of Theorem 6 presents the pattern of limit behavior similar to the asymptotically degenerate regime
in the case of infinite mean values. The conditions of Theorem 6 (iv) hold if and only if

Y(d-an) <o 3D

nx1

and
< 00. (3.2)

Y (1-ap)In

n=1

1
1-ocp

4 Limit Theorems for the Defective GW°-Process

In the defective case, there are two kinds of absorption times:

(i) 7o the absorption time of the GW%-process at 0,

(i) 7, the absorption time of the GW?-process at the state A.

Let 7 = min(7p, 7a) be the absorption time of the GWe-process either at 0 or at the state A. Let us recall that
q = P(79 < 00) and denote

qr =P(1p <00), Q=P(T<00)=q+qa.

Clearly,
P(t <n)=P(tp < n) +P(1p £ n) = Fp(0) +1 - Fp(1),
implying
P(t > n) = Fp(1) — Fx(0).
Furthermore,
E(Zy; Ta > 1) = Fj(1), E(s?; 7o > n) =Fu(s), 0<s<1,
so that

Fp(1)
Fp(1) - Fa(0)’

Fr(s) — Fn(0)

Fa)=Fa0) °05%5t

E(ZylT > n) = E(s?"|T > n) =

Theorems 7-10 present the transparent asymptotical results on these absorption probabilities and the limit
behavior of the GW%-process in the four defective cases. Corollaries of Theorems 7-9 deal with the proper sub-
cases, where 7 = 7. All three corollaries describe a strictly subcritical case, when A = 0, and an asymptotically

degenerate case, when A € (0, 1).
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Theorem 7. Consider the case 6 € (0,1], r > 1. Then
q=r1- (Ar‘e + C)‘%, qr=1-r+A(r- 1)‘9 + C)‘%,

where A € [0,1)and (1 -A)r?<C<(1-A)(r-1)".
() IfA=0,then
q=1-qa=r-C7e[01],

so that Q = 1. Furthermore,
AP(T > n) - ((r- )70 - r—0)9—1c_%_1’

(r-1)-6-1
(r-1)-9-r"%

-0 -0
r—=S -Tr
, E(s%wn)-»L 0<s<l1.

E(Zylt>n s
(Znl ) — (r_l)—e_r—e

(i) IfA €(0,1), then Q € [0, 1),
E(Zy;7a > n) — A(A + C(r - 1)%)7571,
and Z, almost surely converges to a random variable Z,taking values in the set {A, 0,1, 2, ...}, with
P(Zoo=D)=1-1+(Ar-1)0+0)7,
E(s%; Zoo £ A) =T — (A(r-5)%+ 07, 0<s<1.
Corollary. Consider the case 6 € (0,1], r > 1 assuming
cn=(1-a)(r-107°% n>1, @1

so that C = (1 - A)(r —1)~% implying q, = 0.
() IfA=0,thenq=1with
AP(Zy > 0) - (r-1)70 = r 907 (r - 1)%*1,

Furthermore,

(r—s)9-r?

(r-1)-0-r-"9’

(r _ 1)—9—1

o(r-1)0—r79) 0<s<1.

E(Zn|Zy > 0) — ,  E(*Zy>0) -

(i) IfA € (0,1), then
g=1-r+@Ar%+0)77, EZ,) > A,
so that q € (0,1), and Z,, almost surely converges to a random variable Z, such that
E(Zo) =4, EE%)=r—Ar-s)+1-A)r-1)"973, 0<s<1.
Theorem 8. Consider the case 0 € (-1,0), r > 1 and put a = —%, so that a > 1. Then
q=r-Ari +0)% gqa=1-r+A@Fr-1)7+0)Y,

where A € [0,1) and (1 - A)(r — 1)@ < C < (1 - A)ra.
(1) IfA=0,then
q:l—qur_Cae [0)1]a

so that Q = 1. Furthermore,

AIP(T > n) > aC%L(re - (r - 1)),

1 1 1
r-—1)a«1! ra—(r—s)a

E(Zy|T > n) — %, E(s?"|T > n) — %, 0<s<1
ra—(r-1)a re —(r—1)«

(i) IfA € (0,1), then Q € [0, 1),
E(Zp; T > N) — A(A + C(r — 1)"7)%L,

and Z, almost surely converges to a random variable Z, taking values in the set {A, 0,1, 2, ...}, with
P(Zeo =A) =1-1+ (A(r-1)7 + 0),
E(s%;Zoo #8) =T = (A(r —5)7 + 0%, 0<s<1.
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Corollary. Consider the case 6 € (-1,0), r > 1 assuming (4.1), so that C = (1 - A)(r - 1)% implying q, = 0.
(i) IfA =0, then q=1with
AIP(Zy > 0) > a(r — 1) a(ri — (r - 1)a).
Furthermore,

(r _ 1)—6—1 6

(r-=s)y?-r

, E(s?(Zy >0 —_—,
(™12 > 0) =

E(ZnlZn > 0) — 0<s<1.

(i) IfA €(0,1), then
g=1-r+@Ari +(1-A)F-1)% EZ,) — A,
so that q € (0,1), and Z,, almost surely converges to a random variable Z, such that
E(Zoo) =4, E(%)=r—(Ar-s)t +(1-A)r-1)1)% 0<s<1.
Theorem 9. Consider the case 8 = 0, r > 1 implying
q=r-rD, q=1-r+@-1"D, Q=1-0*-(0-1D,
where D is given by Lemma 2 (f).
(@ IfA=0thenQ =1, and
P(t>n)~(Onr-In(r-1))A,D,.
Moreover;
(r-17!
Inr-In(r-1)’

Inr-In(r-s)

Zn
P(s |T>n)_)lnr—ln(r—l)’ -

E(ZylTt > n) —

(i) IfA €(0,1), thenQ < 1,
r-1)" <D<r™, E(Zpta>n) - A(r-141D,
and Z, almost surely converges to a random variable Z, taking values in the set {A, 0,1, 2, ...}, with
P(Zeo =A)=1-1+(r-1)4D, E(s?®;Zes 20N =1 —(r—s)D, 0<s<l1.

Corollary. Given 6 = 0, r > 1, assume ¢, = 1. Then D = (r — 1)'=4 implying q = 0.
(i) IfA=0,thenq=1,and
P(Z, >0)~(Inr-In(r-1))A,Dy.
Moreover,;
(r-1)7!
Inr-In(r-1)’

Inr-1In(r--s)

Zn
P(s™1Zn > 0) — Inr-In(r-1)°

E(ZnlZp > 0) — 0<s<1.

(i) IfA €(0,1), then
q=r-r*(r-14, E(Z, - 4,

so that q € (0,1), and Z, almost surely converges to a proper random variable Z,, such that
E(Zow) =4, E™)=r-(r-s*r-1)", 0<s<1.
Theorem 10. In the case 0 € (-1,0),r =1, puta = —%, so that a > 1. Then
q=1-(A+0% q=C% Q=1-(A+0)*+C",
where A € [0,1) and0 < C<1-A.
(@ IfA=0thenq=1-qa=1-C%Q=1,and
AP(T > n) - aC% L,

Moreover;
E(s“|t>n) —1-(1-s)7, 0<s<1.

(i) IfA €(0,1),thenQ <1,
E(Zp;Ta > n) = 00,

and Z,, almost surely converges to a random variable Z, taking values in the set {A, 0,1, 2, ...}, with

P(Zoo =A) = C%,  E(s%;Zoy#M) =1-(A1-98)7+C)%, 0<s<l.
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Remarks

We make the following observations.

DE GRUYTER

(1)) Theorem 7(ii) should be compared to the more general [6, Theorem 1], which allows the limit Z, to take
the value oo with a positive probability. The convergence results for the conditional expectation should be

compared to the statements of [6, Theorems 3 and 4].

(ii) The conditional convergence in distribution stated in Theorem 7 (i) should be compared to [11, Theo-

rem 2a (k = 0)] in the more general setting under the assumption of constant environment.

5 Examples

The following ten examples illustrate each of the ten theorems of this paper. Observe that given
ch=0-ay)o, n=>1,

for some suitable positive constant g, we get C,, = (1 - A,)0, n > 1. Similarly, if
ch=(a,-1o, n=x1,

for some suitable positive constant g, then C, = (4, - 1)a, n > 1.

Example 1. Suppose 6 € (0,1], r = 1, and

If (5.1) holds for some ¢ > 1, then by Theorem 1,

q=1-0"%, n3EZ,) -1,

and n‘%Z,l — W almost surely, with
Ee™™)=1-A%+0)0, 1>0.

Example 2. Suppose 6 € (0,1],r =1, and

_ n(n+3) . n+3

If (5.1) holds for some o > 1, then by Theorem 2,

1 3 ’ E(Z,)) — 3l
= — —_— 0
q (1 +20) » B0 ’
and Z, — Z., almost surely, with
E(Zeo) =39,  E(s%)=1-31Q20+(1-s) 97, 0<s<l1.

Example 3. Suppose 0 € (0,1] and r = 1. Let

1 1
a = E: Qyn = 4) Aon+1 = Zl)
Con-1 = 1: Con = 2)

A1 = 5 Ap=2, nz=L

2)

(5.1

(5.2)

(5.3)

(54

Then C = oo and B, — oo implying the conditions of Theorem 3. Observe that for this example, lim A, does

not exist.
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Example 4. Suppose 0 € (0,1] and r = 1. Recall that Theorem 4 is the only one among Theorems 1-5 which
may hold both with C < co and C = co. For this reason, we present two examples (1) and (2) for each of these
two situations:

(1) Let
a _nrd Cp = ! n>1
n — n > n_nz(n+1); = 4
implying
n n
=n+1, Cp= , = , nxl
n=mE "TRET T a1y

In this case, according to Theorem 4,

P(Zy >0)~n"8, E(ZylZp>0) —1,

and
E(s%|Zp>0) >s, 0<s<l.
(2) Let
1
an=";, A =n+1, n>1,

and (5.2) hold for some ¢ > 0. Then

Ch=o0n, Bp= , n>1.

n+1

In this case, according to Theorem 4,
P(Zn>0)~(1+0) 07, E(ZnlZp>0) — (1+0)7,

and
E(s%|Z,>0) > 1-((1+0)(1-8) P +0+0)7, 0<s<l.

Example 5. Suppose 8 € (0,1] and r = 1. Let

n forn=2k-1k>1, k
. . n forn=2-1k>1,
an =15 forn=2%k>1, Ap = .
. 1 otherwise.
1 otherwise,
Taking
1 forn=2Kk>1,
Cn = .
% otherwise,
we get

n
Co= Y (zk—1—2—2’<)+2k-2, nx1,
k: 2<2k<n k=1

implying Cy, ~ 21, provided 2" — 1 < ky, < 2"*1 — 1. Thus, by Theorem 5, for ky, = 2", A, = A(2n)"7,
P(Zk, > 0) ~ (2kn) 7,  E(e M|z, >0) > 1- 1+, 120,
and on the other hand, for k, = 2" -1,
P(Zy, > 0) ~ (3kn) 7,  E(s%1|Zp, >0) > 1-(3(1-5)?+6)7, 0<s<1.

Example 6. Suppose 8 =0,r =1, and assume ¢, =1 - eV —co<ag<oo,nzl, yielding

n
n= eXp<— Z i%(Aiq —A[)), n>1.

i=1
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Notice that (5.3) implies A = 0 and

n ia—l
Dnzexp<—z i+1>’ nx1,

on the other hand, (5.4) implies A = % and

L2071
DnZeXp —Zlm , n=>1.
i=

(i) If (5.3) holds and o > 1, then

1 n l'O'—l
Ap~nt, Dn=eXp<—i;i+1)—>0,
so that the conditions of Theorem 6 (i) are satisfied.

(ii) If (5.3) holds and o < 1, then
4 0 io—l
Ap ~nY, D=exp<—z i+1)’
so that the conditions of Theorem 6 (ii) are satisfied.

(iii) If (5.4) holds and o > 1, then
1 1201
A=, ﬂrﬂm(—;§€:5>ao

so that the conditions of Theorem 6 (iii) are satisfied.
(iv) If (5.4) holds and o < 1, then

8

2i0—1
ann)

Example 7. Suppose 6 € (0, 1], r > 1 assuming 5.1) with r % < o < (r - 1)7.
@i If (5.3), then the conditions of Theorem 7 (i) hold with A, ~n~!and C = o.
(ii) If (5.4), then the conditions of Theorem 7 (ii) hold with A = % and C = ZT"

1
A=Z, D= -
3 exp (

I
—_

so that the conditions of Theorem 6 (iv) are satisfied.

Example 8. Suppose 6 € (-1,0), r > 1 assuming (5.1) withr — 1 < ¢ < r, where a = —%0.
(@) If (5.3), then the conditions of Theorem 8 (i) hold with A, ~ n"1 and C = a.
(i) If (5.4), then the conditions of Theorem 8 (ii) hold with A = 1 and C = #2.

Example 9. Suppose 6 = 0 and r > 1 and assume

which implies

)1_An s

Dp=(r-o n=>1.

(1) If (5.3), then by Theorem 9 (i), we get in particular,
1 o r
P(t>n)~yn™—, y=(r o)ln—r_l.
(i) If (5.3), then by Theorem 9 (ii), we get in particular,

q:r—r%(r—o)%, qul—r+(r—1)%(r—o)%, Q:1—(r% —(r—1)%)(r—o)%.

Example 10. Suppose 0 € (-1,0), r = 1. Puta = —% and assume (5.1) with0 < o < 1.
(i) If (5.3), then by Theorem 10 (i), we get in particular, gy = 0% and

a-1,-1

P(t>n)~ac" " 'n

(i) If (5.4), then by Theorem 10 (ii), we get in particular, Q =1 - (3 + &) + %’a.
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6 Proofs

In this section we sketch the proofs of lemmas and theorems of this paper. The corollaries to Theorems 7-9 are
easily obtained from the corresponding theorems.

Proof of Lemma 1

Relations (2.1) and (2.2) imply respectively

(r = fi o fis1(8) ™0 = a(r = fis1(8)) ™% + ek = ax@ier1 (r = )70 + c + akcpsn,

and
I —fico fis1(8) = (r = V(T = fir1 ()™ = (1 = €p)7H (P = Cppq) T (p — ) Wi

entailing the main claims of Lemma 1. Parts (a)-(f) follow from the respective restrictions (a)-(f) on (an, ¢,)
stated in Definition 1.

Proof of Lemma 2

(a) In the case 0 € (0, 1], r = 1, the claim follows from the existence of lim C,, and lim(A, + C,), which in turn,
follows from monotonicity of the two sequences. To see that A, + C, < Apy1 + Cny1, it suffices to observe that

Ap—Apy1 = Ap(1 - apy1) < ApCpy1 = Gyt — G,

The second part of Lemma 2 is a direct implication of the definition of Cp.
(b)-(f) The rest of the stated results follows immediately from the restrictions (b)-(f) imposed on (a,, c,)
in Definition 1.

Church-Lindvall Condition for the GW°-Process

In [8] it was shown for the GW-processes in a varying environment that the almost surely convergence Z, - Zo,
holds with P(0 < Zy, < c0) > 0 if and only if the following condition holds:

Y (1 -pa(1)) < co. 6.1)
n=1
Relation (6.1) is equivalent to
[]pn)>0 (6.2)
nzny

for some ng > 1. For the GW’-process, the equality p,(1) = f1(0) implies
pn(1) = an(an + Cnr0)7%71 (6.3)

for 6 # 0, and for 6 = 0,
Pn(1) = an(1 - cprH)o. (6.4)

Lemma 3. In the case 6 € (0,1] and r = 1, relation (6.1) holds if and only if
Ap — A €(0,00) (6.5)

and
Y cn < oo (6.6)

n>1
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Proof. Inview of (6.3), we have

n 14 n

[[pi) = 4nG," ", Gu:=]](ai+cy).

i=1 i=1
Since a, + ¢, > 1, we have

lim G, = G € [1, c0].

If G = oo, then (6.2) is not valid, implying that (6.1) is equivalent to (6.5) plus G < co. It remains to verify that
under (6.5), the inequality G < oo is equivalent to (6.6). Suppose (6.5) holds, and observe that in this case, G < co

is equivalent to
c
H(l + —n) < 00,
an

n>1
which is true if and only if
c
2 < 0.
i1 dn
Since under (6.5), a, — 1, the latter condition is equivalent to (6.6). O

Lemma 4. In the case 0 = 0 and r = 1, relation (6.1) holds if and only if A € (0,1) and D € (0, 1).

Proof. In view of (6.4), we have

[Tpn) =AT]A = ca) .

n>1 n>1
It remains to observe that given A € (0, 1) the relation D € (0, 1) is equivalent to
[Ja-cn)t=>o0. O
nx>1

Lemma 5. Assume that 6 + 0 and r > 1, and consider {Z,}, a GW-process in a varying environment with the
proper probability generating functions
fals) _T=(an(r=5)°+cy) 7t

fa(1) r—(ap(r-1)-9+ Cn)ié

fals) =

Relation (3.1) implies
Y (1= pa(D)) < co.
n=1

Proof. Assume 6 € (0,1] and r > 1 together with (3.1). Then A, — A € (0,1), a, — 1, and ¢, — 0. We have

- 7 -1
pn(1) :frlz(o) = aph,’ knly
where
hp=an+ cnre, kn=r1r-(an(r- 1)*9 + cn)’%

are such that h, > 1 and k, € (0, 1]. The statement follows from the representation

[Tpn) = aH 31K,
n>1
where H = [],,51 hn and K = [],,51 ky. It is easy to show that (3.1) and (1 - a)rl<cp<-a)r-1)"° yield
Yn-1)=r?Y e <rfr-1)70 Y (1-an) < oo,
n=1 n=1 n=1

implying H € [1, co). On the other hand, K € (0, 1], since
> (- kp) < oo,

n>1

which follows from
T—ky<(=1)(an+cn(r=19"5-1) < r(1 = (an + cu(r = 1)%)7) < 16711 - ay).

In the other case, when (3.1) holds together with 6 € (-1,0) and r > 1, the lemma is proven similarly. [
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Proof of Theorems 1-5

The proofs of these theorems are done using the usual for these kind of results arguments applied to the explicit
expressions available for Fp(s). In particular, the following standard formula is a starting point for computing
the conditional limit distributions:

E(s?)-P(Z, =0) . 1-Fp(s)
P(Z, > 0) T 1-F(0)

Thus in the case 6 € (0,1] and r > 1, Lemma 1 and (6.7) imply

E(s%"|Zp > 0) = 6.7)

(A= + By (-8 4B

E(s?|Z, > 0) =1 . -
(1+Bp)° (1+B) @

proving the main statement of Theorem 4. The almost sure convergence stated in Theorem 2 follows from
Lemma 3 and the earlier cited criterium of [8].

Proof of Theorem 6

Suppose 08 = 0, r = 1, in which case A € [0,1) and D € [0, 1].
(i) Suppose A = D = 0.In thiscase ¢ =1 - D = 1, and by (6.7) and Lemma 1,

E(s%"|Zp > 0) =1 - (1 - s)4n,
Putting here s, = exp (—Ae‘ﬁ ), we getas n — oo,
E(s2"Zy > 0) =1 — (1 — exp(-Ae 7)) = 1 — exp(Ap In(Ae 3r (1 + 0(1))) — 1 - ™.
This implies a convergence in distribution
(Zn€" A1 Zy > 0) 5 W),
where the limit W(x) has a degenerate distribution with
P(W(x) < w) = (1 - e )1jpcweco}-

In other words,
P(Zp < wen |Zy > 0) — (1 - e ™)1 j0cieco}.

After taking the logarithm of Z,, we arrive at the statement of Theorem 6 (i).
(ii) Statement (ii) follows from Lemma 1 and relation (6.7) in a similar way as statement (i).
(iii) If A € (0, 1) and D = 0, then q = 1 and by relation (6.7) and Lemma 1,

E(s?|Z,>0)=1-(1 -84 - 1-(1-s)".
(iv) Let A > 0 and D > 0. Since g = 1 — D, similarly to part (iii), we obtain
E(s?") - 1-(1-s)"D.

By Lemma 4, the convergence in distribution Z, 5 Zs can be upgraded to the almost surely convergence

Zn S Zeo
Proof of Theorems 7 and 8
In this section we prove only Theorem 7. Theorem 8 is proven similarly.

By Lemma 1,
Fp(0) =7 = (Apr ™+ Ca) 0, Fp(1) =1 (An(r =1+ Cy) 0.
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It follows that . L
P(t>n) = (A +C) 7 - (An(r-1)0 + Cy)77,

Fi(1) 0 Ap(An + Co(r - 1)0)571

E Zrl = = bl
Gt = F ) - Fa (Anr=0 + Cn)7 0 = (Ap(r —=1)=0 + Co)70
Fu($) = Fn(0)  (Anr™® +Cp) 0 = (An(r—s)0 + Cp)70

E(s%n = = )
I B D= Fa® ™ (gr 4 Co) T (Antr—1) 9+ C)d

(1) Assume that A = 0. Then the sequence of positive numbers
Va = Aﬁl(c — Cn) = Cny1 + Cny2lny1 + Cne3Ani2dngy + -

satisfies
r~9% < liminf V, < lim sup Vp < (r - 1)7°.

For a given x € (0, co), put
Wa(x) = A71(C77 = (AnX + Cp)79).

Since
Wa(X) = AN (C8 = (Ap(x = Vi) + €)78) = 07C7 571 (x = Vyy + 0(1)),

the representation
AP(T > n) = Wi((r-1)7%) - W, (r79)
yields the first asymptotic result stated in part (i) of Theorem 7. The other two asymptotic results follow from
the representations
0 1(Ap + Ca(r - 1)%) 37
Wi ((r = 1)79) - Wy(r9)’
Wi((r = s)™%) - W ()
Wi((r = 1)70) - Wy(r-9)’
(ii) The second claim follows from the equality

E(Zylt>n) =

E(s? |7 > n) =

E(sZ;7y > n) =1 — (Ap(r—s)0 + Cp) 3.

Proof of Theorem 9

If6=0andr > 1, then by Lemma 1
P(Z,=0)=r—-rD,, P(Z,#A) =r-(r-1""D,.

It follows that
q=r-rD, qy=1-r+@-1D, Q=1-0*-(@-1)D.

(i) If A = 0, then clearly
q=r-D, qa=1-r+D, Q=1,

and
P(t>n) = (r* — (r- 14D, ~ (Inr - In(r - 1))A,Dp.
Furthermore, i .
RO _ Ap(r-1)"" (r-1)°
EZnlt>m = o 50 " oA Inr—Imer -1
— n — All — p—
P(sznl,l_ N n) — Fn(s) Fn(o) _ rA (r s) R Inr ln(r S)

Fn(1) =Fp(0)  rAn—(r-1)4 Inr-In(r-1)’
(ii) In the case A > 0, the main claim is obtained as

E(s®ta>n) =r—(r-s)*"D, - r—(r-s)4D.
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Proof of Theorem 10

If 6 € (-1,0) and r = 1, then by Lemmas 1 and 2,
Fr(0)=1-(Ap+Cp)*, Fpn(1)=1-Cy

and
q=1-(A+0)9 qu=C"

wherea = -4 and0< C<1-A.
(i) Suppose A = 0. Then the sequence of positive numbers V, = A;1(C - Cy) satisfies

0 <liminf V, <limsup V, < 1.

For a given x € (0, co), put
Wa(x) = A7 ((Anx + Cp)* = C9).

Since
Wh(x) = aC* 1 (x = V; + 0(1)),

the representation
AJYP(T > n) = Wy(1) — Wy(0)

yields the first asymptotic result stated in part (i) of Theorem 10. The other asymptotic result follows from the
representation

1
Wi(1) = Wr((1-5)q)

E(s?"|T > n) = TAETAG

(ii) Claim (ii) is derived as

P(sZ7>n) =1-(Ap(1=8)7 +Cp)® — 1 (A(1-$)7 + C)%.
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