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A B S T R A C T

While large accumulated plastic deformations occur in the rail surface layer where rolling contact fatigue
cracks initiate, many available Low Cycle Fatigue (LCF) crack initiation criteria focus on small plastic strains.
Accordingly, this paper evaluates available fatigue crack initiation criteria for highly shear-deformed R260
steels, reflecting the conditions in the surface layer of rails. Furthermore, modified crack initiation criteria
are suggested. The evaluation is based on three different experiments: Large shear strain increments under
varying axial loading (predeformation), strain-controlled LCF tests after some predeformation, and axial High
Cycle Fatigue (HCF) experiments. For the predeformation, Finite Element (FE) simulations, with a large-strain
plasticity model for cyclic and distortional hardening, provide predictions of the local stress and strain histories.
A cross-validation procedure is used to assess the accuracy and reliability of both established and modified
fatigue crack initiation criteria. The proposed modifications to one of the criteria show an improved fit to the
experimental data. However, there is a tendency to overfitting, which can be improved by including more
experimental data.
1. Introduction

Rolling Contact Fatigue (RCF) in rails and wheels is recognized
as a major source of problems in the railway industry [1], causing
high maintenance costs [2]. For instance, the cost of RCF in rails was
estimated at 150 MEUR per year by Deutsche Bahn [3]. Enhancing the
accuracy of fatigue damage prediction models is a great challenge in
railway engineering, which can contribute to increasing maintenance
planning reliability and traffic safety.

RCF crack initiation is often connected to accumulated plastic de-
formations in the surface layer of rails and wheels. These plastic
deformations align the cementite lamellae within the grains in pearlitic
steel, resulting in anisotropic behavior [4]. To investigate the properties
of this anisotropic surface layer, several experimental techniques have
been developed and used. Wetscher et al. [5] used an equal channel
angular pressing method to severely deform R260 pearlitic steel and
found that the ultimate tensile stress, fracture toughness, and crack
propagation rate of the material were influenced by the alignment of
the microstructure. Leitner et al. [6], performed high-pressure-torsion
tests on fully pearlitic steel and showed that fatigue crack resistance
along the aligned cementite lamellae was reduced noticeably such
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that the fatigue cracks preferably propagated along the elongated mi-
crostructure. Meyer et al. [7] developed an experimental method to
heavily deform pearlitic R260 rail steel in an axial-torsion machine. It
was shown that the steel in the test bars reflected the properties and
microstructure of the material in the field samples. An advantage of
this technique is that the deformed test bars can be used for further
multiaxial testing to investigate the cyclic behavior of the material.
In the present study, to evaluate different crack initiation criteria,
the experimental results from this method are used as one part of
calibration data.

Many crack initiation criteria for rolling contact conditions have
been proposed in literature, see, e.g. the reviews by Sadeghi et al. [8]
and Ringsberg et al. [9]. Kapoor [10] suggested that ratcheting damage
evolution is associated with ratcheting strain in each loading cycle, and
crack initiation occurs when ratcheting strain reaches a critical value.
While this criterion is computationally efficient, it does not account for
the mean stress effect, which is found to be influential on fatigue per-
formance [7]. A strain energy density fatigue criterion was developed
by Golos and Ellyin [11]. Fatigue damage increment in each loading
cycle is based on total strain energy density additively decomposed
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into plastic and tensile elastic strain energy density facilitating crack
growth.

In contrast to the Kapoor and Golos–Ellyin models, some criteria are
based on a critical plane search approach seeking the plane with the
largest amount of fatigue damage, where macrocracks are assumed to
initiate. One early such model was proposed by Brown and Miller [12],
considering the fatigue life to be based on the maximum shear strain
and tensile strain occurring on the plane of maximum shear strain.
An energy-density based multiaxial LCF criterion for non-proportional
loading was formulated by Jiang and Sehitoglu [13], where normal and
shear stress and strain ranges contribute to damage evolution on a given
plane. Moreover, they modified the criterion to consider ratcheting
damage in each loading cycle as well. Ince and Glinka [14] proposed
an extended multiaxial damage parameter (Generalized Strain Energy)
compared to the J-S criterion, which has elastic and plastic strain
energy density terms obtained from normal and shear stress and strain
ranges on a crack plane.

There are also criteria, such as the one proposed by Franklin
et al. [15], that consider the microstructure in the fatigue damage
predictions, which is important in rolling contact fatigue. Trummer
et al. [16] proposed a crack initiation criterion by considering the
effect of large plastic deformations in an anisotropic layer close to the
surface of wheels and rails, which is calibrated based on wheel-rail
test rig experiments. A two-dimensional FE framework to investigate
RCF at the microstructural level was developed by Ghodrati et al. [17].
Chaboche plasticity model was used for grain material, and material
degradation of cohesive elements at the grain boundaries was defined
based on the Jiang and Sehitoglu damage evolution law.

However, no criterion has been evaluated to consider the effect of
large (pre)deformations, cyclic LCF experiments, and HCF endurance
limit. As a starting point in this study, among the mentioned criteria,
two commonly used crack initiation criteria in railway mechanics,
i.e. the Jiang–Sehitoglu criterion considering LCF damage and the so-
called mixed model accounting for both ratcheting and fatigue damage
in each loading cycle, are chosen for further investigations.

The first objective of this paper is to investigate whether the es-
tablished crack initiation criteria are applicable during large shear
deformations inducing anisotropy in the surface layer of rails. To study
this, data from three groups of experiments are considered: Pure pre-
deformation tests with axial and torsional loading [7], predeformation
with subsequent uniaxial or multiaxial proportional cyclic loading [18],
and HCF tests to identify the fatigue damage threshold [19]. In order
to estimate the local stress and strain histories as accurately as possible
(which will be used in the fatigue life predictions), FE simulations of the
predeformation tests are done in Abaqus using the finite strain plasticity
model developed by Meyer and Menzel [20] accounting for cyclic
and distortional (anisotropic) hardening. A cross-validation approach is
adopted to evaluate the capabilities of the crack initiation criteria. The
results in terms of the identified fatigue parameters as well as the fitting
and prediction errors are discussed. As the criteria results showed
room for improvement, the paper’s second objective is to enhance the
Jiang and Sehitoglu criterion, with the aim of improving its fitting and
predictive abilities. The paper presents and discusses the results of such
modified criteria.

2. Experiments

As mentioned in the introduction, results from three different types
of previously conducted experiments have been used to evaluate the
crack initiation criteria: Pure predeformation tests, multiaxial cyclic
LCF tests combined with predeformation, and HCF experiments. The
non-standard experimental procedures for the former two are briefly
described in Sections 2.1 and 2.2, respectively.
2

Fig. 1. Test bar dimensions in mm in pure predeformation tests [7].

Table 1
Considered predeformation tests. 𝜎a and 𝑁f denote the nominal stresses and the number
of cycles to failure, respectively.

Test name 𝜎a [MPa] 𝑁f

PD(−500) −500 8.16
PD(−250) −250 5.17
PD(0) 0 3.22
PD(+250) +250 2.44

2.1. Pure predeformation tests

An experimental method to replicate the large shear strains and
anisotropy in the surface layers of in-service rails has been devel-
oped by Meyer et al. [7]. The experimental procedure described in
this section has been explained in detail in [7]. Solid cylindrical test
bars, with dimensions according to Fig. 1, were extracted from virgin
pearlitic R260 railheads along the rolling direction. The following
experimental procedure applied to these test bars constitutes one part
of the calibration data in the present study.

The bars were subjected to twist in steps of 90◦ under constant axial
loading according to the procedure described in Fig. 2(a). The purpose
is to obtain similar loading conditions to those in the surface layer of
rails. Four different nominal axial stresses were applied: −500, −250,
0, and +250 MPa, where the maximum compressive stress was limited
to −500 MPa to avoid buckling. Fig. 2(b) (top) shows the undeformed
test bar, and large shear strains visualized by laser-etched grids are
illustrated in Fig. 2(b) (bottom). All test bars were predeformed until
the torque dropped 2 N m below the maximum value in the current
loading cycle, and visible cracks on the specimens were observed at
this point. The number of cycles to failure for each test is presented
in Table 1. As can be seen, the fatigue lives are very short, since large
biaxial strains occur in each predeformation cycle.

Meyer et al. [18] found that predeformation does not significantly
affect elastic parameters (e.g. less than 4% and 1% change in the
shear modulus and Young’s modulus respectively, after 6 cycles of
predeformation). This observation motivates the use of a plasticity
model without continuum damage (that would cause a degradation
of the elastic stiffness). The results in terms of the torque responses
for the four axial stresses are shown in Fig. 7(a). As can be seen,
axial loading has a significant influence on the failure twist angle.
The combined shear and tension–compression loading condition in this
method is similar to that in rolling contacts (see e.g. [21,22]). It should
be noted there is an overlap between the axial and torsional loading,
which is an important parameter when studying rolling contact fatigue
as discussed in Wong et al. [23]. In the pure predeformation tests, high
levels of shear strains can be achieved. As an example, it was 2.3 after 8
cycles of predeformation in a specimen under the nominal compressive
stress of −500 MPa [7]. Furthermore, the crack initiation takes place
in anisotropic material. These facts make the test results suitable for
studying fatigue properties and behavior of the rail surface layer.
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Fig. 2. (a) The predeformation procedure, and (b) Undeformed (top) and deformed (bottom) test bars [7].
Fig. 3. The dimensions of solid (top) and thin-walled (bottom) test bars in mm in the
cyclic tests [18].

2.2. Uniaxial and proportional multiaxial alternating cyclic tests

A limitation of the pure predeformation tests is that there are very
few loading cycles until failure. Therefore, low cycle fatigue tests, for
both virgin and predeformed material, are considered as well. Meyer
et al. [18] slightly modified the predeformation experiments from [7] to
facilitate the manufacturing of thin-walled tubular test bars. They used
an updated specimen geometry (see the upper drawing in Fig. 3) and
changed the nominal compressive stress from −500 MPa to −600 MPa. In
addition to the undeformed cases, two levels of predeformation (3 and
6 steps) were investigated. Since there is a shear strain gradient over
the cross-section of the solid test bars, the deformation field is inho-
mogeneous. To increase the homogeneity, the predeformed bars were
remachined into a thin-walled tubular shape with an inner diameter of
12 mm and an outer diameter of 14 mm [18], see the lower drawing
in Fig. 3.

After remachining, the predeformed tubular test bars were subjected
to cyclic loading in different directions in 𝜖zz−𝜖z𝜃 plane. It was assumed
that the only non-zero stress components are 𝜎zz and 𝜎z𝜃 . The mean
stresses over the wall thickness �̄�zz and �̄�z𝜃 are calculated as in [18]

�̄�zz =
𝐹a

𝜋
(

𝑟2o − 𝑟2i
) (1)

�̄�z𝜃 = 2𝑇
𝜋
(

𝑟2o − 𝑟2i
) (

𝑟o + 𝑟i
) (2)

where 𝐹a and 𝑇 are the applied axial force and torque, respectively,
and 𝑟i and 𝑟o are inner and outer radii. The axial strain 𝜖 = 𝜖zz and
the rotation 𝜑 over the gauge length 𝐿 =12 mm were measured by the
3

g

Table 2
Considered cyclic tests. PD𝑥 and 𝑁f denote x cycles of predeformation and the number
of cycles to failure, respectively.

Test name Loading mode 𝑁f 𝜖a [%] 𝛾a [%]

PD0-Shear Pure torsion 2237 – 1.3
PD3-Shear Pure torsion 1368 – 1.3
PD3-Axial Pure axial 632 0.8 –
PD3-Mixed Mixed 1331 0.3 1.2
PD6-Axial Pure axial 292 0.8 –

extensometer [18]. The mean shear strain is calculated (and will be
used in the damage predictions) as

𝛾 = 2𝜖z𝜃 =
𝜑
(

𝑟o + 𝑟i
)

2𝐿g
(3)

Plastic incompressibility is assumed, whereby the following relation
between the normal strains is adopted: 𝜖rr = 𝜖𝜃𝜃 = −0.5𝜖zz. The shear
strains 𝜖rz and 𝜖r𝜃 are assumed to be zero.

The specimens were subjected to symmetric cyclic loading, with a
0.8% von Mises strain amplitude, until complete failure happened. Note
that the fatigue crack propagation regime was found to be negligible
(i.e., less than 1.1% of the total life). Table 2 lists the cyclic tests
considered in this paper with crack initiation inside the gauge section.
The evolution of stress ranges in the cyclic tests with pure axial and
torsional loading is shown in Fig. 4. It can be seen that an increase
in the predeformation level results in larger stress ranges caused by
the fact that a larger amount of predeformation gives a more work-
hardened material [18]. In the following strain-controlled fatigue tests,
the higher stress amplitudes yield shorter fatigue lives.

3. Modeling of predeformation tests

To evaluate different crack initiation criteria, stress and strain his-
tories are required. In the pure predeformation tests and the predefor-
mation part of the cyclic tests, only the specimen’s elongation, axial
force, twist, and torque have been measured [7] (since the condition
was inhomogeneous). Therefore, FE analyses are done to extract local
stress and strain histories during predeformation.

3.1. Finite element model

The FE simulations are conducted in the commercial FE code
Abaqus [24] using 8-node quadratic axisymmetric elements with re-
duced integration and additional degrees of freedom for twist (referred
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Fig. 4. Stress ranges for the strain-controlled cyclic tests: (a) Pure axial loading tests, and (b) pure shear loading tests.
Fig. 5. Shear stresses for the test bar with 10 mm gauge diameter at the end of the
8th predeformation cycle, before unloading, at 𝜎a = −500 MPa.

to as CGAX8R in Abaqus element code). This means that while the
element discretization is done in the 2D axisymmetric plane, the
degrees of freedom in the nodes are displacements in the radial 𝑢𝑟(𝑟, 𝑧)
and 𝑧-direction 𝑢𝑧(𝑟, 𝑧) as well as twist 𝜑(𝑟, 𝑧). In the FE model of the
pure predeformation tests, a 0.8 mm mesh size is chosen to give accurate
enough results for the stresses and strains. The shear stresses at the end
of the 8th predeformation cycle, before unloading, at 𝜎a = −500 MPa
are shown in Fig. 5, where 𝜎z𝜙 increases from the center to the surface
of the specimen. For the predeformation part of the cyclic tests, the
analyzed local stress and strain histories are extracted from the point
where the experimental data during the cyclic tests on the tubular test
bars were recorded. Specifically, with the mesh size 0.3 mm, the results
have been extracted at 𝑟 = 6.57 mm and 𝑧 = 0.07 mm in the PD3 tests
and at 𝑟 = 6.52 mm and 𝑧 = 0.06 mm in the PD6 test, respectively.

3.2. Material model

The reliability of the extracted stress and strain histories from the FE
simulations is dependent on the accuracy of the material model. There-
fore, a material model formulation must account for the mechanisms
in the material such as yielding, cyclic hardening (for proportional
and non-proportional loading), and anisotropy evolution. In this paper,
we adopt a finite strain model formulation proposed by Meyer and
Menzel [20], where parameter identification has been done for the
R260 rail steel.

The model is based on the compressible isotropic Neo-Hookean
hyperelastic free energy. The evolving anisotropic yield criterion is
formulated as

𝛷 =
√

𝑴dev ∶ �̂� ∶ 𝑴dev − 𝑌 ≤ 0 (4)
4

red red
where �̂� is the evolving anisotropy tensor, 𝑴dev
red is the reduced devi-

atoric Mandel stress, and 𝑌 is the isotropic hardening. In this paper,
we introduced an additional back-stress compared to the number of
back-stresses in [20], resulting in 𝑁back = 3, to avoid unphysical strain
localization in the FE simulations of PD(0) and PD(+250) tests. The
evolution of the yield surface at 𝜎a = −500 MPa is shown in Fig. 6. While
the initial yield surface (red) is isotropic, the ratio of the vertical axis
(
√

3𝜎z𝜙) to the horizontal axis (𝜎zz) of the yield surface after 8 cycles of
predeformation (blue) is 1.11, i.e. an anisotropic yield surface. Fig. 6
also shows a shrinkage of the yield surface (softening). This behavior
is supported by the experimental observations of a similar material
in [25], where the yield surface shrinks with increased plasticity. The
open-source implementation [26] of the material model as a user
subroutine (UMAT) for Abaqus has been used. It uses the implicit
backward Euler time discretization scheme. A more detailed description
of the material model and its parameters are given in Appendix.

3.3. Modeling results

The simulated torque versus twist for the pure predeformation
tests with four different nominal axial stresses are shown in Fig. 7(b).
It can be noted that the maximum torque in each loading cycle is
overpredicted. Compared to the experiments, in the PD(0) test, the
torque is noticeably highest in the first two cycles and then saturates.
Furthermore, the elastic to plastic transition is smoother in the simu-
lations than that in the experiments. It is considered that the material
model predicts the experimental results rather well, and the FE results
are accurate enough for evaluating fatigue criteria.

The time histories of the true stresses and logarithmic strains are
illustrated in Fig. 8. The evaluation point is close to the surface and
in the middle of the gauge length of the specimens. In all cases, the
true stress 𝜎zz has approximately reached the applied nominal stress
after the first application of the axial load. The magnitude of the true
axial stress decreases during torsional loading, which is caused by an
increase in the gauge diameter. Upon unloading, residual axial and
shear stresses develop due to stress gradients. The tensile axial residual
stresses can affect the fatigue damage predictions, see Section 4.

The reduction in the gauge diameter due to the tensile loading
causes the localization of shear strains in the gauge section (note that
large deformations happen during the predeformation). The increment
in the ratcheting shear strain is larger for the tensile loading compared
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Fig. 6. Yield surface evolution described by the material model in [20] without
predeformation (red) and at the end of the 8th (blue) predeformation cycle at 𝜎a =
500 MPa for a test bar with 10 mm gauge diameter. The evaluation point is at
= 0.18mm and 𝑟 = 4.89mm.

o that for the compressive loading. It should be noted that, even under
ensile axial loading, 𝜖zz becomes negative due to the shear-induced
otations. This is caused by the definition of the logarithmic strain on
he deformed configuration, see e.g. [24].

. Crack initiation criteria

Three available crack initiation criteria from rolling contact fatigue
iterature are summarized in the following section and evaluated in
ection 6. The assessment is based on the number of cycles to failure
n the pure predeformation tests and the tests with predeformation
ollowed by multiaxial cyclic loading (see Section 2).

.1. Kapoor criterion

In the criterion proposed by Kapoor [10], it is assumed that LCF
nd ratcheting are two independent failure mechanisms, and the one
hat leads to earlier failure determines the life to macroscopic crack
nitiation. According to [10], the ratcheting damage increment per
oading cycle can be formulated as

d𝐷r,𝑖

d𝑁
= 1

𝜖c

d𝜖vM
d𝑁

(5)

where 𝜖c is the critical ratcheting strain parameter, and d𝜖vM∕d𝑁 is the
von Mises strain increment per loading cycle defined as

d𝜖vM
d𝑁

=
√

2
3
(||
|

𝝐dev(𝑡end)
|

|

|

− |

|

|

𝝐dev(𝑡start )
|

|

|

) (6)

𝝐dev(𝑡start ) and 𝝐dev(𝑡end) represent the deviatoric strain tensors at the
eginning and at the end of each loading cycle, respectively. It is
ssumed that the ratcheting damage accumulates linearly, and when
r =

∑𝑁
𝑖=1 d𝐷r,𝑖∕d𝑁 = 1, macroscopic crack initiation happens.

lthough this criterion is computationally efficient, it does not consider
he important influence of compressive or tensile stresses on the life
5

pan as was observed experimentally, see Section 2. a
.2. Jiang-Sehitoglu criterion

Jiang and Sehitoglu suggested a multiaxial low cycle fatigue crite-
ion [13] (J-S criterion), which is based on the critical plane search
pproach. This is an important part of the model, especially in the case
f non-proportional loading (as in the pure predeformation tests and the
redeformation part of the cyclic tests), where the principal directions
f the stress and strain tensors vary with time.

The fatigue driving force 𝐹𝑃 (denoted as ‘‘Fatigue Parameter’’
n [13]) on a given plane defined by the normal 𝒏 is quantified as

𝑃 = 𝛥𝜖
2

𝜎max + 𝐽 𝛥𝛾 𝛥𝜏 (7)

where 𝛥𝜖 is the normal strain range, 𝜎max is the maximum normal stress,
𝛥𝛾 is the shear strain range, 𝛥𝜏 is the shear stress range, and 𝐽 is a
fatigue parameter. 𝐽 defines the contribution of shear loading to 𝐹𝑃
and is calibrated against experimental data in Section 6. The mean
stress effect is incorporated by using the maximum normal stress 𝜎max in
each loading cycle, cf. [13]. Note that, for the brevity of presentation,
hereafter, stress refers to true stress and strain refers to logarithmic
strain (both tensors are defined in the current configuration). By search-
ing all possible planes at a given material point, the critical plane is
identified, where 𝐹𝑃 is maximum, i.e. max𝒏 𝐹𝑃 . The planes are defined
by considering a unit sphere and varying the polar angle 𝜃 ∈

[

0, 𝜋∕2
]

and the azimuthal angle 𝜑 ∈ [0, 2𝜋]. The Cartesian components of 𝒏
re expressed as

=
⎡

⎢

⎢

⎣

sin(𝜃) cos(𝜑)
sin(𝜃) sin(𝜑)

cos(𝜃)

⎤

⎥

⎥

⎦

(8)

he stress vector 𝒕 and the strain vector 𝒕𝜖 on a given plane are obtained
y using the normal vector 𝒏

= 𝝈 ⋅ 𝒏, 𝒕𝜖 = 𝝐 ⋅ 𝒏 (9)

here 𝝈 and 𝝐 are the stress and strain tensors, respectively. The
rojected normal stress 𝜎 and normal strain 𝜖 are computed as

= 𝒕 ⋅ 𝒏, 𝜖 = 𝒕𝜖 ⋅ 𝒏 (10)

hereas the projected shear stress 𝝉 and shear strain 𝜸 are given by

= 𝒕 − 𝜎 𝒏, 𝜸 = 2
(

𝒕𝜖 − 𝜖 𝒏
)

(11)

n addition, two time instances in a loading cycle must be identified
hat give the largest 𝐹𝑃 among all possible planes 𝒏. Considering the
wo time instances 𝑡1 and 𝑡2, 𝛥𝜖 , 𝛥𝜏 , and 𝛥𝛾 are calculated as

𝜖 = 𝜖(𝑡1) − 𝜖(𝑡2) (12)

nd

𝜏 = |

|

𝝉(𝑡1) − 𝝉(𝑡2)|| , 𝛥𝛾 = |

|

𝜸(𝑡1) − 𝜸(𝑡2)|| (13)

he fatigue damage increment for loading cycle 𝑖 is formulated as
d𝐷f ,𝑖

d𝑁
=
(

⟨max𝒏 𝐹𝑃 − 𝐹𝑃 0⟩

𝐶0

)𝑚
(14)

here the symbol ⟨∙⟩ represents Macaulay bracket (⟨∙⟩ = 1∕2(∙ + | ∙ |)).
and 𝐶0 are fatigue parameters, which are determined based on the

considered experiments in Section 6. The fatigue parameter 𝐹𝑃 0 has
been identified from the HCF experiments on pearlitic rail steel Grade
900 A conducted by Christodoulou et al. [19]. Accordingly, in the J-
S criterion, both LCF and HCF regions will be unified. The chemical
composition of the rail steel Grade 900 A is similar to that of the
pearlitic R260 rail steel used in Meyer et al. [27] (Table 1). The yield
stresses 𝑅p0.2 of rail steel Grade 900 A in [19] and R260 in [27] are very
lose (533 MPa and 534.2 MPa, respectively). The stress-controlled
xial HCF tests were conducted with a stress ratio of 𝑅 = 0.1. From

the obtained S-N curve, the fatigue limit, denoted as 𝜎f l, was evaluated
7
s 540 MPa at a fatigue life of 10 [19]. By using the fatigue limit 𝜎f l
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Fig. 8. Simulated stress and strain histories for the pure predeformation tests at 𝑧 = 0.18mm and 𝑟 = 4.89mm: (a) True stresses, and (b) logarithmic strains.
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and the stress ratio 𝑅, the minimum normal stress 𝜎min and the normal
stress range 𝛥𝜎 are computed as

𝜎min = 𝜎f l𝑅 = 54 MPa (15a)

𝛥𝜎 =𝜎f l − 𝜎min = 486 MPa (15b)

Since the material response is predominately elastic in HCF tests (on
the macroscopic level), normal strain range 𝛥𝜖 is obtained as

𝛥𝜖 = 𝛥𝜎
𝐸

= 0.002 (16)

here 𝐸 is Young’s modulus of R260 rail steel from Table A.6. Then,
y considering the normal loading term of Eq. (7), 𝐹𝑃0 is identified as

𝑃 = 𝛥𝜖 𝜎 = 0.62 MPa (17)
6

0 2 f l t
ote that we have introduced the parameter 𝐶0, which has the same
imension as 𝐹𝑃 instead of using 𝐶 (𝐶 = 𝐶𝑚

0 ) as presented in [13]
o avoid the dependence of the dimension of 𝐶 on the exponent 𝑚. In
he J-S criterion, the fatigue damage is assumed to accumulate linearly,
nd when the total damage equals unity, a macroscopic fatigue crack
nitiates.

.3. Mixed criterion

Another criterion was suggested by Jiang and Sehitoglu [13], which
inearly adds ratcheting and fatigue damage in each loading cycle.
n contrast to the Kapoor criterion, it assumes that fatigue damage
nd ratcheting damage complement each other; when the ratcheting
amage rate remains constant due to the saturation of ratcheting strain,

he dominant failure mechanism is fatigue [13]. Macroscopic crack
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initiation occurs when the total damage equals unity

𝐷 =
𝑁
∑

𝑖=1

(d𝐷f ,𝑖

d𝑁
+

d𝐷r,𝑖

d𝑁

)

= 1 (18)

.4. Modified Jiang–Sehitoglu criterion (𝐶0)

As will be shown in Section 6, the mixed criterion does not give
oticeably improved results compared to the J-S criterion for the con-
idered experiments in this study, since predeformation has a beneficial
nfluence on the fatigue behavior of the specimens. Therefore, the J-S
riterion is improved to obtain a better fit between the experiments and
imulations. To account for the material state which is affected by the
redeformation (i.e., anisotropy and work hardening), one suggestion
s to allow the dependence of 𝐶0 on ratcheting strain. This is inspired by
he work done by Gren and Ahström [28], where it was experimentally
hown that the fatigue crack propagation rate is decreased when the
aterial has been predeformed. Accordingly, we introduce 𝐶0 as a

inear function of ratcheting strain

0̃
(

𝜖r
)

= 𝐶0 + 𝑆𝜖r (19)

here 𝑆 is a fatigue parameter. By this choice of 𝐶0, Eq. (14) is
eformulated as

d𝐷f ,𝑖

d𝑁
=

(

⟨max𝒏 𝐹𝑃 − 𝐹𝑃0⟩

𝐶0

)𝑚

(20)

s the mixed criterion, this modified model has four fatigue parameters
o be identified: 𝑚, 𝐶0, 𝐽 , and 𝑆. Note that, henceforth, this modified
ersion of the J-S criterion will be denoted by ‘‘modified J-S criterion
𝐶0)’’.

.5. Modified Jiang–Sehitoglu criterion (𝐹𝑃0)

An alternative modification of the J-S criterion, which also considers
he increase in the fatigue crack resistance caused by predeformation,
s letting the fatigue threshold depend on the ratcheting strain. 𝐹𝑃 0 is
hus introduced as a function of ratcheting strain, which is formulated
s

�̃� 0
(

𝜖r
)

= 𝐹𝑃∞ −
(

𝐹𝑃∞ − 𝐹𝑃0
)

exp
(−𝜖r

𝜅

)

(21)

here 𝐹𝑃∞ is the saturation value for 𝐹𝑃 0, and 𝜅 controls how
ast this is asymptotically approached. Note that the threshold for an
ndeformed material is still 𝐹𝑃0, whereas, during predeformation, the
hreshold will get closer to 𝐹𝑃∞. Accordingly, Eq. (14) is reformulated

as

d𝐷f ,𝑖

d𝑁
=

⎛

⎜

⎜

⎜

⎝

⟨

max𝒏 𝐹𝑃 − 𝐹𝑃 0

⟩

𝐶0

⎞

⎟

⎟

⎟

⎠

𝑚

(22)

his criterion has five fatigue parameters to be determined: 𝑚, 𝐶0, 𝐽 ,
𝑃∞, and 𝜅. Hereafter, ‘‘modified J-S criterion (𝐹𝑃0)’’ refers to this
odified version of the J-S criterion.

An alternative modification of the J-S criterion would be to allow
�̃� 0 depending on each plane’s alignment with the microstructure.
he microstructure orientation could be obtained from the anisotropy
ensor, �̂�, in the plasticity model. However, a much larger experimental
ampaign would be required to validate such a complex model. As
iscussed in Section 6, the proposed criterion (Eq. (22)), using stress
nd strain predictions that account for the plastic anisotropy, gives
7

easonably good results. c
Table 3
Permissible intervals for fatigue parameters.

Parameter, 𝑝 Interval Unit

𝑚 [1.0, 3.0] –
𝐶0 [60.0, 200.0] MPa
𝐽 [0.0, 1.0] –
𝜖c [1.5, 20.0] –
𝑆 [0.0, 200.0] MPa
𝐹𝑃∞ [0.62, 4.00] MPa
𝜅 (0.0, 1.0] –

5. Parameter identification

To identify the fatigue parameters for the criteria discussed in Sec-
tion 4, an iterative optimization algorithm has been used, minimizing
the difference between the experiments and simulations in terms of the
number of cycles to macroscopic crack initiation. The objective function
is chosen to be of a least-square type and is formulated as

𝐸obj =
1

√

𝑁p

√

√

√

√

√

𝑁p
∑

𝑖=1
(
𝑁f ,𝑖 −𝑁s,𝑖

𝑁f ,𝑖
)2 (23)

here 𝑁f ,𝑖 and 𝑁s,𝑖 are the number of cycles to macroscopic crack
nitiation in the experiments and simulations, respectively. The index
denotes each test, and 𝑁p refers to the total number of evaluated
xperiments. Due to different magnitudes of fatigue lives in the ex-
eriments (see Section 2), contributions to the objective function are
ormalized with the corresponding experimental results 𝑁f ,𝑖. As can be
oted in Table 1, 𝑁f for each pure predeformation test is not presented
s an integer number. The reason is that 𝑁f in the pure predeformation
ests is very low due to large deformations occurring in each cycle.
herefore, 𝑁f ,𝑖 in the pure predeformation tests is calculated as

f ,𝑖 = 𝑁 +
(𝜙𝑖(𝑡end) − 𝜙𝑖(𝑡start ))Last cycle

𝜋∕2
(24)

where 𝑁 is the number of cycles before the failure cycle, and 𝜙𝑖(𝑡start )
and 𝜙𝑖(𝑡end) are twist angles at the beginning and at the end of the last
loading cycle in a pure predeformation test 𝑖, respectively.

The optimization procedure is conducted in two steps by using
the gradient-free, Nelder–Mead simplex algorithm [29,30]. The first
step starts with 200 initial guesses generated using Latin Hypercube
sampling in the parameter space described in Table 3. From these,
the first step of optimization is performed. Then, 20 sets of parameter
values with the lowest 𝐸obj are chosen as starting guesses for the second
step of the optimization. Finally, the parameter set with the lowest
𝐸obj is selected. To improve the convergence of the optimizations, each
fatigue parameter is scaled to be �̂� ∈ [0, 1] by introducing

�̂� ∶=
𝑝 − 𝑝min

𝑝max − 𝑝min
(25)

where 𝑝max and 𝑝min are lower and upper bounds of 𝑝, respectively. The
bjective function is penalized if attempts are outside the permissible
ntervals from Table 3.

As mentioned in Section 4, failure occurs when the accumulated
amage reaches unity. Accordingly, if the total damage is larger than
or equal to) 1, 𝑁s,𝑖 is obtained by doing a linear interpolation between
he cycle number of two subsequent loading cycles (one with lower
nd one with larger accumulated damage than 1). However, if the
otal damage is less than unity after the evaluated number of cycles,
linear extrapolation is conducted by using the last non-zero damage

ncrement in the pure predeformation tests or, in the cyclic tests, by
sing the average of the damage increments in the last 50 loading
ycles. If the damage growth is zero in all loading cycles, a large value
f 𝑁s,𝑖 is returned to penalize the objective function. For the pure
redeformation tests, the FE simulations have been performed for more
ycles than the corresponding experiments.
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It should be mentioned that, in the criteria based on the critical
plane search method (see Section 4), the polar angle 𝜃 and the az-
imuthal angle 𝜑 are varied in steps of 5◦; thus, the number of intervals
in 𝜃 direction is 𝑁𝜃 = 19, and the number of intervals in 𝜑 direction on
he equatorial plane is 𝑁𝜑 = 73. In order to have a uniform distribution
f planes over the spherical surface, for a given angle 𝜃, the number of
ntervals in 𝜑 direction is obtained as

(

𝑁𝜑 − 1
)

sin (𝜃) + 1.

.1. Cross-validation

The quality of a crack initiation criterion cannot be evaluated only
y its ability to fit experiments, since more independent fatigue param-
ters can result in a more accurate fit but might lower the criterion
redictive capability (i.e. overfitting). Therefore, cross-validation [31]
as been adopted to measure the performance of each criterion on new
ata as well as to reduce the risk of overfitting. In this method, the list
f experiments (with size 𝑛) is divided into calibration data (with size
− 1) and validation data (with size 1) in 𝑛 possible ways.

In this work, we consider the pure predeformation tests under
ominal axial stress ranging from −500 MPa to +250 MPa, together
ith subsequent cyclic tests on undeformed material (PD0) as well as
redeformed material with 3 and 6 cycles of predeformation (PD3 and
D6, respectively). It has been chosen to evaluate the PD(−250), PD(0),
nd the 3 cyclic tests for PD3 (see Table 2) for cross-validation, to avoid
xtrapolating the behavior. The prediction error of each validation set
p,𝑖 is calculated according to Eq. (23). Then, the prediction error of
model 𝐸pred is computed as the mean value of all 𝐸p,𝑖. Similarly, the

itting error of a model 𝐸f it is computed.

. Results

.1. Results of the cross-validation analysis

Table 4 shows the cross-validation results for the evaluated crack
nitiation criteria. Considering the fitting error 𝐸f it , the mixed criterion
oes not give a significant enhancement compared to the J-S criterion,
rising from the large identified values for 𝜖c, see Table 4a. The chal-
enge of fitting the experimental data in this study is that different types
f experiments in terms of material states (i.e., isotropic and anisotropic
aterial), loading conditions (i.e., uniaxial and multiaxial loading), and

he amount of plastic strain in each loading cycle (i.e., large and small
mounts of plastic strain in each cycle in the pure predeformation and
yclic tests, respectively) are considered in the calibration sets. Since
e aim to model the considered experimental data for the different
aterial states accurately enough, two modified versions of the J-S

riterion were introduced in Section 4.
While the modified J-S criterion (𝐶0) shows a slightly better fit

ompared to the J-S criterion, the modified J-S criterion (𝐹𝑃0) results
n a significant improvement in the fitting, but the mean prediction
rror 𝐸pred is relatively similar to that of the J-S model. Among the
valuated criteria, the modified J-S criterion (𝐶0) gives the lowest mean
rediction error (although the maximum value is a bit higher).

Considering the J-S criterion, the range of the identified values for
and 𝐽 are rather close to those found in literature [32] for pearlitic

teel, while the range for 𝐶0 differs, which is probably a result of
he challenge with different material states and loading conditions in
he experiments. The minimum and maximum values show that the
ariation in the identified fatigue parameters is small.

Regarding the mixed criterion, overall, it shows a similar obser-
ation as the J-S criterion for the fatigue parameters 𝑚, 𝐶0, and 𝐽 ,

except for the larger variation in the identified values for 𝐶0. In most
cases, the identified values of 𝜖c are large and close to the chosen upper
bound defined for this parameter, implying that the ratcheting damage
is insignificant.

Fig. 9(a) shows the ratcheting strain of the pure predeformation
8

tests for the number of torque cycles corresponding to the experiments.
While 𝜖r increases during the predeformation tests, it remains almost
constant during the subsequent cyclic loading, supporting the fact that
𝜖c can be identified based on only the pure predeformation tests. As can
be observed in Fig. 9a, the critical strain 𝜖c shows a dependence on the
loading condition. In particular, it is clear that compression is delaying
fatigue crack initiation. Therefore, the identified values for 𝜖c based on
the pure predeformation tests (Table 4a) are different than that in [13]
based on the uniaxial low cycle fatigue tests.

Comparable results to those obtained for the J-S criterion when
considering the parameters 𝑚, 𝐶0, and 𝐽 are obtained for the modified
J-S criteria, 𝐶0 and 𝐹𝑃0. The variations are large for the parameters 𝑆,
𝑃∞, and 𝜅 in the modified models.

As mentioned previously, considerable improvement in the fitting
rror is obtained for the modified J-S criterion (𝐹𝑃0) compared to
he original model. However, a relatively similar prediction error,
ogether with the rather large variation of the identified values for
he introduced parameters, indicates a tendency of overfitting. One
olution to address this is to reduce the model complexity by using
ewer model parameters, but to consider a linear relation for the fatigue
hreshold in terms of ratcheting strain is unrealistic. Moreover, while
he modified J-S criterion (𝐶0) with less model complexity achieved

better prediction compared to the J-S criterion, it did not give a
ignificant reduction in the fitting error. Another option to overcome
verfitting is to include more experiments in the calibration set. This
ill be pursued in Section 6.2 by considering all the experiments in the
ptimization.

.2. Parameter identification considering all experiments

The results of the cross-validation revealed that the extended crite-
ia could fit the experimental data more accurately, without (signifi-
antly) reducing the prediction accuracy of the J-S criterion. For use in
ngineering purposes, it is relevant to see how well the criteria work
hen all experiments are included in the optimization. These results
re presented in Table 5 for the J-S criterion, as well as the modified
-S criteria, 𝐶0 and 𝐹𝑃0.

The identified parameters for each criterion are in the range of
the corresponding values presented in Table 4a. Moreover, the fitting
error of the modified J-S criterion (𝐹𝑃0) is still noticeably lower than
that of the original model as well as the modified J-S criterion (𝐶0),
indicating that the more advanced model has the potential for further
enhancement, if more experiments are available.

Fig. 10 shows the normalized fatigue lives for all of the experiments,
comparing the J-S criterion with the two modified models in terms of
fitting. As can be seen, in almost all cases, the three criteria either over-
or underestimate the fatigue lives. Considering the pure predeformation
tests, the modified J-S criterion (𝐶0) gives a much better estimation
of the fatigue life for PD(−500) than the 𝐹𝑃0 criterion (and than the
original model). Additionally, the modified criteria show rather similar
results for the other cases (and outperform the J-S criterion in the case
of the PD(−250) test). The fatigue lives during the cyclic tests are fitted
significantly more accurately by the 𝐹𝑃0 criterion. In summary, the
modified J-S criterion (𝐹𝑃0) provides the best overall fit, as shown by
the lower fitting error in Table 5. However, it should be noted that
each crack initiation criterion can give a good fit for the relevant set of
experiments.

The evolution of LCF damage for the pure predeformation and
cyclic tests from the J-S criterion and the modified J-S criterion (𝐹𝑃0)
are illustrated in Fig. 11. Note that, for the cyclic tests, the 𝑥-axis
shows the lifetime on a logarithmic scale. The simulation results for
the pure predeformation tests show that PD(+250) has larger fatigue
damage growth compared to the tests with zero or compressive axial
stresses. This is also observed from the experimental results in this
figure. Regarding the cyclic tests, a large amount of fatigue damage
accumulates during the predeformation part of the cyclic tests (i.e., the

first 3 and 6 cycles in the PD3 and PD6 experiments, respectively).
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Table 4
Cross-validation results from the evaluated crack initiation criteria. The values denote Mean (Minimum, Maximum).
(a) Identified fatigue parameters

Criterion 𝑚 [–] 𝐶0 [MPa] 𝐽 [–] Other parameters

J-S 2.20 (2.13, 2.27) 94.1 (91.1, 99.4) 0.21 (0.18, 0.23) –
Mixed 2.16 (1.98, 2.24) 104.8 (93.6, 139.1) 0.21 (0.18, 0.23) 𝜖c = 14.1 (2.5, 19.9) [–]
Modified J-S (𝐶0) 2.21 (2.13, 2.26) 82.9 (75.6, 99.2) 0.19 (0.17, 0.20) 𝑆 = 14.3 (0.2, 26.1) [MPa]
Modified J-S (𝐹𝑃 0) 1.98 (1.81, 2.11) 102.3 (89.9, 120.2) 0.22 (0.19, 0.24) 𝐹𝑃∞ = 2.09 (1.23, 2.66) [MPa] 103𝜅 =63.9 (6.4, 285.5) [–]

(b) Fitting and prediction errors

Criterion 𝐸f it [%] 𝐸pred [%]

J-S 13.7 (12.1, 15.1) 22.8 (6.3, 30.2)
Mixed 13.5 (12.1, 15.2) 24.7 (6.1, 40.0)
Modified J-S (𝐶0) 12.7 (10.2, 14.3) 20.9 (3.3, 35.7)
Modified J-S (𝐹𝑃 0) 7.9 ( 6.6, 9.1) 22.6 (5.8, 37.4)
Table 5
Identified fatigue parameters when all experiments are considered in the optimization.
Criterion 𝑚 [–] 𝐶0 [MPa] 𝐽 [–] 𝑆 [MPa] 𝐹𝑃∞ [MPa] 103𝜅 [–] 𝐸f it [%]

J-S 2.22 91.2 0.20 – – – 14.4
Modified J-S (𝐶0) 2.23 80.1 0.19 15.9 – – 13.5
Modified J-S (𝐹𝑃0) 2.03 98.7 0.23 – 2.03 9.5 8.8
Fig. 9. Ratcheting strain evolution for (a) Pure predeformation tests, and (b) cyclic tests (except for PD0-Shear). Note that, for the cyclic tests, only the results for the first 20
cycles are shown.
Then, the damage rate decreases, when the specimens are subjected to
a small amount of uniaxial or biaxial strains in each loading cycle. In
the PD0-Shear test without any predeformation, however, the amount
of damage that accumulates in each loading cycle until failure is very
small. It can be mentioned that the ordering of the predicted lives is
correct for the calibrated criteria compared to the experiments.

7. Concluding remarks

Experiments on R260 rail steel have been considered as a basis
for the current study on crack initiation criteria. Data from three
types of experiments have been used: Pure predeformation tests with
combined pulsating axial and torsional loading up to failure to mimic
the accumulation of shear strains in the surface layer of in-service
rails, predeformation tests followed by cyclic torsion, axial, or mixed
9

loading in the LCF range, and HCF tests to determine the fatigue dam-
age threshold. Since the stress–strain conditions in the specimens are
inhomogeneous, FE simulations have been conducted to find local stress
and strain histories. The evolution of the material properties during
the large deformations in the experiments significantly influences the
stresses and strains in the specimens which in turn affects the predic-
tions of fatigue crack initiation criteria. Hence, a cyclic finite strain
plasticity model accounting for isotropic, kinematic, and distortional
hardening of the material has been adopted to predict the stresses and
strains as accurately as possible.

A cross-validation approach has been adopted to assess the perfor-
mance of crack initiation criteria. As a starting point, two commonly
used fatigue crack initiation criteria for rolling contact fatigue of rail-
way steel have been used: the Jiang-Sehitoglu (J-S) criterion and the

so-called mixed model that combines the J-S and the Kapoor criteria.
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Fig. 10. Normalized fatigue lives from the J-S criterion and the modified J-S criteria, 𝐶0 and 𝐹𝑃0. The horizontal line indicates the case where the fatigue life from the simulations
equals that from the experiments.
Fig. 11. Accumulated damage from the J-S criterion and the modified J-S criterion (𝐹𝑃0) for (a) Pure predeformation tests, and (b) cyclic tests. Note that, the circles show the
cycle number when failure occurred in the experiments.
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Compared to the J-S criterion, no improvement in the numerical pre-
dictions was found for the more advanced mixed criterion. Motivated
by the protective effect of predeformation reported in the literature,
we have proposed the following alternative modifications to the J-S
criterion: the modified J-S criterion (𝐶0) and the modified J-S crite-
rion (𝐹𝑃0). In both models, the effect of material state influenced by
predeformation has been accounted for by considering 𝐶0 and 𝐹𝑃0
o be linearly and exponentially dependent on the ratcheting strain,
espectively. The former model showed slightly improved fitting and
rediction. However, the modified J-S criterion (𝐹𝑃0) resulted in a

large improvement in the fitting error without (significantly) worsening
the prediction. To overcome the tendency for overfitting, all of the ex-
periments were included in the optimization. The modified J-S criterion
10

S

(𝐹𝑃0) showed still promising results in terms of fitting error compared
o the J-S criterion, showing the capacity of the modified model for
urther improvement in the case of more experiments.
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Appendix. Material model formulation

A summary of the model proposed by Meyer and Menzel [20] for
finite strains is given here for completeness. The notations used for
describing the model are given first. Second-order tensors are written
in boldface, e.g. 𝒂, while fourth-order tensors are written in capitalized,
boldface, and upright form, e.g. 𝐀. The non-standard open products
⊗ and ⊗ between two second-order tensors are respectively defined
as: 𝒂⊗𝒃 = 𝑎𝑖𝑙𝑏𝑗𝑘𝒆𝑖⊗𝒆𝑗⊗𝒆𝑘⊗𝒆𝑙 and 𝒂⊗𝒃 = 𝑎𝑖𝑘𝑏𝑗𝑙𝒆𝑖⊗𝒆𝑗⊗𝒆𝑘⊗𝒆𝑙. 𝑰 is the
second-order identity tensor, and the fourth-order deviatoric identity
tensor, 𝐈dev = 𝑰⊗𝑰 − 𝑰 ⊗ 𝑰∕3.

The Mandel stress, 𝑴 , is defined as

𝑴 =
𝐺𝑪dev

e

I1∕33Ce

+𝐾
[

I3Ce
−
√

I3Ce

]

𝑰 (A.1)

where 𝐺 and 𝐾 are the elastic shear and bulk moduli, 𝑪e = 𝑭 T
e𝑭 e is the

standard elastic Cauchy–Green deformation tensor, and I3Ce
= det(𝑪e)

is the third invariant of 𝑪e. The evolving anisotropic yield criterion, as
mentioned in Section 3.2, is defined as

𝛷 =
√

𝑴dev
red ∶ �̂� ∶ 𝑴dev

red − 𝑌 ≤ 0 (A.2)

�̂� = 3
2
𝐂T ∶

[

𝑰⊗𝑰
]

∶ 𝐂 (A.3)

where �̂� is the anisotropy tensor, and the fourth-order tensor, 𝐂, is
described as

𝐂 =
[

1 − 𝑏c
]

𝐈dev + 𝑏c𝐂c (A.4)

where 𝑏c is a material parameter, see Table A.6, and 𝐂c is the evolving
cross hardening tensor. The reduced deviatoric Mandel stress, 𝑴dev

red , is
defined as

𝑴dev
red = 𝑴dev −

𝑁back
∑

𝑖=1
𝑴dev

k,𝑖 (A.5)

where 𝑴dev
k,𝑖 are the back-stresses due to kinematic hardening

(Bauschinger’s effect), representing the yield surface’s center. The
back-stresses are given by their corresponding kinematic variables as

𝑴dev
k,𝑖 =

𝐻k,𝑖𝒄devk,𝑖

det
(

𝒄k,𝑖
)1∕3

(A.6)

where 𝐻k,𝑖 are the kinematic hardening moduli, and, by introducing
the kinematic deformation gradient, 𝑭 k,𝑖, the kinematic deformation
tensors, 𝒄 = 𝑭 −𝑇𝑭 −1, are introduced.
11

k,𝑖 k,𝑖 k,𝑖
Table A.6
Material model parameters with added back stress.

Parameters Value Unit Parameters Value Unit

𝐸 212 GPa 𝛿 0.58 –
𝜈 0.32 – 𝐻k,1 153 GPa
𝐾 193 GPa 𝐻k,2 3.25 GPa
𝐺 80.5 GPa 𝐻k,3 0.07 GPa
𝑌0 352 MPa 𝐵∞,1 0.39 GPa
𝑘iso,1 904 – 𝐵∞,2 0.31 GPa
𝑘iso,2 16.7 – 𝐵∞,3 100 GPa
𝑌∞,1 −321 MPa 𝑐c 60.6 kPa−1

𝑌∞,2 320 MPa 𝑏c −0.37 –

The isotropic hardening 𝑌 evolution is chosen to be of Voce-type.
This means that the hardening 𝑌 is a nonlinear function of the accu-
mulated equivalent plastic strain, 𝜆, i.e.

𝑌 = 𝑌0 +
2
∑

𝑖=1
𝑌∞,𝑖

[

1 − exp
(

−𝜅iso,𝑖𝜆
)]

(A.7)

𝜆 = ∫

𝑡

0
�̇�d𝑡 (A.8)

where 𝑌0 is the initial yield stress, 𝑌∞,𝑖 are the saturation values of
isotropic hardening, 𝜅iso,𝑖 are described as hardening rates, and �̇� is the
plastic multiplier (rate of the accumulated equivalent plastic strain).

The material model adopts an associative evolution of the plastic
flow

�̇� p𝑭 −1
p =∶ 𝑳p = �̇� 𝜕𝛷

𝜕𝑴
= �̇�𝝂 (A.9)

whereas the evolution of kinematic hardening is non-associative of
(a combined (nonlinear)) Armstrong–Frederick and Burlet-Cailleteuad
type

𝑳k,𝑖 = �̇�
[

−𝝂 + 𝝂∗k,𝑖
]

with

𝝂∗k,𝑖 = 𝛿
√

I2𝝂
𝑴T

k,𝑖

𝐵∞,𝑖
+ [1 − 𝛿]

[

𝑴k,𝑖 ∶ 𝝂

𝐵∞,𝑖
√

I2𝝂

]

𝝂
(A.10)

where the Burlet-Cailletaud extension (𝛿 ≠ 1) improves model ac-
curacy for non-proportional loading. The parameter 𝐵∞,𝑖 controls the
saturation of the 𝑖th back-stress, 𝑴k,𝑖, and 𝛿 controls the relation be-
tween the Armstrong–Frederick and Burlet-Cailletaud type of kinematic
hardening. The second invariant is introduced as I2𝝂 = tr (𝝂𝝂).

The evolution of anisotropy is governed by the cross-hardening
tensor, which is formulated as

�̇�c = −�̇�𝑐c𝑑c
[

𝐍T
⟂ ∶∶ 𝐂c

]

𝐍⟂ (A.11)

where 𝑑c = 1 MPa, 𝑐c controls the cross-hardening rate, and 𝐍⟂ is
represented as

𝐍⟂ = 𝐈dev −𝑵 ⊗𝑵 (A.12)

𝑵 =

[

𝑴dev
red

]T

√

I2𝑴dev
red

(A.13)

The values of the material parameters are given in Table A.6. In
addition to the parameters from [20], a small kinematic hardening
contribution has been added with the parameters 𝐻kin,3 and 𝐵∞,3, as
discussed in Section 3.2.
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