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Dark matter electron interactions in detector materials
Einar Urdshals, Department of Physics
Chalmers University of Technology

Abstract
Dark Matter (DM) makes up 85% of the matter content of the universe, and
its gravitational effects are seen on scales ranging from that of cosmology to
that of galactic astrophysics. The nature of DM is, however, unknown. Study-
ing DM in the lab with a class of experiments called direct detection (DD)
experiments is key to understanding its properties. For decades, experiments
have been attempting to do this through searches for DM induced nuclear
recoils. These have not been found, and a possible reason for this is that the
hypothetical DM particle is too light to induce nuclear recoils. Therefore, in
the last decade experiments have been built to study DM through electron
recoils instead. As the electron is 4 orders of magnitude lighter than the nu-
cleus, electron recoils can be induced by DM down to 4 orders of magnitude
lighter than the lightest DM particle probeable with nuclear recoils.

In order to understand current and upcoming results from experiments
searching for DM induced electron recoils, a theoretical understanding of DM
electron scatterings in detector materials is needed. When modelling such
electron interactions, one need input both from DM and material physics.

This thesis improves the theoretical understanding by both improving the
material description using density functional theory (DFT), and by extending
the DM description using non-relativistic effective theory (NR-EFT) tools.
The improvement gives not only a more accurate description of the DM-
electron interactions that the experiments are expected to see; it also vastly
extends the forms of DM that can be studied in direct detection experiments.
Before this extension, one typically focused on a benchmark case of DM, the
so called dark photon model. With this extension, one can cover all forms of
gravitationally bound DM with spins of 0, 1/2 or 1.

In the included works, advances are made in the description of DM-electron
interactions in common detector materials such as liquid xenon, silicon and
germanium, as well as to materials in the research and development phase,
such as graphene and carbon nanotubes (CNTs).

Keywords: Dark matter, direct detection, effective theory
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CHAPTER 1

Introduction

In modern physics, the mystery of dark matter (DM) is one of the most
fundamental and fascinating problems yet to be solved. On the one hand the
effects of the gravitational pull of DM on visible matter such as electrons and
protons in the universe implies that DM makes up 85% of the matter content
of the universe [1]. On the other it is still unknown what DM is made of.

The gravitational effects of DM are seen on several scales, and play a crucial
role in understanding the universe. Shortly after the Big Bang, while the
visible matter exists in the form of a plasma, it is being kept from clumping
due to the photon radiation pressure. In contrast, a defining feature of DM is
that it couples weakly to the photon, and is therefore free to clump together
and form gravitational wells that pull on the visible matter1. These wells give
rise to over- and underdensities of visible matter, which has been observed
in the cosmic microwave background by WMAP [2] and Planck [3]. The
gravitational wells formed by DM do not only play a role in shaping the
cosmic microwave background; they are also crucial in structure formation, the
process in which cosmological structures such as galaxies form around these

1In fact the visible matter density oscillates around these wells, a phenomenon called
Barion Acoustic Oscillations.
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Chapter 1 Introduction

gravitational wells. Both the origin of the cosmic microwave background and
the structure formation of galaxies is well described and understood by the
ΛCDM2 model, also known as the Standard Model of Cosmology. The success
of ΛCDM, a model in which DM is a key component, is strong evidence for
the existence of DM.

The gravitational effect of DM is not only seen on cosmological scales, but
also on the scales of galaxy clusters, galaxies and dwarf galaxies. It was first
observed on these scales through the comparison of the velocity dispersion of
the galaxies in the Coma cluster with the visible mass contained in the stars
in these galaxies. The comparison showed that there had to be invisible dark
matter in addition to the glowing stars in order to provide enough gravitational
pull to produce the observed velocities [4]. Later, one has more systematically
mapped velocities of stars and other visible objects such as hydrogen clouds
as a function of distance from the center of galaxies in what is known as
galactic rotation curves3. Today, rotation curves are used to infer DM density
distributions in galaxies, information which is a valuable input in experiments
to detect DM, and which is used to obtain the results in the papers on which
this thesis builds.

There is a large number of candidates for DM. A notable one is primordial
black holes (PBH) [5]; black holes formed in the early universe which remain
until today. This is an attractive candidate as it does not require new physics.
Within general relativity, PBH can be formed as a result of over densities in
the early universe, and would survive until today as long as the mass is larger
than 1015 g4. There are however multiple expected effects of PBH, such as
destruction of neutron- and dwarf stars and lensing effects of PBH passing
between Earth and distant stars which one does not observe. Due to this lack
of observation it now seems unlikely that PBH can constitute all of DM [8],
although it is still possible that PBH can make up some of the DM. This
possibility will be further clarified by the recent breakthrough in observations

2Λ here refers to the cosmological constant, whereas CDM stands for Cold Dark Matter.
These are the two ingredients that need to be added to standard particle physics and
general relativity to correctly predict the cosmic microwave background and the details
of structure formation.

3Galactic rotation curves are plots of the velocity of visible objects such as stars, and more
recently hydrogen clouds, as a function of their distance to the center of the galaxy.
From this the mass distribution within the galaxy can be inferred.

4Black holes evaporate due to Hawking radiation [6], [7], and the lower mass limit of 1015 g
is easily obtained knowing the physics of Hawking radiation and the age of the universe.
It is stated in ref. [5], published the year after the first publication on Hawking radiation.
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of gravitational waves (GW) by the Ligo and Virgo collaborations [9], and
upcoming space based experiments are expected to measure GW with even
greater sensitivity. They would be able to detect GW emitted from mergings
of PBH with each other or with compact objects such as neutron stars, thereby
shedding more light on a possible population of PBH.

Another possibility5 is that DM is made up of particles, which will be the
underlying hypothesis of this thesis. As there is no particle in the Stan-
dard Model of Particle Physics (SM) that can constitute DM6, new physics
is needed and the number of proposed models of DM particles is vast. The
most popular is the Weakly Interacting Massive Particle (WIMP), a massive
particle which interacts with the SM via the weak force. The reason for the
popularity of WIMPs is (in addition to its simplicity) the so called WIMP
miracle; the annihilation cross section needed to create the measured amount
of DM from equilibrium with the SM particles in the early universe, is compa-
rable with that of the weak interaction known from the SM. This mechanism
of DM creation is known as the freeze-out mechanism7, as the DM particles
are in equilibrium with the SM particles while the universe is sufficiently dense
and warm, before leaving equilibrium (freezing out) as the universe expands
and cools down at a rate larger than the WIMP annihilation rate.

The axion is another popular DM candidate, a particle which was initially
introduced to solve a different problem in particle physics, namely the strong
CP problem8; Quantum Chromo Dynamics (QCD) seems to be accidentally
symmetric under simultaneous charge-conjugation (C) and parity (P) trans-
formations. A proposed explanation for this symmetry is that the CP symme-
try corresponds to the ground state of a new field [11], [12], which was later
realised to correspond to a new particle with the properties of DM [13], [14].

5A third possible explanation of the phenomena typically explained by DM is Modified
Newtonian Dynamics[10], in which the Newtonian laws of motion are modified to fit
galactic rotation curves.

6There is no standard model particle which both has a life-time longer than the age of the
universe, interacts weakly enough with light and is heavy enough that it can form the
gravitational wells in the early universe.

7Another popular and more recently proposed mechanism for DM production in the early
universe is known as freeze-in. In this scenario DM never interacts strongly enough with
the SM particles for it to be in equilibrium with the SM, but it still interacts strongly
enough with the SM that energy leaks from the thermal bath of the SM into that of
DM.

8In fact the name axion comes from a laundry detergent, since the axion was introduced
to clean up the strong CP problem.
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Chapter 1 Introduction

The sterile neutrino [15] is yet another DM candidate with the added ben-
efit of solving an additional problem in physics, namely the neutrino mass
problem; in the SM neutrinos are massless particles, but phenomena such as
neutrino oscillation [16], [17] require the neutrino to have a small, but non-zero
mass. This small neutrino mass can be explained by the seesaw mechanism
by which the smallness of the neutrino mass is the consequence of the com-
paratively large mass of the hypothesized sterile neutrino [18].

The candidates for particle DM mentioned above have in common that they
interact with each other and the particles of the SM not just gravitationally,
but also through other forces. In fact, DM self-interaction might alter the
DM distribution in galaxies by DM particles colliding and forming a core in
contrast to the cusp like profile expected from non-interacting DM. The DM
density profiles expected from self-interaction seem to fit observations better
than the ones expected from collisionless DM [19], [20], suggesting DM indeed
has non-gravitational interactions and motivating experiments to detect them.

Numerous experiments have been carried out to observe these hypothesised
non-gravitational DM interactions with the SM. These experiments fall into
3 categories. The first is that of indirect detection experiments. Several DM
models, such as the WIMPs, have the feature that pairs of them can annihi-
late into highly energetic SM particles. If this happens in or near our galaxy,
these SM particles might reach earth and be detected. There is a wide range
of experiments searching for such particles. Experiments such as DAMPE,
Fermi-LAT, H.E.S.S. search for gamma rays [21]–[23] and cosmic rays9 [24]–
[26], whereas others are dedicated gamma ray experiments such as MAGIC [27]
and VERITAS [28], or cosmic ray experiments such as AMS-02 [29]. In addi-
tion to gamma rays and cosmic rays there are also experiments searching for
neutrinos, such as IceCube [30], ANTARES [31] and KM3NET [32]. These
search for neutrinos interacting with water molecules, the first in the Antarctic
ice, and latter two in the sea.

Another category is that of particle collider experiments, which work on the
opposite principle of the indirect detection experiments. Rather than having
DM particles annihilate into SM particles, one accelerates SM particles to
very high energies and collide them to produce new particles, hoping some of
them might be candidates for DM. In these experiments one looks for missing

9Cosmic rays are highly energetic charged particles such as electrons, protons and their
anti particles.

6



transverse momentum, i.e. missing momentum carried away by DM particles
after the momentum of all the detectable SM particles has been accounted for.
The most notable of these particle colliders is the LHC. It accelerates protons
to energies of several TeV, which lead to the discovery of the Higgs boson in
2012 [33]–[35]. Other examples include the Tevatron, known for discovering
the top quark [36]–[38], and Belle10 [39].

The third category is that of direct detection (DD) experiments, the exper-
imental category this thesis will focus on. Such experiments search for energy
and momentum deposited by DM in detector materials on earth. Compared to
the method of indirect detection mentioned above, DD has the advantage that
the interaction between DM and visible matter happens in the lab on earth.
This makes it easier to control the environment in which the physics happens
and reducing uncertainties from the DM density profile along the line of sight,
and from the physics of propagation of charged annihilation products in the
galactic magnetic field. The observable deposition of energy and momentum
can either happen through absorption of the DM particle, i.e. the mass energy
of the DM particle is deposited in the detector, or through elastic scattering,
i.e. (parts of) the kinetic energy of the DM particle is deposited. Detection of
axions fall in the former category, whereas WIMPs and sterile neutrinos fall
in the latter. So far the direct detection community has mostly focused on the
detection of WIMPs, and designed experiments with this purpose. WIMPs
are expected to have a mass range suitable for depositing energy to nucleus11,
causing the nucleus to recoil. Several experiments are built to search for these
nuclear recoils, and their characteristics depend on whether they use solid or
liquid detector materials. The liquid detectors mostly use noble gasses such as
liquid xenon for XENON1T [41], XENONnT [42], LUX [43] and LZ [44], and
liquid argon for Darkside50 [45] and DEAP-3600 [46]. The advantage of liquid
detector materials is that they are easy to scale up, allowing experiments with
tons of detector material.

Solid target experiments, on the other hand, operate various crystals as
detector materials and are much smaller than their liquid counterparts, with
typical masses ranging from grams to a few kilograms. They do however op-
10Unlike LHC and Tevatron which collides protons with each other, Belle collides electrons

with positrons.
11The WIMP mass is expected to range from 2 GeV to 100 TeV [40], and for kinematical

reasons energy transfer in elastic scatterings lose efficiency when the DM mass differs
from the target mass. Considered target masses range from light nucleus like that of
oxygen with a mass of 16 GeV to 134 GeV for xenon nucleus.
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Chapter 1 Introduction

erate with a smaller energy threshold, making them better suited to probe
lower DM masses. Notable experiments in this category are CRESST-III [47]
using crystals of CaWO4 as detector material, SENSEI [48] and DAMIC [49]
using silicon crystals, EDELWEISS [50] using germanium crystals, and Su-
perCDMS [51] using both silicon and germanium crystals. Finally, there is
a number of experiments using NaI crystals; COSINE [52], COSINUS [53],
ANAIS [54], SABRE [55] and DAMA [56]. The latter of these experiments
report a scintillation signal with characteristics of DM induced nuclear recoils;
it is reported to have the cosine shape with a maximum at June 2nd and min-
imum at December 2nd expected from yearly modulation12. As such, DAMA
reports to be seeing evidence of non-gravitational DM interaction, but the
report of DAMA is controversial as none of the other above-mentioned collab-
orations see a similar signal13.

As there is no decisive evidence for DM induced nuclear recoils despite
tremendous experimental efforts, the DD community has started turning their
attention towards DM induced electron recoils. Electrons have the advantage
of being much lighter than the nucleus, and are therefore suitable for probing
much lower DM masses14 than what is feasible with nuclear recoils. If DM for
instance has a mass in the MeV-GeV range, electron recoil experiments might
hold the key to the first direct detection of DM particles from our galaxy. An
increased theoretical understanding of these DM induced electron recoils will
be the main contribution of this thesis. Most of the above mentioned DD
experiments, although tailored for nuclear recoils, are also sensitive to elec-
tron recoils. XENON1T did interestingly see an unexplained electron recoil
spectrum [57] explainable with DM, although this has later been excluded
by XENONnT [58], another xenon based experiment. The likely culprit was
unaccounted for tritium contamination.

In general, DD experiments struggle to distinguish DM signals from uniden-
tified background sources. A way to mend this is to utilize the directionality

12When the orbital velocity of Earth is maximally aligned with the velocity of the Sun
relative to the galaxy, the velocity of Earth through the DM halo is at it’s highest. At
this time the incoming DM flux and velocity is maximal. Six months later the situation
is the opposite and the DM flux and velocity is minimal. This modulation is useful as
it allows for distinguishing DM signals from constant backgrounds.

13The purpose of ANAIS, COSINE, COSINUS and SABRE is largely to crosscheck the
result of DAMA with the same detector material to rule out effects from different detector
materials.

14Electron recoils can be induced by DM masses down to the electron mass, i.e. ∼ 0.5 MeV.
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of DM; seem from a lab on Earth, the velocity distribution of incoming DM
particles is highly anisotropic. Furthermore, this anisotropic velocity distri-
bution is rotated throughout the day as the Earth rotates, an effect called
daily modulation. The velocity distribution does primarily have two impor-
tant peaks. The best established one is due to the motion of the sun through
the solar system, leading to a "headwind" of DM particles. A more recently
discussed effect is that of "solar reflection" [59]–[62]: DM particles from the
milky way can scatter and get accelerated by energetic particles in the sun,
producing a small flux of high energy DM coming from the sun. DD experi-
ments attempting to utilize the anisotropies of the DM velocity distribution
are currently in the research and development phase, with notable examples
relevant to this thesis is PTOLEMY [63] and ANDROMEDA [64]. These ex-
periments are based on graphene and carbon nanotubes (CNTs), respectively.
Graphene and CNTs are anisotropic materials, and therefore have a response
which is sensitive to the direction of the DM particle. They would attempt
to detect an anisotropic signal with a daily modulation. This very unique
signature is not shared with background sources.

In order to understand the DM induced electron recoils, modelling of DM
interacting with electrons bound in materials is needed [65]–[69]. Since the
non-gravitational interaction (if any) DM has with electrons is unknown, it is
important to stay as general as possible. We model the interaction without
making assumptions on its form for the first time by employing the framework
of non-relativistic effective field theory (NR-EFT): It can be shown that for
non-relativistic particles15 all Galilean invariant interactions can be written
in terms of a a finite number of effective operators [70]. The number of such
operators is given as 4+20jχ [71]16, where jχ is the spin of the DM particle. In
practice, interactions described by all possible combinations of these effective
operators need to be modelled in realistic detector materials. Focusing on
the operators relevant to spin 0 and spin 1/2 DM, we do this for the first
time for silicon and germanium crystals in Paper 1 using a state-of-the-art
density functional theory (DFT) calculation to accurately capture the crystal

15One of the few known properties of DM is that it is gravitiationally bound to the galaxy,
and thus that it follows Keplerian motion with a velocity of ∼ 10−3c. The electron in
the target material have a velocity of ∼ Zeff α, and for the outermost electrons in an
atom Zeff ∼ 1.

16You get 4+20jχ operators if you include all operators up to and including second order in
the DM velocity and the transferred momentum. We do, however, only include operators
up to and including first order in the DM velocity, leading to slightly fewer operators.
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Chapter 1 Introduction

physics. With the framework we develop and provide, the rate at which DM
is expected to produce electron hole pairs in silicon and germanium crystals
is easily computed. This expected rate allows for interpretation of the data
from experiments such as SENSEI, SuperCDMS and EDELWEISS.

In Paper 2, we demonstrate the importance of the NR-EFT approach using
the DFT calculation from Paper 1 together with results for atomic xenon
from [72] to calculate the limits silicon, germanium and xenon based DD
experiments place on a set of simplified models of DM. These models include
scalar, vector and fermionic DM, and shows how one generically gets several
contributing effective operators different from the operator usually studied in
the benchmark model; the dark photon model.

In Paper 6, we train Neural Networks (NNs) to take a set of effective cou-
pling constants and a DM mass as input, and output rates of electron hole
creation in Silicon and Germanium. The NN can compute the same quantities
as were computed in Paper 1, but does so many orders of magnitude faster,
and does not require the outputs from the DFT calculation. Faster evalua-
tion of the rates of electron hole creation is important if one wants to perform
parameter scans, and not needing the DFT outputs makes the NN easier to
download and use than the software from Paper 1.

In Papers 3 and 4, we compute the rate of DM induced electron ejections
from graphene and CNTs. We imporve the state of the art modelling both by
employing DFT to model DM electron scattering in these materials for the
first time, and we extend the range of DM models that can be considered using
NR-EFT. These papers provide valuable insight into the sensitivities of various
detector setups, and forecasts what graphene and CNT based experiments can
expect to see. As such, these papers help guide the development of these two
future experiments.

Finally, in paper 5, we employ DFT to model liquid Xenon for the first
time, allowing us to go beyond the isolated atom description of liquid Xenon.
Crucially, we find that the liquid phase shifts and broadens the energy levels of
the 5p electrons, leading to a drastic increase in the expected DM induced rate
of single and few electron ionizations. This not only strengthens the current
exclusion bounds on DM from liquid Xenon, but it also shows that there is
more to be gained from lowering the experimental threshold than previously
thought.

These works, together with ref. [72], establish NR-EFT in the context of
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DM-electron scattering. It shows how going beyond the dark photon model
generically reveals new physics with materials reacting in novel ways. In
addition, the works improve the state of the art modelling of the material
properties relevant to DM electron scattering. As such, they are valuable
contributions both to theorists interpreting experimental results, and to ex-
perimentalists designing the next generation of experiments.
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CHAPTER 2

Evidence for Dark Matter

Dark Matter (DM) is a key ingredient in cosmology as well as galactic and
extragalactic astrophysics. Without the gravitational pull it provides several
observations cannot be explained. In this chapter cosmology, galactic and
extragalactic astrophysics will be reviewed with an emphasis on the impact of
DM.

2.1 Cosmology

Below, the evidence for DM in cosmology will be discussed. First, a review
of the Standard Model of Cosmology will be given, in which the abundance
of dark matter is a free parameter. We will then see that the value of this
parameter can be inferred by comparing measurements of the Cosmic Mi-
crowave Background (CMB) with simulations based on general relativity and
hydrodynamics. We will see that there must be around 5 times as much dark
matter as ordinary matter for the simulations to match the observations.
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Chapter 2 Evidence for Dark Matter

The Standard Model of Cosmology

In the beginning the inflaton created a thermal bath of particles. Now the bath
was formless (homogeneous) with the exception of some very small density
perturbations.

The Friedmann model describes an expanding homogeneous universe. It is
given by the FLRW1 metric,

ds2 = −dt2 + a2(t)
[

dr2

1 − kr2 + r2 (
dθ2 + sin2 θ dφ2)]

, (2.1)

where k is the spatial curvature parameter, and equals 0 for a flat universe.
t is the cosmological time, i.e. the time of an observer who sees the universe
as being homogeneous2. r, θ and φ are the spherical comoving coordinates,
meaning that they are constant in time and do not expand together with the
universe. The time dependence is absorbed in a(t), the scale factor, which
increases with time as the universe expands. The Friedmann law can be
derived from the Einstein equation, and it governs the time evolution of a:

H2 ≡
(

ȧ(t)
a(t)

)2
=

8πG

3
ρ − k

a2 +
Λ
3

, (2.2)

with H being the Hubble rate, G being the Newtonian constant of gravitation,
ρ being the energy density, Λ being the cosmological constant and ȧ denoting
the time derivative of a. From the Bianchi identities it can be shown that
energy conservation implies that

ρ̇ = −3
ȧ

a
(ρ + p) , (2.3)

with p being the pressure. This relation holds for the total energy of the
universe, and for decoupled species. One can distinguish between radiation
(here taken to be any particle for which E � m, with E being the energy of
the particle and m being the mass) and matter (here taken to be any particle
for which E ≈ m). Matter is pressureless (p ≈ 0) and radiation has a pressure

1The metric is named after Alexander Friedmann, Georges Lemaître, Howard P. Robert-
son, and Arthur Geoffrey Walker.

2The frame in which the universe is homogeneous is the frame in which the cosmic fluid
is at rest.
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2.1 Cosmology

of p ≈ ρ
3 . From the above energy conservation equation it then follows that

ρm ∝ a−3 , ρr ∝ a−4 , (2.4)

where ρm is the density of matter and ρr is the density of radiation, with
the total density ρ = ρm + ρr. This result can be intuitively understood;
The volume of the universe grows as a3, and for a fixed number of matter
particles in a changing volume the density is inversely proportional to the
volume. Radiation also gets diluted by the increasing volume just like the
matter particles, and in addition it gets red-shifted. As radiation energy
is inversely proportional to the wave-length, and the wave-length increases
proportionally to a, the radiation volume gets diluted with an additional a−1.

The Friedmann Law thus contains terms proportional to a−4 (radiation),
a−3 (matter), a−2 (curvature) and a0 (cosmological constant Λ), each of which
can dominate for different values of a. For small a one can have radiation
domination, then matter domination, then curvature domination and finally
Λ domination. To make this clearer, the concept of critical densities can be
introduced;

ρc ≡ 3H2

8πG
, ρ0

c ≡ 3H2
0

8πG
, (2.5)

with ρc being the critical density and ρ0
c (H0) being the critical density (Hubble

rate) today. From this the Ω parameters can be defined:

Ωm ≡ ρ0
m

ρ0
c

=
ρ0

b

ρ0
c

+
ρ0

DM
ρ0

c

≡ Ωb + ΩDM ,

Ωr ≡ ρ0
r

ρ0
c

, Ωk ≡ −k

a2
0H2

0
, ΩΛ ≡ Λ

3H2
0

, (2.6)

with a0, ρ0
b and ρ0

DM being the value of a and the density of baryons3 and DM

3The mass density of the leptons is negligible.
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Chapter 2 Evidence for Dark Matter

today respectively. Inserting this in eq. (2.2), it becomes

H2

H2
0

=
[
Ωr

(a0
a

)4
+ Ωm

(a0
a

)3
+ Ωk

(a0
a

)2
+ ΩΛ

]
, (2.7)

H2

H2
0

=
[
Ωr (1 + z)4 + Ωm (1 + z)3 + Ωk (1 + z)2 + ΩΛ

]
, (2.8)

where z is the cosmological redshift, i.e. the redshift of photons between t

and today due to the expansion of the universe. Today H = H0, a = a0 and
z = 0, so the Friedmann equation reads

1 = Ωr + Ωm + Ωk + ΩΛ . (2.9)

As such Ωi can be interpreted as the fractions of the total energy of the
universe in form i, and the above equation is often referred to as the budget
equation.

Cosmic Microwave Background

When the universe is warm, with a temperature larger than the ionization
energy of hydrogen, the baryons and electrons in the universe constitute a
plasma through which photons cannot propagate freely. As it cools down to
a temperature of around 0.26 eV the electrons recombine with the protons
to form neutral hydrogen, allowing the thermal photons to propagate freely.
These photons then travel through the expanding universe, get red-shifted by a
factor of z∗ = 1090, and arrive at earth from all directions with a temperature
of 2.3×10−4 eV. They have the spectrum of a black body, and the temperature
of photons coming from different directions have small relative variations4

of 10−5. These variations can be described by a multipole expansion5 with

4Somewhat counter intuitively, the regions of the sky that appear the warmest are in fact
the coldest. This is known as the integrated Sachs-Wolfe effect [73], and is due to warmer
regions having higher mass densities, causing the photons to get more gravitationally
red-shifted as they propagate towards Earth, an effect which is stronger than the initial
higher temperature of the photons emitted from these regions.

5In fact, the by far strongest variation comes from the motion of the earth relative to the
cosmic rest frame (the frame in which the CMB is the most isotropic). This Doppler
shift is being subtracted from the measured CMB to obtain the distribution one would
have seen if the earth was in the cosmic rest frame.
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2.1 Cosmology

Figure 2.1: The CMB power spectrum taken from Planck 2018 [1]. The blue line
is the theoretical prediction from ΛCDM with the best fit cosmological parameters
given in eq. (2.11), and the red dots are the values inferred from the measurements
of the CMB with 1σ error bars. The upper panel shows the spectrum, whereas
the lower panel shows the discrepancy between the theoretical prediction and the
measured result. Note that the horizontal scale changes from logaritmic to linear at
the vertical dashed line at � = 30, and that also the vertical plot range in the lower
panel is reduced by a factor of 10 to the right of the line.

coefficients DT T
� shown in fig. 2.1 and defined as [3]

DT T
� =

∑
m

�(� + 1)
2π

〈
aT ∗

�maT
�m

〉
,

aT
�m =

∫
d n̂ Y ∗

�m (n̂) δT (n̂) , (2.10)

with δT (n̂) being the temperature perturbation of the CMB photons coming
from direction n̂, and Y�m are spherical harmonics. 〈〉 refers to the average
over the temperature perturbations simulated with different initial conditions
for the density distribution of the universe. These are typically assumed to
be Gaussian distributed, and the expected distribution of δT (n̂) is simulated
from the Einstein equations and hydrodynamical equations.
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Chapter 2 Evidence for Dark Matter

δT (n̂) is also inferred from measurements of the photon temperature of
the CMB, and the averaging 〈〉 is done over different patches of the sky. For
small � there are few sky patches to average over, causing the error bars in
fig. 2.1 to be large in this region of �. Comparing the measurements to the
simulations one infer the values of the parameters in the ΛCDM that cause
the simulations to fit the measurements.

The effect of DM is intuitively understood, as DM can clump together much
more efficiently than baryons. This is due to DM not feeling the radiation
pressure of the photons. It then forms gravitational wells around which the
baryons oscillate in what is called baryon acoustic oscillations. In particular,
the absence of DM would suppress the second peak in fig. 2.1. As such, DM
is vital in forming the CMB, and from fig. 2.1 one sees that there is excellent
agreement between the prediction of the ΛCDM shown in the blue line and
the measurement shown with the red dots.

These best fit values of Ωr, Ωm, Ωk, ΩΛ, Ωb and ΩDM producing the blue
line in fig. 2.1 are not only fit to the CMB but also to other measurements.
They are [1]

Ωm = 0.3111 , Ωb = 0.0492 , ΩDM = 0.2630 ,

Ωr = 0.0001 , Ωk = 0.0007 , ΩΛ = 0.6889 , (2.11)

from which one sees that DM makes up 26.3% of the energy content and 84.5%
of the matter content of the universe. Note that Ωm � Ωk and ΩΛ � Ωk,
so there is no time (no value of z > 0) at which the term proportional to Ωk

dominates the right hand side of eq. (2.8). In fact, the measured value of Ωk

is compatible with 0 and usually neglected. The curvature being negligible is
typically explained with inflation, in which the early universe goes through an
accelerating expansion, flattening out any initial curvature.

2.2 Structure formation
ΛCDM does not only explain the CMB; it also describes how the clumping
of DM that give rise to the CMB goes on to form structures such as galaxy
clusters, galaxies and dwarf galaxies. This is done with hydrodynamical sim-
ulations, such as the code Evolution and Assembly of GaLaxies and their
Environment (EAGLE) [75]. In these hydrodynamical simulations, one sim-
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2.2 Structure formation

Figure 2.2: A comparison between observed galaxy distribution (blue) and simu-
lated galaxy distribution (red) taken from [74].

ulates baryon gas and DM particles with masses of order 106M� to 107M�
in a box of between (50Mpc)3 and (100Mpc)3. M� denotes the mass of the
Sun. As the particle mass is much greater than the stellar mass, such simula-
tions cannot treat phenomena such as star formation, Active Galactic Nucleus
(AGN) and supernova. These phenomena are important for the evolution of
galaxies as the radiation from these cause the galaxy to loose mass, and in-
teracts with the gas in the InterStellar Medium (ISM) influencing the ISM
distribution in and around the galaxy. The impact of these phenomena re-
ferred to as subgrid physics is accounted for using a range of tools discussed
in section 4 of ref. [75].

With simulations such as EAGLE one obtains a distribution of matter in
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Chapter 2 Evidence for Dark Matter

the universe in the form of galaxy clusters and galaxies. This distribution
of galaxies can be compared to observations of galaxy distributions in our
universe [76] to find excellent statistical agreement [77]. This agreement is
examplified in fig. 2.2 where the observed galaxy distribution is shown in blue
and the simulated galaxy distribution is shown in red.

Simulations such as EAGLE can also be used to obtain detailed information
about the distribution of DM in our galaxy. In doing so one picks out galaxies
from the simulation which have a distribution of visible matter similar to
what is observed in the Milky Way. One can then take the velocities of the
simulated DM particles in the Milky Way like galaxies to span the possible
distributions of the true DM velocities in the Milky Way. Below, more direct
observations of the DM distribution in galaxies is discussed.

2.3 Astrophysical observations
As discussed above DM is crucial in the theoretical description of how galaxies
and galaxy clusters form and evolve. The presence of DM in galaxies can also
be measured more directly. In this section two such methods for measuring
the DM density in galaxies and galaxy clusters will be covered, namely weak
gravitational lensing and galactic rotation curves.

Weak Gravitational Lensing
General relativity [81] describes how massive objects bend the trajectory of
light, a phenomenon known as gravitational lensing. Large astrophysical ob-
jects such as galaxy clusters create a measurable lensing effect when light
passes through it, which in turn can be used to infer the gravitational mass of
the astrophysical object. One generally distinguishes between strong and weak
lensing. By strong lensing one refers to gravitational lensing strong enough to
produce multiple images around a massive object. This is due to the photons
being "caught" and orbiting multiple times around the massive object before
escaping. Weak lensing, on the other hand, causes small distortions of the
original image, and from these distortions one can statistically infer the mass
density that caused the distortions.

This is done for the Bullet Cluster in fig. 2.3, an iconic image often used to
visualize the presence of the DM in our universe. The image shows two galaxy

20



2.3 Astrophysical observations

Figure 2.3: Image of the Bullet Cluster showing gravitational lensing in blue [78],
x-ray radiation in red [79] together with the optical image [80].

clusters that are colliding. The blue color shows the mass density inferred from
gravitational lensing whereas the red color shows the x-ray density. As the
x-rays mostly come from the hydrogen gas that makes up most of the visible
mass of the galaxy, the red color shows the density of visible mass whereas
the blue color shows the density of total mass. As is evident from the image,
the hydrogen clouds collide with each other and lose some of their velocity,
whereas the clouds of dark matter pass through each other largely unaffected.
This is a strong indicator of the presence of a large invisible mass that interacts
weakly enough with itself and with the visible matter that it does not cause
observable friction.

Galactic Rotation Curves
The discrepancy between the gravitational mass and the visible mass was first
observed in the 1930s by Zwicky and Smith. They compared the velocity of
galaxies with the velocities they would expect from the visible mass in the
Coma and Virgo clusters respectively [83], [84]. They found a discrepancy
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Chapter 2 Evidence for Dark Matter

Figure 2.4: Plot from ref. [82] showing measured velocity distribution of visible
objects in galaxies as function of distance from the galactic center. The pink and
green lines show the contribution to the velocity distribution from the stars and
gas clouds in the galaxy, respectively, whereas the black line shows the best fit DM
distribution obtained with the NFW method in the panels to the left and the DC14
method in the panels to the right. Together these contributions produce the red
line. The upper two panels are for a galaxy with a large mass, whereas the lower
panels are for a galaxy with a smaller mass.

which Zwicky referred to as dark matter6. The circular velocity v of a gravi-
tationaly bound object is given from Newtonian physics [85] as7

v(r) =

√
4πr

∫ r

0
dr̃ ρ(r̃) , (2.12)

6Zwicky was however not the first who used the term dark matter to refer to invisible
matter in the universe. See [4] for details on the history of dark matter.

7For simplicity ρ is here taken to be spherically symmetric, an approximation which is
not as bad as it might seem as most of the mass of galaxies is believed to lie in an
approximately spherically symmetric dark matter halo rather than in the stellar disk.
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2.3 Astrophysical observations

so the distribution of the mass density of the galaxy, ρ(r), can be inferred
by measuring v(r) for multiple r. These measurements of v(r) are shown in
fig. 2.4. There the expected velocity distributions from the mass density of
the observed gas, the observed stars and best fit DM halo is shown with the
green, pink, and black line respectively. Combined they form the red line as
the predicted total velocity. In the top two panels we see the galactic rotation
curve for a large galaxy in which the DM density dominates outside a radius
of 10 kpc from the galactic center, whereas for smaller galaxies such as what
is shown in the lower panels the DM dominates everywhere.
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CHAPTER 3

Particle Dark Matter

In chapter 2 we saw that measurements of the CMB together with other as-
trophysical observations show that DM makes up 84.5% of the matter content
of the universe. These measurements do, however, not give information of the
underlying structure of DM1. There have been suggested several models to ac-
count for this invisible mass, ranging from massive objects such as primordial
black holes to elementary particles or composites thereof. In this thesis DM is
assumed to be particles described by Quantum Field Theory (QFT). From a
Direct Detection (DD) perspective one can divide DM models into two classes;
DM particles that scatters elastically with SM particles depositing parts of its
kinetic energy to the SM particles; and DM particles that can be absorbed
by SM particles, depositing its entire mass-energy. These two classes of DM
models will be discussed briefly below, before mechanisms by which it can be
created will be discussed.

1It should be noted that the similarity between the abundance of DM and SM particles
suggest that they might have a common origin and therefore have some form of interac-
tion. This common origin would also indicate that the DM and SM particles should have
similar masses, i.e. that the DM particle should have a mass in the meV to TeV range,
much of which is probeable with direct detection experiments discussed in chapter 4.
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3.1 A Selection of DM Models

WIMPs and sub-GeV DM

WIMPs are stable Weakly Interacting Massive Particles interacting with the
standard model through the weak force. WIMPs are highly motivated from
the WIMP miracle mentioned in the introduction, and particles with the prop-
erties of WIMPs naturally arise in extensions to the SM such as Supersymme-
try [86]–[88]. In order for the observed abundance of DM to be produced via
the freeze-out mechanism to be discussed later in this chapter they need to
have a mass larger than about 2 GeV [40]. They serve as the benchmark model
for most DD experiments. With the lack of detection of such particles how-
ever, several models of lighter sub-GeV DM have also been proposed. These
would be too light to induce detectable nuclear recoils. What these models
have in common is that they feature a stable DM particle which couples to the
SM via a mediator lighter than the gague bosons mediating the weak force.
The lighter mediator relaxes the lower bound on the WIMP mass of 2 GeV
for production via freeze out. These particles can scatter elastically with SM
particles, transferring (a fraction of) its kinetic energy to the SM particle. As
such, from a DD perspective these models can be characterized by the mass
of the DM particle and the nature of its interaction with the SM. The most
popular (and simplest) is the dark photon model.

Dark Photon Model

The dark photon model extends the standard model with an additional U(1)
gauge group with which the dark photon A′

μ is the associated gauge boson.
The DM particle χ couples to the dark photon in the same way as the photon
couples to charged particles in the SM. Furthermore this dark photon is usu-
ally taken to kinetically mix with the SM photon, giving rise to interactions
between DM and ordinary charged matter. In this model, the dark sector is
described by the Lagrangian

LD = χ̄(iγμDμ − mχ)χ +
1
4

F ′
μνF ′μν + m2

A′A′
μA′μ + εFμνF ′μν , (3.1)
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with the covariant derivative defined as

Dμχ = ∂μχ − igDA′
μχ , (3.2)

where gD is the gauge coupling corresponding to the dark U(1) gauge group,
F ′μν is the dark photon field strength tensor, mA′ is the dark photon mass
and ε is the kinetic mixing strength. This model has the advantage that the
dark photon behaves like the SM one, which is well understood and leads
to a simple expression for the DM-SM scattering cross section. The above
Lagrangian is for a spin 1/2 DM particle, but DM particles with other spins
are also extensively studied in the literature.

Other Non-Standard Interactions

Using the dark photon model as a benchmark might however cause one to miss
potential signatures of DM caused by other more complicated interactions.
Covering all possible interactions DM can have with SM requires Effective
Field Theory (EFT) approaches, discussed in section 4.3. It can however be
illustrative considering a few non-standard interactions DM can have with
SM to show how their signatures differ from that of the dark photon model.
In Papers 1, 2 and 4 non-standard interactions are considered to illustrate
potential deviations from the phenomenology of the dark photon model [72],
[89]. Dark matter could interact with the photon field through an electric
dipole moment,

Lint =
g

Λ
iχ̄σμνγ5χ Fμν , (3.3a)

where g is the coupling strength and Λ is the energy scale at which the electric
dipole is generated. Likewise, the DM particle can have a non-zero magnetic
dipole moment described by the Lagrangian interaction term

Lint =
g

Λ
χ̄σμνχ Fμν , (3.3b)

where again g and Λ are the coupling and the energy scale at which the
magnetic dipole is generated, respectively. Dark matter might also interact
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through the anapole interaction,

Lint =
g

2Λ2 χ̄γμγ5χ ∂νFμν . (3.3c)

In Papers 1, 3, 4, 5 and 7 EFT is used to calculate the rate at which DM with
these interactions scatters off bound electrons leaving observable signatures in
direct detection experiments. In Paper 2 we go beyond the above mentioned
non-standard interactions and look at generic DM-electron interactions for
spin 0, spin 1/2 and spin 1 DM.

Axion (Like Particle)
Axions and Axion Like Particles (ALPs) is a class of models for DM consisting
of bosons with a mass of a few eV and below. The axion was originally
proposed as a solution to the CP problem of QCD, in which QCD generically
break CP symmetry via the Lagrangian term

Lθ = θ
αs

8π
GμνaG̃a

μν , (3.4a)

with Gμνa being the gluon field strength tensor and its dual being G̃μνa ≡
εμνρσGa

ρσ/2. This term in the Lagrangian would generate an electric dipole
moment for the neutron, the lack of observation of which requires θ � 10−10 [90].
This required smallness of θ is remarkable as θ receives contributions from two
independent quantities that happen to cancel almost exactly [91]; one contri-
bution related to the strong force and one to the weak force. Known as the
strong CP problem, the cancellation is popularly explained by the Peccei-
Quinn mechanism [11], [12] in which the QCD axion field [13], [14], a, couples
to the gluons via the Lagrangian term

Lθ,a =
(

a

fa
− θ

)
αs

8π
GμνaG̃a

μν , (3.4b)

with fa being the axion decay constant. The ground state of the axion field
corresponds to a/fa = θ, eliminating the CP violating term [92]. The axion
mass can be calculated with chiral perturbation theory to be [93]

ma =
fπmπ

fa

√
mumd

mu + md
≈ 1012 GeV

fa
5.691 μeV , (3.5)
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with mu, md and mπ being the masses of the up quark, down quark and pion
respectively, and fπ being the pion decay width. The QCD axion mass is
usually assumed to lie in the range 1 μeV to 100 μeV, as this is compatible
with the axion being produced in an abundance matching what is observed of
DM.

Since the above described QCD axion was proposed, several other particles
with similar characteristics referred to colloquially as ALPs have been pro-
posed. These do not solve the strong CP problem and take ma and fa to be
free parameters independent of each other. This allows fa to be tuned such
that the observed abundance of DM is produced, a condition which can be
satisfied for 10−20 eV � ma � eV. Both axions and ALPs can oscillate into
photons giving observable astrophysical signatures, or be absorbed in detec-
tors on earth depositing their entire mass-energy to SM particle(s). For a
review of axions and ALPs, see i.e. ref. [91], [94].

3.2 On The Origin of Dark Matter
There are several ways in which the DM particles can be created in the abun-
dance matching the observed one. The abundance can for instance be set by
an asymmetry between the particle and anti-particle abundance [95] similar
to the SM particles. DM can also be created from interactions with visible
matter, through two mechanisms we discuss below; freeze out and freeze in.

Freeze Out
If the DM particles interact strongly enough with the SM particles to be
in equilibrium with the thermal bath of SM, the abundance of DM is that
for which the rate of annihilation matches that of creation2. As the universe
expands, the density of both the SM particles and the DM particles is reduced,
and so is the rate of annihilation and creation of DM particles. Furthermore,
as discussed in the last section, the radiation in the thermal bath is red-shifted
as the universe expands, causing the temperature to decrease.

As the temperature drops below the mass of the DM particles the creation
rate becomes exponentially suppressed. For DM to remain in equilibrium with

2Annihilation requires DM particles and anti-particles to collide, and this becomes more
frequent the more DM particles and anti-particles there are. As such, the density of DM
particles will naturally tend towards the equilibrium.
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Figure 3.1: Illustrative plot of the freeze out mechanism (solid lines) and freeze
in mechanism (dashed lines) from [96]. Y is the yield, and is proportional to the
number of DM particles, whereas m here refers to the mass of the DM particle and
T refers to the temperature of the SM bath. The black line shows the number of
DM particles for DM in equilibrium, whereas the blue, green and red lines show
the number of DM particles for different annihilation cross sections, with blue being
the largest and red the smallest. The solid lines are for large enough annihilation
cross sections that DM at high temperatures is in equilibrium with SM, whereas
the dashed lines are for much smaller annihilation cross sections (but with the same
relation between the colors) where DM never enters equilibrium with SM.

the SM particles the annihilation rate must also be exponentially suppressed,
which in turn demands that the number of DM particles is exponentially
suppressed. This suppression can be seen in fig. 3.1 for mχ/T = x > 1, where
mχ is the mass of the DM particle and T is the temperature of the SM bath.

As both the rate of creation and annihilation drops, however, DM departs
from equilibrium; it freezes out. It can be shown that DM particles on av-
erage interact less than once between the time at which the interaction rate
equals the Hubble rate and today. The DM particles are therefore taken to be
decoupled when this condition is met.3 After DM is decoupled the number of
DM particles remains fixed until today. The number of DM particles today is

3It should be noted that even though DM has left chemical equilibrium it can still scatter
elastically with the SM bath and thereby maintain kinetic equilibrium.
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therefore determined by how much the number of DM particles is thermally
suppressed before it leaves equilibrium (freezes out) [97], i.e. how long they
stay in equilibrium. The stronger DM interacts with the SM particles, the
longer it stays in equilibrium and the fewer DM particles survives until today.
This effect can be seen from the solid lines in fig. 3.1 where the red solid line
departs from equilibrium (the black line) before the blue solid line, giving a
higher value of Y, which is proportional to the number of DM particles in the
universe.

Freeze In
An alternative to the freeze out mechanism is freeze in. In this scenario the
creation and annihilation cross sections are never large enough for DM to be
in equilibrium with the SM bath; the annihilation of DM into SM particles is
negligible at all times, whereas DM is created from the SM bath until the rate
of creation becomes thermally suppressed by the temperature dropping below
the mass of the DM particle. This evolution of the number of DM particles
is shown by the dashed lines in fig. 3.1, where the red line corresponds to a
lower creation cross section and thus a lower number of DM particles than the
green and blue lines.

It is worth stressing that the creation cross sections of the dashed colored
lines are much smaller than the ones for the solid colored lines, and as such
the two mechanisms for production of DM complement each other by covering
different ranges of creation cross sections. As a final word on DM creation it
should be noted that the freeze in mechanism assumes that the initial number
of DM particles is 0 (or at least very small). This means that whatever created
the bath of SM particles cannot also have created a similarly large bath of
DM particles. This assumption is not present in the freeze out regime, as a
large initial DM bath would quickly annihilate into SM particles bringing the
DM bath and the SM bath into equilibrium.
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Direct Detection of Dark Matter

As mentioned in the introduction, there are three main strategies for detection
of DM. Collider searches involve accelerating SM particles to high energies
and colliding them, causing the creation of additional particles. If DM is
created, it will leave the detector undetected1, carrying away momentum and
energy. The detected particles will then seem to violate energy and momentum
conservation, and from the missing energy-momentum one can conclude that
undetectable particle(s) have been created. From the detected particles one
can then reconstruct the interaction in which the DM was created2.

Indirect detection experiments are searching for SM particles created by
annihilating DM particles in space. If the DM particles have a mass similar
to or larger than the massive particles in the SM, it can annihilate into high
energy SM particles. These particles can be detected on Earth as cosmic

1There are also experiments attempting to detect high-velocity DM particles created from
collisions of SM particles.

2This is similar to how the hints of the existence of the neutrino first emerged. It was
noticed that electrons produced by beta decay took continuous energy values rather than
the fixed energy of the nuclear transition. The existence of an electrically neutral (and
thus at the time not detectable) particle with which the electron share the energy from
the nuclear transition was proposed and later detected.
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rays, gamma rays and neutrinos. As there also are other galactic sources of
cosmic rays, the challenge is to distinguish cosmic rays due to DM from rays
produced by other sources. Indirect detection can also be used to search for
signals coming from models of lighter dark matter particles. Examples of this
is impacts of axions on stellar physics and galactic gamma ray propagation,
and radio flashes produced by axion condensates colliding with neutron stars.

Dark matter direct detection experiments are low background experiments
searching for rare scattering events of DM with detector materials, where the
DM deposits energy and momentum to the detector material. This deposited
energy and momentum is then detected by means that vary between the ex-
periments. In this chapter direct detection will be discussed. In the first
section the Standard Halo Model (SHM) describing the density and velocity
distribution of the DM near Earth will be covered, before the attention is
moved to nuclear recoils in the second section. In the third section EFT is
discussed before it in the fourth section is applied to DM electron scattering.
The framework presented there is developed in the papers attached to this
thesis.

4.1 The Standard Halo Model
In section 2.2 it was discussed how DM velocity distributions can be ob-
tained from hydrodynamical simulations such as EAGLE. These simulations
are computationally expensive, so the density and velocity distribution of
DM is typically described by the SHM. The velocity distribution of DM
particles in the SHM is obtained by assuming that the DM particles are
Boltzmann-distributed in the galactic rest frame with the circular orbit ve-
locity v0 = 238 km/s [98] being the most likely speed. Furthermore, the
population of DM particles with velocities larger than the escape velocity of
the galaxy vesc = 544 km/s [98] is neglected, as these are assumed to largely
have left the galaxy. This gives

fgalaxy(v) =
1
N

exp
[
−v2

v2
0

]
Θ (vesc − |v|) , (4.1)

which is the DM velocity distribution in the galactic rest frame, with N being
a normalisation factor. The Earth moves relative to the galactic rest frame
with a velocity ve. At the time Paper 1 was published there was no consensus
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on the value of ve and we used ve = 244km/s. Afterwards ve = 250.5 km/s [98]
got established as the standard in the DM community, and we use this value
for Papers 2-6.

The motion of the Earth through the galaxy means that the velocity distri-
bution of the DM particles reaching Earth is shifted to become

fχ(v) =
1

Nescπ3/2v3
0

exp

[
− (v + ve)2

v2
0

]
Θ (vesc − |v + ve|) , (4.2)

with
Nesc ≡ erf(vesc/v0) − 2(vesc/v0) exp

[−v2
esc/v2

0
]

/
√

π , (4.3)

being a normalisation factor and erf being the error function. Note that the
distribution in eq. (4.2) is skewed in the direction of −ve, which is usually
referred to as the direction of the DM wind.

Another important property of DM is the local DM density ρχ, i.e. the
density of DM in the vicinity of Earth. In this thesis ρχ = 0.4 GeV/cm3 is
used, a value compatible with the findings of ref. [99], where ρχ = 0.385 ±
0.027 GeV/cm3 and ρχ = 0.389±0.025 GeV/cm3 was found, depending on the
assumed overall DM density profile. Other authors in the DM community are
using ρχ = 0.3 GeV/cm3 to ensure conservative results.

4.2 Nuclear Recoils
If dark matter scatters elastically with a nucleus, it deposits momentum and
energy to the nucleus, causing it to recoil. Most direct detection experiments
are designed to detect such nuclear recoils. As the nucleus has a mass of
several GeV, and the velocity of DM in the vicinity of Earth is of order 10−3

in natural units, a DM particle of similar mass to that of the nucleus can
deposit energies in the keV range. Specifically, the nucleus has a negligible
initial state kinetic energy in the lab frame, and recoils with an energy given
as [100]

E′ =
μ2

χN v2

mN
(1 − cos θR) , (4.4)

where μχN is the reduced mass of the DM-nucleus system, v is the velocity
of the incoming DM particle, mN is the mass of the nucleus and θR is the
angle between the path of the recoiled nucleus and that of the incoming DM
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particle. The rate of these nuclear recoils is then given as

d R

d E′ =
ρχ

mχmN

∫
d3 v vfχ(v)

d σχN

d E′ , (4.5)

where σχN is the DM nucleus scattering cross section.

Spin (In)Dependent Interactions
One usually takes the cross section to consist of a spin dependent (SD) and a
spin independent (SI) term,

d σχN

d E′ =
mN

2μ2
χN v2

[
σSI

χN F 2
SI + σSD

χN F 2
SD

]
, (4.6)

where σSI
χN and σSD

χN are the spin independent and spin dependent interaction
cross sections respectively. They are given as

σSI
χN =

4μ2
χN

π
[Zfp + (A − Z)fn]2 , (4.7a)

σSD
χN =

32GF μ2
χN

π

J + 1
J

[ap〈Sp〉 + an〈Sn〉]2 , (4.7b)

with fp (ap) and fn (an) being the spin independent (dependent) coupling of
DM to the protons and the neutrons, respectively. 〈Sp〉 and 〈Sn〉 are proton
and neutron spin factors.

Finally, FSI and FSD are the nuclear form factors [101]. They are in-
troduced to account for the complicating fact that nuclei are not elementary
particles; They have an internal structure which, depending on the momentum
transfer, can be probed in a scattering with DM. A popular approximation
for FSI is the Helm form factor [102], given as

FSI ≈ FHelm =
(

3j1 (qR1)
qR1

)2
e−q2s2/2 , (4.8)

where j1 is the spherical Bessel function, q is the transferred momentum from
the DM particle to the recoiling nucleus, s ≈ 1 fm is the nuclear skin thickness
and R1 ≈ 1.25A1/3 fm is the effective nuclear radius. For a review of nuclear
recoils, see [100].
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4.3 Non-relativistic Effective Field Theory

O1 = 1χe O12 = Sχ · (
Se × v⊥

el
)

O3 = iSe ·
(

q
me

× v⊥
el

)
O13 = i

(
Sχ · v⊥

el
) (

Se · q
me

)
O4 = Sχ · Se O14 = i

(
Sχ · q

me

) (
Se · v⊥

el
)

O5 = iSχ ·
(

q
me

× v⊥
el

)
O15 = iO11

[(
Se × v⊥

el
) · q

me

]
O6 =

(
Sχ · q

me

) (
Se · q

me

)
O17 = i q

me
· S · v⊥

el
O7 = Se · v⊥

el O18 = i q
me

· S · Se

O8 = Sχ · v⊥
el O19 = q

me
· S · q

me

O9 = iSχ ·
(

Se × q
me

)
O20 =

(
Se × q

me

)
· S · q

me

O10 = iSe · q
me

O21 = v⊥
el · S · Se

O11 = iSχ · q
me

O22 = i
(

q
me

× v⊥
el

)
· S · Se

Table 4.1: Interaction operators spanning the non-relativistic effective theory of
spin 0, 1/2 and 1 DM-electron interactions[70]–[72], [103]–[105]. Se (Sχ) is the elec-
tron (spin 1/2 DM) spin, v⊥

el = v − �/me − q/(2μχe), where μχe is the DM-electron
reduced mass, v⊥

el is the transverse relative velocity and 1χe is the identity in the
DM-electron spin space. Finally, S is the vector DM polarization matrix, and arises
in models of spin 1 DM.

4.3 Non-relativistic Effective Field Theory
A more general description of the interaction between DM and SM target
particles than the SI/SD framework described above is that of Non-Relativistic
Effective Field3 Theory (NR-EFT). As the name suggests, NR-EFT is an
effective theory that describes scatterings between non-relativistic particles.
In the lab on Earth, the SM target particle is typically non-relativistic. DM
bound to our galaxy is also non-relativistic, as can be seen from eq. (4.2),
where fχ = 0 for v > ve + vesc ≈ 795 km/s = 0.0027c.

An elastic scattering between a free DM and a free SM particle is in general
characterized by the spins of the DM and SM particle, as well as 4 vectorial
degrees of freedom; The initial and final state DM momentum and the initial

3The name effective field theory is misleading as the theory is expressed in terms of effective
interaction operators rather than effective fields. The name is still being widely used,
mostly because the abbreviation EFT is well established in the context of high energy
physics, and these effective operator based theories will therefore be referred to as EFTs
in this thesis.
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and final state SM momentum. One of these vector degrees of freedom is elim-
inated by momentum conservation. Yet another is eliminated by using that
for non-relativistic particles the scattering process must be Galilean invari-
ant. The non-relativistic scattering is thus determined by two independent
momenta together with the spins of the DM and SM particles. In the context
of DM electron scattering a common choice of independent momenta are the
dimensionless quantities q/me and v⊥

el = v −�/me −q/(2μχe), where q is the
momentum transferred from the DM particle with mass mχ to the electron
with mass me. v is the velocity of the initial state DM particle, and � is the
momentum of the initial state electron. μχe is the reduced mass of the DM
electron system. v⊥

el has the property that v⊥
el · q = 0 for elastic scatterings.

The spin of the DM particle Sχ and the spin of the electron Se can then
be combined with q/me and v⊥

el to form effective operators. The number of
effective operators that can be formed is in principle infinite, but since both
v⊥

el 	 1 and q/me 	 1 we restrict ourselves to consider operators at leading
order in v⊥

el and second order4 in q/me. The resulting operators are shown in
tab. 4.1 for DM spins ≤ 1. O2 = v⊥

el · v⊥
el and O16 =

(
Sχ · v⊥

el
) (

Se · v⊥
el

)
are

not included in the table as they are of second order in v⊥
el . The free particle

scattering amplitude can be written in terms of the effective operators as,

M(q, v⊥
el) =

∑
i

ciFDM,i(q) 〈Oi〉 , (4.9)

where ci is a dimensionless coupling constant and FDM,i(q) absorbs any addi-
tional q-dependence. For example, products such as q/me ·q/me = q2/m2

e O1
are not treated as a separate operator, but rather as O1 with the q dependence
absorbed in FDM,1(q).

The operators can be categorised based on whether they obey parity (P)
and/or time reversal (T) symmetry. Both P and T reverse the 3-vectors, but

4For typical scatterings v⊥
el ∼ 10−3 whereas q/me ∼ Zeff α ≈ Zeff/137 where Zeff is of

order a few. One therefore expands to first order in v⊥
el and second order in q/me.
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4.3 Non-relativistic Effective Field Theory

only T reverses the spin. From this one can see that

O1, O3, O4, O5, O6, O17, O20 P-even and T-even,
O7, O8, O9, O18 P-odd and T-even,
O13, O14, O19, O22 P-even and T-odd,
O10, O11, O12, O15, O21 P-odd and T-odd. (4.10)

The operators can also be categorised based on the powers they contain of
q/me and v⊥

el :

Operators q/me and v⊥
el dependence

O1, O4
(
v⊥

el
)0 (q/me)0

O9, O10, O11, O18
(
v⊥

el
)0 (q/me)1

O7, O8, O12, O21
(
v⊥

el
)1 (q/me)0

O6, O19, O20
(
v⊥

el
)0 (q/me)2

O3, O5, O13, O14, O17, O22
(
v⊥

el
)1 (q/me)1

O15
(
v⊥

el
)1 (q/me)2

. (4.11)

For similar ci and FDM,i, eq. (4.11) sorts the operators according to im-
portance from top to bottom. Operators O1 and O4 dominate, which is why
these operators are often taken as benchmark operators, and correspond to
the SI and SD interactions discussed in section 4.2 respectively.

Following the mapping from the relativistic to the non-relativistic theory
outlined in [103], the interactions in eqs. (3.1) and (3.3) are found to give rise
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to the following non-zero ci coefficients with corresponding FDM,i(q) [72]:

Dark Photon Interaction:

c1 =
4mχmegDεe

q2
ref + m2

A′
FDM,1 =

q2
ref + m2

A′

q2 + m2
A′

(4.12a)

Electric Dipole Interaction:

c11 =
16mχm2

ege

q2
refΛ

FDM,11 =
q2

ref
q2 (4.12b)

Magnetic Dipole Interaction:

c1 =
4mege

Λ
FDM,1 = 1

c4 =
16mχge

Λ
FDM,4 = 1

c5 =
16mχm2

ege

q2
refΛ

FDM,5 =
q2

ref
q2

c6 = −16mχm2
ege

q2
refΛ

FDM,6 =
q2

ref
q2 (4.12c)

Anapole Interaction:

c8 =
8mχmege

Λ2 FDM,8 = 1

c9 = −8mχmege

Λ2 FDM,9 = 1 (4.12d)

Note that the P and T parities of the interactions are contained in the effective
operators making up the interactions. The magnetic dipole interaction being
both P and T even is made up of only P and T even operators, whereas the
anapole interaction being P odd and T even is made up of P odd and T even
operators.

4.4 Electron Recoils from NR-EFT
Electron recoils can be generated from DM in two different ways; through the
Migdal Effect [106], [107] by which a DM induced nuclear recoil is converted
into an electron recoil; and through DM scattering directly off the electron,
the latter of which will be discussed here. The rate at which DM scatters
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electrons from an initial state 1 into a final state 2 is given as [72]

R1→2 =
nχ

16m2
χm2

e

∫
d3 q

(2π)3

∫
d3 vfχ(v)(2π)δ(Ef − Ei)|M1→2|2 , (4.13)

where nχ = ρχ/mχ is the local number density of DM particles, mχ is the
mass of the DM particle, q is the momentum transfered from the DM par-
ticle to the electron, and Ei and Ef is the initial and final energy of the
DM-electron system, respectively. Finally, |M1→2|2 is the squared electron
transition amplitude, given in terms of the initial state electron wave-function
ψ1, the final state electron wave-function ψ2 and the free scattering amplitude
M as [72]

|M1→2|2 ≡
∣∣∣∣∫ d3 pe

(2π)3 ψ∗
2(pe + q)M(pe, pχ, q)ψ1(pe)

∣∣∣∣2
, (4.14)

where pe and pχ is the initial state momentum of the electron and DM
particle, respectively. M(pe, pχ, q) is expanded in effective operators as in
eq. (4.9).

Electrons bound in materials have a velocity of order v = pe/me ∼ αZeff ≈
Zeff/137, with Zeff being of order a few for electrons relevant to DD experi-
ments. One can therefore Taylor expand the matrix element to first order in
pe/me;

M = M|pe/me=0 +
pe

me
· me∇pe

M|pe/me=0 . (4.15)

This expansion can now be inserted in eq. (4.14) to obtain

|M1→2|2 =
∣∣M|pe/me=0

∣∣2 |f1→2|2

+ 2me
 [Mf1→2(∇pe
M∗)|pe/me=0 · (f1→2)∗]

+ m2
e

∣∣(∇peM)|pe/me=0 · f1→2
∣∣2

, (4.16)

where the electron wave-function overlap integrals f1→2 and f1→2 are given
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as

f1→2 =
∫

d3x ψ∗
2(x)eix·qψ1(x) , (4.17a)

f1→2 =
∫

d3x ψ∗
2(x)eix·q i∇x

me
ψ1(x) . (4.17b)

Below we will look at two special cases of eq. (4.17). First, we will consider
electron excitation in crystals, in which ψ1 and ψ2 both correspond to electrons
bound in a periodic system. This is following the work done in Paper 1 where
we modelled DD signals in Silicon and Germanium. Then we will look at
electron ejections in which case ψ1 corresponds to a bound electron and ψ2 to
a free one. Electron ejections were used to model DD experiments in Papers
3, 4 and 5.

Electron Excitation in Periodic Systems
For processes in which DM causes the electron to be excited from an initial
ground state to an excited state, both the initial and final state wave-function
is on Bloch form [108], i.e.

ψik(x) =
1√
V

∑
G

ui(k + G)ei(k+G)·x , (4.18)

with i being the band index, k being the Brillouin zone momentum, G being
the reciprocal lattice vector and V being the volume of the electron system.
ui(k+G) are the Bloch coefficients, normalized such that

∑
G |ui(k + G)|2 =

1 for all i and k. As shown in Paper 1, inserting these wave-functions in
eq. (4.17) gives

fi,k→i′,k′ =
∑
GG′

u∗
i′,k′ui,k

V
(2π)3δ3(k + G + q − k′ − G′) , (4.19a)

fi,k→i′,k′ = −
∑
GG′

u∗
i′,k′ui,k

meV
(k + G)(2π)3δ3(k + G + q − k′ − G′) , (4.19b)

where the unprimed band indexes, brillouin zone momenta and reciprocal
lattice vectors denote the initial state whereas the primed ones denote the
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final state. Inserting eq. (4.19) into eq. (4.16) gives

|Mi,k→i′,k′ |2 =
∑
ΔG

(2π)3δ3(k + q − k′ − ΔG)
V

{
|M|2 ∣∣f ′

i,k→i′,k′
∣∣2

+ 2meR
[
Mf ′

i,k→i′,k′(∇p1M∗)p1=0 ·
(

f ′
i,k→i′,k′

)∗]
+ m2

e

∣∣∣(∇p1M)p1=0 · f ′
i,k→i′,k′

∣∣∣2
}

≡
∑
ΔG

(2π)3δ3(k + q − k′ − ΔG)
V

×
∣∣∣M′

i,k→i′,k′

∣∣∣2
, (4.20)

with the primed electron wave-function overlap integrals being defined as

f ′
i,k→i′,k′ ≡

∑
G

u∗
i′ (k′ + G + ΔG) ui (k + G) , (4.21a)

f ′
i,k→i′,k′ ≡ − 1

me

∑
G

u∗
i′ (k′ + G + ΔG) (k + G) ui (k + G) . (4.21b)

Eq. (4.13) gives the rate of scattering from an initial state 1 → {i, k} to a
final state 2 → {i′, k′}. The total rate of excitations is obtained by summing
over i and i′, and integrating over k and k′:

R = 2
∑
ii′

∫
BZ

V d3k

(2π)3

∫
BZ

V d3k′

(2π)3 Rik→i′k′ , (4.22)

where the integrals are carried out over the Brillouin Zone of the crystal and
the factor of 2 in front accounts for there being 2 electrons in every initial
state band i. Inserting eqs. (4.13) and (4.20) into the above equation gives

R =
πnχV

4m2
χm2

e

∫
d3q

∫
d3v fχ(v)δ

(
Ei′k′ − Eik +

q2

2mχ
− q · v

)
×

∑
ΔGii′

∫
BZ

d3k

(2π)3

∫
BZ

d3k′

(2π)3

∣∣∣M′
i,k→i′,k′

∣∣∣2
δ3(k + q − k′ − ΔG) . (4.23)

Rearranging and introducing an integral over ΔE together with δ(ΔE −Eik +
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B1 =
∣∣∣f ′

i,k→i′,k′

∣∣∣2
B5 = i q

me
·
[
f ′
i,k→i′,k′ ×

(
f ′
i,k→i′,k′

)∗]
B2 = q

me
· (f ′

i,k→i′,k′)(f ′
i,k→i′,k′)∗ B6 = f ′

i,k→i′,k′

(
f ′
i,k→i′,k′

)∗

B3 =
∣∣∣f ′

i,k→i′,k′

∣∣∣2
B7 = q

me
× f ′

i,k→i′,k′

(
f ′
i,k→i′,k′

)∗

B4 =
∣∣∣ q

me
· f ′

i,k→i′,k′

∣∣∣2

Table 4.2: Products of electron wave-function overlap integrals generating the
material response functions.

Ei′k′), the total rate of DM electron scatterings can be written as

R =
nχNcell

64πm2
χm2

e

∫
d3q

∫
d ln(ΔE)

∫
d3v fχ(v)δ

(
ΔE +

q2

2mχ
− q · v

)
×

r∑
l=1


 (R∗
l (q, v)Wl(q, ΔE)) , (4.24)

where Ncell is the number of unit cells in the system, Rl is the dark matter
response function, and the material physics is contained within Wl defined as

Wl(q, ΔE) =(4π)2VcellΔE
∑

ΔGii′

∫
BZ

d3k

(2π)3

∫
BZ

d3k′

(2π)3 Bl

× δ3(q − k′ − ΔG + k)δ(ΔE − Eik + Ei′k′) . (4.25)

Bl are functions built from the electron wave function overlap integrals in
eq. (4.21), given in tab. 4.2.

The material response functions in eqs. (4.25) depend on sums over bands
and reciprocal lattice vectors, and integrals over Brillouin zone momentum of
Bloch coefficients u. In Paper 1, W is computed using Density Functional
Theory (DFT), which is reviewed in the next chapter.

The rate in eq. (4.24) is the total rate of DM electron scatterings. In Si [48],
[49], [51] and Ge [50], [51] based experiments the measureable quantity is
rather number of events creating Q electron hole pairs. The number of electron
hole pairs created in a given event depends on the deposited energy, ΔE as

Q(ΔE) = 1 + �(ΔE − Egap)/ε� , (4.26)
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where the band gap energy Egap and the energy required to create an addi-
tional electron hole pair ε depends on the material:

ε =3.8 eV Silicon
ε =3.0 eV Germanium

Egap =1.2 eV Silicon
Egap =0.67 eV Germanium . (4.27)

Electron Ejections

Let us now consider processes in which DM ejects the electron from the initial
state system. As shown in Paper 3, describing the final state as a plane wave,

ψ2(x) → ψk′ =
1√
V

eik′·x , (4.28)

greatly simplifies the electron overlap integrals in eq. (4.17):

f1→k′ =
1√
V

ψ̃1(k′ − q) , (4.29a)

f1→k′ =
q − k′

me

√
V

ψ̃1(k′ − q) =
(q − k′)

me
f1→k′ . (4.29b)

The two overlap integrals are the same up to a factor of (q − k′)/me. This
means that all the combinations of overlap integrals listed in tab. 4.2 can
be written in terms of a single overlap integral combination which is simply
proportional to

∣∣ψ̃1(k′ − q)
∣∣2. This in turn allows us to write the matrix

element in terms of a single free particle and material response function,

M1→k′ = Rfree(k′, q, v) W (k′ − q, Ee) , (4.30)

and the rate of electron ejections is then given as

R =
nχNcell

32π2m2
χm2

e

∫
d3k′

∫
d Ee

∫
d3q

∫
d3v fχ(v)

× δ

(
ΔEe +

q2

2mχ
− v · q

)
Rfree(k′, q, v) W (k′ − q, Ee) . (4.31)
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Above k′ is the final state momentum of the ejected electron and Ee ≤ 0 is
the energy of the initial state electron relative to the highest occupied state.
ΔEe = (k′)2 + Φ − Ee is the energy deposited to the electron and Φ is the
work function, i.e. the minimum energy required to move an electron from the
bound state to a free state at rest. Rfree(k′, q, v) is the free particle response
function depending only on the physics of scattering of free particles.

W (�, Ee) =
Vcell
(2π)3

∑
i

∫
BZ

d3k

(2π)3 δ (Ee − Ei(k)) ×
∣∣∣ψ̃ik(�)

∣∣∣2
, (4.32)

is the material response function encoding all the material properties needed
to calculate the ionisation rate. In the above described formalism the material
is assumed to consist of Ncell equal parts with volume Vcell referred to as unit
cells. The response function in eq. (4.32) is the response of a single unit cell.

If the initial state is on Bloch form,

ψik(x) =
1√
V

∑
G

ui(k + G)ei(k+G)·x , (4.33)

W becomes

W (�, Ee) = Vcell
∑

i

∫
BZ

d3k

(2π)3 δ (Ee − Ei(k))

×
∑
G

|ui(k + G)|2δ(3)(k + G − �) . (4.34)

So far in the discussion of electron ejections we have modelled the final
state as a plane wave, i.e. a free electron that does not interact with any
other charges. In practice, however, the electron will leave behind a positively
charged system that alters the electron wave-function. In Papers 3 and 4
we argue that graphene and carbon nanotubes (CNTs) being an excellent
conductor causes the positive charge to disperse quickly, reducing the impact
it has on the final state electron wave-function. This is supported by very good
agreement between experimentally measured and DFT-calculated graphene
Compton profiles [109]. We therefore approximate the electron wave-function
as being a plane wave when treating graphene and CNTs.

In Paper 5 we treat DM induced ejections from liquid Xenon, a material with
poor electric conductivity. A popular approximation for the final state electron
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wave-function is positive energy hydrogen solutions [72], [110], [111], in which
the final state electron wave function is obtained by solving the Schrödinger
equation in a Zeff/r potential. Zeff is the unscreened charge experienced by
the final state electron, and depends on the orbital from which it is ejected.

A way in which the distortion of the final state wave-function can be taken
into account is by introducing a Fermi factor. The square of the electron
wave-function overlap integral in eq. (4.17a) can be rewritten in momentum
space as

|f1→2|2 =
∣∣∣∣∫ d3k′

(2π)3 ψ̃∗
2(k′)ψ̃1(k′ − q)

∣∣∣∣2

. (4.35)

Assuming that ψ̃2 (k′) is approximately a plane wave which peaks at k′ = k′′,
the above integral can be approximated as

|f1→2|2 =
∣∣∣∣ψ̃1(k′′ − q)

∫
d3k′

(2π)3 ψ̃∗
2(k′)

∣∣∣∣2

,

=
∣∣ψ̃1(k′′ − q)ψ∗

2(0)
∣∣2

,

≈ ∣∣ψ̃1(k′′ − q)
∣∣2 |ψ2(0)|2 , (4.36)

For ψ2 being obtained by solving the Schrödinger equation in a Zeff/r poten-
tial,

|ψ2(0)|2 =
2πZeff(Ee)

a0k′
(

1 − e
− 2πZeff (Ee)

a0k′
) ≡ F (k′, Ee) , (4.37)

where a0 = 1/(αme) is the Bohr radius and F (k′, Ee) is the Fermi factor,
and can be multiplied with the wave-function in eq. (4.32) to account for the
distortion of the final state wave-function.
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CHAPTER 5

Density Functional Theory

For several applications ranging from biology, medicine and chemistry to ma-
terial science, computer chips and dark matter direct detection experiments,
understanding the electronic structure in liquids and solids is crucial. The
electronic structure is described by the many-body Schrödinger equation, and
solving it for various systems is therefore a central problem in (low energy)
physics. The relevant system to describe a solid is that of ne ∼ 1024 electrons
all interacting with each other and with an almost as large number of nu-
clei. Accounting for all these particles and all the interactions between them
is computationally impossible. Density Functional Theory (DFT) overcomes
this by introducing an electron density experiencing an effective potential. In
this chapter a brief overview of DFT will be given.

5.1 Hohenberg, Kohn, Sham and
Exchange-Correlation Energies

A wave-function describing N particles in 3 dimensions is in general 3N di-
mensional. The curse of dimensionality makes it unfeasible to compute the
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N -particle wave-function even fairly small N such as N = 8 for the electrons
in an oxygen atom1. The Hohenberg-Kohn theorems [112] mend this, by show-
ing that for a fixed number of particles in a fixed potential, the total energy of
the system can be expressed in terms of the particle density, and is minimised
for the ground state. This greatly simplifies the problem, as the density is 3
dimensional independently of the number of particles in the system.

Kohn developed this further together with Sham, producing a set of central
equations in DFT known as the Kohn-Sham equations proposed in ref. [113],

E = − 1
2

∑
i

∫
d3 x ψ∗

i (x)∇2ψi(x) +
1
2

∫
d3 x d3 x′ ne(x)ne(x′)

|x − x′|

+
∫

d3 x
[
Vext(x) + εxc

(
n↑

e(x), n↓
e(x)

)]
ne(x) , (5.1a)

εiψi(x) =
{

−1
2

∇2 + Vext(x) +
∫

d3 x′ ne (x′)
|x − x′| +

d
dne

(neεxc(ne))
}

ψi(x) ,

(5.1b)

ne(x) =
∑

i

|ψi(x)|2 , (5.1c)

where E is the energy of the electron system, which can be minimized to
obtain the ground state. ne(x) = n↑

e(x) + n↓
e(x) is the electron number den-

sity of the system with n↑
e(x) and n↓

e(x) being the density of spin up and
spin down electrons respectively. ψi are orthogonal Kohn-Sham orbitals with
energy εi, and Vext(x) is the external potential experienced by the electrons.
The Kohn-Sham orbitals are taken to be approximations of the electron wave-
functions2 and can be calculated from eq. (5.1b), which is similar to the 1
particle Schrödinger equation. Finally, εxc is known as the exchange and cor-
relation energy per electron, taking quantum effects into account and making
the 3 last terms in eq. (5.1b) an effective potential. As a first approximation
in ref. [113], Kohn and Sham took εxc

(
n↑

e(x), n↓
e(x)

)
to be that of a free elec-

tron gas of density ne. This approximation for εxc is known as the Local Spin

1Sampling 10 points per dimension in an oxygen atom requires 1024 points.
2Within the condensed matter community it is being debated how good approximations

these Kohn-Sham orbitals are to the "true" electron wave-functions. The ground state
Kohn-Sham orbitals are a more robust outcome of the calculation than the excited
states, and is therefore less controversial. The Kohn-Sham orbitals do however reproduce
several observables such as the dielectric constant, and are typically the best available
description of the electron wave-functions in solids.
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Density (LSD) approximation.
Another more accurate approximation for the exchange and correlation en-

ergy is that of Generalized Gradient Approximation (GGA) [114], in which
the exchange and correlation energy is allowed to also depend on the gradient
of the electron density, that is

εxc = εGGA
xc

(
n↑

e(x), n↓
e(x), ∇n↑

e(x), ∇n↓
e(x)

)
. (5.2)

GGA does in general perform better than LSD, and is the standard choice
for DFT calculations today. In Papers 1, 3 and 5 we use pseudopotentials
obtained with GGA.

5.2 Plane Wave Self-Consistent DFT Calculation

When obtaining the material response functions in eq. (4.25) and (4.34) , the
ground state electron wave-functions have to be found. This can be done
using a self-consistent DFT calculation. One then iteratively solves the Kohn-
Sham equations (5.1) to find a converged ne(x) that minimizes the energy E

in eq. (5.1a). The Kohn-Sham orbitals are expanded in terms of plane waves3

using the Bloch Theorem [108],

ψi,k (x) =
1√
V

∑
G

ui (k + G) ei(k+G)·x , (5.3)

where the number of plane waves included is set by the cut-off energy Ecut,
by the relation

(k + G)2

2me
≤ Ecut . (5.4)

3Plane waves is only one of several possible basis in which to expand the wave-function.
Other options include atomic orbitals.
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The Bloch coefficients ui(k + G) are found by iteratively going through the
self consistency loop [115]:

ε
(n)
i ψ

(n)
i (x) =

{
−1

2
∇2 + V

(n)
in (x)

}
ψ

(n)
i (x) , (5.5a)

n(n)
e (x) =

∑
i

∣∣∣ψ(n)
i (x)

∣∣∣2
, (5.5b)

V
(n)

out (x) =Vext(x) +
∫

d3 x′ n
(n)
e (x′)

|x − x′| +
d

dn
(n)
e

(
n(n)

e εxc(n(n)
e )

)
, (5.5c)

where one could take V
(n+1)

in = V
(n)

out , although it has proven more efficient to
take V

(n+1)
in = (1 − β)V (n)

in + βV
(n)

out with β being a parameter valued between
0 and 1. Vext is provided by an external Pseudo Potential, which allows for
the electron orbitals closest to the nucleus4 to be included in the external
potential. One then does not need to obtain the Kohn-Sham orbitals for these
core electrons. The iteration loop in eq. (5.5) is being carried out by Quantum
ESPRESSO [116]–[118], which recasts eq. (5.5a) into a linear algebra eigenvalue
problem and solves it, obtaining the Bloch coefficients, ui(k + G). These
can in turn be used to compute the material response functions in eq. (4.25),
which is done in the QEdark-EFT code [119], described below.

5.3 QEdark-EFT

QEdark-EFT builds on QEdark [65], and exists in 3 slightly different versions,
customised for Papers 1, 3 and 5. The version made for Paper 1 computes
Wl from eq. (4.25) for all l. This is done by discretication, which converts
the delta functions in the definition of Wl into Heaviside functions, and the
integrals over Brillouin zone momentum into sums over discrete points. The
Heaviside functions serve as bins in energy and momentum, and QEdark-EFT
loops over the discreticed Brillouin zone momentum, bands and reciprocal
lattice vectors. For each combination of these ui(k + G) is loaded from a self-
consistent DFT calculation performed with Quantum ESPRESSO and used to
compute Bl. The contribution to Wl is then added to the bin identified from
the band energy, Brillouin zone momentum and reciprocal lattice vector. The

4Often referred to as core electrons or core states

52



5.3 QEdark-EFT

code then outputs Wl for a grid of momentum and energy. The versions for
Paper 3 and 5 work similarly, but computes and outputs only a single W as
defined in eq. (4.34). The version for Paper 3 outputs W (�, Ee), whereas the
version in Paper 5 utilises the spherical symmetry of liquid Xenon to average
over the directions of � and outputs W (�, Ee). This lower dimensionality of
W in Paper 5 makes the computation of the rate considerably faster than the
computation in Paper 3.

The W -grid which is being output from QEdark-EFT is then loaded by a
separate code which performs the integrals in eq. (4.24) for Paper 1 or the ones
in eq. (4.31) for Paper 3 and 5. For Paper 1 we simply brute force computed
the Riemann sum to obtain the rates of electron-hole pair creation, whereas
for Papers 3 and 5 we used Monte Carlo methods.
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Neural Networks

Neural Networks (NNs) and Artificial Intelligence (AI) is an extremely power-
ful tool capable of disrupting a wide range of societal and scientific areas. As
examples from biology it can be used for good such as solving the computa-
tionally expensive problem of protein folding [120] and bad such as designing
more potent chemical weapons [121]. With the rapid increase in capabilities
and generality of large language models such as GPT [122], LaMDA [123] and
Mistral [124], superhuman artificial general intelligence seems likely in the
coming decades.

NNs can also be used to speed up the calculation of DM induced signals
in semiconductors, which is the focus of Paper 6. In the last two chapters
we developed a formalism with which we can compute detector signals from
DM electron scatterings. In the event of an observation of such a signal it
will be necessary to perform parameter scans in order to match the signal to
a set of EFT parameters. Since the EFT has several coupling coefficients the
parameter scan will be performed in a many dimensional parameter space.
Speeding up the evaluation of the DM induced signal is therefore needed. In
Paper 6 we use a simple FeedForward Neural Network (FFNN) to quickly
produce a large number of possible DM signals in Semiconductors needed to
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carry out parameters scans.

6.1 Feedforward Neural Network
A FFNN is the simplest form of NN, in which the neurons do not form cycles,
but rather where information only runs in one direction. An example of such a
network is illustrated in fig. 6.1. We will in this section use this network as an
example network when describing how it works and is trained. In practice the
networks are considerably larger. The network in the figure has two hidden
layers marked in yellow, an input layer in red which takes two scalars as input,
N1,1 and N1,2 and an output layer which gives a single scalar as output, N4,1.
For a given N1,1 and N1,2 the network calculates

N2,i = f(b2,i +
2∑

j=1
N1,j ω1

j,i) ,

N3,i = f(b3,i +
3∑

j=1
N2,j ω2

j,i) ,

N4,1 = f(
3∑

j=1
N3,j ω3

j,1) , (6.1)

or with vector notation

Nk = f(bk + Nk−1ωk−1) , (6.2)

where ωk
j,i are called weights and bk,i are called biases. These are trainable pa-

rameters adjusted during training. f is the activation function, and a common
choices are tanh, σ(x) = 1/(1 + e−x) and ReLu(x) = max(x, 0)

NNs are mostly trained using a technique called backpropagation. The
NN is trained on a training set; a set of N1,1, N1,2 and corresponding true
values of NT

4,1. The network starts out with randomly initialised weights and
biases. For N1,1, N1,2 the network then follows eq. (6.1) and computes its
guess NG

4,1(ω3, b3, ω2, b2, ω1), which is a function of the randomly initiallized
weights and biases. The difference between NT

4,1 and NG
4,1 is computed and

referred to as the loss. A common choice for a loss function is mean square
error, EMSE(ω3, b3, ω2, b2, ω1) =

(
NT

4,1 − NG
4,1(ω3, b3, ω2, b2, ω1)

)2. One can
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Figure 6.1: Illustration of a neural network with two hidden layers

then perform gradient decent on this error starting at the back,

ω̄3
j,1 =ω3

j,1 − r
∂

∂ω3
j,1

EMSE(ω3, b3, ω2, b2, ω1) ,

b̄3,i =b3,i − r
∂

∂b3,i
EMSE(ω̄3, b3, ω2, b2, ω1) ,

ω̄2
j,i =ω2

j,i − r
∂

∂ω2
j,i

EMSE(ω̄3, b̄3, ω2, b2, ω1) ,

b̄2,i =b2,i − r
∂

∂b2,i
EMSE(ω̄3, b̄3, ω̄2, b2, ω1) ,

ω̄1
j,i =ω1

j,i − r
∂

∂ω1
j,i

EMSE(ω̄3, b̄3, ω̄2, b̄2, ω1) , (6.3)

where r is a tunable parameter called the training rate and barred quantities
denote the updated values. The loop in eq. (6.3) is iterated several times
during training. In practice one does not compute eq. (6.3) for the whole data
set, but rather for a randomly selected subset with a method called stochastic
gradient decent. One also does not compute EMSE for a single NT

4,1, but
rather for a randomly selected subset of the training set, where then EMSE is
the mean squared error of the subset.
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6.2 Computing DM Signals in Si and Ge With NN

In paper 1 we developed a framework to calculate the rate of DM events
creating Q electron hole pairs in a crystal of Si or Ge. With this framework we
can calculate the rate Ri of DM induced electron hole pairs Qi as a function
of the parameters characterising the DM model; mχ, ci and FDM,i(q). We
restrict ourselves to treat long and short range interactions, i.e. FDM,i(q) =
q2

ref/q2 and FDM,i(q) = 1 and spin 1/2 DM. This means that there are 14
operators and two interaction ranges, giving a total of 28 operator and range
combinations, each specified by a scalar referred to as a coupling. These 28
scalars together with the DM mass mχ will serve as an input to a NN. The
output will be the rates of events Ri creating Qi electron hole pairs, where i

runs from 1 to n.
The training set we generate by first drawing a random number of non-

zero couplings m between 1 and 28 from a uniform distribution. We then
draw m random numbers uniformly between −1 and 1, and assign them to
random couplings, leaving the remaining couplings as 0. Different operators
are suppressed by different powers of v⊥

el and q/me as shown in eq. (4.11). For
scatterings in crystals q/me ∼ α = 1/137 and v⊥

el ∼ 10−3, and couplings are
rescaled by the inverse of the q/me and v⊥

el dependence listed in eq. (4.11).
The set of couplings are paired with a DM mass mχ drawn from a logarithmic
distribution and recast to lie between 0 and 1. Using the framework from
paper 1 we then calculate Ri.

A challenge when having the NN predict Ri is that the rate varies over
several orders of magnitude depending on the input parameters. Furthermore,
Ri tends to co-variate for different i. We therefore have the NN output n + 1
rather than n scalars, namely

s =
∑n

i ln (Ri)
n

, (6.4a)

R′
i = ln (Ri) − s . (6.4b)

This way the NN can learn the shape of the DM signal by learning to predict
R′

i and learn the magnitude of the signal by predicting s. Even if it sometimes
gets s and thus the magnitude of the signal wrong, it might still get R′

i and
thus the shape of the signal right. Note that the parameters in eq. (6.4) blows
up if Ri = 0 for any i. To avoid this the minimum mχ is set such that Ri is
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non-zero for all i, i.e.

mmin
χ > 2

Egap + ε(n − 1)
(ve + vesc)2 . (6.5)

For n = 4 and with the values from eq. (4.27) and vesc = 544 km/s and
ve = 250.5km/s from section 4.1.

mmin
χ =4 MeV Silicon

mmin
χ =3 MeV Germanium . (6.6)

In paper 6 we use TensorFlow [125] to train a FFNN to predict s and R′
i

for n = 4 electron hole pairs. The network consists of an input layer with 29
neurons, 6 dense layers with 64, 128, 128, 64, 32, 16 neurons respectively, and
finally an output layer with 5 neurons. We use the mean square error (MSE)
as the loss function, and use ReLu as the activation function. To evaluate the
performance of the network we look at the average relative error,

E =

⎛⎝ N∑
i

n∑
j

max(RT
j,i/RG

j,i, RG
j,i/RT

j,i)
nN

⎞⎠ − 1 . (6.7)

We achieve a value of E of less than 3% when training on N = 4.2 × 106

combinations of couplings and DM mass.
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CHAPTER 7

Summary and Outlook

The nature of DM is one of the greatest unanswered questions in modern
particle physics, and answering it requires both experimental and theoretical
efforts. With the emergence of DD experiments sensitive to DM-electron
scatterings, a theoretical understanding of these scatterings is crucial. The
works of this thesis pushes the frontier of this theoretical understanding in
two directions: By using NR-EFT to extend the range of DM models that can
be considered by the experiments, and by using DFT to improve the modelling
of the electronic structure in the detector materials.

In Paper 1, we model DM induced electronic excitations in crystals for
general fermionic DM electron interactions. We find that depending on the
nature of the DM-electron interaction, as many as 7 different crystal responses
can be induced. 6 of these ways in which crystals can respond to an outer
probe were theorised for the first time in Paper 1. We also present expected
rates of DM induced electron-hole pair production for various models of DM,
and use existing experimental data to constrain the parameters of the models.

In Paper 2, we expand the work to also include bosonic DM with spin 1.
While spin 1 DM does not produce crystal responses different to the ones
produced by spin 0 and 1/2 DM, the work demonstrates how these novel
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crystal responses generically appear in a wide range of DM models. This is
done by considering a wide range of simplified models, and showing that the
novel responses from Paper 1 arise in many of them. It thus demonstrates
the importance of taking all crystal responses into account when interpreting
results of silicon and germanium based experiments.

In Paper 3, we mend discrepancies in the existing tight binding approxima-
tion in the literature, and argue that the tight binding approximation is poorly
suited to obtain the electron density in graphene and CNTs. We also employ
DFT, which we argue gives a better description of the electron density than
the tight binding approximation in graphene. Having obtained the electron
density, we use it to model DM induced electron ejections from graphene and
CNTs. We show that when the final state wave-function is approximated as a
plane wave, there is only one single material response function, proportional
to the electron density. This work improves the state of the art modelling of
graphene and CNTs for DM electron interaction, both from the material and
from the DM side.

In Paper 4, we use the description of graphene and CNTs from Paper 3
to calculate the sensitivities of various experimental setups. Graphene and
CNTs are both anisotropic materials, and therefore the rate of DM induced
electron ejections depends on the direction the DM particle came from. We
consider both graphene and CNTs, and both fixed and moving experimental
setups. In the fixed setups, we consider CNTs or graphene detectors fixed in
the lab. The goal of these experiments are to establish a daily modulation
in the rate of electron ejections they observe. In the moving experimental
setups, we consider two identical detectors facing in different directions, and
tracking the DM wind. These experiments would attempt to establish a sig-
nificant difference between the number of electron ejections observed in the
two detectors. We compare the detector setups, and find large differences in
the expected performance of the considered experimental setups. We do this
comparison for several different forms of DM-electron interactions, and find
that how the different setups perform is interaction type dependent.

In Paper 5, we use DFT to improve the modelling of liquid Xenon. Im-
proving the description of liquid Xenon has a large impact, as the largest DD
experiments currently use liquid Xenon as a detector material. Crucially we
find that the liquid phase shifts and broadens the 5p electrons, leading to a
dramatic increase in the expected number of DM induced events producing

62



single or few ionised electrons. This suggests that there is more to be gained
than previously believed from lowering the detector threshold.

Finally, in Paper 6, we train a NN to take effective coupling constants and
DM masses as inputs, and output rates of electron hole pair creation in Silicon
and Germanium crystals. This work massively speeds up the evaluation of DM
induced signals in these materials, and allows for performing parameter scans
in a high-dimensional parameter space. This will become important in the
event of an anomalous signal, and it demonstrates that NNs can be used to
massively speed up such calculations.

Together, these works push the frontier of the theoretical understanding of
DM-electron scattering in detector materials. Three very natural extensions
to the works in this thesis are:

• Use DFT to model an array of CNTs. In Paper 3, we model a single
CNT, and neglect the effects of the curvature of the CNT. In practice,
CNTs used in experiments will be in the form of a CNT "forrest", where
the different tubes interact with each other. Running a DFT calcula-
tion which includes the interactions between neighbouring CNTs would
provide a more accurate description of the CNT based detector.

• Study daily modulation in graphene and CNTs taking high energy sub-
populations of DM into account. In paper 4, we focus on the daily
modulation pattern produced by the motion of the Earth through the
DM halo of the Milky Way. This work could be extended by including
DM particles not gravitationally bound to the Milky Way, such as DM
particles coming from the Sun, cosmic ray upscattered DM particles, and
DM particles coming from astrophysical structures such as the Large
Magellanic Cloud.

• Model liquid Argon. In Paper 5, we model liquid Xenon. The other
liquid noble gas widely used as a detector material is Argon. The Ar-
gon based experiments have somewhat worse sensitivity than the Xenon
based ones, which is why we choose to focus on Xenon in paper 5. When
modelling liquid Argon, much of the pipeline for Xenon can be reused.
Furthermore, having a DFT model of liquid Argon would allow for a
better comparison of the two detector materials.
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