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ABSTRACT. We design and study splitting integrators for the temporal dis-
cretization of the stochastic FitzZHugh—Nagumo system. This system is a model
for signal propagation in nerve cells where the voltage variable is the solution
of a one-dimensional parabolic PDE with a cubic nonlinearity driven by addi-
tive space-time white noise. We first show that the numerical solutions have
finite moments. We then prove that the splitting schemes have, at least, the
strong rate of convergence 1/4. Finally, numerical experiments illustrating the
performance of the splitting schemes are provided.

1. Introduction. The deterministic FitzHugh—Nagumo system is a simplified two-
dimensional version of the famous Hodgkin—Huxley model which describes how
action potentials propagate along an axon. Noise is omnipresent in neural systems
and arises from different sources: it could be internal noise (such as random synaptic
input from other neurons) or external noise, see for instance [31] for details. It was
noted in [44] that the addition of an appropriate amount of noise in the model helps
to detect weak signals. All this has attracted a large body of works on the analysis
of the influence of external random perturbations in neurons in the recent years,
see for instance [30, 31, 33, 38, 41, 44, 45, 47, 49].
In this article, we consider the stochastic FitzHugh-Nagumo system
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for ¢ € (0,1) and ¢ > 0. The objective of this article is to design and analyse
numerical integrators, which treat explicitly the nonlinearity, for the temporal dis-
cretization of the system above, based on splitting strategies.

In the stochastic partial differential equation (SPDE) above, the unknowns u =
(u(t))tzo and v = (v(t))tzo are L?(0,1)-valued stochastic processes, with initial val-
ues wug,vo € L2(0,1), see Section 2 and the standard monograph [21] on stochastic
evolution equations in Hilbert spaces. In addition, v1,72, 5 € R are three real-valued
parameters, A = ;—; is the Laplace operator endowed with homogeneous Neumann

boundary conditions, and (W(t)) 150 15 @ cylindrical Wiener process, meaning that
the component u is driven by space-time white noise. The component u represents
the voltage variable while the component v the recovery variable. The noise repre-
sents random fluctuations of the membrane potential, see [44] for a related model
with a scalar noise. Note that in the considered system only the evolution of the
voltage variable u is driven by a Wiener process. Having noise for the evolution
of the recovery variable v would correspond to modelling different biological phe-
nomena which are not treated in this work. Instead of space-time white noise in
the evolution of the voltage variable, other types of Wiener processes, for instance
purely time-dependent Brownian motion or trace-class noises, could be considered.
See the references mentioned below for possible applications. Changing the type of
noise would require other techniques for the analysis and the numerical approxima-
tion of the SPDE system. This is out of the scope of the article.

The major difficulty in the theoretical and numerical analysis of the SPDE sys-
tem above is the nonlinearity u—u> appearing in the evolution of the component u:
this nonlinearity is not globally Lipschitz continuous and has polynomial growth.
As proved in [3], using a standard explicit discretization like the Euler-Maruyama
method would yield numerical schemes which usually do not converge: more pre-
cisely, moment bounds, uniform with respect to the time step size, would not hold
for such methods.

For an efficient numerical simulation of the above SPDE system, we propose
to exploit a splitting strategy to define integrators and we show that appropriate
moment bounds and strong error estimates can be obtained. In a nutshell, the
main idea of a splitting strategy is to decompose the vector field, appearing in the
evolution equation, in several parts, in order to exhibit subsystems which can be
integrated exactly (or easily). One then composes the (exact or approximate) flows
associated with the subsystems to define integrators applied to the original problem.
Splitting schemes have a long history in the numerical analysis of ordinary and
partial differential equations, see for instance [5, 25, 29, 36] and references therein.
Splitting integrators have recently been applied and analysed in the context of
stochastic ordinary and partial differential equations. Without being exhaustive,
we refer the interested reader to [1, 2, 7, 12, 18, 28, 37] for the finite-dimensional
context and to [4, 10, 11, 13, 15, 19, 20, 22, 23, 32, 34, 35, 39] for the context of
SPDEs.

The main result of this paper is a strong convergence result, with rate of conver-
gence 1/4, for easy to implement splitting integrators, see Equation (23) in Subsec-
tion 3.2, for the time discretization of the SPDE defined above, see Theorem 3.3 for
a precise statement. To the best of our knowledge, Theorem 3.3 is the first strong
convergence result with rate obtained for a time discretization scheme applied to
the stochastic FitzHugh—Nagumo SPDE system. The first non-trivial step of the
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analysis is to obtain suitable moment bounds for the splitting scheme, see Theo-
rem 3.1. Note that the proof of the moment bounds of Theorem 3.1 is inspired by
the article [14] where splitting schemes for the stochastic Allen-Cahn equation

du(t) = Au(t) dt + (u(t) —u>(t)) dt + dW (t)

were studied. The proof of the strong convergence error estimates of Theorem 3.3
is inspired by the article [13]. However, one needs a dedicated and detailed anal-
ysis since the considered stochastic FitzHugh—Nagumo system is not a parabolic
stochastic evolution system, and several arguments are non trivial. Note also that
the construction of the splitting scheme is inspired by the recent article [16] which
treats a finite dimensional version

du(t) = (u(t) - u*(t) - v(t)) dt,

do(t) = (mu(t) —yeu(t) + B) dt + dB(t),
u(0) = uo,v(0) = v,

of the stochastic FitzHugh-Nagumo system (where the finite-dimensional noise B
is in the v-component).

We now review the literature related to this work. The recent article [16] analyses
the strong convergence of splitting schemes for a class of semi-linear stochastic dif-
ferential equations (SDEs) as well as preservation of possible structural properties
of the problem. Applications to the proposed schemes to the stochastic FitzHugh—
Nagumo SDE are also presented. The work [46] performs extensive numerical sim-
ulations on the FitzHugh—Nagumo equation with space-time white noise in 1d. A
finite difference discretization is used in space, while the classical Euler—-Maruyama
is used in time. The article [6] studies numerically the FitzHugh-Nagumo equation
with colored noise in 2d. In particular, the authors use a finite element discretiza-
tion in space and the semi-implicit Euler-Maruyama scheme in time. The two
previously mentioned works employ crude explicit discretization for the nonlinear-
ity and therefore may have the issues about moment bounds discussed above. The
work [24] proves convergence (without rates) of a fully-discrete numerical scheme,
based on a Galerkin method in space and the tamed Euler scheme in time, for a
general SPDE with super-linearly growing operators. This is then applied to the
FitzHugh—Nagumo equation with space-time white noise in 1d. The articles [42]
and [43] prove strong convergence rates of a finite difference spatial discretization
of the FitzHugh—Nagumo equation with space-time white noise in 1d.

This article is organized as follows. The setting is given in Section 2, in par-
ticular this allows us to state a well-posedness result for the considered stochastic
FitzZHugh-Nagumo system. The splitting strategy, the proposed integrators and
the main results of the paper are then presented in Sections 3.1, 3.2 and 3.3 respec-
tively. Several auxiliary results are stated and proved in Section 4. Section 5 gives
the proofs of Theorems 3.1 and 3.3. Finally, numerical experiments are provided in
Section 6.

2. Setting. This section is devoted to introducing the functional framework, the
linear and nonlinear operators, and the Wiener process. This allows us to consider
the stochastic FitzHugh—Nagumo SPDE system as a stochastic evolution equation
in the classical framework of [21].
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2.1. Functional framework. Let us first introduce the infinite-dimensional, sep-
arable Hilbert space H = L?(0,1) of square integrable functions from (0,1) to R
This space is equipped with the inner product (-,-)g and the norm |- |z which

satisfy
1
(uruzhs = [ wr(Qua(Q)ac,  Jul = v/fuul,

respectively, for all uq,us,u € H. Let us then introduce the product space H = HxH,
which is also an infinite-dimensional, separable Hilbert space, with the inner product
(+,-)% and the norm | - || defined by

(w1, )3 = (w1, u2)mr + (v, v2)m,  |2l9 = ||UH%1 + v %1

for all x1 = (u1,v1),22 = (u2,v2),x = (u,v) € H.

Let also E = C°([0,1]) be the space of continuous functions from [0, 1] to R, and
set £ = Ex E. Then FE and £ are separable Banach spaces, with the norms | - |g
and | - ||¢ defined by

Jule = nax (O, [le = max(fule, [v]£)
for all ue E and = = (u,v) € .

Let us denote the inner product and the norm in the finite-dimensional Euclidean
space R? by (-,-) and | - | respectively. If M is a 2 x 2 real-valued matrix, let
M= sup  [Mz].

seR2; |o]=1

Finally, in the sequel, N ={1,2,...} denotes the set of integers and Ny = {0} UN =
{0,1,...} denotes the set of nonnegative integers. We often write j > 1 (resp. j > 0)
instead of j € N (resp. j € Np).

2.2. Linear operators. This subsection presents the material required to use the
semigroup approach for SPDEs, see for instance [21].

For all j € N, set \; = (jm)? and ¢;(¢) = /2 cos(jn() for all ¢ € [0,1]. In addition,
set Ap =0 and eg(¢) =1 for all ¢ € [0,1]. Then (ej) is a complete orthonormal
system of H, and one has

320

Aej = —)\j ej
for all j > 0, where A denotes the Laplace operator with homogeneous Neumann
boundary conditions. For all we H and all ¢ >0, set

ePu=Y e (u,e;)me;. (1)

j=0
Then, for any ug € H, the mapping (t,¢) = u(t,¢) = e®uo(¢) is the unique solution
of the heat equation on (0,1) with homogeneous Neumann boundary conditions
and initial value «(0,-) = ug:

&u(t ) =Au(t,¢), t>0, Ce(0,1),

é‘u(t70) _ou(t, 1)
o = o =0, t>0,

U(O,C)=UO(C), CG(O,].)

For all « € [0,2], set

H“:{ueH; Z)\?(u,ej)%[<oo},

320
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(-A)2uy = > )\J%(u,ej>H6j, ue H”.
320

Observe that H® = H = L?(0,1). The Laplace operator A with homogeneous
Neumann boundary conditions is a self-adjoint unbounded linear operator on H,
with domain D(A) = H?. We also let H® = H* x H for all a € [0,2]. For all
o €[0,3), H* is the fractional Sobolev space W*2(0,1) — in particular one has
H'=W1'2(0,1) — whereas for a =2 one has H? = {u e W>2(0,1); 3—2(0) = ‘5—2‘(1) =
0} due to the choice of homogeneous Neumann boundary conditions in this work.
These results follow for instance from the analysis in [48, Theorem 16.7] which
provides the equivalence of domains and norms associated with fractional powers of
the operator —A + 1.

Let us now introduce the linear operator A, defined as follows: for all z = (u,v) €

H2?, set
Az = (—ﬁu) .

Then A is a self-adjoint unbounded linear operator on H, with domain D(A) = H?.
For all x = (u,v) € H and t > 0, set

tA
ety = (e " u) ) (2)

Regularity estimates for this operator are presented in Section 4 below.

2.3. Nonlinear operator. Let 5,7;,72 € R be parameters of the model. Define
the mapping F : R? - R? such that for all x = (u,v) € R? one has

F(x):( S )

YU — YU + 3

In order to define splitting schemes, it is convenient to introduce two auxiliary
mappings FN: R? » R? and F* : R? — R? defined as follows: for all 2 = (u,v) € R?,

set
FNL(LL‘) _ (u_u3)
-\ B8

Fl(z) = v = Bz,
MU= 2v

where the matrix B is defined by
B= ( 0 -1 ) :
71 T2
F(z) = FN(2) + F*(x) (3)

for all € R%2. The mapping F" is globally Lipschitz continuous: for all z1,z, € R?
one has

One then has

|FY(22) = FE(21)] < || B2 = 21]-
However F' and FNF are only locally Lipschitz continuous, and satisfy a one-sided
Lipschitz continuity property: there exists C' € (0, 00) such that for all z1,2, € R?
one has
(ro—a1, FN(29) = FN"(21)) < Clag -z |*,  (wa-a1, F(x2) - F(21)) < C|$2—$1|2)-
(4
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In the sequel, an abuse of notation is used for simplicity: the same notation is
employed for a mapping f : R? - R? and for the associated Nemytskii operator
defined on H or on & by f(u,v) = f(u(:),v(-)).

2.4. Wiener process. It remains to define the noise that drives the stochastic
FitzHugh—Nagumo system. We refer to the monograph [21] and for instance to the
lecture notes [8] for details on Wiener processes on Hilbert spaces. Let (W (t)) 50
be a cylindrical Wiener process on H: given a sequence (ﬁj(-))j>0 of independent
standard real-valued Wiener processes, defined on a probabilitgf space (Q,F,P)
equipped with a filtration (.7-}) 150 which satisfies the usual conditions and where
E[-] denotes the expectation operator on the probability space, set

W(t) = 2. Bi(t)e;. (5)

750
For all t > 0, define
wi-("§)- 5 a0(3).
72

then (W(t))
ator

is a generalized Q-Wiener process on H, with the covariance oper-

(1)

Note that almost surely W (t) ¢ H and W(t) ¢ H for all ¢ > 0. However, for all T' > 0,
the It6 stochastic integrals fOT L(t)dW (t) and fOTE(t) dW(t) are well-defined H-
valued and H-valued random variables respectively, if (L(t)) ocier a0d (L(1)) O<t<T

are continuous adapted processes which satisfy ;. fOTE[HL(t)ej |2,]dt < oo and

t>0

Y20 [OTE[HE(t) (ed) |2,]1dt < oo respectively.
Observe that for all 7' > 0 one has

T T _ e _
zfo Hemejui,dtzgfo le tA(()J)|3{dt§T+Z)\jl<oo.

320 320 j>1

Therefore, for all ¢ > 0 one can define the H-valued random variable Z(¢) and the
‘H-valued random variable Z(t), called the stochastic convolutions, by

Z(t):/ote(t‘s)AdW(s),
Z(t):fote_(t_s)AdW(s).

The processes (Z(zﬁ))t>0 and (Z(t))
stochastic evolution equations

(6)

150 A€ interpreted as the mild solutions of the

dZ(t) = AZ(t) dt + AW (1),
dZ(t) = ~AZ(t) dt + AW(t)

with initial values Z(0) =0 and Z(0) = 0. Note that Z(t) = (Z(()t)) for all ¢ > 0.
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2.5. The stochastic FitzHugh—Nagumo SPDE system. In this work, we study
numerical schemes for the FitzHugh—Nagumo stochastic system for signal propaga-
tion in nerve cells. This system is written as the stochastic evolution system

du(t) = Au(t) dt + (u(t) —u?(t) - v(t)) dt + dW (),

do(t) = (mau(t) —y2v(t) + B) dt, (7)
u(0) = ug,v(0) = vo,

where the unknowns u(-) = (u(t))t>0 and v(-) = (v(t))t>0 are H-valued stochastic
processes, and with initial values ug € H and vy € H. Recall that Neumann boundary
conditions are used in the above system. Using the notation introduced above and
setting X (¢) = (u(t),v(t)) for all ¢ > 0, the stochastic evolution system (7) is treated
in the sequel as the stochastic evolution equation

dX(t) = -AX(t)dt + F(X(t))dt + dW(t), X(0) = zo, (8)

with the initial value z¢ = (ug,v9) € H. For all T € (0,00), a stochastic process
(X(t))0<t<T is called a mild solution of (8) if it has continuous trajectories with
values in H, and if for all ¢ € [0,T] one has

X(t)=ePag+ /Ot e EDAP(X (5))ds + /Ot e” DN Q) (s). 9)

In the framework presented in this section, the stochastic evolution equation (8)
admits a unique global mild solution, for any initial value zo € H?* n & and for
a € [0, i), see Proposition 4.5 below.

For simplicity, the initial values wg,vo, resp. xo, appearing in (7), resp. (8), are
deterministic. It would be straightforward to extend the results below for random
initial values which are independent of the Wiener process and are assumed to
satisfy appropriate moment bounds, using a conditioning argument.

3. Splitting schemes. The time-step size of the integrators defined below is de-
noted by 7. Without loss of generality, it is assumed that 7 € (0,79), where 7y is
an arbitrary positive real number, and that there exists T € (0,00) and N € N such
that 7 = T/N. The notation ¢, = n7 for n € {0,..., N} is used in the sequel. The

increments of the Wiener processes (W(t))t>0 and (W(t))t>0 are denoted by

Wi = W(tne1) =W (tn), 0Wn=W(tna1) - W(ty) = (5%) .

0

The proposed time integrators for the SPDE (8) are based on a splitting strategy.
Recall that the main principle of splitting integrators is to decompose the vector
field of the evolution problem in several parts, such that the arising subsystems are
exactly (or easily) integrated. We define these subsystems in Subsection 3.1, then
give the definitions of three splitting schemes in Subsection 3.2 and state the main
results of this article in Subsection 3.3.

3.1. Solutions of auxiliary subsystems. The construction of the proposed split-
ting schemes is based on the combination of exact or approximate solutions of the
three subsystems considered below.
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e The nonlinear differential equation (considered on the Euclidean space R?)

dzlj;(t) — FNL (IENL (t)),

2N (0) = 29 € R?

(10)

admits a unique global solution (xNL(t)) +»0- This solution has the following exact

expression, see for instance [14, Equation (3)]: for all ¢ > 0 and z¢ = (ug,vo) € R?,
one has

() = 0N () = (waﬂl-u%)e” ) (1)

Vo + Bt
e The linear differential equation (considered on the Euclidean space R?)
de™(t) o1
——==F t)),
— (" (1)) 2

2%(0) = g e R?

admits a unique global solution (a;L (t)) 50" This solution has the following expres-
sion: for all ¢+ >0 and g = (ug,vo) € R?, one has

V() = & (o) = P g. (13)
e The stochastic evolution equation (considered on the Hilbert space H)
{dXS(t) = -AX5(t)dt + dW(1)

XQ(O) =X eH (14)

admits a unique global solution (X S(t)) 50" This solution has the following expres-

sion: for all ¢ >0 and xg = (ug,vg) € H, one has

By + [} e AW (s)
Yo

t
X5(t) = e Pag + [ e~ DN (s) = (e ) , (15)
0
see (6) for the expression of the stochastic convolution. For all n € {0,...,N -1},
set X5exact = X5(¢, ), then one has the following recursion formula
tni1

erLf)faCt _ e—TAXTSL,cxact 4 ‘[t e*(tm-l*S)A dW(S) (16)
recalling the notation ¢,, = nr.

Instead of using the exact solution (15) of the stochastic convolution (14), one
can use approximate solutions (XZ’GXP)mO = (u%exP,vZ’exP)n>0 and (X;"mp)mo =
(uf;imp,vf;imp)nzo defined by an exponential Euler scheme and a linear implicit
Euler scheme respectively:

XooP = e TN (X 4 W, ) = (GA(“’;:p; 5W”)) ) (17)
and
X = (1 7A) 7 (X3 4 W) = ((I B T”Lﬁ?ﬁiﬁ?" " 5W”)) , (1)
n
with initial values Xy = XS’imp =z0 = (ug,v0) € H, uy™? = uz’imp =ug € H and

s,exp _ _s,imp _
Vg = v, =vg€ H.
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It is worth mentioning that one has ¥ ;. leT®e;]? < oo and Y0 [(I-7A) tej|? <
oo, therefore the random variables e™®§W,, = f;ﬂ"*1 e dW (s) and (I-7A) LW, =
fttn”’“(l - 7A) 1 dW (s) appearing in (17) and (18) above make sense and are H-

valued Gaussian random variables. Similarly, e"™6W, and (I + TA)_15Wn are
well-defined H-valued Gaussian random variables.

3.2. Definition of the splitting schemes. We are now in position to introduce
the three splitting schemes studied in this article. They are constructed using a
Lie-Trotter strategy, where first the subsystems (10), (12) are solved exactly using
the flow maps (11) and (13) respectively, and where the subsystem (14) is either
solved exactly using (15) or approximately using (17) or (18).

For the composition of the first two subsystems, define the mapping ¢, : R? - R?
as follows: for all 7€ (0,79), set

7 = ¢% 0 Y. (19)
Using the expression (16) for the exact solution (15) of (14) leads to the definition of
the following explicit splitting scheme for the stochastic FitzHugh—Nagumo SPDE
system (7):

n+1

tny
XLT,cxact _ e—TA(ZST(XTI:T,exact) i f ! e—(tn+1—s)A dW(S) (20)
tn

Using the exponential Euler scheme (17) to approximate the solution of (14) leads
to the definition of the following explicit splitting scheme for (7):
XLT,expO - e—TA¢T(X75T7eXp0) + €_TA6WTL. (21)

n+1
Using the linear implicit Euler scheme (18) to approximate the solution of (14)
leads to the definition of the following splitting scheme for (7):
XL = (T4 7A) 7 (XEDImP) 4 (1 +7A) W, (22)

n+1

For these three Lie-Trotter splitting schemes (20), (21) and (22), the same initial
value is imposed:

X(?T,exact _ X&Tﬁxpo _ X(I;T,lmp =g € H.

Before proceeding with the statements of the main results, let us give several
observations and auxiliary tools.

Observe that the three schemes (20), (21) and (22) can be written using the
single formulation

tnel
Xn+1 = AT¢T(XTL) + [ Btn“—s dW(S) (23)

n

which is used in the analysis below. The expressions of the linear operators A, and
By, .,-s for each of the three schemes are given by: A, = 6_TA, Bt s = e~ (tns1=s)A
for the scheme (20) A, = By, = ™ for the scheme (21), and A, = B;,,, s =
(I +7A)™! for the scheme (22).

For any value 7 € (0, 7) of the time-step size, introduce the mapping 1, : R? - R?
defined as follows: for all z € R?,

b () = 2B (24)

T
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The Lie-Trotter splitting scheme (23) is then written as

tn+1
Xoor = A Xt At (X) 5 [ B s (s)

and can thus be interpreted as a numerical scheme applied to the auxiliary stochastic
evolution equation

AX,(t) = —AX,(£) dt + b, (X, () dt + AW(2), X-(0) = xp. (25)

Note that the SPDE (25) is similar to the original problem (8), however the non-
linearity F' is replaced by the auxiliary mapping ¥.

3.3. Main results. In this subsection, we state the main results of this article.
First, we give moment bounds for the three splitting schemes (23), see Theorem 3.1.
Then, we give strong error estimates, with rate of convergence 1/4, for the nu-
merical approximations of the solution of the stochastic FitzHugh—-Nagumo SPDE
system (8), see Theorem 3.3.

Theorem 3.1. For all T € (0,00) and p € [1,00), there exists Cp,(T) € (0,00) such
that for all zo € € one has
sup  sup B[ Xn[2] < Cp(T)(1 + o] 2), (26)
7€(0,79) 0<n<N
where (X”)n>o is given by (23) (with initial value Xo = xg), and where T = N7 with
N eN. B

The proof of this theorem is postponed to Section 5.

Remark 3.2. The nonlinear mapping F' is not globally Lipschitz continuous and
has polynomial growth. Therefore, if one employs a standard implicit-explicit or
exponential explicit Euler scheme

tn+1
X1 = A X, + T'ATF(XTL) + / Btn+1—8 dW(S)
tn

with Xy = zg, applied directly to the original SPDE, where the same notation as for
the scheme (23) is used, it is expected that one has
sup  sup E[|X,[2]= sup sup E[|&,[5] = co.
7€(0,79) 0<n<N 7€(0,79) 0<n<N

This behavior is mentioned for instance in [24], and is analyzed in [3] for the sto-
chastic Allen—Cahn equation. As a consequence Theorem 3.1 is not a trivial result
and illustrates the superiority of the proposed explicit splitting scheme compared
with a crude explicit discretization method.

We are now in position to state our strong convergence result. Its proof is given
in Section 5.

Theorem 3.3. For all T € (0,00), pe[1,00) and « € [0, i), there exists Co ,(T) €
(0,00) such that for all xo = (ug,vo) e H**n &, all 7 € (0,79), one has
1
S (E[IX () = Xal3,1)” < Cap(T)7(1+ [(=A) w0y + |20lg).  (27)
The order of convergence 1/4 obtained in Theorem 3.3 is consistent with the tem-

poral Holder regularity property of the trajectories t — X (¢) € H. It is also consis-
tent with the strong convergence rate obtained in [13] for the stochastic Allen—Cahn
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equation. However new arguments are required to study the FitzHugh—-Nagumo sys-
tem which is not a parabolic SPDE problem, and which has a cubic nonlinearity.

Let us state two of the main auxiliary results which are used in the proofs of the
main results. These propositions are proved in Subsection 4.2.

Proposition 3.4. For all 7 € (0,79), the mapping ¢, : R?> - R? defined by (19) is
globally Lipschitz continuous. In addition, for all T € (0,79) and all 1,25 € R® one
has

|67 (w2) = dr (1) | < BT 2 — 2. (28)

Proposition 3.5. There exists C(79) € (0,00) such that for all T € (0,79), the
mapping 1, : R? — R? defined by (24) satisfies the following properties: for all
x1,%2 € R?, one has

(€2 = 21,07 (22) = ¥r(21)) < C(70) |22 = 21 | (29)
|97 (22) = - (1) < C(r0) (1 + 2| + 2 ]*) |2 = 2], (30)
and for all x € R? one has
[¢r(2) = F(2)] < C(ro)7(1+[2]?). (31)
Finally, one has
Sup 17 (0)] < co. (32)

The inequality (29) states that v, satisfies a one-sided Lipschitz continuity prop-
erty which is uniform with respect to 7 € (0,79). This is similar to the property (4)
satisfied by F. It is straightforward to check that ¢, is in fact globally Lipschitz
continuous for any fixed 7 € (0, 7)), however this property does not hold uniformly
with respect to 7 € (0,79). Instead, one has the one-sided Lipschitz continuity prop-
erty (29) and the local Lipschitz continuity property (30) which are both uniform
with respect to 7 € (0,79).

4. Preliminary results. In this section we state and prove several results which
are required for the analysis of the three splitting schemes of type (23). In par-
ticular, we give properties of the semigroup (Proposition 4.1), we then prove the
properties of the auxiliary mappings ¢, (Proposition 3.4) and v, (Proposition 3.5),
and finally we study the well-posedness and moment bounds for the mild solution
of the considered SPDE.

4.1. Properties of the semigroup. In this subsection, we study properties of the
semigroup generated by the linear operator A in the stochastic FitzHugh—Nagumo
system (8). In addition, estimates for the operator (I+7A)~! used in the semi-linear
splitting schemes (18) and (22) are also provided.

Proposition 4.1. The semigroup (6’“\)»0 defined by (2) satisfies the following
properties: -

e For all t >0, e* is a bounded linear operator from A to # and from & to €. In
addition, for all ¢ > 0 one has

et Al JetAas

sup =1, sup ———— =1. (33)
zeHN{0} H»”CHH zeEN{0} ||9€H£
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e Smoothing property. For all « € [0,00), there exists a real number C,, € (0, c0)
such that, for all (u,v) € H and all ¢ € (0, 00), one has

e ((=8)u,v) e € Comin(L,)™ |, 0) e 34

e Temporal regularity. For all pu,v > 0 with p+ v < 1, there exists a real number
Cy.v € (0,00) such that, for all z = (u,v) € H* and all ¢, € (0,00), one has

t _t u+v
e 28z —e 0|y < C It~ 1]

u,um“(—A) UHH- (35)

Proof. e On the one hand, since the eigenvalues ()\j )j>0 of —A are nonnegative, it

is straightforward to see that for all 2 = (u,v) € H and ¢ > 0 one has e™* 2 € H, and

—tA

le™ |3, = leulZ + NollF < Julf + vl = )5

This proves that e* is a bounded linear operator from H to # for all ¢ > 0, and

that

le ]n

sup <1.

zeHN{0} HxH'H
On the other hand, using the formula for the Green function of the heat equation
with homogeneous Neumann boundary conditions, the semigroup (etA) 150 defined
by (1) satisfies the following properties: for all ¢ > 0 and u € E, one has e'“u € E and
letAu| g < |ulg. As a consequence, for all x = (u,v) € £, one has ez = (e'®u,v) €
& and
—tA A
le™ 2 = max(|le" ul g, |v] ) < max(|ul g, [v]£) = |z]e.

To conclude the proof of (33), it suffices to check that for z = (0,v) and all ¢ > 0
one has ez = z.

e The smoothing property (34) is a straightforward consequence of the smoothing
property for the semigroup (em)m): for all @ € [0,00), t >0 and u € H, one has
(recall that Ao = 0)

e (=a) ulF = 30 e VNN u,ey)y < sup (€277 72 ullF
j21 £€(0,00)
As a consequence, for all a€[0,00),¢>0 and z = (u,v) € H, one has
le ™ ((=a)u,v) 15, = €2 (=A)*ul 7 + [o]F < Cat™> [l + ol
< C2 min(1,t)7%%|z|3,.

e The regularity property (35) is a straightforward consequence of the following
regularity property for the semigroup (em)t>0: for all p,v € [0,1] with p+v <1,
0<t; <ty and u € Hz”, one has

e - e Bul, = (A - Dyelul,

= (N )% ()
j=1
< Q20 (1 — ) 200) 5 NSO 20N (g )2,
j>1

to — t1)2(+v)
< 22(w+v) sup (52H672£) % ZA?VW’@]’)?{

£€(0,00) tl 7>1

. B to — t1)2(+v) y

<220) sup (gme2e) LTI o2,
€€(0,00) th
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As a consequence, for all p,v € [0,1] with p+v <1, 0 <t <ty and = = (u,v) €
H? x H, one has

|t2 _ t1|,u.+l/
o) ula
1

The proof of Proposition 4.1 is thus completed. O

He’“Ax 3 e—tleHH _ HetQAu B etlAuHH <Cuyw

In the sequel, the following properties are also used for the analysis of the split-
ting scheme (22) for which a linear implicit Euler method is used for the approx-
imation (18) of the stochastic convolution: for all ¢ > 0, (I +tA)™! is a bounded

linear operator from H to H and from £ to &£, and one has
I+tA)™! I+tA)7!
I(L+1tA) xI\H:L I(Z+tA)"zle | (36)
zeH {0} H‘WHH zeEN{0} Hx”E

The proof of the inequality (36) is straightforward. Indeed, for all x € H or x € £,
and all ¢ > 0, one has

(I+tA) ' = f eI+t s,
0
Using (33), one then obtains the inequalities

I+ t0) el < [ e e alyds < [ e dslal = ol
0 0

H(I+tA)_1ng£/ e_s||e_tSAngds£f e ds|z|e = e
0 0

Like in the proof of (33), choosing = = (0,v) gives (I +tA) 'z =z for all ¢ >0, and
thus concludes the proof of (36).

4.2. Proofs of Propositions 3.4 and 3.5. In order to prove Propositions 3.4
and 3.5 which state properties of the mappings ¢, : R? - R? and v, : R? - R?
defined by (19) and (24), it is convenient to introduce the auxiliary mappings ¢ :
R - R and ¢ : R - R, defined as follows: for all ¢ € (0, 00) and u € R, set
AC
AC U AC ¢p - (u) —u
p(u) = —. U (u) = F——.
VuZ+ (1 -u?)e 2t t
The mapping d),{w is the flow map associated with the nonlinear differential equa-
tion, see the subsystem (10),

duC(t)
WO ey - ey
meaning that u2€(t) = ¢AC(uAC(0)) for all t > 0. The properties of the mappings

$AC and PAC stated in Lemma 4.2 are given by [14, Lemma 3.1-3.4].

(37)

Lemma 4.2. There exists C(1g) € (0,00) such that for all 7 € (0,79), the mappings
P2 R - R and 2 : R — R satisfy the following properties:
e For all 7€ (0,79) and uy,us € R, one has

|62 (uz) - 2 (u1)] < €7 Juz — ual. (38)
e For all 7€ (0,79) and uy,us € R, one has
(u2 =1 ) (V29 (uz) - ¥2°(u1)) < C(70)uz — wi %, (39)

[ (uz) =92 (u1)| < C(r0) (L + fua [ + Jual® ) uz — ual, (40)
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and for all 7€ (0,79) and u € R, one has
Y- (u) = (u—u?)| < C(70)7(1 + [uf?). (41)

We are now in position to prove Proposition 3.4. The result is straightforward:
¢- is the composition of the two globally Lipschitz continuous mappings ¢~ and
qﬁfL. The proof is given to exhibit the dependence of the Lipschitz constant with
respect to the time-step size 7 € (0,7p).

Proof of Proposition 3.4. Note that for all 7 € (0,7y) and z = (u,v) € R? one has
AC
NL _[¢7(w)
o= (77.57).

Using the definition (19) and the inequality (38) from Lemma 4.2, one then obtains
the following inequality: for all 7 € (0,7) and all z; = (uy,v1), 72 = (uz,ve) € R?
one has

[¢r(w2) = - (21) | = |67 (67" (22)) = &7 (67" (21)) |
= 7P (¢ (w2) = 97 (1)) |17
< TIPN| R (o) = o7 (1) |?
< eI (162 (ug) = 62 (ur) P + [va = v1]?)
< e2lIBl (e*|uz —wi | + |v2 = v1?)
< 2T AHIBID | 2y — 24 |2

This concludes the proof of Proposition 3.4. O

In order to prove Proposition 3.5, the main tool is the following expression for
the mapping v, defined by (24): for all 7 € (0,7) and x € R?, one has

Ve (2) =97 (7 (2)) + 47 (2), (42)
where the mappings 1~ and ¥ are given by

phe) - 0 T

T T

(@) - zbﬁ‘c(u))
@) = ST (0

for all 7€ (0,79) and z = (u,v) e R%
The proof of the equality (42) is straightforward: using (19), one has

r(z) -z _ ¢r(¢7"(x)) - X (2) ¢Y(z) -

T T

¢T(ﬂf) =
= 9r (@7 (2)) + 97" (2).

Having the identity (42) at hand, we are now in position to prove Proposition 3.5.

Proof of Proposition 5.5. Note that the mapping 1L : R? - R? is linear and there-
fore is globally Lipschitz continuous. In addition, for all 7 € (0,7) and x;, x5 € R?,
one has

B mollBll _ 1

e -1 e
22 =21 € ———— 22 — 24], (43)
7o

7 (2) =97 (z0)] < ||

T
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using the inequalities

e™B_T ) Tk—l i ) Tk—l A ) 7_/c—l k: eTO\HBH\ -1
I =11 > =Bl < X —-IBI* < 3 = IBl" = ——.
. 2l 2l &l

Let us first prove the one-sided Lipschitz continuity property (29): for all 7 €
(0,79) and z1, w5 € R?, using the identity (42), then the Cauchy—Schwarz inequality
and (43), one has

(22 =21, 9r (22) = Pr (1)) = {22 = 21,97 (677 (22)) = 07 (67 " (21)))

{2 — a1, 7 (22) = 7 (a))
emollBIl — 1 NL NL
ST”M—MHH@ (w2) = &7~ (w2)||

+ (22 — 21, 1/JTNL(332) - ¢TNL(951))~
On the one hand, using the same arguments as in the proof of Proposition 3.4, one
has
[67% (2) = 67 (1) [ < €7 [lwg — 21| < €™ g — a1 ]

On the other hand, for all = (u,v) € R? one has
AC
Ny = (V7 1),
B
Using the inequality (39) from Lemma 4.2, one then obtains
(w2 =21, 97" (22) =P (21)) €7 |lwg — 21 |* < €™ fwg - 21|

Gathering the results then gives

erollBll _ 1

(z2 — 21,97 (22) — Y7 (21)) < (

+1)emay - 2 |,
70

which concludes the proof of the inequality (29).

Let us now prove the local Lipschitz continuity property (30). Using the iden-
tity (42) and the inequality (40), for all 7€ (0,79) and x1 = (u1,v1), 22 = (uz,v2) €
R?2, one has

|7 (22) - (1) < W7 (67" (22)) = 7 (67" (@) + W7 (22) =97 (a) |

crollBll _ 1
< T N (22) = oX (1) | + C(70) (1 + Jua [ + Juo]? ) Juz — ua

erollBll 1
< (=€ + (o)) (1 + o | + w2 ]*) |2 - 21 .

Let us now prove the error estimate (31). Using the identities (3) and (42), for all
7€(0,70) and = = (u,v) € R?, one has

[ (2) = F(2)[ < |7 (67" (2)) = F¥(2)| + [0 (2) - F¥ ()]

On the one hand, the expressions of the linear mappings F* and ¥L and the defi-
nition of N one has

[97 (@7 (2) = F=(@)] < w7 (67" () = FH (@3 (@) + | F (97 (2)) = F* (=)

e B_-I1-7rB
<l ————=IleX" (@) + Tl Bl %X ().
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Note that 63%(0) = (¢2€(0), B7) = (0, 87) and ¥¥(0) = ($A°(0), 8) = (0,4). In

addition, one has

e™B o k- oo k- Bl _1_
I-7B 70 1-70||BJ|
\H*IH < Z IHBIHk Z HIBHI’“ = :
P k=2 0

Therefore, using the inequalities (28) from Proposition 3.4 and (40) from Lemma 4.2,
one has

|7 (67" (2)) = F¥(2)] < C(ro)T (1 + [ *).
On the other hand, using the inequality (41) from Lemma 4.2, one has
[ (@) = FNE(@)| = [r € (u) = (u=u?) < C(ro)(1 + [ul?).
Gathering the estimates then gives the inequality
|97 (2) = F(2)] < C(ro)m(1+ []),

which concludes the proof of (31).
It remains to prove the inequality (32). The proof is straightforward: using (42)
and the equalities ¢p2C(0) = 2C(0) = 0, one has

5.0 = L) ) - ().

Therefore one gets
sup [ (0)] < e™Pll|).

7€(0,70)

The proof of Proposition 3.5 is thus completed. O

Let us conclude this subsection with a remark concerning the order of the com-
position of the two subsystems to define the splitting schemes, see equation (19).

Remark 4.3. Let ¢, : R2 > R? be defined as follows: for all 7 € (0,79), set

b= ogh. (1)
Compared with the definition (19) of ¢,, the order of the composition of the in-

tegrators ¢L and ¢ associated with the subsystems (12) and (10) respectively is
reversed. Define also
(fﬂ) z

d"r(w) =

for all 7 € (0,79) and x € R%. Using the mapping QB-,-, modifying the definition of the
scheme (23) gives the alternative splitting scheme

(45)

~ ~ ~ tn+1
Xn+1 = AT¢T(X’I’L) + l Btnﬂ—s dW(S) (46)

n

for the approximation of the stochastic evolution equation (8). Precisely, alterna-
tives of the splitting schemes (20), (21) and (22) are obtained from the formula-
tion (46). However, the analysis performed in this paper does not encompass the
case of the scheme (46), due to missing properties for the mapping 1;77 compared
with ., as explained below.

Note that the result of Proposition 3.4 also holds with ¢, replaced by (/BT. How-
ever, it is not clear whether the one-sided Lipschitz continuity property (29) from
Proposition 3.5 holds also with ), replaced by @T (uniformly with respect to
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7 € (0,79)). The proof of the inequality (29) exploits the global Lipschitz conti-
nuity property (43) of the auxiliary mapping ¢£ , which is a linear mapping from
R? to R?. Instead of the identity (42), one has

r (@) = 07" (07 (2)) + 07 (o), (47)
and since ¢N is not globally Lipschitz continuous uniformly with respect to 7 €

(0,79), the arguments of the proof above cannot be repeated for the splitting
scheme (46).

4.3. Moment bounds for the solutions of the stochastic evolution equa-
tions (8) and (25). Let us first state the moment bounds for the stochastic con-
volution defined by (6).

Lemma 4.4. Let (Z(t)),,, be defined by (6). For all T € (0,00) and p € [1,00),

>
one has

sup E[|Z(2)[¢] < oo.

0<t<T
Proof. Let us only provide the sketch of the proof. To deal with homogeneous
Neumann boundary conditions, it is convenient to introduce Zy(t) = (Z(t),ep)eq =
Bo(t)eg and Z,(t) = Z(t) — Zo(t) for all ¢ > 0. Let also Zy(t) = (Zoo(t)) and
Z,(t) = Z(t) — Zp(t). On the one hand, one has

sup E[| Z0(t)[2] = sup E[|Zo(t)[%] < sup E[|Bo(t)[")eol?, < CT?.
0<t<T 0<t<T 0<t<T

On the other hand, applying the temporal and spatial increment bounds given
by [21, Lemma 5.21] and the Kolmogorov regularity criterion [27, Theorem C.6]
gives

sup E[[Z.(t)2] = sup E[|Z.(¢)[}] < C(T) < o0.

0<t<T 0<t<T

Combining the moment bounds for Zy(t) and Z,(¢) then concludes the proof of
Lemma 4.4. O

We now state well-posedness and moment bounds properties, first for the solu-
tions to the stochastic FitzHugh—Nagumo SPDE system (7), second for the solutions
to the auxiliary SPDE (8).

Proposition 4.5. For any initial value xo € H, the stochastic evolution equation (8)
admits a unique global mild solution (X(t))t>0, in the sense that (9) is satisfied.
Moreover, for all T € (0,00) and all p € [1,00), there exists Cp(T) € (0,00) such
that for all zo € € one has
sup B[ X (8)[2] < Cp(T)(1 + o] 2)- (48)
0<t<T
Proposition 4.6. For any initial value xo € H and for all 7 € (0,79), the stochastic
evolution equation (25) admits a unique global mild solution (X (t))t>0, in the sense
that ;

X (t) =e Py + /0 te_(t_S)AwT(XT(s))ds+ fo Lm0 dV(s) (49)

is satisfied for all t > 0. Moreover, for all T € (0,00) and all p € [1,00), there exists
Cp(T,10) € (0,00) such that for all zg € € one has

sup  sup E[|X-(1)[z] < Cp(T)(1 + [olz)- (50)
7€(0,79) 0<t<T
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The detailed proofs of Propositions 4.5 and 4.6 are omitted. However let us
emphasize that the main arguments used in the proofs are, on the one hand, the
one-sided Lipschitz continuity properties (4) and (29) of F and ., respectively,
and on the other hand, the moment bounds on Z(¢) from Lemma 4.4. Observe
that the mapping v, is globally Lipschitz continuous for any 7 > 0, therefore the
existence and uniqueness of the mild solution (X, (t)) satisfying (49) follows from
standard fixed point arguments, see for instance [21, Theorem 7.5]. The proof of the
moment bounds (50) requires some care: indeed, one needs to obtain upper bounds
which are uniform with respect to 7 € (0, 79), and applying [21, Theorem 7.5] would
not be appropriate since the Lipschitz constant of 1, is unbounded for 7 € (0, 7).
Introducing Y, (t) = X, (t) — Z(t), one obtains the moment bounds (50) using the
one-sided Lipschitz continuity property (29) from Proposition 3.5, which is uniform
with respect to 7 € (0,7p). Similar arguments are used to prove Proposition 4.5.
Propositions 4.5 and 4.6 are variants of [14, Propositions 1 and 2] for the analysis
of the stochastic Allen-Cahn equation and we refer to [17, Proposition 6.2.2] for
a more general version. Some arguments need to be adapted since the considered
systems (8) and (25) are not parabolic systems.

Finally, let us state the following result which is required in Section 5 below.

Lemma 4.7. For all T € (0,00), p€[1,00) and o € [0 ,4) there exists Cy ,(T') €
(0,00) such that for all x¢ = (ug,vo) € H**NE, all T € (0,70) and t1,t5 € [0,T], one
has

(LA (£2) ~ Xo (1)) < Cop(Dlt2 1] (14 1 (-8) o |}y + JzolE).  (51)

Proof. Let 0 < t1 < tp < T, using the mild form (49) of the auxiliary stochastic
evolution equation, we obtain the estimate

(B[ (t2) - X (1) [3,])7 < e 0 — e g oy + (E[12(t2) - 2(12) [3,])7
¥ [O (B[] (% - -G-8y g (X () 2,])F ds
+ [1t2(E[He_(t?_s)Al/J‘r(Xr(S))HZ;-L])% ds

where we recall that Z(¢) denotes the stochastic convolution (6).
The first term on the right-hand side is estimated using the inequality (35) in
order to get

2By — e gl < [t — 1] (~A) wo -

le
The second term corresponds to the temporal regularity of the stochastic convolu-

tion
(E[IZ(t>) - Z(t)[5,])" <[ta - ta]

This is obtained combining the proofs of Lemma 4.4 and of [8, Theorem 4.4].

The last two terms are estimated using the property |¢-(2)| < C(0) (1 + |z])*
(polynomial growth), see equations (30) and (32) in Proposition 3.5. Indeed, one
has

I (e_(tz—s)/\ e (1= s)A)wT(X (8))|n < Cq ||t - ||a - (X-(8))]l%

< Culr )'F |L (141X, (5)]2)
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and

e (X () e < (14 | X7 (5)]2)
for the last term. One concludes the proof using the moment bounds of the solution
of the auxiliary stochastic evolution equation, see Proposition 4.6. O

5. Proofs of the main results. In this section, we provide the detailed proofs for
the main results of the present work. We start by proving moment bounds for the
three splitting schemes (Theorem 3.1). We then prove the strong error estimates
with rate of convergence at least 1/4 (Theorem 3.3).

5.1. Proof of Theorem 3.1. The proof of the moment bounds (26) given below
is inspired by the proof of [14, Proposition 3] and requires some auxiliary tools.

Given the time-step size 7 € (0,7p), introduce the auxiliary scheme (Zn)
defined as follows: for all n >0,

n=0

25n+1
Zon= A2y [ Bu o dW(s) (52)

n

with initial value Z = 0, using the same notation as for the general expression (23)
of the three splitting schemes (20), (21) and (22). One has the following moment
bounds for the solution of the scheme (52). Recall that one has T = N7 for some
integer N € N.

Lemma 5.1. For all T € (0,00) and p € [1,00), one has
sup  sup E[|Z,[%] < co. (53)

7€(0,79) 0NN

Lemma 5.1 is a variant of [14, Lemma 3.5, using the same arguments as in the
sketch of proof of Lemma 4.4 above. The proof of Lemma 5.1 is therefore omitted.
We are now in position to provide the proof of Theorem 3.1.

Proof of Theorem 3.1. For all n € {0,...,N}, set
o= Xy = 2. (54)

Using the definitions (23) and (52) and the definition (24) of the mapping ., for
all ne{0,...,N -1}, one has

Fuat = Xno1 = Znot = A (67(X0) - 2,)

= AT(¢T(T’H, + Zn) - ¢T(Zn)) + TAT'(/JT(Zn)-
On the one hand, using the inequalities (33) and (36) and the global Lipschitz
continuity property (28) of ¢, (see Proposition 3.4), one has

JA(67(rn + 20) = 6-(20) )& < |6 (rn + 20) = 67(Zn) e < e IED | .

On the other hand, using the inequalities (33) and (36), the local Lipschitz con-
tinuity property (30) of 1, (see Proposition 3.5) and the upper bound (32), one
has

[ A ¢ (Z0)le < C(r0) (1 + [ 2al2)-

Therefore one obtains the following inequality

[rasille <™ WED e + C(ro) (1 + 1 20l2),



SPLITTING SCHEMES FOR FITZHUGH-NAGUMO SPDES 233

and by a straightforward argument, using the fact that N7 = T, one has the esti-

mate:
n—1

Iralle < C(T,70)([Irole + X (1+ EAB))
=0

for all n e {0,...,N}.
Finally, for all p € [1,00), using the moment bound (53) from Lemma 5.1, one
obtains for all n € {0,...,N}

n-1

(Ellra12))" < OTm)(Irole + 5 (1+ (BLIZ12D)?)) < Co(Tm) Irolle +1),

Since X,, =1, + Z, owing to (54), using the moment bound above and the moment
bound (53) from Lemma 5.1 then concludes the proof of the moment bound (26).
The proof of Theorem 3.1 is thus completed. O

5.2. Proof of Theorem 3.3. Recall that the numerical scheme is given by (23).
It is straightforward to check that for all n > 0 one has

n-1 n—1 tril
Xy = Alzg+7 S ARG (X)) + Y [ A, dW(s).  (55)
k=0 k=0 Ytk

Let us introduce the auxiliary process (XZUX)WO which is defined as follows: for all
n >0 one has )

n-1 n-1 tr+1
XA 2 AT 7 Y AT (X () + Y f ATRLBAW(s),  (56)
k=0 k=0 Jtr

where we recall that ¢, = k7 and that (XT(t))t>0
auxiliary stochastic evolution equation (25). Note that for all n > 0 one has

is the unique mild solution of the

tn+1
B ALK A (X)) 4 [ B V). (6T
Lemma 5.2. For all T € (0,00) and p € [1,00), there exists Cp,(T) € (0,00) such
that for all xog € € one has
sup  sup  E[|X3"™)2] < Cp(T)(1+ [zo). (58)
7€(0,79) 0NN
Proof of Lemma 5.2. Using the discrete mild formulation (56) of X2"*, the inequal-
ities (33) and (36), the local Lipschitz continuity property (30) of ¢, and the upper
bound (32) (see Proposition 3.5), for all 7€ (0,79) and n > 0 one has

n-1

| X3 le < lzolle + C(ro)7 - (1+ [ Xr(tR)2) + 1 Zule-
k=0

It suffices to use the moment bounds (50) for the auxiliary process X, from Propo-
sition 4.6 and (53) for the Gaussian random variables Z,, from Lemma 5.1, and the
Minkowskii inequality, to conclude the proof of the moment bounds (58). The proof
of Lemma 5.2 is thus completed. O

Observe that for all n € {0,..., N} the error X(¢,) - X,, can be decomposed as
follows:

X(tn) = Xn=X(tn) = Xr(tn) + Xo(tn) - X2+ X2 - X, (59)

In order to prove Theorem 3.3, it suffices to prove error bounds for the three error

terms appearing in the right-hand side of (59). They are given in Lemma 5.3,
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Lemma 5.4 and Lemma 5.5 respectively. The proofs of these technical lemmas are
presented at the end of the section.

Lemma 5.3. For all T € (0,00) and p € [1,00), there exists Cp,(T,7p) € (0, 00) such
that for all xg € € and all 7 € (0,79), one has

1
up (ELIX (1) - X (0)]51)" < Co(T,70)7(1 + [2o0]z)- (60)
€ k)
Lemma 5.4. For all T € (0,00), p € [1,00) and a € [0, 1), there exists Co (T €
(0,00) such that for all o = (ug,vo) e H**n &, all 7 € (0,79), one has

Sup (ELIXr(tn) = X3 15,)" < Cap(T)7* (1 + [ (-A)*uo| Ty + Jwollz)-  (61)

Lemma 5.5. For all T € (0,00), p € [1,00) and a € [0, 1), there exists Co,(T) €
(0,00) such that for all zg = (ug,vo) € H** N &, all 7 € (0,70), one has

S (E[IXR" = Xu[5])" < Cap(T)7(1+ [ (-28)"uo|f + 20]2).  (62)

With the auxiliary error estimates given above, it is straightforward to give the
proof of Theorem 3.3.

Proof of Theorem 3.53. Using the decomposition of the error (59), the Minkowskii
inequality and the error estimates (60), (61) and (62), one obtains the following
result: for all a € [0,1) and p € [1,00), there exists Cy € (0,00) such that for all
7€ (0,79) one has

Sup (E[|X (tn) - Xul5,])

S
1

< sup (E[HX(tn)_XT(tn)”g{])
0<n<N
+ sup (B[IX-(ta) - X 13,1)7

+ sup (E[| X" - Xa[5])
0<n<N

< Cp(T, 7'0)7'(1 + |zo \|§)

+ Cap(T)T(1+ [ (=A) o[ + |20 ]2)
+ Cap(T)7 (1 + [ (=A) ol 7 + |2o]2)
< Cop(T)T(1+ [ (=A) uo |77 + [ zo]1Z)-

T =

This concludes the proof of the inequality (27) and the proof of Theorem 3.3 is thus
completed. O

Let us now give the proofs of the auxiliary error estimates. Note that the proof
of Lemma 5.5 requires the error estimate (61) from Lemma 5.4.

Proof of Lemma 5.3. For all t >0 and 7 € (0,79), set
R (1) = X (1) - X(t).

The auxiliary process (RT(t)) is the unique solution of the evolution equation

%t(t) AR () + s (X () = b (X () + (X (£)) = F(X(£))

t>0
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with the initial value R,(0) = 0. Therefore one obtains, almost surely, for all ¢ >0

LB _ (R (1, -AR ()0 + (e (0 (X, (1)) = 0 (X ()
(R, (0, 0 (X(0) - FCX (D)
First, one has
<RT(t)7 _ART(t))’H <0.

Second, using the one-sided Lipschitz continuity property (29) from Proposition 3.5
for ¢, (uniformly with respect to 7€ (0,79)), one has

(Re(1), - (X7 (1)) = ©r (X (8)))2 < C(70) | B (1) 3.

Finally, using the Cauchy—Schwarz and the Young inequalities and the error esti-
mate (31) from Proposition 3.5 , one has

(R (8), 0 (X(0) = FCXE) e < LR () | (X)) = X))
< SIRADI,+ 31 (X (1)) - FOX(0) By
<SIRADI,+ Clm)T (14 X (1)),

Gathering the upper bounds above and using Gronwall’s lemma, one obtains, almost
surely, for all ¢ € [0,T]

T
IR, (1)]2, gC(T,TO)T2fO (1+ X (s)]2) ds.

Using the moment bound (48) from Proposition 4.5, one then obtains for all ¢ € [0,T]
and all p € [2,00)

2

2 T Bpq 2
(B[R )]5]1)" SC(T,To)Tsz (L+E[|X(s)["]7) ds

<C(T,m)7*(1+ s E[| X (s)[2]7)
s€[0,T

< (7;,)(T7 T0)7'2(1 + H(EO Héo)

This estimate has been proved for p € [2,00), however it is also valid for p € [1,2).
This concludes the proof of the error estimate (60) and of Lemma 5.3. O

In order to prove Lemma 5.4, let us recall the following useful standard inequality:

1 -nz

1 _ |W —e "
sup n|l———-e |+ sup - < o0, 63
neN,ze[0,00) | (]- + Z)n | neN,ze[0,00) mln(]-v Z) ( )
In addition, for all @ € [0,1], n € N and z € [0,00), one has min(1,z) < z%*. See

Section A in the appendix for a proof.

Proof of Lemma 5.4. Using the mild formulations (49) for X, (t,) and (56) for
X2 one obtains the following decomposition of the error: for all n > 0, one
has
X, (tn) - X2 =El' + Ep? + ET? + Bt + B, (64)
where
Ept= (e = Ao (65)
EN?=Z(t,) - 2, (66)



236 CHARLES-EDOUARD BREHIER, DAVID COHEN AND GIUSEPPE GIORDANO

n-1 tr+1
Bt =3 [ e N (X (5)) — v (X (1)) ds (67)
k=0 Ytk
n-1 tr+1
e Y / (e—(tn—s)A _ e—(t,,L—tk)A)wT(XT(tk))ds (68)
k=07t
n-1
B0 =7 3 (e tA - An Ry (X, (1)) (69)
k=0

Let us now give estimates for those five error terms.

e If the splitting schemes (20) and (21) are considered, one has A, = e”™* and
thus E7! = 0 for all n > 0. If the splitting scheme (22) is considered, one has
A, = (I +7A)7!, thus using the inequality (63), for all n € {0,..., N}, one has

|27 13 = (e - ((I =7A) )" Juo 3

-nT\;

S —_ J 2 2
Z: +7_)\ )n e ) (u076J>H

-TA

Mg

Co

IA

(TA)**(uo, ;)3
J

< Cam*[(=A)uo %

1

Therefore one obtains the following upper bound: for all « € [0, i), there exists
Cy € (0, 00) such that for all 7€ (0,79) one has

1
sup (E[[|ERH5,])" < Car®[[(=A)uo| (70)
0<n<N

e Note that if the splitting scheme (20) is considered (X,, = XET:exact for all n > 0),
one has E7? = 0 for all n > 0. If the splitting schemes (21) and (22) are considered,

for all n > 0 one has
E;;’Q _ Z(tn) _ Zn — (Z(tn())_ Zn) ,

with Z,, = ZET:exP0 (vesp. Z,, = ZET:mP) if the scheme (21) (resp. the scheme (22))
is considered. Here, we denote

LT
LT expo _ BTA(ZTI;T’QXPO + 5Wn)

n+l

ZMTme _ (12 A (Z,I;Tvimpmwn).

n+l

One has the following mean-square error estimate, which are standard results in the
analysis of numerical schemes for parabolic semilinear stochastic partial differential
equations, see for instance [40, Theorem 3.2]: for all « € [0, 1), there exists Cy €
(0, 00) such that

sup E[|Z(t,) = Zn|3] < Cat™®
n>0

if Z,, = ZET:exPo and Z,, = ZETmP | Since Z(t,,) - Z,, is a H-valued Gaussian random
variable, one obtains the following upper bound: for all « € [0, i) and p € [1,00),
there exists Cy,p € (0, 00) such that for all 7 € (0,79) one has

1
sup (E[|E7?]5,])" < Capr®. (71)
0<n<N
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e Using the inequality (33) and the local Lipschitz continuity property (30) of v,
(Proposition 3.5), one obtains

3
|EZ7|

n-1 tr+1
w2 [N (X)) - e (X (1)) e ds
k=0 Jtr
n-l tre1
<3 [T (X (5) = (K (1)) s
k=0 Jtk

n-1 tr+1
<O) S [ I + I IX (5) - X (00 e s,
k=0 Jtr

Using the Minkowskii and Cauchy—Schwarz inequalities, the moment bound (50)
(Proposition 4.6) and the regularity estimate (51) (Lemma 4.7), one has

(BLIET2,))7

(1+ sup  (E[IX,()]21) ™ )(ELIX(s) - X, (1)]2]) ™ ds

k=0 7tk €[tk bkt

< Cap(T)(1+ Jzol2) (1 + [ (=2) o3y + o £)-

Therefore one obtains the following upper bound: for all « € [0, i)7 pe[l,00) and
T € (0, 00), there exists Cy ,(T") € (0, 00) such that for all 7€ (0,7y) one has

. 1
sup (BUETIR)) < CopDr (L[l + olE). (72
e Using the inequality (35) from Proposition 4.1 (with g =« €[0,1) and v = 0) and
the local Lipschitz continuity property (30) of ¢, combined with the bound (32)
(Proposition 3.5), one has for all s € [tx, tg+1]
|S - tk|a

||(€_(t"_s)A - 6_(tn_tk)A)w‘r(XT(tk))”’H < CameT(XT(tk))HH

< ca(tni—s)a(l + X (1) [2)-

Using the Minkoswskii inequality, the moment bounds (50) from Proposition 4.6,
and the fact that fOT s %ds < oo for « € [0,1), one obtains the following upper

bound: for all a € [0,3), p € [1,00) and T € (0,00), there exists Cq,p(T) € (0,00)
such that for all 7 € (0,79) one has

sup (BUES5D)” < Cap(T)T(1+ |zol2). (73)
e Note that if the splitting schemes (20) and (21) are considered, one has A, = ™™
and thus E7° = 0 for all n > 0. If the splitting scheme (22) is considered, one has
A, = (I+7A)7. Using the inequality (63), for all x = (u,v) e H and all 0< k <n—1
one has

_ Clulir _ Cllal

—(tn—tk)A _An—k _ | p(n=k)TA - A—l n—k )
0N = [ (1 7))l < I < LT

As a consequence, using the Minkowskii inequality, the local Lipschitz continuity
property (30) of ¢, combined with the bound (32) (Proposition 3.5) and the moment
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bounds (50) from Proposition 4.6, one has
1 - 1
EUEIRD <% o1 EIX ) 12]))

<G (D)% o (1+ faoll)

Using the fact that for all a € [0,1) one has

sup T Z — < 00,
7€(0,70) ¥= 1
one obtains the following upper bound: for all a € [0, i), pe[l,00) and T € (0, 00),
there exists Cy ,(T") € (0, 00) such that for all 7 € (0, 79) one has

21)P < Cap(T)r(1+ [ao]2). (74)

We are now in position to conclude the proof: using the decomposition of the
error (64) and the upper bounds (70), (71), (72), (73) and (74), one obtains the
following upper bound: for all « € [0, i)7 p € [l,00) and T € (0,00), there exists
Cop(T) € (0,00) such that for all 7€ (0,79) one has

sup (E[|
0<n<N

JSup (ELXr(tn) = Xa™15,)" < Cap(T)7* (14 [ (=A)*uo| Ty + [o]Z)-

This concludes the proof of the inequality (61) and the proof of Lemma 5.4 is
completed. O

Note that the proof of Lemma 5.4 above does not use Gronwall inequalities
arguments.

Proof of Lemma 5.5. Using the expressions (57) and (23) for X3 and X,,, and the
definition (24) of the mapping ., for all n € {0,..., N — 1} one obtains

X2 = X = A (X2 = X0) + 7 A (0 (X7 (80)) = 00-( X))
Writing
Pr (X7 (tn)) = 7 (Xr(tn)) = 9 (X0) + 7 (X3™),

and using again the identity (24), one obtains

lefl( Xn+1 = AT(¢T(XSHX) - ¢T(Xn)) + TAT("/’T(XT(tn)) - wT(XZux))- (75)
On the one hand, using the inequalities (33) (Proposition 4.1), if A, = ¢™™ and (36),
if A, = (I +7A)7!, and the global Lipschitz continuity property (28) of ¢, (Propo-
sition 3.4), one obtains

[ A (7 (X3) = 6 (X)) |30 < 00 (X0) = 67 (X)) ¢
< o7 (LIBID | X2~ X,

On the other hand, using the inequalities (33) (Proposition 4.1), if A, = e ™

and (36), if A, = (I +7A)™!, and the local Lipschitz continuity property (30) of 1,
(Proposition 3.5), one obtains

A (27 (X () =07 (X5 e < 007 (X () = 6 (X5") |4
< Cro) (1 + X (b [ + [ X721 X () = X3 |
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By a straightforward argument, since X3 = Xy = xg, for all n € {0,...,N}, one
has

N
[X2 = Xallae < Cro)e™ TIPTS5 (1 X (1) [ + [ X2) X () = X2
k=1

Using the Minkowskii and Cauchy—Schwarz inequalities, the moment bounds (50)
and (58) from Proposition 4.6 and Lemma 5.2 respectively, and the error esti-
mate (61) from Lemma 5.4, one obtains the following strong error estimate: for all

ae[0,7), pe[l,00) and T € (0,00), there exists Cy ,(T) € (0,00) such that for all
7€(0,79) one has

sup (E[|X2™ - Xa[5,])7 < C(T)r 3 (1+ (BLIX-(t) [T + (B[|X2|2])% )

0<n<N k=1
1
x (B[ X-(t) = X2™501) >
< Cap(T)7* (1 + 2o ) (1 + 1 (~A) uoll s + |zolle)-

This concludes the proof of the inequality (62) and the proof of Lemma 5.5 is thus
completed. O

6. Numerical experiments. This section presents numerical experiments to sup-
port and illustrate the above theoretical results. To perform these numerical ex-
periments, we consider the stochastic FitzHugh-Nagumo SPDE system (7) with
Neumann boundary conditions on the interval [0,1]. The spatial discretization is
performed using a standard finite difference method with mesh size denoted by h.
In order to obtain a linear system with a symmetric matrix, we use centered differ-
ences for the numerical discretization of the Laplacian, while first order differences
are used for the discretization of the Neumann boundary conditions. The initial
values are given by ug(¢) = cos(2n¢) and vo(¢) = cos(27w¢). For the temporal dis-
cretization, we use the three Lie-Trotter splitting integrators (20), (21) and (22)
studied in this paper, denoted below by LTEXAcT, LTEXPO, LTIMP respectively.

6.1. Evolution plots. Let us first display one sample of the numerical solutions
of the stochastic FitzHugh-Nagumo system (7) with the parameters v; = 0.08,
v2 = 0.8v; and 8 =0.7. The SPDE is discretized with finite differences with mesh
h = 271 We consider the time interval [0,7"] = [0,1] and apply the integrators
with time step size 7 = 271°. The results are presented in Figure 1. The general
behaviour of the numerical solutions given by the three splitting schemes is the
same. However, one can observe a spatial smoothing effect in the v component of
the solution when the schemes LTEXPO—(20) or to some extent LTIMP—(22) are
applied: for a given time step size, the spatial regularity of the numerical solution is
increased compared with the one of the exact solution. On the contrary, the scheme
LTEXACT—(20) preserves the spatial regularity of the solution for any value of the
time step size. We refer to the recent preprint [9] for the analysis of this phenomenon
for parabolic semilinear SPDEs. Let us emphasize that the phenomenon is due to
the way the stochastic convolution is computed, exactly for the scheme LTEXACT—
(20) or approximately for the schemes LTExp0—(20) and LT1mp—(22).

6.2. Mean-square error plots. To illustrate the rates of strong convergence for
the Lie-Trotter splitting schemes stated in Theorem 3.3, we consider the stochastic
FitzHugh—Nagumo system (7) with the parameters v =72 = =1, with 7' =1 and
apply a finite difference method with h = 279 for spatial discretization. We apply
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FIGURE 1. Space-time evolution plots of w and v using the Lie—
Trotter splitting schemes LTEXACT, LTEXPO, and LT1MP.

the Lie-Trotter splitting schemes with time steps ranging from 271 to 27'8. The
reference solution is computed using the scheme LTEXACT—(20) with time step size
Tret = 2718, The expectation is approximated using M, = 100 samples. We have
checked that the Monte Carlo error is negligible. A plot in logarithmic scales for
the mean-square errors

(B[ X (tx) - Xx|2,])

is given on the top figure of Figure 2. We observe that the strong rate of convergence
for the three considered Lie-Trotter splitting schemes is at least 1/4, which illus-
trates the result stated in Theorem 3.3. Furthermore, the numerical experiments
suggest that for the scheme LTEXACT—(20) the order of convergence is 1/2, which
is not covered by Theorem 3.3. The fact that using an accelerated exponential
Euler scheme where the stochastic convolution is computed exactly yields higher
order of convergence is known for parabolic semilinear stochastic PDEs driven by
space-time white noise, under appropriate conditions, see for instance [26] or [9,
Proposition 7.3]. However, the stochastic FitzHugh—Nagumo equations considered
in this article are not parabolic systems therefore it is not known how to prove the
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—E- LTexpo
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LTimp

- - — — Slope 1/2
- —-—-Slope 1/4
—B— LTexpo

LTexact
LTimp

FIGURE 2. Mean-square errors as a function of the time step: Lie—
Trotter splitting schemes, ¢, = ¢~ o N (top) and ¢, = N o gL
(bottom), (¢ for LTEXACT, O for LTEXPO, * for LTiMP). The
dotted lines have slopes 1/2 and 1/4.

observed higher order strong rate of convergence. This question may be studied in
future works.

The bottom figure of Figure 2 shows the errors for the variant (46) of the splitting
scheme (23) introduced in Remark 4.3: the mapping ¢, = ¢~ o ¢ given by (19) is
replaced by ¢, = #NL o ¢ given by (44). As explained in Remark 4.3, this type of
Lie—Trotter schemes is not covered by the results in Section 3.3, more precisely the
moment bounds in Theorem 3.1 cannot be proved by the techniques used in this
article. However, the numerical experiments are similar to those on the top figure
of Figure 2 and suggest that the strong order of convergence for this variant is at
least 1/4, and that higher order convergence with rate 1/2 may be obtained for the
variant of the scheme LTEXACT—(20).

Remark 6.1. In Figure 2 it is observed that for large values of the time step size 7
the error for the scheme LTEXACT—(20) is larger than for the two other integrators.
We have performed additional numerical experiments (change of reference solution,
time horizon or spatial mesh size) and observed a similar behavior. However, note
that for the smallest time step sizes the errors for all the schemes are of the same
size, which is consistent with our main theoretical results.
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Appendix A. Proof of the inequality (63). Let us first state two elementary
inequalities:

e forall 0<a<bandneN, one has 0<b" —a™ <nb" 1 (b-a),

o for all z € [0,00), one has 0 < - - ™ < C'min(1, 2?).

As a consequence, for all n € N and z € [0, 00) one has

0< # —e "<« L(L —G_Z)
T (1L+z)m T(l+z)n M4z ’
Proof of (63). For all n >3 and z € [0, ), one has
1 _ Cn?2? Cn?2? 20n?
n| —e "< o S D) 5 < <C
i+2) L+ Ta(n-D)es B0 2 ° (n-1)(n-2)

The cases n =1 and n = 2 are treated separately, one has

1
sup | -e*|+ sup 2|— -
2€[0,00) (]- +Z) 2€[0,00) (]- +Z)2

This concludes the proof of the first inequality. To prove the second inequality,
observe first that one has

e | < o0.

1
sup | e "l <2.

neN,ze[0,00) (1 + Z)n B
In addition, for all n > 2 and z € [0, c0), one has

_ e—nzl

|(1+1z)” Cnz < Cnz < Cn <C
z T+ T 1+ (n-1)z  n-1"

The case n = 1 is treated separately: using the inequality min(1,2?) < z one has
1 —z|

1+z

e
sup —=——— <(C.
2€[0,00) z

Gathering the results concludes the proof of the second inequality. O
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