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ARTICLE INFO ABSTRACT

Keywords: Structural battery composites fall under the category multifunctional materials with the ability to simultane-
C. Computational mechanics ously store electrical energy and carry mechanical load. While functioning as the negative electrode, the carbon
C. Representative volume element (RVE) fibres also act as mechanical reinforcement. Lithium ion insertion in the carbon fibres is accompanied by a

C. Multiscale modelling
C. Material modelling
A. Multifunctional composites

large radial expansion of 6.6 % and an axial expansion of 0.85 % of the fibres. Furthermore, the elastic moduli
of the carbon fibres are significantly affected by the insertion of lithium. Current structural battery modelling
approaches do not consider these features. In this paper, we investigate the effect of lithium insertion in carbon
fibres on the structural electrode mechanical properties by developing a computational model considering finite
strains and lithium concentration dependent fibre moduli. The computational model enables representation
of morphological change, whereby, features such as internal stress state, homogenized tangent stiffness and
effective expansion of the electrode caused by carbon fibre lithiation can be predicted. The adopted finite
strain formulation allows for consistent consideration of measurement data at varying state of lithiation. The
significance of adopting the finite strain formulation is also shown numerically. Finally, by implementing a
novel approach to homogenized stress-free expansion, it is shown that the computed expansion of the structural
electrode follows a similar trend to what is observed from experiments.

1. Introduction expansion of 0.69 % upon lithiation. In addition, the transverse fibre
modulus E; increased by 107 %, and the fibre diameter increased by

In structural battery composites, carbon fibres are used as negative 6.6 % as the IMS65 carbon fibre was fully lithiated. In an accompanying
electrode material with a multifunctional purpose; to store energy as study, Carlstedt et al. investigated lithiation induced swelling of T800
a lithium host, to conduct electrons as current collector, and to carry carbon fibre tows in liquid electrolyte as well as embedded in a SBE
mechanical loads as reinforcement [1-4]. Carbon fibres are also used in matrix [9]. The relative (stress free) expansion of carbon fibres in liquid
the positive electrode, where they serve as reinforcement and current electrolyte was approximately 0.85 %, whereas the carbon fibre tow

collector, as well as a substrate for the cathode material coating [5,
6]. The carbon fibres are embedded in a bicontinuous porous matrix
material, herein referred to as structural battery electrolyte (SBE),
consisting of a solid polymer phase transferring mechanical loads,
and pores containing liquid electrolyte facilitating ion transport [7].
Kjell et al. studied the electrochemical performance of T800 carbon
fibres in liquid electrolyte [8]. They found the reversible capacity of
desized T800 carbon fibres to be approximately 58 % of the first cycle
capacity at lithiation with a first cycle loss of 35 %. Furthermore, they
found a strong rate effect on capacity for the T800 fibre, ranging from ‘ ) .
approximately 140 mAh/g at 1C to almost 300 mAh/g at C/10. These model [13]. Local strains up to 12 % in the SPE were predicted
results were later confirmed by Carlstedt et al. [9]. Duan et al. explored as lithium ions migrate between the electrodes. Similar studies have

embedded in SBE expanded 0.72 %. The extensive volume change
of the fibre during electrochemical cycling gives raise to substantial
changes in the composite’s internal stress state. The coupled electro-
chemo-mechanical processes in a structural negative electrode, and
the effects on internal stresses, have been addressed by Carlstedt and
co-workers [9,11,12].

In a related study, Grazioli et al. analysed how transport of lithium
ions through solid polymer electrolyte (SPE), affects the local stress
and strain distributions across the SPE using a multiphysics numerical

effects of lithium insertion, i.e. lithiation, of single IMS65 carbon fibres been performed by Bucci et al. who developed a computational model
on fibre moduli and dimension [10]. It was reported that the fibres in finite strain setting, studying concentration distributions and the
longitudinal modulus E[ is reduced by 12 %, accompanied by an axial accompanying swelling of different species, as well as their effect on the
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internal stress state [14]. Moreover, coupled electro-chemo-mechanical
models in finite strain setting for binary solid electrolytes were studied
by Ganser et al. [15]. They showed a significant contribution to both
electrochemical and mechanical response by accounting for the change
of transport path due to swelling effects.

State-of-the-art coupled electro-chemo-mechanical models for struc-
tural battery composites developed by Carlstedt et al. considers small
strain setting [11]. However, volume changes due to lithium insertion
are large and particularly important to consider for load carrying
materials. In this paper, we formulate a computational model in finite
strain setting, addressing the swelling/shrinkage of T800 carbon fibres
due to lithium insertion/desertion. The computational model allows
for predictions of local stresses accounting for large deformations and
computation of effective swelling of the homogenized structural battery
electrode. Predicted electrode swelling is compared to experimental
data. Moreover, changes in the computed homogenized mechanical
properties of the electrode caused by carbon fibre lithiation is assessed.
The importance of the finite strain formulation is evaluated by compar-
ison to predictions using a linear, small strain model for local stress and
stiffness results.

2. Modelling of the structural battery composite
2.1. Preliminaries

The microscale analysis is performed on a synthetical, assumed rep-
resentative volume element (RVE). The RVE domain, -QX[\ indicated
by the box [, consists of the carbon fibre domain, .QC S o and the SBE
domain, .QSBE, with Qy4 = QCf Yo Y QSBE as illustrated in Fig. 1.
We stress that the framework presented in this paper is applicable to
arbitrary size and architecture RVE. However, this study is restricted
to a single RVE realization for illustration of the method. The typical
cross sectional area of the electrode (macroscale domain) is 50 x 15
000 um? (thickness x width) [9,16]. From a computational point of
view, it is intractable to resolve the electrode on the microscale using
DNS (direct numerical simulations). Further, separation of scales holds
at the structural scale.

In order to analyse effects of lithiation/delithiation of the carbon
fibres on the performance of a structural battery, knowledge about the
charge cycle and rate is needed. The state of lithiation is defined as

o) = L &)
C

Li

where ¢;;(1) is the concentration of lithium, and CTiaX denotes the
reference maximum concentration of lithium, for a certain charge rate.
Eq. (1) is applicable for conditioned fibres, i.e., when studying fibres
with a reversible capacity in the structural electrode. However, for
unconditioned fibres the varying maximum lithium concentration with
respect to charge cycle must be considered. The state of lithiation for
charge cycle i, (c(?));, is expressed as

cri(®)
(e
where (czlia"),- represents the reference maximum concentration that can
be inserted into the electrode during the ith lithium insertion/desertion
cycle. At any time ¢, for given spatial distribution of ¢ inside the
fibres, the mechanical response can be determined instantaneously, as
described subsequently. In this paper, we do not model Li-ion transport,
nor do we utilize measurement data for spatial distribution of ¢ inside
the fibres. Therefore, in view of the experimental verification examples
in Section 3.4, we restrict to the extreme situation of considering c
being uniform inside QCfD During electrochemical cycling, the carbon
fibres expand and contract due to lithium insertion and desertion. These
volume changes cause internal stresses in the composite. The internal
stresses that arise due to lithiation are affected by the external bound-
ary conditions acting on the composite. If the composite is not allowed

(), =~ @
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to expand, i.e., is externally constrained as illustrated in Fig. 1b, high
magnitude of the internal stresses are expected. In contrast, lower
magnitudes are expected if the composite is unconstrained, allowing
for free expansion as illustrated in Fig. 1c.

2.2. The RVE problem

In this section we formulate the periodic RVE-problem in the finite
strain setting in terms of solving the linear momentum balance and im-
posing periodic boundary conditions similar to [17-20]. The boundary
value problem is stated as

—P-Vy=0inQyq, (3a)

lulg = [F—11-[X* = X"] on I} , (3b)

(P-N)*+(P-N)" =0 onF;D, (30)
with the boundary decomposed as 02y - = F;_ Ulyo where F+
and F); are the image and mirror boundaries, respectively. (pPER
1"+ Iin defines periodicity mapping of mirrored points X~ (X)
for X IS F+D Consequently, we may express f~(X) = f(¢"FR(X)) and
fT(X) = f(X) for any funct1on f(X). Furthermore, the jump operator
is defined as [l := ot , P represents the first Piola—Kirchhoff
stress tensor, Vy is the gradient operator in the delithiated (reference)
configuration 2y -, and N is the outwards facing unit normal. F is the
deformation gradient, I the second order identity and X represents the
reference coordinate. The problem is completed by introducing stress—
strain relations in the fibre (.QCfD) and SBE (QSBE) respectively. These
models are detailed in Section 2.3, where the key modelling assumption
is that P = P(c, F) in the fibre domain, while P = P(F) in the
SBE. The displacement field is decomposed as u = uM + u®, with the
macroscopic part uM = [F — I1-[X — X] and the microscopic (subscale)
part u’. Hence, from Eq. (3b) we emphasize that it is the microscopic
part which is periodic. Here, F denotes the homogenized (macroscopic)
deformation gradient of the composite. The local deformation gradient
is thus expressed as F = [ +[u®Vy] = F +u*® V. The decomposition
of u with periodicity is illustrated in Fig. 2. Finally, the deformation
controlled problem for given concentration c¢ is stated in the weak
format: Find u®{c, F} = u® € Up, such that

1

" P, F+u*®Vy):
12x ol Joy

[6u* ® Vy1d2y =0 Véu' € Uy, (4)
where Ug =1 v € [H'(Qy I : [#] = 0 on I'}, and H'(Qx )
is the space of functions with square integrable derivatives of order
zero and one on the domain Qy . The effective (macroscopic) first
Piola-Kirchhoff stress denoted P, is computed as the volume average'

1

Plc, F)
|-QX|:|| 20

P(c, F+u’{c, F} ® Vx)dQy, 5)

and the homogenized tangent stiffness is expressed as

L{c.F} = jﬁ ®)

For the case when composite expansion is restricted, we control the
macroscopic deformation gradient F such that F = I and compute the
constrained, homogenized stress and tangent stiffness are defined as

PCON{C} = P{c, I}, (7a)

Loonic) = Lic, I). (7b)

To represent an unconstrained composite, i.e. stress free expansion, we
control the homogenized stress and seek a macroscopic deformation. To

1 (e} denotes implicit dependence on the argument.
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a) Delithiated state

b) Lithiated constrained state
c = c+0
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¢) Lithiated unconstrained state
c*+0

Lo

Fig. 1. Two-dimensional illustration of morphology change as carbon fibres are lithiated. (a) Delithiated RVE with initial side length L, and carbon fibre diameter d,,. (b) Lithiated,
fully constrained, RVE such that the side length remains at L,. (c) Lithiated, unconstrained RVE, whereby the side length increases, L(c) > L.

uM + uS

Fig. 2. Two-dimensional illustration of the homogeneous RVE domain, £, in deformed configuration with appurtenant boundaries, 0. The displacement field, u, is decomposed

into a macroscopic part, u™, and a microscopic fluctuation, u®.

ensure uniqueness of the solution, the model is formulated in terms of
the right stretch tensor U and the Biot stress T = [R - P]%™, where

R is the macroscopic rotation. The detailed formulation is outlined
in Appendix A. Thereby, in mixed format, we seek u*{c,T} = u* € U

and U{c,T}=U € Rg}’,ﬁ such that

1 / P, U+ ®Vy) : [6u°® Vx]dQ2y =0 Véu® € Uy, (8a)
12x ol Joyq
S P, U+w®@Vy)dQy : 5U =0 V6U e RYS. (8b)
12x ol Joyq

Finally, we can determine the unconstrained deformation gradient as

Funconfc} = Ulc, 0}, (9a)
and, using Eq. (6), we express the unconstrained tangent stiffness as
Luncon{e} = L{c, Fyncon{e}}- (9b)

Remark: We note that Eq. (9a) pertains to the assumed rotation R = I.
Due to rigid-body invariance, any rotation R results in u® = R-u®{c, 0},
F=R -Uyycons P=R-0=0.1

2.3. Constitutive models
2.3.1. Constitutive model for the fibre domain, .Qcé

Consider a fibre that swells due to lithium insertion with uni-
form concentration c. In the finite deformation setting, we adopt a

multiplicative decomposition of the deformation gradient as
F=F FUc), Fc) = (I +[am, +aP(m, + my)lc), (10)

where F(c) contributes to a chemical expansion and F represents an
elastic deformation as illustrated in Fig. 3. Moreover, m; := e;®e; is the
ith base dyad, aih and a;h are the longitudinal and transverse lithium
insertion expansion coefficients, respectively. F(c) may be large, even
for small elastic deformations (F close to I). The longitudinal chemical
expansion coefficient aih was measured by Carlstedt et al. and the
transverse chemical expansion coefficient a;h was measured by Duan
et al. [9,10]. To model elasticity for stress free deformation, we express
the volume specific free energy for a given state of lithiation ¢ as

wy(c, F) = JNg(c, F), an

where J¢h = det(FCh(c)) and y is the free energy per unit volume in
the lithiated configuration B. The pertinent intermediate first Piola—
Kirchhoff stress tensor becomes

- oy
pv__1

L P. Fch T’ 12
oF = gt @ a2

where P = ";’—FX denotes the conventional first Piola—Kirchhoff stress
tensor w.r.t. the reference configuration By, i.e., the equilibrium stress.
Duan et al. experimentally measured the longitudinal and transverse
moduli E; and E;, on unconstrained carbon fibres for varying state
of lithiation [10]. Consequently, the moduli are measured after the
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Delithiated configuration

F=F F"(c)
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Current
configuration

F

Lithiated
configuration

Fig. 3. Multiplicative split of the deformation gradient in the carbon fibre. Starting from the delithiated (reference) configuration By, the domain is expanded to B after lithiation

(function of ¢), finally deformed elastically to B.

chemical deformation F(c), and are included in the apparent linear
elasticity “Hooke” tensor E(c), with detailed description formulated
in Appendix B. In the lithiated configuration B, we express the inter-
mediate first Piola—Kirchhoff stress using the Saint-Venant model from
the lithiated configuration B as

P=F. 3 with 8, E)=E() : E (13a)
where
E:= %[(:— n ¢c=r"-F=[fFd7.c.(rh! (13b)

Linearization of Eqs. (13) verifies that E(c) is precisely the apparent
linear elasticity tangent stiffness for a stress free, lithiated, carbon fibre.
S is the intermediate second Piola—Kirchhoff stress tensor and E is the
corresponding Green Lagrange strain. Combining Egs. (12) and (13) we
may express the first Piola—Kirchhoff stress as

P(c, F) = J0(c)P(c, F) - [FP ()T, a4

where P(c, F) was given in Eq. (13a). This is the complete model
parametrized in the concentration c. In summary, the model in Eq. (14)
is calibrated from measurement of F(c), as presented in Eq. (10), and
the apparent linear elastic properties E(c), used in the Saint-Venant
model (13b). While the Saint-Venant model represents the measured
elastic response for F = I, there is no limitation on F(). The
mechanical properties of the carbon fibres are presented in Table B.1.

2.3.2. Constitutive model for the structural battery electrolyte domain, Q%SE

We apply an isotropic hyperelastic neo-Hookean material model
for the SBE matrix, whereby the second Piola—Kirchhoff stress is de-
composed additively into volumetric- and isochoric parts. Thereby,

P(F)=F-S(), (15a)

S(C) = KJ[J - 11C™" + GJ /3 [1 - %(c : I)C‘l], (15b)
where J = det(F) = y/det C, K is the bulk modulus and G is the shear
modulus of the SBE. Based on existing measurements of linear elastic
isotropic material parameters, we choose the neo-Hookean model to
be able to account for large volumetric deformations. The mechanical
properties of the SBE are presented in Table B.1. This is not likely
to be an accurate model for the SBE, in particular for large compres-
sion. However, pending more elaborate measurement data we consider

neo-Hooke as one possible extension of linear elasticity.
3. Results and discussion
In this section, the proposed modelling framework will be utilized

to predict the composite properties of a negative structural electrode.
The chosen fibre architecture for the following RVE analyses is similar

to the arrangement used in Carlstedt et al. referred to as a repeatable
unit [9,21]. In the subsequent investigations, we will keep this fibre
arrangement but vary the volume fractions. In Sections 3.1-3.3 we
choose a fibre volume fraction of 43 % in accordance with SEM image
observations by Asp et al. and Siraj et al. [2,16]. In Section 3.4, we
compare the model results to the existing experiment by Carlstedt et al.
where the fibre volume fraction was estimated to be around 20 % [9].
Thereby, the fibre volume fraction is adjusted to 20 % for this specific
case. In all performed analyses, we model the geometry in 3D using
linear tetrahedral elements, integrated numerically using single Gauss
point quadrature.

3.1. Preliminary model assessment

In the following analysis we let the state of lithiation vary from
the delithiated state (¢ = 0) to the fully lithiated state (¢ = 1).
The constrained homogenized stresses and unconstrained homogenized
deformation gradients are computed as defined in Egs. (7a) and (9a),
respectively. Fig. 4 shows the variation of the 22 (transverse) compo-
nent of Pooy and Fyycony — | with respect to ¢, compared to the
variation of the corresponding small strain quantity with respect to
c. When ¢ grows large, the stress magnitude deviate between finite
and small strains, whereas the strain magnitude does not exhibit a
significant difference.

In order to investigate the local features of the constituents, we shall
evaluate averages on the fibre (< ) and SBE (QSBE) domains. The

X,
average first Piola—Kirchhoff stresses for each domam are computed as

P, Fy = IQI I/ P(c. F+us(F} ® V,)dQy.
=SBE = 1
F) =

7

(16a)

(16b)

/ P, F+u{F} ® Vy)dQy,
o3y

and the domain-wise average deformation gradients are computed as

F = |chf I/ [F +us{F} ® Vy]dQy. (17a)
P |_QslBE|/ [F+u’(F) ® Vy1d2y. (17b)

Fig. 5 shows the homogemzed stress—strain relationships for carbon
fibre and SBE domains, respectively, as ¢ increases. In Figs. 5a and
5b the RVE is constrained. Hence, expansion is prohibited, causing
compressive stresses along the fibres, in the 11-direction, as shown in
Fig. 5a. The stress—strain relationship in the 22-direction is shown in
Fig. 5b. As the carbon fibres expand (F,, increases) the SBE is loaded
in compression, restricting the free expansion of the carbon fibres. In
Figs. 5¢c and 5d results for the unrestricted, freely expanding, RVE are
presented. Here, both the fibres and SBE are found to expand in the 11-
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Fig. 4. (a) Constrained homogenized transverse stress versus state of lithiation (c) in the finite deformation setting (Pcoy ;) as well as for the small strain approximation (5¢oy 2,)-
(b) Unconstrained homogenized transverse strain versus state of lithiation (c) in the finite deformation setting (Fyycon,—1) as well as for the small strain approximation (&yncon22)-
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Fig. 5. Domain-wise homogenized quantities, defined in Egs. (16) and (17) as the state of lithiation ¢ varies linearly from ¢ =0 to ¢ = 1, (indicated by arrows). The components of

the homogenized quantities are consistent with the coordinate system presented in Fig. 1. (a) Domain-wise 11-component of P versus F for the constrained case. (b) Domain-wise
22-component of P versus F for the constrained case. (c) Domain-wise 11-component of P versus F for the unconstrained case. (d) Domain-wise 22-component of P versus F for

the unconstrained case.
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(b)

Fig. 6. Constrained RVE. (a) von Mises stress, "M, in finite strain setting. The periodic fluctuation solution on the boundaries u* is shown in a magnified state. (b) The distribution
of the von Mises stress ¢*M in finite- and small strain setting for the constrained RVE. The stresses are computed at the integration point of each element in the matrix domain

Q%‘E for the state ¢ = 1.

and 22 direction. In this case, the SBE is extended (causing positive
stresses) and the fibres are restricted to expand (causing negative
stresses). Moreover, the RVE is stress free for all states of lithiation,
c. Hence,

- . Sof = ~SBE, =
Pynconte. Funcon} = Ver P {e, Fyncon} +(1=Ve) P (e, Fyycon) =0,

(18)
ch

where V = : D: is the reference (unlithiated) volume fraction of
0

carbon fibres. Thus, the sum of the homogenized stress for the two
domains equals zero at all times.

3.2. Internal stress analysis

To analyse the internal stress state and assess the significance of
the finite strain setting we apply the methods described in Section 2.2.
Fig. 6a shows the distribution of the von Mises stress in QSBF at full
state of lithiation for the externally constrained RVE using finite strains,
computed as

/3 . 1
Eo-dev ! Odey With 64ey =

J
Noticeably higher element stresses (magnitude) are predicted for the
constrained case utilizing finite strains compared to small strain theory
as shown in Fig. 6b. For the free, unconstrained RVE, lower stress
magnitudes are found, as shown in Figs. 7a and 7b, which is expected
considering the magnitude of the homogenized stresses in Figs. 5¢ and
5d. The difference in stress magnitudes using finite and small strain
modelling indicates the significance of considering finite deformation
theory. As strains inherently become large in the SBE between fibres,
greater stress magnitudes are expected in these regions.

O,VM —

19)

[P-FT - %[P : F]I].

3.3. Effect of state of lithiation on the elastic moduli of the composite
material

Here, the effect of state of lithiation on the longitudinal and trans-
verse moduli of the negative electrode composite is evaluated. We solve
the periodic RVE problem for both the constrained and unconstrained

cases from Section 2.2, and evaluate the linearized tangent stiffness as
described in Appendix C. To quantify the stiffness we identify an (as-
sumed) transversely isotropic stiffness. The resulting moduli as function
of ¢ are shown in Figs. 8a and 8b. E; is found to decrease slightly
with an increase in c. In contrast, E; is found to increase significantly
with increasing c. Moreover, restricting expansion of the RVE gives an
upper bound on the moduli, conversely the lower bound is obtained for
the unconstrained RVE. At full state of lithiation, E, is decreased by
3.2 % in the constrained case and by 6 % for the unconstrained case. In
contrast, Ey is increased by 27 % for the constrained case and by 19 %
for the unconstrained case at full state of lithiation. Comparing to the
changes of the moduli in the carbon fibres (see Appendix B), the change
in the composite stiffness is less pronounced for both the constrained
and unconstrained case. Finally, a significant difference in the moduli
computed in the small and finite strain settings can be observed. The
effect of state of lithiation on E; is overestimated when considering
small strains, while the change in E; is underestimated.

3.4. Electrode extension of the freely expanding RVE during electrochemical
cycling

Carlstedt et al. monitored the free longitudinal expansion of a T800
carbon fibre electrode in a half-cell set-up, i.e., carbon fibre vs. lithium
metal [9]. The available experiment represents an unconstrained com-
posite, where measurements of the carbon fibre electrodes’ longitudinal
expansion during constant current, constant voltage (CCCV) cycling
are plotted in Fig. 9. In Fig. 9(b,d), results for the free expansion of
the T800 carbon fibre electrode in liquid electrolyte (LE) as well as in
structural battery electrolyte (SBE) are presented. The lithiation process
is initiated by a galvanostatic (current control) discharge followed by
a potentiostatic (potential control) discharge, ensuring that the carbon
fibres are completely filled with lithium. Comparing the expansions of
the structural electrode in liquid electrolyte with the SBE electrode, the
effective electrode expansion in SBE is significantly less than the elec-
trode in liquid electrolyte. Moreover, during galvanostatic discharge,
the pertinent effective expansion is linear with respect to time, whereas
during potentiostatic discharge, the effective expansion response is non-
linear with respect to time. The apparent lithium concentration in the
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Fig. 7. Unconstrained RVE. (a) von Mises stress, ¢"M
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, in finite strain setting. The periodic fluctuation solution on the boundaries #* is shown in a magnified state. (b) The

distribution of the von Mises stress ¢'M in finite- and small strain setting in the unconstrained RVE. The stresses are computed at the integration point of each element in the

matrix domain Q‘%’E for the state ¢ = 1.
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Fig. 8. (a) Homogenized longitudinal modulus, E,, with respect to state of lithiation, ¢, for constrained (blue) and unconstrained (red) configurations. (b) Homogenized transverse
modulus, E;, with respect to state of lithiation, c. for constrained (blue) and unconstrained (red) configurations.

carbon fibre electrodes during each charge/discharge cycle is assessed
by Faraday’s law of electrolysis, considering the integrated current
response from measurements presented in Figs. 9a and 9c according
to

1 '
cpi(H) = ﬁ,/o Idr,

where F is Faradays constant and »n represents the number of electrons
transferred pertinent to the reaction. Fig. 10a shows how the amount
of lithium in the carbon fibre electrode varies with time. The maximum
amount of lithium that is inserted in the electrode varies between
each charge/discharge cycle due to electrochemical losses and solid
electrolyte interface (SEI) formation. Fig. 10b shows the expansion of
the electrode presented in Fig. 9b versus the state of lithiation, ¢, for
cycles 1, 3 and 5, where the maximum recorded electrode expansion is
0.85%.

Similar results are presented for the structural electrode in Fig. 11.
In both cases, the current approaches zero at each charge/discharge
cycle. This indicates that the carbon fibres are completely filled with

(20)

lithium in each cycle, i.e. ¢ = 1, for both the electrode in liquid
electrolyte, and the structural electrode. Fig. 11a shows the lithium
variation with time in the structural electrode, and Fig. 11b shows
the axial expansion of the structural electrode for cycles 3 and 5. The
proposed model is found to predict the free expansion of the structural
electrode. Computed macroscopic stretch along the structural electrode,
U,,, is used to present the relative electrode expansion in Fig. 11b and
exhibits a maximum expansion of U;; — 1 = 0.79 %.

As expected, the relative expansion of the structural electrode is
reduced by the SBE matrix. The SBE restricts the free expansion of the
carbon fibres in the structural electrode by 0.06 % units at ¢ = 1 for
the given fibre arrangement and volume fraction. It is noteworthy that
the adopted methodology allows for prediction of electrode expansion
for any arrangement and volume fraction of the fibres.

4. Conclusions and outlook

In this paper, effects of the expansion and moduli for the carbon
fibres, caused by a change in state of lithiation, on the mechanical
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Fig. 9. (a) Experimental results from charge and discharge cycles of a carbon fibre electrode in liquid electrolyte. (b) Resulting relative fibre expansion caused by charge and
discharge of carbon fibre in liquid electrolyte. (c) Experimental results of charge and discharge cycle of a structural carbon fibre electrode in SBE. (d) Resulting relative fibre
expansion caused by charge and discharge of a structural carbon fibre electrode in SBE. The data presented in the figures above are obtained from [9].
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expansion with respect to state of lithiation, as defined in Eq. (2), for the 1st, 3rd and 5th charge/discharge cycle of the carbon fibre electrode in liquid electrolyte.
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Fig. 11. (a) Total lithium concentration in the carbon fibre electrode in SBE, extracted by integration of the current from Fig. 9c using Eq. (20). (b) Relative longitudinal expansion
with respect to state of lithiation, as defined in Eq. (2), for the 3rd and 5th charge/discharge cycle of the carbon fibre electrode embedded in SBE, as well as the relative expansion

strain predicted by the model.

behaviour of the electrode are studied. Given the extensive swelling
of the carbon fibre from lithium insertion, a computational model
considering finite strains is proposed. More specifically, a multiplicative
split is introduced to model the stress—strain response during arbitrar-
ily sized expansion of carbon fibres due to lithiation, while fitting
linearized anisotropic elasticity measurements for stress-free lithiated
fibres. Numerical results show that the finite strain setting consider-
ation is, indeed, needed to accurately predict the internal stress state
and composite tangent stiffness at high states of lithiation of a structural
negative electrode for the given fibre arrangement and volume fraction.
Furthermore, the model is found to forecast the constraint on the
fibres posed by the structural battery electrolyte, predicting the stress
free expansion of the structural electrode during a constant current,
constant voltage charge cycle. Thus, to accurately predict the internal
stress state, as well as composite moduli and expansion of the carbon
fibre-based structural electrode, finite strains must be considered.

Future studies should focus on quantifying local features within
the composite through calibration and modelling of the SBE matrix
under large deformations as well as performing statistical studies re-
garding fibre arrangement leading to proper representation of the
microstructure.
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Appendix A. The stress controlled problem

To enable the representation of an unconstrained RVE, we wish to
control the macroscopic stress P as defined in Eq. (5). However, the
problem of seeking the macroscopic deformation F for a given P is ill-
posed due to rigid-body in-variance. Consider the polar decomposition
of F into the proper orthonormal tensor R, representing rigid body
rotation, and the symmetric right stretch tensor U such that F = R-U.
Firstly, we establish that P is objective w.r.t. macroscopic rotations,
ie.,

P{R*.F}:L/Q P(R' - F + [W(R" - F} @ VyDd2y
x.0

Q0
PR*-F+R" - [ {F}®VyDdQy

: / P(F +[u{F} ® Vy))d2y = R* - P(F},
Qxn Jayg

(A1)

for any rotation R*. Relation (A.1) holds for any objective fine scale
constitutive model satisfying P(R* - F) = R* - P(F), and for the chosen

boundary conditions that ensure u*{R* - F} = R" - u*{ F}. Hence, we
conclude that

P{F}=P{R-U}=R-P{U}, (A.2)
where the last identity follows from (A.1). Thus, it suffices to determine
PY{0} := P{U} where PV : Rg}ﬁ — R¥3, Next, by identification, the
symmetric Biot stress T := [RT . pyym = pYsym, Hence, stress control
for the RVE-problem can be stated as follows:
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Table B.1
Mechanical properties for the carbon fibres and SBE.

Carbon fibres Source
E; =294(1 - 0.12¢) GPa [10]
Ep =21.8(1 + 1.07¢) GPa [10]
vrr =02 Assumed
vir =022 Assumed
ap = 0.066 [10]
a; = 0.0085 [91
Gy p =125 GPa Assumed
SBE
E =0.700 GPa [22]
v =037 Assumed
or known T, find (u" (T}, U{T}) = (u>",U) € X suc
For k T, find (u>"{T},U{T 5".U) € Ug x R such
that
! PO +u% @Vy) : [5u° ®VyldQy =0 Vou' € Up,
12x 0l Jayg
(A.32)
1 PO +u>" ®@Vy)dQy : 60 =T : 60 VsU e RS,
12x ol 2x0 Y
(A.3b)
where > = R™' - u’. For a given rotation R, the result may be

interpreted as F = R - U{T} and

P=R-P=R. PO(T}+ [ (T} @ Vyd2y. (A4

12xal Jayg
Appendix B. Constitutive modelling of the carbon fibre domain

[H] The transversely isotropic linear elastic stiffness tensor for a
lithiated carbon fibre in the (stress-free) configuration B is expressed
as®

E(c) = LI ® T +2G 1 ()IY™ + [L,(c) — Lyl @ m, +m, @ T1+
[H,(¢c) = 4G 17 +2Gpp(c) = 2L, (¢) + Lyp(e)lm; @ m, +4[G 1 — Grp(c)]A.
(B.1)
with A = i(m1®l+m1®1+l®m]+1®m]), H, = EL(H%T;
= = (+vpr)(I=vpr=2v] 1 Er [EL)
Ly = ErGrrnirEr/ED) g L, = Ervir The

(+vrr)(=vpr—2v2 B [Ep) (-vpr—2v2  Er/Ep)’
experimentally obtained parameters are stated in Table B.1. Using

the Saint-Venant model in Egs. (13), we can formulate the second
Piola—Kirchhoff stress in the reference configuration on the form

S =Ly : [%(FT - F = [F))" - Fh(e)), (B.2)

where the tangent operator of the second Piola—Kirchhoff stress is
obtained as

Ly(e) = IO (LFR @I @U@ ) : B : (LF @I &IF )1 ).
(B.3)

Finally, we express the tangent operator of the first Piola-Kirchhoff
stress as

L(F,c) = [F®I] : Ly(c) : [FT ® I1+ IQS(F,c). (B.4)
2 Here, we introduce the open product operators (B ® C);;; = B;;Cy,
(BRC),;y = ByC; and (BRC),;, = B;Cj,, for second order tensors B and

C, and the base dyad m, = e, ® e, for basis vector e, in the L-direction.
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Appendix C. Homogenized tangent stiffness

To establish how the mechanical properties of the composite vary

with he state of lithiation, ¢, we consider P linearized w.r.t. F. Thereby,

we express the tangent stiffness as

Foox dp

L c, F} = - (C~1)
te. F) dF

The linearized form of Egs. (4) and (5) become that of finding du® € U
such that

1
12x gl Joy g

6w @Vl : Lc, F+u* ®Vy) : [du’ ® V,]deR,

+|sz1 |/ [6u' ® V] : L(c, F+u* @ Vy)d2y : dF =0 Vou' € Up,
X0

(Cc.2)
and expressing
dp = Q; L. F +u* ® Vy)dQy : dF
1 12x ol Joy <3
" Lic, F+u ®Vy) : [du® ® V,1d2y.
12x 0l Jayg

Since F and u*{F} are fixed, we utilize the linearity of Egs. (C.2)
and (C.3) to express dF = ¥,  e;®e;dF;; > du* = ¥, ; 8 F ,dF}dF;,,
where the sensitivities a0/ e Up are solved from
1
12x 0l Jayg

Bu* ®Vyl : L: [0 @V,1de, =

, (C4)

- [6u®* ®Vy]: L
12 gl Jayg X

D le; ®e;1d2y  Véu' € Ug

for i, j € {1,2,3)?

=2 |9m|/

= (Z _/ L: [e; ®e)+ @ ®Vy)ld2y ®[e[®ejj> : dF.
=~ 12xl Joyq

. Thereby,

L: (e ®e)+ @ ®Vy)ld2ydF,

(C.5)

Eq. (C.5) represents an exact differential. Thus, we conclude that dP =

L(c, F) : dF, where the tangent stiffness is

L= Z i’(ij) ®e e, (C.6a)
ij

and

P _ 1

/ Le, F+us®@Vy) : [(e; ®e)) + (@ ® Vy)ld2y.
Qxn 2xn

(C.6b)

The tangent stiffness as expressed in Eq. (C.6a) is described in the refer-
ence configuration Q2y. To express the stiffness tensor in the deformed
configuration Qy — Q, we express the apparent small strain Hooke
tensor corresponding to an updated Lagrangian formulation as

E= UIQF: L: UQF'] €7
In order to analyse the results, we identify the apparent transversely
isotropic parameters E;, E; and G,;, and Poisson’s ratio v,;. Ex-
tracted from the optimization problem formulated as

min
Ep.Er.Grripr

\/Z(E(EL, Er,Grr. i) — B2 (C.8)
ijkl

where E(E;, E;, G r,V,r) is the (explicit) parametrized fourth order
elastic stiffness tensor pertinent to transverse isotropy.
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