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BUCHSBAUM-RIM MULTIPLICITIES
AND RESIDUE CURRENTS

Rahim Nkunzimana

Department of Mathematical Sciences
Division of Algebra and Geometry
Chalmers University of Technology and the University of Gothenburg

Abstract

Let f be a holomorphic (r X m)-matrix defined near the origin in C"
and with full rank outside the origin. To the submodule N of Oj
defined by the image of f there is a notion of multiplicity called the
Buchsbaum-Rim multiplicity of N. This is the leading coefficient of a
Hilbert polynomial of a certain graded algebra defined from N. In the
special case when f is a row matrix, the image is given by the ideal in
Oy defined by f and the Buchsbaum-Rim multiplicity coincides with
the classical Hilbert-Samuel multiplicity.

In this thesis we represent the Buchsbaum-Rim multiplicity egg (V)
of N in terms of (residue) currents in the special case when the ma-
trix f is block diagonal. More precisely, we prove that the point mass
epr(V)[0] factors into a product of a smooth form and a residue cur-
rent associated to the so-called Buchsbaum-Rim complex of f. This
generalises a result in [And05], where a similar factorisation is proven
for row matrices and Hilbert-Samuel multiplicities. When f is block
diagonal, the Buchsbaum-Rim multiplicity is given as a sum of so-
called mixed multiplicities. By King’s formula, these multiplicities
can be expressed with mixed Monge-Ampére products. We show that
the mixed Monge-Ampeére products can be represented as the product
of the smooth form and residue current defined from the Buchsbaum-
Rim complex of f.

Keywords: Buchsbaum-Rim multiplicity, mixed multiplicity, Buchsbaum-
Rim complex, residue current, holomorphic morphism, Mongé-Ampere
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Chapter 1

Introduction

Let X be a neighbourhood of the origin 0 € C™ and consider a tuple
f = (f1,--., fm) of holomorphic functions defined on X such that
Z(f) == {z € X|f(2) = 0} = {0}. Let F be a trivial holomorphic
bundle over X with rank m and fix a frame e = (e, ..., e,,) with dual

*

frame e* = (e}, ..., e},). We can then view f as a section of the dual

T m
m
f=>_ fei
k=1

The morphism f : F — O, where O is the sheaf of holomorphic
functions on X, then coincides with contraction d; with the section f,

bundle F* by writing

which is a map defined by
drer = fr

The contraction d; : F© — O can be extended to a differential §; on
the exterior algebra H := AF, cf. (2.30). This gives rise to the Koszul
complex (H, ) of f, which is the complex

p2:=0y p1:=0¢
- E—

00— H, = AmF &% H =F

HO Z:O
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From this data, Andersson constructs in [And04] a residue current RY
associated to f, which is a (0, n)-current with values in A"F" and sup-
port on Z(f) = {0}. The coefficients of the residue current R/ are the
so-called Bochner-Martinelli type currents, as constructed in [PTY00].
In particular, when m = n and f defines a complete intersection, the
current R/ is

where O(1/f,) A --- AO(1/f1) is the classical Coleff-Herrera product,
constructed in [CHT78|.

The ideal Z = (f,..., fm), defined by f, is Artinian with support
at the origin. There is a notion of multiplicity of the ideal, called
the Hilbert-Samuel multiplicity e(Z). A consequence of the classical
King’s formula is that the mass at the origin of the Monge-Ampére
product (dd®log|f|*)" (see Section 2.2) coincides with e(Z), i.e.

/{ | @l 1) = () (11)

Therefore, this mass is sometimes taken as an analytic definition of
the Hilbert-Samuel multiplicity.

The starting point of this thesis is [And05, Theorem 1.1] where An-
dersson proves the formula

doR! = e(T)0], (1.2)

where dy = dp;---dp, = (dos)". Consider the special case when
the dimension n = 1 and F' is a trivial line bundle with frame e,
and fe* € O(F*). Then f = z% for some positive integer a and
a nonvanishing holomorphic function g. The ideal Z defined by f
has multiplicity e(Z) = a. The residue current is the (0, 1)-current
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RF =8(1/f) ®e, cf. (2.17). In this case, (1.2) becomes!

1 -1
—0— Ndf = al0 1.3
S0 A = al0) (1.3
which can be viewed as a smooth version of the argument principle
(see Remark 2.11).

We now consider the case when f is a holomorphic (r x m)-matrix
on X such that Z(f) = {0}, where Z(f) is the set where f does not
have full rank. We let E, ) be trivial holomorphic vector bundles over
X of rank m and r, respectively. Let e = (eq,...,e,) be a frame for
FE and € = (g1,...,&,) be a frame for @), with dual frame e* and &*,
respectively. We can then identify f with a morphism f: E — @ by

f = Zkagé‘k ®6z.

k=1 (=1

letting

where fi, are the functions appearing in the matrix f. In a similar way
as before, there is an associated complex (H, ¢), called the Buchsbaum-
Rim complex of f (see Section 3.1), such that f is the first map in the
complex. When r = 1, so that f is just a row matrix, this complex
coincides with the Koszul complex. We equip H with a trivial metric
and connection. In [And06], Andersson constructs a residue current
R’ (see Section 3.2) associated to the matrix f from this complex.
In fact, R/ is a current with support in Z(f) = {0} and values in
Hom(Hy, H,), i.e. we obtain a matrix of currents. We note also that
doR/ is a current with values in Hy ® Hi. When r = 1, we have
Rf = Rf. We are interested in studying the current tr(deR?) that
generalises the left hand side of (1.2).

Since f has full rank outside the origin, the module M = O(Q)/im f
is Artinian with support at the origin. For such a module there is
a multiplicity called the Buchsbaum-Rim multiplicity egg(M) (some-
times written egg (im f), see Section 2.1). When r = 1, then im f = Z,
M = O/Z, and it holds that egr(Z) = e(Z).

!The order of df and 9(1/f) is explained by a superstructure, see Section 2.4.
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We now consider the special case when f is block diagonal with each
block being a row matrix fi, i.e. we can decompose E as a direct sum
E = @] _,Ej, of trivial holomorphic subbundles Ej, and write

f:ka®5k
k=1

where fr € O(EY) (or rather, the trivial extension of this section to
a section of E*). We also assume that fy satisfies Z(f;) = {0}. Let
Z; be the ideal defined by f, and note first that the ideals Z, are
Artinian. Further, it holds that M := O(Q)/im f = &},_,0/Z;. Our
main result is the following extension of (1.2).

Theorem 1.1. Assume f is a block diagonal (r x m)-matriz where
each block is a tuple fi, such that Z(fy,) = {0}. Let R/ be the residue
current associated to the Buchsbaum-Rim complex (H, ) defined from
f. Then it holds that

1

iy M(dPRT) = emn(M)[0], (1.4)

where do = dpy -+ dp, and M = O(Q)/im f.
When f is a tuple of functions, Andersson’s proof of (1.2) relies on
the following factorisation

1oy (dd°log | f|*)" = dpR!, (1.5)

(2mi) n!
and our proof rests on the following generalisation.

Theorem 1.2. Suppose we are in the situation of Theorem 1.1. Then
it holds that

1

@ri)nl tr(dpRT) = Y Loy (dd°log |f[F)”, (1.6)

aeN"
|a)=n



where

(dd*log | f|*)™ = (dd"log | fi[*)* A -+ A (ddlog | f[*)*.

For r Artinian ideals Z,,...,Z, supported at the origin there is a
notion of multiplicity e,(Z1,...,Z,) called the mixed multiplicity of
type a € N (see Section 2.1). When M = &;_,0/ T, as in our
situation, the Buchsbaum-Rim multiplicity eggr (M) is calculated from
the mixed multiplicities as

epr(M) = Y ea(Zy,.... I,). (1.7)

laf=n

If f is a matrix as in our situation, then by polarising King’s formula
we obtain

| @rog Py = oz, L), (1.8)
{0}

see Proposition 2.3. Thus, from (1.7)-(1.8) together with Theorem 1.2
we immediately obtain Theorem 1.1.



Chapter 1. Introduction



Chapter 2

Preliminaries

2.1 The Buchsbaum-Rim multiplicity

In this section we recall some basic facts and the definitions of the
multiplicities that we consider. For a general reference, see e.g. [Rob98,
Chapter 2].

Let (A,m) be a Noetherian local ring of dimension n. Let I C m be
an m-primary ideal. Then A/I has finite length. Moreover, for ¢ € N

large enough
length(A/I%)

is a polynomial in ¢ of degree n. The Hilbert-Samuel multiplicity e(I)
is defined as the following normalisation of the leading term coefficient

e(I) := n! coeff(£",length(A/I*))

where ¢ > 1. In fact, the multiplicity depends only on the integral
closure I of the ideal I. An element x € A is integral over I precisely
if there is a monic equation

2+ az™ o 4a,=0

with a; € I* and the ideal I consists precisely of all z € A that are
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integral over I. Note that / C I. An ideal J C I such that I C J, i.e.
such that all elements of I are integral over J, is said to be a reduction

of the ideal I. If I, J are m-primary ideals such that .J is a reduction
of I, then e(J) = e([).

Suppose that N C mF is a submodule of a free A-module F' of rank r
such that M = F/N is of finite length. The symmetric algebra S(F)
can be identified with the polynomial ring A[Xy,..., X,] as follows.
Fix a basis fi,...,f, of A. Let ¢ : S(F) — A[Xy,...,X,] be the
homomorphism ¢(fx) := Xi. The Rees ring R(N) of N is the subring
generated by o(N) C A[X7, ..., X,]. Let S;(F) and R,(N) denote the
submodules of S(F') and R(N), respectively, containing homogenoeus
polynomials of degree ¢. For large enough ¢ € N

length(Se(F")/Re(N))

is a polynomial in ¢ of degree n + r — 1. The Buchsbaum-Rim multi-
plicity egr(M) is then defined as

epr(M) := (n+ 1 — 1) coeff (¢! length(S,(F)/R¢(N)) (2.1

where ¢ > 1.

Let I1,...,I, C m be m-primary ideals. For any ¢ = (¢1,...,(,.) € N,
it holds that
e(Iy' - I7)

is a homogeneous polynomial of degree n in ¢1,...,¢.. Let a =
(av,...,) € N” be a multi-index with |a|] = n. The mixed mul-
tiplicity eo (11, ..., I.) of type « of the ideals Iy,. .., I, is defined as

(Z) eallt,. .., 1) := coeff (€51 --- 007, e(If - ). (2.2)

In fact, we can calculate the mixed multiplicity as the Hilbert-Samuel
multiplicity of an ideal by the following proposition (see e.g. [Swa07,
Lemma 2.5]).
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Proposition 2.1. Let I1,...,I, € A be m-primary and o € N a
multi-index with || = n. Let J be the ideal generated by oy generic
elements of I, as generic elements of Iy, ..., a, generic elements of
I.. Then

eall,.... 1) =e(J). (2.3)

Note that, as a consequence, for any m-primary ideal I it holds that
ea(l,..., 1) =e(I), (2.4)

for any o € N". This is because the ideal J constructed in Proposi-
tion 2.1 is a reduction of [.

Lemma 2.2 (Kirby-Rees, [KR96|). Let (A,m) be a local Noethe-
rian ring of dimension n. Let I, ...,I. be m-primary ideals and let
M =@,_, A/, so that M is an A-module of finite length. Then the
Buchsbaum-Rim multiplicity is given by

epr(M) = > eu(l1,.... 1), (2.5)

la|=n
where e, is the mixzed multiplicity of type o € N”.

Let X be a neighbourhood of the origin 0 € C" and consider a
morphism f : E — () of trivial holomorphic bundles over X. If
Z(f) = {0}, where Z(f) is the set where f is not surjective, then
M = O(Q)/im f is an Artinian Ox-module with support at the
origin, i.e. M, = 0 if z # 0. It can thus be identified with the
module M := M, which is a module of finite length over the local
Noetherian ring (Op,mg). We can therefore define the Buchsbaum-
Rim multiplicity egr(M) of M as egr(M) = epr(M). Similarily,
when @ is the trivial line bundle, so that f = (f1,..., fim), we can
define the Hilbert-Samuel multiplicity of the Artinian ideal Z that f
defines, as e(Z) = e(I), where I = Z,. The main result we need from
this section is that if f is block diagonal as in Theorem 1.1, so that
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M =@;_,0x/ Iy, then

epr(M) = Y ea(T1,....I,). (2.6)

laj=n

2.2 Monge-Ampére products

Throughout, let X be a neighbourhood of the origin 0 € C". Let
Y1, . .., ¥, be smooth plurisubharmonic (psh) functions on X which are
locally bounded outside the origin. Then their mixed Monge-Ampére
products (cf. [Dem12, Theorem II1.4.5|) are the currents defined re-
cursively as

ddy A -+ A ddpy = dd® (rddPp_y A -+ A ddapy) (2.7)

for 1 < k < r, and where d and

1 _

d° = (0—0)

4w
are taken in the sense of currents. These are closed and positive cur-
rents, and in particular, this means that they are order 0 currents,
i.e. they are currents with measure coefficients. If u} is a sequence of
psh functions decreasing to 1y, for each £k = 1,...,r, then the mixed
Monge-Ampére product can be obtained as the limit (cf. [Dem12, The-
orem II1.4.5 & Proposition 111.4.9])

dd“t, A+ Addyy = lim ddul A - A ddeuy . (2.8)
—00

In view of this, it is clear that the Monge-Ampére product is multi-
linear and symmetric in the factors v;. Sometimes we will use the

following multi-index notation. Suppose 1, ...,, are functions as
above and that a = (ay,...,a,) € N is a multi-index. Then we
define

(dd“)® = (ddr)™ A - A (ddYy)™ (2.9)
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We will consider the typical case ¢, = log |fr|?> where fi. are tuples

of holomorphic functions defined on a neighbourhood X of the origin
0 € C", such that Z(fx) = {0}. Then the ideal Z; defined by f is
Artinian with support at the origin, for £ = 1,...,r. The main result
we need from this section is the following well-known consequence of
polarising King’s formula (1.1). We provide a proof for the convenience
of the reader.

Proposition 2.3. Let X be a neighbourhood of the origin 0 € C".

Suppose fi are tuples of holomorphic functions on X such that Z(fy) =
{0} and let Iy, be the ideal defined by fi, for k =1,...,r. Then for a
multi-index o € N" such that |a| = n, it holds that

/ (ddlog | f11)* = ea(Ty, ..., I,). (2.10)
{0}

Note that the left hand side makes sense since the Monge-Ampére
product has measure coefficients. As an immediate consequence of
this proposition together with (2.6) we get the following.

Lemma 2.4. Let f;, be tuples of holomorphic functions on a neighbour-
hood X of the origin 0 € C" such that Z(fx) = {0} fork=1,...,r.
Then it holds that

Ly > (ddlog |f[*)* = epr(M)[0] (2.11)

|lal=n

where M = &,_,0/ Iy and Iy, are the ideals defined by fy.

Proof of Proposition 2.3
Throughout this section, we let

o/ = {Artinian ideals J C Oy supported at the origin} U {Ox}.

Then o/ is a commutative monoid with the product defined by mul-
tiplying ideals. For Ji,...,J, € &/ we define m(J,...,J,) as the
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number
m(Jy, ..., Jn) = /ddc log [g1|* A -+ A dd€log |g,|? (2.12)
{0}
where gr, = (gr1, - - -, Gkm,,) are tuples generating J.

Proposition 2.5. The function m : &/ — R is well-defined, sym-
metric, and multilinear.

Proof. To prove that m is well-defined, we need to show that it is
independent of the generators of the ideals. Let J; = (ug,...,u,) =
(v1,...,vy) € &, and J = (Gk1s---,Gkm,) € &, for k = 2,...,n.
Since the Monge-Ampére product is symmetric (see Section 2.2) it
suffices to show that

/ dd”log [ul* A dd°log|gaf* A -+ - A dd°log |g,|* =
{0}

/ dd® og [v]2 A dd° Tog |gs|2 A - - - A dd®log |gu[2. (2.13)
{0}
Now, note that u = vA for some holomorphic matrix A with positive
rank on X. Hence, we have

log [ul* < log |v|* + ¢

where ¢ = log||A2, is a locally bounded function. Similarily, since
v = uB for some B of positive rank, we get

log |[v]* < log |uf? + v
for some locally bounded 1. Thus,

log [ul]>

==0 log [v]?

and thus, (2.13) follows from the first comparison theorem (see [Dem12,
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Theorem II1.7.1]). Hence, m is well-defined.

That m is symmetric follows immediately from the fact that the mixed
Monge-Ampeére product is symmetric.

It remains to show that m is multilinear. Since m is symmetric, it is
enough to show

m(IJ, Jo, .. Jy) =m(, oy Ju) +m(J, Jay . J). (2.14)

Suppose I = (uy,...,up), J = (v1,...,v,) € &/. Then IJ is gen-
erated by hgy := ugvy, for Kk = 1,...,pand £ = 1,...,q. Let h =
(ha1y -y higs oo hp1,y .oy hyy). Then clearly |h]? = |ul?|v]?, and hence,
log |h|> = log|u|* + log |v|>. Thus, (2.14), follows from the multilin-
carity of the mixed Monge-Ampére product (see Section 2.2). This
finishes the proof. [ |

Now, let v € N" be the multi-index with v, =1 for k =1,...,n. For
Ji, ..., Jn € o we define e(Jy, ..., J,) as the number

e(J1, . d) = ey (I, J). (2.15)

Proposition 2.6. The function e : &/™ — R is symmetric and multi-
linear.

Proof. That e is symmetric is clear in view of (2.2).

Let Jy,...,Jn_1,1,J € &/. Then by [Ree84, Lemma 2.5 we have
linearity in the last factor

E(Jl, .. .,Jnfl,IJ) = €(J1,. . .,Jnfl,[) +€(J1, .. .,Jnfl,ej).
Since e is symmetric, it follows that it is multilinear. [ |

We want to show that e = m, and to do this we invoke the following.

Proposition 2.7. Suppose 11,1, : /™ — R are symmetric and mul-
tilinear such that for all a € o/ we have ¥y(a,...,a) = Pq(a,...,a).
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Then ¢1 = ¢2.

This is immediate from the following elementary polarisation formula
(written in multiplicative notation rather than the usual additive,
since we are multiplying ideals).

Proposition 2.8. Suppose <7 is a commutative monoid and let ¢ :
A" — R be symmetric and multilinear. Define ¥ : o/ — R by
U(a) =1(a,...,a). Then it holds that

@Z)(al,...,an):%Z(—l)k > Wag-ay).

1<i1 < <ig<n

Proof of Proposition 2.3. The functions e,m : &/ — R are multi-
linear and symmetric. From (2.4) we have for any [ € ./ that
e(,...,I) =e(I). From King’s formula, (1.1), we get m(/,...,I) =
e(I), whence m(I,...,I) = e({,...,I) follows. Thus, from Proposi-
tion 2.7 we conclude that e = m.

Now, given ideals I,..., I, € &/ and a multi-index o € N” as in the
formulation of Proposition 2.3, we define Ji,...,J, € & as follows.
Let

Jo=1, fork=1,..., 0
Jk-:.[27 fork;:oz1+1,...,a2

Jo=1., fork=oy+---+a_1+1,...,00+ -+ q,.

Let v € N” be the multi-index with v, =1 for k = 1,... ,n. It follows
from Proposition 2.1 that

er(Jr, o Jn) = eallh,. . ).
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As a consequence, e(Jy, ..., J,) = ey (I, ..., ), whence

/ (dd‘log ]f]Q)O‘ =m(J1,...,Jn) =
{0}
6(]1, ey Jn) == ea(Il, e ,IT)7 (216)

which is precisely what we wanted to prove. [ |

2.3 Residue currents

A function x : Ryg — Ryg is called a smooth approximand of the
characteristic function x[1,«) of the interval [1,00), denoted

X~ X[LOO))

if x(t) =0 fort < 1and x(t) =1 for t > 1.

Let f be a holomorphic function on a manifold X such that Z(f) :=
{f = 0} has positive codimension. Herrera and Lieberman proved in
[HL71] that the limit

lim §
e—0 |f|2>e f
exists for test forms ¢ and defines the principal value current 1/ f of f.
From the above limit, it follows that the current d(1/f) is supported
at Z(f), and such a current is called a residue current. Let s be a
generically non-vanishing holomorphic section of a Hermitian vector
bundle over X such that Z(f) € Z(s). If x ~ X[1,00) then we can
regularise these currents (see e.g. [AW18]) as

L_xUsP/e) 4 gL _ ox(sl’/e) (2.17)

f f f f

There are several generalisations of this type of currents. For instance,
we can define the principal value and residue of a generically non-
vanishing holomorphic section f of a line bundle L — X. Moreover,
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Coleff and Herrera introduced in [CH78| products of the form

1 1 -1 =1

— i —O)— A ANO—.

fr fs—i—l fs fl
When m = codim Z(f), where f is the tuple f = (f1,..., fm), then
the Coleff-Herrera product 9(1/fn)A---AO(1/ f1) is anti-commutative
and is supported on Z(f).

(2.18)

Pseudomeromorphic currents

For details and a general reference of the material presented in this
section and the next, see e.g. [AW18|. To get a coherent framework
for a calculus of residue and principal value currents the sheaf PM
of pseudomeromorphic currents on X was introduced in [AW10] and
further developed in [AS12]. It consists of direct images under holo-
morphic mappings of products of test forms and currents on the form
(2.18). Moreover, PM is closed under 9,  and multiplication with
smooth forms. Further, pseudomeromorphic currents satisfy the fol-
lowing dimension principle.

Proposition 2.9. Suppose i € PM has bidegree (p,q). If p is sup-
ported on a subvariety Z C X such that codim Z > q, then pu = 0.

Furthermore, pseudomeromorphic currents admit natural restrictions
to constructible subsets of X. In particular, if V' C X is a subvariety
and s is a holomorphic section of a Hermitian bundle over X such that
V = {s = 0}, then the restriction p|x\y of i to the open set X \ V
has an extension 1x\yu to a pseudomeromorphic current on X. This
current can be obtained as a limit of pseudomeromorphic currents

Lywp = limx(|s|*/e)n (2.19)

where X ~ X[1,00). In fact, the limit is independent of the choice of
x and s. It follows that 1y p := p — 1x\yp is a pseudomeromorphic
current on X supported on V.
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Almost semi-meromorphic currents

A semi-meromorphic current is a current of the form w/f where f is a
generically non-vanishing holomorphic section of a line bundle . — X
and w is a smooth form with values in L. An almost semi-meromorphic
current a in X is a current of the form

a=r. <§) (2.20)

where 7 : X’ — X is a modification and w/f is semi-meromorphic.
More generally, if E is a holomorphic bundle over X, we say that a
current valued section a is almost semi-meromorphic if there is a mod-
ification 7, a smooth form-valued section w of L ® n*FE, and a holo-
morphic section f of a line bundle L — X, such that a = m,.(w/f).
By definition, an almost semi-meromorphic current is a pseudomero-
morphic on X. Hence, da and da € PM for any a € ASM(X). In
fact, we have the following (see e.g. [AW18, Proposition 4.16]).

Proposition 2.10. Suppose a € ASM(X) is smooth outside a subva-
riety V. C X. Then da € ASM(X) and 1x\y0a € ASM(X).

Let ZSS(a) denote the Zariski singular support of a, i.e. the smallest
Zariski-closed set V' C X such that a is smooth outside V. Then the
pseudomeromorphic current

7"(&) = 1zss(a)8a (221)

is the residue of a. Note that the residue current 9(1/f) considered
above is precisely the residue of the almost semi-meromorphic current
1/f. Almost semi-meromorphic currents have the standard extension
property (SEP), which means that for a € ASM(X) and any subvariety
V C X of positive codimension we have 1ya = 0. Thus, if s is a
section of a Hermitian bundle with ZSS(a) € {s = 0} and x ~ X[1,00)
then we have the following regularisations of the residue of an almost
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semi-meromorphic a
1 A 2 Rt 2
r(a) —ll_r)%ax(|8| /8)/\a—ll_I>I(l)dX(‘S| /e) A a. (2.22)

The set ASM(X) of almost semi-meromorphic currents in X in fact
forms an algebra over the smooth forms &* on X. If a,b € ASM(X)
are smooth outside a subvariety V' C X, then there is a current A €
ASM(X) that coincides with a A b outside ZSS(a) U ZSS(b). By the
SEP it then follows that a A b extends as an almost semi-meromorphic
current in X. Note that in the special case when w € &° and a €
ASM(X) then

rwAa)=wAr(a) (2.23)

follows immediately from the SEP.

2.11 Remark. Suppose X is a neighbourhood of the origin 0 € C.
Suppose [ € Oy satisfies Z(f) = {0} so that f = 2®h, for some non-
vanishing h € Oy. Since the current 9(1/f) A df is a (1,1)-current
supported on Z(f) = {0} it acts on any smooth function g on X. Let
g € Ox and suppose X ~ X[,0) such that x(t) =1 for t > 1. Then

from (2.17) the action <5% A df, g> of the current 9(1/f) A df on g is
obtained as the limit as e — 0 of

/ ox(fP/e) ndf _ X(fP/e) Ndf _
X f |2<5 f
X(fP/e)df _ gdf _ ., .
/|f|2—ag f = [ rog(0)

where we have applied Stokes’ theorem in the second equality, and in
the last equality we invoke the argument principle. Hence, we can view
(1.3) as a smooth version of the argument principle, since it in fact
holds for any smooth g. With this perspective, (1.2) is a generalisation
of the argument principle to a tuple f with an isolated zero at the
origin in arbitrary dimension n.
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2.4 Superstructure

In the sequel, we work with currents and forms with values in graded
holomorphic bundles. Endowing these bundles with a so called su-
perstructure gives a coherent framework for how to manipulate these
objects.

Suppose H = &4_H}, is a graded holomorphic bundle over a complex
manifold X. We get an induced grading on the endomorphism bundle

EndH = (P (EB Hom(Hg,Hk)> =: PEnd, H. (2.24)

v=—N \v=k—/

We get a superstructure by taking these gradings modulo 2 giving us
a 7 /27-grading

H=H,®H_, EndH =End, H®End_H

where H,, End, H denote the direct sum of the subbundles of even
degrees and H_,End_ H denote the direct sum of the subbundles of
odd degrees of H and End H, respectively.

Suppose the bundle H is equipped with a product ® that respects the
grading, so that the smooth sections &(H) of H is a graded algebra
over the smooth functions & on X. Then, with the superstructure, we
can extend this product to the smooth form-valued sections &*(H) of
H, turning &°*(H) into a graded algebra over smooth forms &* on X
as follows. First, we give &*(H) a grading. If & = w ® £, where w is
a homogeneous form and £ is a homogeneous section of H, then we
denote by deg o the total degree of «

deg v ;== degw + deg€.

Given a homogeneous form w and a homogeneous form-valued section
W ® &, we turn &°(H) into a right-module over &° by

(W ®E @w:= (—1)%BEdew () A W) R E.
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Then, for homogeneous o = w ® £ and f = W' ® £, we define

a® B — (_1)deg§degw’w A w/ ® 5 ®€/
extending the product to a product on &*(H) that respects the grad-
ing.

Similarly, given homogeneous o = w ® @, with ¢ € &*(End, H), and
B =uw ®&, we define

a(B) = (~1)* P9 L AW @ p(€). (2.25)

Moreover, the form-valued sections &*(End H) of the endomorphism
bundle naturally has structure of a graded algebra over & under com-
position of maps, and we can extend this to a graded algebra over &*
as above.

Let Dy be a connection on H. Then for form-valued sections «, 5 €
&*(H) we have a Leibniz rule

Dy(a® B) = Dya® f+ (—=1)*8“a @ Dyp. (2.26)

We also get an induced connection Dg,q on End H which on form-
valued endomorphisms a € &*(End H) is defined by

Dgpqae = Do oo — (—=1)%8%q 0 Dp. (2.27)

This connection also satisfies Leibniz’ rule, i.e. for a, 8 € &*(End H),
we have

DEnd(Oéﬂ) = DEndOéﬂ + (—1)degaOéDEndB. (228)
Finally, note that a form-valued section o € &*(H) defines an endo-
morphism
af) =a®p (2.29)
and in fact

Dgnaa(8) = Dpa(fB).
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2.5 The Koszul complex and residue cur-

rent

Let X be a neighbourhood of the origin 0 € C™ and let f = (f1,..., fim)
be a tuple of holomorphic functions defined on X such that Z(f) :=
{f =0} = {0}. Let F be a trivial holomorphic rank m bundle over
X and fix a frame e = (ey, ..., e,,) with dual frame e* = (e}, ..., €},).
We view f as a section of the dual bundle F™*

fi=Y e
k=1

Let 07 be the map given by contraction with f

5fek = fk
Contraction with f extends to a map on the exterior algebra AF of F
by defining
Sp(ei, Ao New) =Y (=) &, (2.30)
k=1

where the circumflex means that e;, has been omitted from the exte-
rior product e;, A --- Ae; . Note that d; is anti-commutative, i.e. for
homogeneous &, n € &(AF)

07(E A1) = 07(€) Am+ (=1)BE A b (n). (2.31)

As a result, 6y defines a differential, 5; = 0, on the exterior algebra.
The Koszul complex associated to f is the complex

0 — AmF L,y ... M Y, Yo

We now recall Andersson’s contruction in [And04] of the residue cur-
rent R/, see also e.g. [AW18, Example 4.18|. First, we view the Koszul
complex H = ®,H;, := ®,A*F as a graded holomorphic bundle with
the product ® being the usual exterior product A, and we equip H
with a superstructure as in Section 2.4. We equip H; with a trivial
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metric and connection d with respect to the frame eq, ..., e, and take
the induced metric and connection on H. Let 7 be the section of H;
of minimal norm such that f(7) = 1 outside the origin. In the given
frame, we can then write

_ fi zm: (2.32)

Note that 7 € &%, (o, (H) is odd and Ot is even. Moreover, one can
show that 7 extends across the origin as an almost semi-meromorphic
current. Since ASM(X) is an algebra, we get from Proposition 2.10
that the section v, € &%, (5y(H) defined by

vy =T A (O7)"! (2.33)

extends to an almost semi-meromorphic current V,, across the origin.
The residue current R/ associated to f is then the residue of the almost
semi-meromorphic current V,,

R = r(V}).

Let ¢, = 0, k =1,...,m, be the morphisms appearing in the Koszul
complex and
dy :==dpy -+ - dp, = (doy)".

Then, as noted in the introduction, the residue current RS satisfies
the formula (1.2). Note that §; is an odd section of &*(End H) and
that from (2.27) we get

dd = g4 (2.34)

where 04 is contraction with the section > )", dfy ® ef € &*(H*), so
that 04 is an even section of £*(End H), cf. Section 2.4. For the sequel,
we need the following factorisation of the Monge-Ampére product.

Proposition 2.12. For any ¢ > 1, we have

(dd°log | £]?)" = W(Sdf ((aT) ) . (2.35)
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outside the origin.

Proof. We give a proof by induction. Moreover, we get from (2.30)
together with (2.25) that

dar (O7) = <|f|2 kadfk> = (27i)dd log | f|?,

which proves the base case ¢ = 1.

Suppose now that (2.35) holds for some ¢ > 1. For ¢ 4 1 we have

Syt ((Om) ) = 0gp (64 ((07)1)) = (£ 4 1)83 (645 (D7) A (O7)1) =
(€ + )04 (D7) A 65 (D7) = (2m0) (£ + 1)) (dd1og | £17) T, (2.36)
where the third equality follows from the fact that 5df(57) is a pure

diffferential form, whence d4(0qr(07)) = 0. By induction, this proves
the result. [ |
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Chapter 3

The Buchsbaum-Rim residue
current

In the given setting, we briefly recall Andersson’s construction in
|And06| of the residue current R/ associated to a holomorphic mor-
phism f : E — @ of bundles E, () over a manifold X. This residue
is constructed from a complex (H,¢), the so-called Buchsbaum-Rim
complex associated to f, consisting of holomorphic bundles over X.

3.1 The Buchsbaum-Rim complex

Let X be a neighbourhood of the origin 0 € C" and let f = (fxe)
be a (r x m)-matrix of holomorphic functions fy, on X such Z(f) =
{0}, where Z(f) is the set where f has sub-optimal rank. Let E,Q
be trivial holomorphic bundles over X of rank m and r and with
frames ey, ..., e, and eq,...,&,, respectively. We identify f with the
holomorphic bundle morphism f : F — @ defined by

F=> fuer@ep

k=1 =1
We now define the Buchsbaum-Rim complex (H, ) associated to f.

25
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Let Hy:=Q, H, := FE and for v > 2
H,:=N""1'H ® S*"*(H}) @ det H;. (3.1)

For v > 2, a section n € &(H,) can be written in the frame e, with
dual frame €7, as
=) Na®e Qe

aeN"
la|=r—2

with 7, € &A™~ 1H;) and where

* 1 *\ v *\ QU
= E) ()

« T

Write f =>",_, fr ® e where f;, € O(H{) correspond to the rows in
f. Let s, be the contraction with f;, which extends to the exterior
algebra AH; of Hy, cf. (2.30). We can then view f as the morphism

f:Z(ka@Sk 1H1 —>H0‘ (32)
k=1

which acts on sections n € &(Hy) by

Z Ofy (m)ek.
k=1

Let € be the dual frame of €;, and define €* = ] A --- A g}. Define a
morphism
6F:5fr"‘5f1pIH2—>H1, (33)

where p : det H] — Oyx is the morphism defined by ¢* — 1. Let
u € O(Hp) and write u = >, _, ugey. Contraction o, : Hy — O with
u extends to a map on the symmetric algebra S(H{)

Sulel, - +oer) = wcl, (3.4)
k=1
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where the circumflex means that €} has been omitted from the sym-
metric product €;, ---¢; . Note that §, is commutative, i.e. for v, w €

O(S(Hy)), we have
du(vw) = 0y (V)w + vy, (w). (3.5)

As a consequence,

5 (V) = kdy (v)vF L, (3.6)

Finally, for v > 3, we define morphisms

0= 040 : H,— H,_ (3.7)

k=1

which act on sections of H, as

I(ERu®e") dek €) ® 0, (u) @ e,

where £ € &(AH,) and u € &(S(H{)). We note that §2 = 0, §pd = 0
and fdp, which follows from the fact that the d, are anti-commutative
(2.31) while the 6., are commutative (3.5). Hence, we get a complex
(H, ) with

pr:=1Ff, pa:=0p, w:=0:H,—H, 1, v=>3 (3.8)

This complex is the Buchsbaum-Rim complex associated to f.

We define an auxiliary graded holomorphic bundle

A= (AH,)® S(Hy) ®@ (det Hy & O) (3.9)
with the grading induced from letting
deg(A*H,) =k, deg(S*(Hy)) =0, degO =0, deg(detH;)=—r+1.

(Note that the last one is non-standard.) We can define a product on
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E(A). For £,¢ € &(AHy), u,v € &(S(Hyp)) and a,b € &(det Hy) & &
(@u®a)®(®veb) = (AE)® (w)® (aAd)

where A is the usual exterior product and the concatenation uw is the
symmetric product in S(Hp). Note that the product ® respects the
grading, so that &(A) is a graded algebra over &. We equip A with a
superstructure and extend the product to £°(A) as in Section 2.4.

H::@Hy

veN

As a subbundle of A

inherits a grading with deg H, = v, as expected, and H is further
equipped with the superstructure inherited from A. We also equip Hy
and H; with trivial metrics and connections with respect to the frames
€1,...,eyn and e1,...,¢&,. of Hy and Hy, respectively. The Buchsbaum-
Rim complex inherits a trivial metric and connection d. The mor-
phisms f,dr and § extend to maps on form-valued sections of H (cf.
(2.25)). Note that with the superstructure all of these maps are odd
endomorphisms. As before, we get an even endomorphism

doy, = O, , (3.10)

cf. (2.34). Note also that J., is even and that dé., = 0. Moreover,
degp =r—1and dp = 0. Finally, in &°*(End H) we have the following
commutation rules

(505:—505, 5F06:—5O5F (kaéfe:_éfe(sfk
5fk552 = 55€5fk7 pafk = (_1)T_15fkp7 pa&k = 65kp‘ (3'11)
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3.2 The Buchsbaum-Rim residue current

Let o; be the minimal inverse of f : H; — Hp, i.e the section of
H, ® H§ such that if we write

T
gf = E Uk(ss;z
k=1

then o, € &x\(0}(H1) are the sections of minimal norms such that
outside the origin

fk<0'g) = 5kl- (312)
We also define the section ¢ € &x\ (0} (A" E) as

o=01 N No,.

Then the section 7 := 7 ® £* € &x\0}(A"E ® det Q*) induces a mor-
phism
T() =7®E&: Hi — Ha.

Note that dp(7) = 1. Finally, for v > 2, the section ¢ of H; ® Hj

defined by
o= Z o ® €,
k=1
induces morphisms
cl@u®e) =0 (@u®e): H, > H,4.

Note that of, 7 and o are odd sections of the auxiliary bundle A and
they define odd endomorphisms of H. Moreover, oy, 7 and ¢ (which
a priori are defined only outside the origin) extend as almost semi-
meromorphic currents across the origin, see [And06, Lemma 4.1].

Outside the origin we define a form-valued section u,, of Hom(H,, H,,)
(cf. (3.1)) by

Uy = (00)*" 2 @ 7@ doy.
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In the frame ¢, we can write

r

wy =), Y, TN N (00) @ @E" @iy, (3.13)
k=1 «aeN"
|a|l=r—2
where
(80)* = (Boy)™ A -+ A (a,)o". (3.14)

Note that we have used that 0o, is even, so that we can place the o-
terms in any order. The form-valued section u,, is of bi-degree (0,n—1)
and it is smooth outside the origin. In fact, since ASM(X) is an
algebra, we get from Proposition 2.10 that w, extends to an almost
semi-meromorphic current U, across the origin. The (Buchsbaum-
Rim) residue current R/ associated to the matriz f is then the residue
of this almost semi-meromorphic current

R :=r(U,)

and R’ is a (0,n)-current supported at the origin and with values in
Hom (Ho, H,).



Chapter 4

Proofs

Suppose now that we are in the setting of Theorem 1.1, i.e. f is a block
diagonal matrix of holomorphic functions on X where the blocks are
tuples f, satisfying Z(fx) = {0}. We get a decomposition £ = &} _, Ej,
of trivial holomorphic subbundles E, C E such that

f:ka@)é?k
k=1

with fr € O(Ef). In this case the sections o) defined in (3.12) are
precisely the minimal inverses of the tuples f (cf. (2.32)), since the sec-
tions fi of E* take values in different subbundles E} of E*. Let (H, ¢)
be the Buchsbaum-Rim complex of f and let dy be the (smooth)
form-valued section

dp =dpr---doy (4.1)
of Hom(H,,, Hy).

First, as noted in the introduction, Theorem 1.1 follows from Theo-
rem 1.2 together with Lemma 2.4.

To prove Theorem 1.2, we analyse the differential form tr(dpu, ), where
uy, is the form-valued section of Hom(H,, Hy) defined (outside the
origin) from the Buchsbaum-Rim complex, cf. (3.13). Since dyp is

31
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smooth, and u, extends to an almost semi-meromorphic current U,
across the origin, it holds that tr(dyu,) extends to the almost semi-
meromorphic current tr(dyU,) across the origin. Moreover, (cf. (2.23))

r(tr(deU,)) = tr(dpRY), (4.2)

where R/ = r(U,) is the residue associated to f, see Section 3.2.
We study the form tr(dyu,) and calculate the residue of its almost
semi-meromorphic current extension.

Proposition 4.1. Outside the origin, it holds that

tr(dapun) = (TL — 1)' Z Z (ak + 1)5dfk (O'k) VAN <5df (50))a, (43)

k=1 o«a€eN"
|a|l=n—1

where (84 (90))™ = (84, (901))™ A+ A (845, (00,)) ™"
Proof. Recall, from (3.8) and (4.1), that
dp = df dép(do)" 2.

We begin by calculating the differentials of the morphisms separately
(see (3.2), (3.3), and (3.7) for definitions of the maps). Throughout
the proof, we use (3.10) and the commutation rules (3.11) freely.

First,
df = Z(Sdfk X E.

k=1

Next, note that dp = 0. Hence, from Leibniz’ rule (2.28), we get

r

dop =Y (=1)"""0s, - 8az, -+~ Sp.p.

(=1

Lastly, dd = )", d4f, 0, , since dd., = 0. Hence the multinomial theo-



rem implies that

A

where 5[3 =60 55}; and 07 = 671 - - - 6P, Taking all of this together,

df1
we see that
- M —2 —
dp=Y " > (1) Z( 5 )5df25dfk55f5fr"'5fe”'5f1p5§®5k-
k=1 |B|=n—2

After expanding u,, as in (3.13), we find that

_9 _ L _
> (=t (n 3 >5df25dfk55f6fr <+ 0p, -+ 87, (0 A Doy A (90)7),
1Bl=n—2

is the coefficient of g5 ® d.: in dp(u,). Now, since dy,, is holomorphic,
it follows from (2.27) together with (3.12), that &y, (9o,) = 0, for any
m and p. Hence,

5f'r R gf\g .. '5f1 (5 A\ 3o'k AN (30)’8) = (—1)7“760'5 A 50'k N (50’)@
As a consequence, we see that
-2 8 5 a \8
dgpun Z Z ,6 5df£5dfk5df <Gg A 0oy, N (80) )

k,f=1|8|=n—2

r

By <”;1)5dﬁagf (00 (90)°)

=1 |a|=n—1

Finally, it follows from (2.36) that 52;&((50;{)0““) = )84, (01))*.
Similarly, we get

52}24_1 (Uk A (5ak)ak> = (ak + 1)!5dfk (0k> A (5dfk (5016))0%' (4'4>
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Moreover, since the f; take values in different subbundles FEj, it holds
that dgp, (Jo,) = 0 whenever k # (. Thus,

5dfk5((i)} (O'k AN (50‘)a) = Oé!(Oék + ]‘)5dfk (O'k) A (5df (50_))04
and the result follows. [ |

Note that the terms on the right hand side of (4.3) are almost semi-
meromorphic. Indeed, this follows from Proposition 2.10 since each
oy is almost semi-meromorphic (see (2.32)) and ASM(X) forms an
algebra. In fact, we have the following computation of the residue of
such a term.

Lemma 4.2. Suppose a € N is a multi-index with |a| =n—1. Then
r(0ap, (04) (97(00))") = (2mi)" Lgydd*log |fl* A (dd“log |f[*)* (4.5
where

(dd“log | f)* = (dd°log | fi]2)™ A -+ A (dd°log | £, ). (4.6)

To prove this lemma we need the following result.

Proposition 4.3. Let g = (¢1,...,9p) and h = (hy, ..., hy) be tuples
of holomorphic functions in a neighbourhood X of the origin 0 € C"
such that the ideal (g1,...,9,) € m and the ideal (hy,...,hy) is m-
primary, where m = (z1,...,2,) C Ox is the mazimal ideal at the
origin 0 € C". Then there is a positive integer Ny such that for any
integer N > Ny, the inequality |g|?> > e~V /2 implies |h|> > e N,
Proof. First note that since (hy, ..., h,) is m-primary, there is a posi-
tive integer a such that m® C (h). Now, from the inclusions (¢g) C m
and m* C (h) we get the inequalities |g| < Alz| and |z|* < BJh| for
some positive constants A, B. Thus, there is a positive constant C'
such that |h| > Clg|*.



Suppose now that |g|* > eV /2. Then we have

—aN

a e
h> > C?gf** > 022—a

efaN
2a

Hence, we can get an inequality |h]? > eV * by ensuring that C2 >

eN?. This inequality can then be rewritten as
N? > aN +alog2 —2logC

and we can take Ny to be the smallest positive integer such that this
inequality holds. This proves the proposition. [

Proof of Lemma 4.2. We compare the regularisation (2.8) of the Monge-
Ampére product with the regularisation (2.22) of the residue. With-
out loss of generality, we can assume k = r, since the Monge-Ampére
product is commutative (cf. (2.8)).

Write v, := log | f¢|?>. We regularise the current
10300, A (009"

as follows. Let p : R — R be a smooth, convex, increasing function
such that p(t) is constant for ¢ < —log2 and p(t) =t for t > 0.
Given a positive integer M, define py(t) = p(t + M) — M. For { =
1,...,r, we define u}! = pys o1, and note that u)! is a sequence of
plurisubharmonic functions decreasing to .. Then, by (2.8), we get

T = 00y, A (000)" = lim 90w A (BOuN")e. (4.7)
—00

Let x = polog, and observe that x ~ X[1,00). Define

xea(2) = x| fe(2)[* /™) (4.8)

and note that Ou}’ = x4 1,01, whence

(58’&%)0% = Oégxzej\/_llg)(g’]\/[ N awg N (58’1/15)0%_1 + XZWJ\Z AN (58’¢5)a£.
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It follows that in the right-hand side of (4.7), there appear products
with factors x, w, ng,N and g N2, 5}@7]\[2 for ¢ =1,...,r. By con-
struction x(t) = 0 when ¢ < 1/2 and x(t) = 1 when ¢t > 1. We
therefore see that y, () = 0 when |f|> < e™/2 and o = 1
when |f,|> > e™™ for £ = 1,...,r. From Proposition 4.3 we get that
there is a positive integer Ny such that if N > Ny, then the inequality
|£+> > eV /2 implies the inequality |f,|> > e V", forall ¢ =1,...,7.
Thus, for £ = 1,...,r, we see that x, y2 = 1 on the support of x, n,
for any N > Ny. As a consequence, for N > Ny and ¢/ = 1,...,r it
holds that

Xr,NX¢,N2 = XrN, 5XT,NX€,N2 = 5XT‘,N7
XrnOxen2 =0,  Oxpn AOxgn2 = 0.

Thus,
T = lim 90ul A (58uN2)°‘ = lim dx,.n A OY, A (58w)a
N—o0 N—o00
+ lim x, n00, A (009)" =1 A+ B.
N—o0

A calculation shows that 0y, = d4,(0¢) and 0O, = 5dfz(505) and
hence, by (2.22) (cf. (4.8)), we recognise the current

67

A = ]\}1_1}1(1)0 5X'I’,N A ad}r AN (581/})a — ]\}I_I};O 5XT,N A 5dfr (0'7«) A ((5@(50’))

as the residue of the almost semi-meromorphic current d4, (o) A (5df(50))a,
which is supported precisely at the origin. The current B is the re-
striction 1x\ (03B’ of the order 0 current (cf. Section 2.2)

B' = 904, A (00)°



whence 1{0yB = 0. Finally, this means that

(274)" Ly dd® log | f+|* A (dd°log | f*)* = 1y T =
A =1(b45,(0,)(65(00))%)

which proves the results. [ |

Proof of Theorem 1.2. From Proposition 4.1 together with Lemma 4.2
we get that

r(tr(deu,)) =

@ri)" 1y [ 30 S0 (0= Dlax + 1)dd log |fil? A (dd°log | f12)°

k=1 |a|=n—1

(4.9)

Let vy € N” be the unit vector with a 1 in the k:th position. We
rewrite the sum in (4.9)

Z Z (n ; 1) (o + vp)!(dd¢ log | f|*)*T =

k=1 |a|=n—1
2.2 (; __;k)ﬁwddﬂogww. (4.10)

|Bl=n k=1
The sum over k is then calculated to
i(”_l)g!:c)g!:m (4.11)
—1 B — vy 5

as the coefficient of (dd®log|f|*)”. Finally, we see that the right hand
side of (4.9) can be written

(2mi)"nl Y 1go(dd°log | f|*)” (4.12)
1B]=n
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which is precisely what we wanted to prove. [ |

4.4 Ezample. Suppose now that the tuples f coincide, i.e. (with slight
abuse of notation) there is a tuple g = (¢1,...,¢s) of holomorphic
functions such that f, = g for each £k = 1,...,r. This means that
o = T, where 7 is the minimal inverse of g, see (2.32). In this special
case, we get Theorem 1.1 as a consequence of Andersson’s result (1.2)
and we do not need to invoke Theorem 1.2.

Indeed, from Proposition 4.1 and a similar calculation as in (4.10)-
(4.11), we get

tr(dpu,) = (n — 1)! Z (g + 1)dgy(T) A (5d9(57))n71 -

Now, since
noag () A (849 (07))" " = 833, (7 A (97)" )
(cf. (4.4)) we get from (2.23) together with (1.2) that

n+r—1
r—1

r(tr(deuy,)) = ( )5ggr (r A (A7) 1) =

(a1

Finally, by (2.4) and (2.6), the module M = &}_,0/Z defined from
f has multiplicity

N R !



Hence, we see that in this special case, Theorem 1.1

tr(dpR’) = egr(M)[0]

(2mi)mn!

follows directly from (1.2).
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