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Abstract. In this note, we generalize the notion of entropy for potentials in a relative
full Monge–Ampère mass E(X, θ, ϕ), for a model potential ϕ. We then investigate stability
properties of this condition with respect to blow-ups and perturbation of the cohomology
class. We also prove a Moser–Trudinger type inequality with general weight and we show
that functions with finite entropy lie in a relative energy class E

n
n−1 (X, θ, ϕ) (provided n > 1),

while they have the same singularities of ϕ when n = 1.
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1 Introduction

Probability measures with finite entropy play an important role in the search of canonical metrics
in Kähler geometry (see, e.g., [3, 4, 5, 6, 9, 10, 11]).

Let (X,ω) be a compact Kähler manifold of complex dimension n ≥ 1 and assume ω is
normalized such that Vol(ω) :=

∫
X ω

n = 1. It is well known that Kähler metrics with constant
scalar curvature are critical points of the Mabuchi K-energy defined as

Mω(u) := S̄ωE(u)− nERic(ω)(u) + Ent(ωnu , ω
n), u ∈ E1(X,ω),

where the first two terms are energy terms while the latter is the entropy of the Monge–Ampère
measure ωnu := (ω + ddcu)n.

Here, given two positive Radon measures µ, ν, the relative entropy Ent(µ, ν) is defined as

Ent(µ, ν) :=

∫
X
log

(
dµ

dν

)
dµ,

if µ is absolutely continuous with respect to ν, and +∞ otherwise.
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The breakthrough result of Cheng and Chen [10, 11] ensures that the existence of a cscK
metric is equivalent to the properness of the Mabuchi functional. It is then crucial to relate the
two notions of energy and entropy and to investigate them.

The first step in this direction has been done in [3], where the authors proved that full mass
ω-psh functions whose Monge–Ampère measure has finite entropy have finite energy as well. In
other words, they prove the following inclusion:

Ent(X,ω) ∩ E(X,ω) ⊂ E1(X,ω),

where Ent(X,ω) ∩ E(X,ω) is the set of ω-psh functions u such that ωnu has finite entropy
with respect to a fixed volume form, say ωn. However, as all computable examples suggest,
Ent(X,ω) is actually contained in a higher energy class Ep(X,ω) for some p > 1 depending on
the dimension. In [19], the authors indeed proved that

Ent(X,ω) ∩ E(X,ω) ⊂ E
n

n−1 (X,ω).

In a series of papers [12, 13, 14], Darvas, Di Nezza and Lu developed the pluripotential
theory in the relative big setting (see also [28, 30] for the Kähler case). This proved to be very
fruitful, and it allows us to work with potentials with not necessarily full mass in the general
setting of a big cohomology class. In particular, given a big class {θ} and a “special” θ-psh
function ϕ (called model potential), they defined and studied relative Monge–Ampére energy
classes E(X, θ, ϕ) and Eχ(X, θ, ϕ), where χ : R+ → R+ is a weight function. These classes
comprehend the energy classes defined in [9, 24] for a particular choice of ϕ. Let us emphasize
that such classes are at the heart of the variational approach for the search of (singular) Kähler–
Einstein metrics. In the relative setting, the classes E(X, θ, ϕ) and Eχ(X, θ, ϕ) are in turn crucial
for the construction of Kähler–Einstein metrics with prescribed singularities, where the word
“prescribed singularities” mean that the singularities of the potential of the metric are modeled
by ϕ, as showed in [13, 27, 29].

The study of such classes, and their interplay with the (generalized) entropy is then useful
to pursue the study of singular cscK metrics.

In this note, we define and study the entropy for Monge–Ampère measures θnφ := (θ+ddcφ)n

not necessarily with full mass, i.e.,∫
X
θnφ := m ∈ (0,Vol(θ)].

The function φ belongs to a relative full mass class E(X, θ, ϕ), where ϕ = Pθ[φ] is a model
potential with mass m. We refer to Section 2 for the definitions of all these notions.

We then define the θ-entropy of φ as

Entθ(φ) := Ent
(
m−1θnφ, ω

n
)
.

We establish the stability properties of entropy with respect to proper bimeromorphic maps
and we generalize the result in [19] relating finite entropy to finite relative energy. More precisely,
given ϕ a model potential with positive mass, i.e.,

∫
X θ

n
ϕ > 0, we prove:

Theorem A (Theorem 3.7). With assumptions as above, we have

Ent(X, θ) ∩ E(X, θ, ϕ) ⊂ E
n

n−1 (X, θ, ϕ)

for any n > 1. For n = 1, any φ ∈ Ent(X, θ) ∩ E(X, θ, ϕ) satisfies φ− ϕ bounded.

Along the way, we obtain a Moser–Trudinger type inequality with a general weight, i.e., a con-
tinuous strictly increasing function χ : [0,+∞) → [0,+∞) such that χ(0) = 0 and χ(+∞) = +∞.
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Theorem B (Theorem 3.5). Let χ1 : R+ → R+ be a weight. Let χ2(t) :=
∫ t
0 χ1(s)

1
nds. Then

there exist c > 0, C > 0 depending on X, θ, n,
∫
X θ

n
ϕ and ω such that, for all φ ∈ Eχ1(X, θ, ϕ)

with supX φ = −1, we have∫
X
exp

(
cEχ1(φ, ϕ)

− 1
nχ2(ϕ− φ)

)
ωn ≤ C.

The above estimate generalizes and unifies several important results present in the literature,
such as [2, Theorem 1.1], [19, Theorem 2.1], [20, Theorem 2.11].

We end this note with a very natural question about stability of finiteness of the entropy
under deformation of the cohomology class. More precisely, we ask the following:

Question 1.1. Let φ ∈ Ent(X, θ). Is true that φ ∈ Ent(X, θ + εω) for ε > 0?

We emphasize that this kind of result does not seem to be known even when {θ} is a Kähler
class: the (subtle) problem is that it is unknown if the absolute continuity of θnφ with respect
to ωn implies that (θ + εω + ddcφ)n has a density as well.

We nevertheless prove that if we get a positive answer for some ε0 > 0, then φ ∈ Ent(X, θ+tω)
for all t > 0 (see Proposition 3.12).

2 Preliminaries

We recall results from (relative) pluripotential theory of big cohomology classes. We borrow
notation and terminology from [16].

Let (X,ω) be a compact Kähler manifold of dimension n and let θ be a smooth closed (1, 1)-
form on X. A function φ : X → R∪ {−∞} is quasi-plurisubharmonic (qpsh) if it can be locally
written as the sum of a plurisubharmonic function and a smooth function, and φ is called θ-
plurisubharmonic (θ-psh) if it is qpsh and θ + ddcφ ≥ 0 in the sense of currents. Here, d and
dc are real differential operators defined as d := ∂ + ∂̄, dc := i

2π

(
∂̄ − ∂

)
. We let PSH(X, θ)

denote the set of θ-psh functions that are not identically −∞. We also assume that {θ} is big,
i.e., there exists ψ ∈ PSH(X, θ) such that θ + ddcψ ≥ εω for some small constant ε > 0. The
current T = θ + ddcψ is called Kähler current.

We say that a θ-psh function φ has analytic singularities if there exists a constant c > 0 such
that locally on X,

φ = c log

N∑
j=1

|fj |2 + g,

where g is bounded and f1, . . . , fN are local holomorphic functions. We say that φ has analytic
singularities with smooth remainder if moreover g is smooth.

The ample locus Amp(θ) of {θ} is the complement of the non-Kähler locus

EnK(θ) =
⋂

T Kähler current

{x ∈ X : ν(T, x) > 0},

where ν(T, x) is the Lelong number of T at the point x. The ample locus Amp(θ) is a Zariski open
subset, and it is nonempty [8]. Also we note that Amp(θ) only depends only the cohomology
class {θ}.

If φ and φ′ are two θ-psh functions on X, then φ′ is said to be less singular than φ, i.e.,
φ ⪯ φ′, if they satisfy φ ≤ φ′+C for some C ∈ R. We say that φ has the same singularity as φ′,
i.e., φ ≃ φ′, if φ ⪯ φ′ and φ′ ⪯ φ. The latter condition is easily seen to yield an equivalence
relation, whose equivalence classes [φ], φ ∈ PSH(X, θ), are called singularity types.
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A θ-psh function φ has minimal singularity type if it is less singular than any other θ-psh
function. Such θ-psh functions with minimal singularity type always exist, one can consider for
example Vθ := sup{φ θ-psh, φ ≤ 0 on X}. Trivially, a θ-psh function with minimal singularity
type is locally bounded in Amp(θ). It follows from [21, Theorem 1.1] that Vθ is C1,1̄ in the
ample locus Amp(θ).

Given

θ1 + ddcφ1, . . . , θ
p + ddcφp

positive (1, 1)-currents, where θj are closed smooth real (1, 1)-forms, following the construction
of Bedford–Taylor [1] in the local setting, it has been shown in [9] that the sequence of currents

1⋂
j{φj>Vθj−k}

(
θ1 + ddcmax(φ1, Vθ1 − k)

)
∧ · · · ∧ (θp + ddcmax(φp, Vθp − k))

is non-decreasing in k and converges weakly to the so called non-pluripolar product〈
θ1φ1

∧ · · · ∧ θpφp

〉
.

In the following, with a slight abuse of notation, we will denote the non-pluripolar product
simply by θ1φ1

∧ · · · ∧ θpφp . When p = n, the resulting positive (n, n)-current is a Borel measure
that does not charge pluripolar sets. Pluripolar sets are Borel measurable sets that are locally
contained in the −∞ locus of psh functions. As a consequence of [4, Corollary 2.11] for any
pluripolar set A, there exists ψ ∈ PSH(X, θ) such that A ⊂ {ψ = −∞}.

For a θ-psh function φ, the non-pluripolar product θnφ is said to be the non-pluripolar Monge–
Ampère measure of φ.

The volume of a big class {θ} is defined by

Vol(θ) :=

∫
Amp(θ)

θnVθ .

For notational convenience, we simply write Vol(θ), but keeping in mind that the volume is
a cohomological constant. Note that Vol(θ) > 0 as {θ} is big (cf. [9]).

A θ-psh function φ is said to have full Monge–Ampère mass if∫
X
θnφ = Vol(θ),

and we then write φ ∈ E(X, θ). By [9, Theorem 1.16], the set E(X, θ) strictly contains the set
of θ-psh functions with minimal singularity type.

An important property of the non-pluripolar product is that it is local with respect to the
plurifine topology (see [1, Corollary 4.3], [9, Section 1.2]). This topology is the coarsest such
that all qpsh functions on X are continuous. For convenience, we record the following version
of this result for later use.

Lemma 2.1. Fix closed smooth real big (1, 1)-forms θ1, . . . , θn. Assume that φj, ψj, j = 1, . . . , n
are θj-psh functions such that φj = ψj on U , an open set in the plurifine topology. Then

1Uθ
1
φ1

∧ · · · ∧ θnφn
= 1Uθ

1
ψ1

∧ · · · ∧ θnψn
.

Lemma 2.1 will be referred to as the plurifine locality property. We will often work with sets
of the form {u < v}, where u, v are quasi-psh functions. These are always open in the plurifine
topology.
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2.1 Envelopes and model potentials

Giving f an upper semi-continuous function (usc for short) on X, we define the envelope of f
in the class PSH(X, θ) by

Pθ(f) := sup{u ∈ PSH(X, θ) : u ≤ f},

with the convention that sup∅ = −∞. Observe that Pθ(f) ∈ PSH(X, θ) if and only if there
exists some u ∈ PSH(X, θ) lying below f . Note also that Vθ = Pθ(0), and that Pθ(f + C) =
Pθ(f) + C for any constant C.

In the particular case f = min(ψ, ϕ) for ψ, ϕ usc functions, we denote the envelope as
Pθ(ψ, ϕ) := Pθ(min(ψ, ϕ)). We observe that Pθ(ψ, ϕ) = Pθ(Pθ(ψ), Pθ(ϕ)), so without loss of
generality, we can assume ψ, ϕ are two θ-psh functions.

Starting from the “rooftop envelope” Pθ(ψ, ϕ), we introduce

Pθ[ψ](ϕ) :=
(

lim
C→∞

Pθ(ψ + C, ϕ)
)∗
.

It is easy to see that Pθ[ψ](ϕ) only depends on the singularity type of ψ. When ϕ = Vθ, we will
simply write Pθ[ψ] := Pθ[ψ](Vθ), and we refer to this potential as the envelope of the singularity
type [ψ].

Since ψ − supX ψ ≤ Pθ[ψ], we have that [ψ] ≤ [Pθ[ψ]] and typically equality does not hap-
pen. When [ψ] = [Pθ[ψ]], we say that ψ has model singularity type. In the (more particular)
case ψ = Pθ[ψ], we say that ψ is a model potential.

It is worth to mention that given any θ-psh function ψ with positive mass, the associated
envelope Pθ[ψ] is in fact a model potential [16, Theorem 3.14]. Also, we recall that by [16,
Remark 3.4], we know that

∫
X θ

n
ψ =

∫
X θ

n
Pθ[ψ]

.

From now on (unless otherwise stated), ϕ will denote a model potential with positive mass,
i.e.,

∫
X θ

n
ϕ > 0. We say that a θ-psh function φ has ϕ-relative minimal singularities if φ ≃ ϕ.

Definition 2.2. Given a model potential ϕ, the relative full mass class E(X, θ, ϕ) is the set of
all θ-psh functions u such that u is more singular than ϕ and

∫
X θ

n
u =

∫
X θ

n
ϕ.

Proposition 2.3. Assume {θ} is a big cohomology class, and 0 ≤ m ≤ V with V =
∫
X θ

n
Vθ
.

Then there exists a model potential u ∈ PSH(X, θ) such that
∫
X θ

n
u = m.

Moreover, Vθ is the only model potential with Monge–Ampère mass V , whereas there are
infinitely many model potentials with Monge–Ampère mass m < V .

Proof. For the first statement, we need to treat the 1-dimensional case separately. When n = 1,
the big cohomology class {θ} is actually Kähler, hence we can work with a Kähler form ω ∈ {θ}
with

∫
X ω = V as a reference form. Fix a ∈ X, then the measures ω and V δa define cohomologus

closed positive (1, 1)-currents. Hence, there exists ψa ∈ SH(X,ω) such that ω + ddcψa = V δa
and supX ψa = 0. Note that on a fixed local holomorphic coordinate chart centered in a we
have that ψa writes as the sum of V log(|z|) and a smooth function. Thus, ψa(a) = −∞.
Observe moreover that the non-pluripolar product (ω + ddcψa) is given by the product of the
current ω + ddcψa with the characteristic function 1{ψa>−∞}. This implies that ω + ddcψa has
mass zero. Since for t ∈ [0, 1], we have ω + tddcψa ≥ (1− t)ω ≥ 0, the function

m(t) :=

∫
X
(ω + tddcψa) ∈ [0, V ]

defined on [0, 1] is continuous and m(0) = V , m(1) = 0, we arrive at the conclusion.
Assume now n ≥ 2. Let us consider π : Y → X the blow up of X at a point p ∈ X with

exceptional divisor E. Let [E] be the current of integration along E.
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Note that the cohomology class {π∗θ} is big and so is {π∗(θ) − t[E]} for |t| < ε with ε
small enough. Observe that the pseudoeffective cone of a compact Kähler manifold does
not contain lines. In fact, let α and γ be smooth closed real (1, 1)-forms and assume that
{α}+ t{γ} is a pseudoeffective class for all t ∈ R. Then for k ∈ N, {α}

k + {γ} = 1
k ({α}+ k{γ})

and {α}
k + {−γ} = 1

k ({α}+ k{−γ}) are pseudoeffective, but the pseudoeffective cone is closed,
then letting k → +∞, we get that both {γ} and {−γ} are pseudoeffective classes, meaning
that {γ} = 0.

Therefore, for large t, {π∗(θ)− t[E]} is no longer big. Let

a = sup{t ∈ R, t > 0: the class {π∗(θ)− t[E]} is big}.

Then 0 < a < +∞ and {π∗θ − a[E]} is pseudoeffective but not big. In other words, if γ is
a smooth form representing {π∗θ − a[E]}, then∫

Y
(γ + ddcVγ)

n = 0.

Now, γ +ddcVγ + a[E] is a positive (1, 1)-current and, since the non-pluripolar product does
not put mass of analytic subsets, we also get∫

Y
(γ + ddcVγ + a[E])n = 0.

On the other hand, {γ + ddcVγ + a[E]} = {π∗θ}, hence by [7, Proposition 1.2.4], there
exists u1 ∈ PSH(X, θ) such that π∗θu1 = γ + ddcVγ + a[E]. In particular, 0 =

∫
Y (π

∗θu1)
n =∫

X θ
n
u1 . Therefore, since the function

m(t) :=

∫
X
(θ + (tu1 + (1− t)Vθ))

n ∈ [0, V ]

defined in [0, 1] is continuous, m(0) = V , m(1) = 0, then for 0 ≤ m ≤ V there exists t0 ∈ [0, 1]
such that

∫
X(θ + ddc(t0u1 + (1 − t0)Vθ)

n = m. On the other hand, by [16, Remark 3.4],
ut := tu1 + (1− t)Vθ and P [ut] have the same mass for every t ∈ [0, 1].

For the last statement, we observe that, since P [ut] ≤ Vθ for all t ∈ [0, 1], by [16, Theo-
rem 3.14], Vθ is the only model potential with Monge–Ampére mass V . Now, by [7, Corol-
lary 1.18], the Lelong number of the function u1 at p is strictly positive. Therefore, for 0 < t ≤ 1
also the Lelong number of ut is strictly positive at p. By [16, Lemma 5.1], so is the Lelong
number of P [ut]. Therefore, fixing 0 ≤ m < V and varying the point p, we obtain infinitely
many distinct model potentials all of the same Monge–Ampère mass m. ■

As pointed out in [24], and then in the relative setting in [26], it is natural to consider weighted
subspaces of E(X, θ, ϕ).

A weight is a continuous strictly increasing function χ : [0,+∞) → [0,+∞) such that χ(0) = 0
and χ(+∞) = +∞. Denote by χ−1 its inverse function, i.e., such that χ

(
χ−1(t)

)
= t for all t ≥ 0.

We fix ϕ a model potential and we let Eχ(X, θ, ϕ) denote the set of all u ∈ E(X, θ, ϕ) such
that

Eχ(u, ϕ) :=

∫
X
χ(|u− ϕ|)θnu <∞.

When ϕ = Vθ, we denote E(X, θ) = E(X, θ, Vθ), Eχ(X, θ) = Eχ(X, θ, Vθ) and Eχ(u) = Eχ(u, Vθ).
Compared to [24], we have changed the sign of the weight, but the weighted classes are the

same.
Also, in the special case χ(t) = tp, p > 0, we simply denote the relative energy class

with Ep(X, θ, ϕ) and the corresponding relative energy Ep(u, ϕ).
These weighted Monge–Ampère energy classes covers the all class E , i.e.,
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Lemma 2.4. We have that E(X, θ, ϕ) =
⋃
χ Eχ(X, θ, ϕ).

Proof. We give here the proof for reader’s convenience. The inclusion ⊇ clearly follows from
the definition. In order to prove the other inclusion we need to show that, given φ ∈ E(X, θ, ϕ)
normalized with supX φ = −1, there exists a weight function χ such that

∫
X χ(ϕ−φ)dµ < +∞,

where µ := θnφ. Also, for convenience we normalize µ to have µ(X) = 1.
Set ψ(t) := 1

µ({φ<ϕ−t}) , and observe that ψ : R+ → R+ is an increasing function such that
ψ(0) = 1 and limt→+∞ ψ(t) = +∞. The latter property follows from the definition of the non-
pluripolar product. We also note that, since t → µ({φ < ϕ − t}) is a decreasing function, its
discontinuity locus is at most countable. In particular, ψ is continuous for all t ∈ R+ \ J .

We now consider h : R+ → R+ such that h > 0 satisfying:

(a)

∫ +∞

1
h(s)ds < +∞, (b)

∫ +∞

1
h(s)ψ(s)ds = +∞.

Such a function h exists as we show below. We choose a sequence of distinct points {tk}k∈N ∈ R+

such that ψ(tk) ≥ k. Such a sequence exists since ψ is increasing and ψ → +∞ as t goes to +∞.
Also, we can take t1 = 1 since ψ(1) ≥ ψ(0) = 1. We then set Ik := [tk, tk+1[ and we define h to
be the piece-wise continuous function constant on each Ik : h|Ik = k−2(tk+1 − tk)

−1. Then∫ +∞

1
h(s)ds =

∑
k≥1

1

k2
< +∞ and

∫ +∞

1
h(s)ψ(s)ds ≥

∑
k≥1

1

k
= +∞.

We then define the function χ : R+ → R+ as χ(t) :=
∫ t
0

h(s)
µ({φ<ϕ−s})ds. We infer that the

fundamental theorem of calculus holds almost everywhere. Indeed, for t /∈ J ∪{tk}k, given ε > 0
(small enough), the mean value theorem ensures that there exists cε ∈ (t, t+ ε) such that

χ(t+ ε)− χ(t)

ε
=

1

ε

∫ t+ε

t
h(s)ψ(s)ds = h(cε)ψ(cε).

Sending ε → 0, and using the continuity of h · ψ on R+ \ (J ∪ {tk}k), we get that (χ′(t))+ =
h(t)ψ(t).

The same arguments work for left derivative, giving (χ′(t))+ = (χ′(t))− = χ′(t) = h(t)ψ(t)
almost everywhere, as we wanted. By definition, χ is strictly increasing (since h > 0) and
χ(+∞) = +∞, thanks to condition (b). Moreover, setting ε := χ(1) > 0, we have∫

X
χ(ϕ− φ)dµ =

∫ ∞

ε
µ({χ(ϕ− φ) > t})dt =

∫ ∞

ε
µ({ϕ− φ > χ−1(t)})dt

=

∫ ∞

1
χ′(s)µ({ϕ− φ > s})ds =

∫ ∞

1
h(s)ds < +∞,

thanks to condition (a). This concludes the proof. ■

We conclude here with a simple lemma needed in the following that we could not find in this
precise form in the literature:

Lemma 2.5. Let u ∈ Eχ(X, θ, ϕ) and uj := max(u, ϕ − j). Then uj ∈ Eχ(X, θ, ϕ) and
Eχ(uj , ϕ) ↗ Eχ(u, ϕ).

Proof. For j ∈ N, by Lemma 2.1, we have 1{u>ϕ−j}θ
n
uj = 1{u>ϕ−j}θ

n
u . Since

∫
X θ

n
u =

∫
X θ

n
uj =∫

X θ
n
ϕ, we obtain

0 ≤ lim sup
j→+∞

χ(j)

∫
{u≤ϕ−j}

θnuj = lim sup
j→+∞

χ(j)

∫
{u≤ϕ−j}

θnu ≤ lim sup
j→+∞

∫
{u≤ϕ−j}

χ(ϕ− u)θnu = 0.
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Now, ∫
X
χ(|ϕ− uj |)θnuj =

∫
{u>ϕ−j}

χ(|ϕ− uj |)θnuj +
∫
{u≤ϕ−j}

χ(ϕ− uj)θ
n
uj

=

∫
{u>ϕ−j}

χ(|ϕ− u|)θnu +

∫
{u≤ϕ−j}

χ(ϕ− uj)θ
n
uj .

The conclusion follows letting j → +∞. ■

3 Entropy

We recall that given two positive probability measures µ, ν, the relative entropy Ent(µ, ν) is
defined as

Ent(µ, ν) :=

∫
X
log

(
dµ

dν

)
dµ,

if µ is absolutely continuous with respect to ν, and +∞ otherwise.

Remark 3.1. Let µ, ν positive probability measure with µ := fν absolutely continuous with
respect to ν. Then Ent(µ, ν) < +∞ if and only if f log f ∈ L1(X, ν), in fact if f < 1, f log f is
bounded, and if f ≥ 1, f log f ≥ 0.

Once and for all, we normalize the Kähler form ω such that
∫
X ω

n = 1. We consider u ∈
PSH(X, θ) such that θnu = fωn, 0 ≤ f and mu :=

∫
X θ

n
u > 0. Then u ∈ E(X, θ, ϕ) for the model

potential ϕ = Pθ[u] [13, Theorem 1.3], and m−1
u θnu is a probability measure. We then define the

θ-entropy of u as

Entθ(u) := Ent
(
m−1
u θnu , ω

n
)
=

∫
X
log

(
m−1
u θnu
ωn

)
m−1
u θnu

= m−1
u

∫
X
f log fωn − logmu. (3.1)

By Jensen’s inequality, we have Entθ(u) ≥ 0. Also, observe that the definition of the θ-entropy
does depend on the chosen volume form ωn but its finiteness does not.

Also, the expression in (3.1) coincides with the definition of entropy in [19] when P [u] = Vθ,
i.e., when u ∈ E(X, θ). The definition in (3.1) is indeed a generalisation that allows to consider
any θ-psh function not necessarily of full mass.

More generally, given two θ-psh functions u, v with mu,mv > 0 we define

Entθ(u, v) := Ent
(
m−1
u θnu ,m

−1
v θnv

)
.

Also, if no confusion can arise, we simply write Ent(u) and Ent(u, v).

Definition 3.2. We say that u ∈ PSH(X, θ) with mu > 0 has finite θ-entropy if Entθ(u) < +∞.
We denote by Ent(X, θ) the set of all θ-psh functions having finite θ-entropy.

By (3.1), Entθ(u) < +∞ if and only if θnu = fωn and
∫
X f log fω

n < +∞ or equivalently∫
X(f + 1) log(f + 1)ωn < +∞.
We start with the following observations ensuring that the set Ent(X, θ) is not empty.

Proposition 3.3. Let ϕ be a model potential with
∫
X θ

n
ϕ > 0. The following hold:

(i) Entθ(ϕ) < +∞.
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(ii) Let φ ∈ E(X, θ, ϕ) such that θnφ = fωn with f ∈ Lp(X), p > 1. Then Entθ(φ) < +∞.

(iii) Let φ ∈ PSH(X, θ) have analytic singularities with smooth remainder such that mφ > 0.
Then Entθ(φ) < +∞.

(iv) Let f1, . . . , fk be C1,1̄ functions on X, i.e., bounded functions with bounded (distributional)
Laplacian. Then Entθ(Pθ(f, . . . , fk)) < +∞.

Proof. By [16, Theorem 3.6],

θnϕ ≤ 1{ϕ=0}θ
n ≤ 1{ϕ=0}Cω

n

for some positive constant C. In particular, θnϕ = gωn for some g ∈ L∞(X), 0 ≤ g ≤ C. This
proves (i). For (ii), we observe that since p− 1 > 0, we have that∫

X
f log fωn ≤ C

∫
X
f |f |p−1ωn < +∞.

This implies that

0 ≤ Entθ(φ) = − logmϕ +m−1
ϕ

∫
X
f log fωn < +∞.

Given φ ∈ PSH(X, θ) with analytic singularities with smooth remainder, it follows from [13,
Proposition 4.36] that θnφ = fωn with f ∈ Lp(X). The previous step then gives (iii).

We now prove the last statement. We first assume k = 1 and f1 quasi-psh. If we let
θ̄ = θ + ddcf1, then

Pθ(f1) = Pθ̄(0) + f1 and θnPθ(f1)
= θ̄nPθ̄(0)

.

Observe that since f1 is C
1,1̄ and quasi-psh, ddcf1 is bounded. This means that θ̄ is a (1, 1)-form

with bounded coefficients.
By [22, Corollary 3.4 (i)], we have θ̄nPθ̄(0)

= g1θ̄
n for some non-negative bounded function g1

on X. Since θ̄ has bounded coefficients, we can ensure that there exists a non-negative bounded
function g2 such that θ̄nPθ̄(0)

= g2ω
n. It then follows that Pθ(f1) has finite entropy with respect

to ω.
We now treat the general case of k functions f1, . . . , fk which are assumed to be only C1,1̄.

We choose C > 0 such that θ ≤ Cω and we claim that

Pθ(f1, . . . , fk) = Pθ(PCω(f1, . . . , fk)).

Indeed, Pθ(f1, . . . , fk) ≥ Pθ(PCω(f1, . . . , fk)) since PCω(f1, . . . , fk) ≤ min(f1, . . . , fk); for the
other inequality, we have that

Pθ(f1, . . . , fk) ≤ min(f1, . . . , fk),

and that Pθ(f1, . . . , fk) is θ-psh hence it is also Cω plurisubharomnic. This implies

Pθ(f1, . . . , fk) ≤ PCω(f1, . . . , fk).

If we now apply Pθ to both sides of the above inequality, we find

Pθ(f1, . . . , fk) ≤ Pθ(PCω(f1, . . . , fk)).

By [17, Theorem 2.5], PCω(f1, . . . , fk) is C1,1̄ on X and quasi-psh. We can then apply the
previous step to conclude. ■
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Since, by [16, Theorem 5.19], we know that [ϕ] = [φ], the above results could make a reader
ask whether the property of having finite entropy is stable in the singularity class, i.e., if
given φ1, φ2 ∈ PSH(X, θ) with [φ1] = [φ2], then Entθ(φ1) < +∞ iff Entθ(φ2) < +∞. The
answer is negative as the following example shows:

Example 3.4. Let U ⊂ X be a local chart and write ω = ddcρ in U and define

u =
1

C
χ ·max(log ∥z∥, 0)− ρ,

where χ is a cut-off function such that χ ≡ 1 on B(r1) and χ ≡ 0 on U \B(r2), for r1, r2 > 0 small
enough so that B(r2) ⋐ B(r2) ⋐ U . Without loss of generality, we may assume r1 = 1, r2 = 2.
Choosing C big enough, u induces a ω-psh function which we note by ũ. Then ũ is bounded,
hence [ũ] = [0]. But

(ω + ddcũ)n

= C−n(ddc(max(log ∥z∥, 0))n +
n−1∑
j=0

(
n

j

)
C−jωn−j ∧ (ddc(max(log ∥z∥, 0))j in B(1)

and the measure (ddc(max(log ∥z∥, 0))n is the normalized Lebesgue measure on the torus
(
S1
)n⊂

Cn (that is, a real analytic subspace of real dimension n). It then follows that (ω + ddcũ)n is
not even absolutely continuous with respect to ωn.

3.1 Entropy and energy

It was proved in [19, 20] that

Ent(X, θ) ∩ E(X, θ) ⊂ E
n

n−1 (X, θ).

As will be shown below, one can extend these results to the case of prescribed singularities.

We start with an integrability result of Moser–Trudinger type for general weights:

Theorem 3.5. Let ϕ be a model potential with mϕ > 0. Let χ1 : R+ → R+ be a weight. Let
χ2(t) :=

∫ t
0 χ1(s)

1
nds. Then there exist c > 0, C > 0 depending on X, θ, n, mϕ and ω such that,

for all φ ∈ Eχ1(X, θ, ϕ) with supX φ = −1, we have∫
X
exp

(
cEχ1(φ, ϕ)

− 1
nχ2(ϕ− φ)

)
ωn ≤ C. (3.2)

Proof. We first note that if we replace χ1 by αχ1 with α positive constant the left-hand
side of (3.2) does not change, so we may assume χ1(1) = 1. We claim that it suffices to
prove the above inequality for φ with relative minimal singularities, i.e., [φ] = [ϕ]. Indeed,
given φ ∈ PSH(X, θ), φj := max(φ, ϕ− j) has the same singularity type as ϕ. This would mean
that ∫

X
exp

(
cEχ1(φj , ϕ)

− 1
nχ2(ϕ− φj)

)
ωn ≤ C.

Moreover, it follows from Lemma 2.5 that Eχ1(φj , ϕ) ↗ Eχ1(φ, ϕ) as j → +∞. Fatou’s lemma
will then give the desired estimate.

Thus assume that φ has relative minimal singularities. Let ψ = −aχ2(ϕ−φ)+ϕ where a > 0
is a small constant to be suitably chosen. Then define u = Pθ(ψ) and v = −γ2(ϕ − u) + ϕ,
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where γ2 : R+ → R+ denotes the inverse function of aχ2, which is concave and increasing. We
observe that u is a θ-psh function with the same singularity type as ϕ and that

v = −γ2(ϕ− u) + ϕ ≤ −γ2(ϕ− ψ) + ϕ = −γ2(aχ2(ϕ− φ)) + ϕ = φ

with equality on the contact set C = {u = ψ}.
A simple computation gives

θ + ddcv = γ′2(ϕ− u)θu + (1− γ′2(ϕ− u))θϕ − γ′′2 (ϕ− u)d(ϕ− u) ∧ dc(ϕ− u)

≥ γ′2(ϕ− u)θu + (1− γ′2(ϕ− u))θϕ,

where in the above we used that γ2 is concave. We consider the set G := {γ′2(ϕ − u) < 1}.
We are going to show by contradiction that for a suitable choice of a we have G ̸= X. So, we
assume G = X. It then follow that v is θ-psh and, by construction, we infer that v has the same
singularity type as ϕ.

Recall that supX φ = supX(φ−ϕ) as ϕ is a model potential [16, Lemma 3.5], hence ϕ−φ ≥ 1.
This implies that χ1 is increasing and χ1(1) = 1 giving that

Eχ1(φ, ϕ) =

∫
X
χ1(ϕ− φ)θnφ ≥ χ1(1)

∫
X
θnφ =

∫
X
θnϕ = mϕ.

By [16, Theorem 2.7], the non-pluripolar Monge–Ampère measure (θ + ddcu)n is supported
on C, hence

(θ + ddcv) ≥ γ′2(ϕ− u)(θ + ddcu) = (aχ′
2(ϕ− φ))−1(θ + ddcu) on C.

The last identity follows from the fact that, since (aχ2)
′(γ2(t))γ

′
2(t) = 1 and γ2(ϕ− u) = ϕ− φ

in C, we have γ′2(ϕ− u) = (aχ′
2(ϕ− φ))−1 in C.

It follows from [16, Lemma 5.19] that the above inequality between positive currents implies
an inequality between the non-pluripolar measures (observe that this is not trivial since (aχ′

2(ϕ−
φ))−1(θ + ddcu) is not closed). Thus, we can infer that

1C (aχ′
2(ϕ− φ))−n(θ + ddcu)n ≤ 1C(θ + ddcv)n ≤ 1C(θ + ddcφ)n,

where the last inequality follows from [15, Lemma 4.5]. The above is equivalent to

(θ + ddcu)n = 1C(θ + ddcu)n ≤ 1C(aχ
′
2(ϕ− φ))n(θ + ddcφ)n

≤ anχ1(ϕ− φ)(θ + ddcφ)n, (3.3)

where in the last inequality we used that (χ′
2)
n = χ1.

We now choose a so that

βan
∫
X
χ1(ϕ− φ)(θ + ddcφ)n = βanEχ1(φ, ϕ) = mϕ

with β > 1. Observe that a ∈ (0, 1) since we observed that Eχ1(φ, ϕ) ≥ mϕ. Integrating both
sides of (3.3) over X, we obtain∫

X
(θ + ddcu)n ≤

mϕ

β
.

Since
∫
X θ

n
u = mϕ, we arrive at a contradiction.

So we can infer thatG ̸= X, or equivalently thatGc ̸= ∅. This means that there exists x0 ∈ X
such that (ϕ−u)(x0) ≤ τ2(1) where τ2 is the inverse function of γ′2 which we note to be decreasing
(since so in γ′2). In particular,

sup
X
u = sup

X
(u− ϕ) ≥ −τ2(1).
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Applying the uniform version of Skoda’s integrability theorem [31] to PSH(X,Cω) for C > 0
such that θ ≤ Cω, we know that there exist uniform constants c0, C0 > 0 such that, for
all h ∈ PSH(X, θ) with supX h = 0 we have

∫
X e−c0hωn ≤ C0. For h := u + τ2(1), we have

supX h ≥ 0, hence∫
X
ec0(aχ2(ϕ−φ)−τ2(1))ωn =

∫
X
ec0(−ψ+ϕ−τ2(1))ωn ≤

∫
X
e−c0(u+τ2(1))ωn

=

∫
X
e−c0(h−supX h)−c0 supX h ≤ C0,

where in the first inequality we used ϕ ≤ 0 and u ≤ ψ.
Let us now give a more explicit expression of τ2(1). By definition, τ2 is such that

s = τ2

(
1

aχ′
2(γ2(s))

)
.

Now we want to understand τ2(t), hence we want to find s such that 1
aχ′

2(γ2(s))
= t. This

means (at)−1 = χ′
2(γ2(s)) = (χ1(γ2(s)))

1/n (since (χ′
2)
n = χ1). Therefore, γ1((at)

−n) = γ2(s),
where γ1 is the inverse function of χ1. It the follows that τ2(t) = aχ2(γ1((at)

−n)). In particular,
τ2(1) = aχ2(γ1(a

−n)).

Also, letting s := γ1(a
−n), we have a−1 = (χ1(s))

1
n so that a = a(s) = 1

χ′
2(s)

and

τ2(1) =
χ2(s)

χ′
2(s)

. (3.4)

Note that since a ∈ (0, 1), then s > 1 (γ1 is increasing and γ(1) = 1).
Next, setting

K := {x ∈ X : aχ2(ϕ− φ) ≤ 2(ϕ− φ)},

we claim that

2−1aχ2(ϕ− φ) ≤ aχ2(ϕ− φ)− τ2(1) on X \K,

that is, aχ2(ϕ− φ) ≥ 2τ2(1) on X \K.
We observe that, since χ2 is convex and χ2(0) = 0, the set E := {t ∈ R+ : aχ2(t) ≤ 2t} is

a closed convex set containing 0, i.e., it is an interval of the form [0, λ] with 0 ≤ λ ≤ +∞. Hence,
x ∈ X \K if and only if (ϕ− φ) > λ. We then need to prove that if aχ2(ϕ− φ) > aχ2(λ), then
aχ2(ϕ−φ) ≥ 2τ2(1). It is then sufficient to prove that aχ2(λ) ≥ 2τ2(1). The above is equivalent
to λ ≥ γ2(2τ2(1)) ≥ 0. By definition of λ, this means that γ2(2τ2(1)) ∈ E, i.e.,

τ2(1) ≤ γ2(2τ2(1)), or aχ2(τ2(1)) ≤ 2τ2(1).

By (3.4) and a = 1/χ′
2(s), the above inequality gives

χ2

(
χ2(s)

χ′
2(s)

)
≤ 2χ2(s).

Since χ2 is convex and χ2(0) = 0, we have χ2(s) ≤ sχ′
2(s). Then we obtain

χ2

(
χ2(s)

χ′
2(s)

)
≤ χ2(s) ≤ 2χ2(s),

and the claim is proved.
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It follows that∫
X
e

c0
2
aχ2(ϕ−φ)ωn ≤

∫
K
ec0(ϕ−φ)ωn +

∫
X\K

ec0(aχ2(ϕ−φ)−τ2(1))ωn

≤
∫
K
e−c0φωn +

∫
X\K

ec0(aχ2(ϕ−φ)−τ2(1))ωn

≤
∫
K
e−c0(φ+1)+c0ωn + C0 ≤ C0(e

c0 + 1),

wherein the last inequality we applied the uniform Skoda theorem to the function φ+1. Recalling

that βanEχ1(φ, ϕ) = mϕ, the result then follows with c(β) = c0
2 β

(−1
n

)m
1/n
ϕ , and C = C0(e

c0 +1).
As β > 1 can be chosen arbitrarily, we observe that since ϕ and φ are assumed to be equisingular,
the function exp

(
c(β)Eχ1(φ, ϕ)

− 1
nχ2(ϕ− φ)

)
is uniformly bounded, so by Lebesgue dominated

convergence theorem, we can choose c = c0
2 m

1/n
ϕ . Observe that the constants c and C are

independent of χ1 (and χ2). ■

Corollary 1. Let ϕ be a model potential with
∫
X θ

n
ϕ > 0. Let χ1 : R+ → R+ be a weight. Let

χ2(t) :=
∫ t
0 χ1(s)

1
nds. Let φ ∈ Eχ1(X, θ, ϕ) with supX φ = −1. For t ≥ 0, we define

Ω(t) := {x ∈ X : (ϕ− φ)(x) ≥ t ≥ 0},

and let m(t) be the mass of Ω(t) with respect to ωn. Then there exists S > 1 depending only
on X, θ, n, ω such that

mϕ

( ∫ +∞
0 m(t)χ1(t)

1/ndt
)n

S
≤ Eχ1(φ, ϕ).

Proof. Observe that again all inequalities are unchanged if we replace χ1 with αχ1 where α is
a positive constant, so we assume χ1(1) = 1. Let Ω = {(x, t) ∈ X × R+ : (ϕ − φ)(x) ≥ t ≥ 0}.
Since ω has volume 1, by Jensen’s inequality and by Theorem 3.5, we find

cEχ1(φ, ϕ)
− 1

n

∫
X

∫ (ϕ−φ)(x)

0
χ1(t)

1/ndt ωn = cEχ1(φ, ϕ)
− 1

n

∫
Ω
χ1(t)

1/ndt ∧ ωn ≤ logC.

By the Fubini theorem, we obtain the inequality if we recall the value of the constants C and c
given in the proof of 3.5 and we let S =

(2 log(C0(eC0+1))
c0

)n
.

Also, observe that, if we choose φ = ϕ−1 and χ1(t) = tp with p > 0, we find S
mϕ

≥ nn

(p+n)nmϕ
.

If we let p go to zero, we conclude that S
mϕ

≥ 1
mϕ

, i.e., S ≥ 1.

If we apply the inequality choosing φ as in the statement of the corollary with φ ̸= ϕ− 1, we
see that in fact S > 1. ■

Remark 3.6. Observe that χ1(t) = tp and χ2(t) = q−1tq with q = 1 + p/n satisfy the assump-
tions of Theorem 3.5. With this particular choice of weights, we have that

γ2(t) = (a−1q)1/qt1/q, γ′2(t) = a−1/qq
1−q
q t

1−q
q

and

τ2(t) = a
1

1−q q−1t
q

1−q = a
−n

p q−1t
−n+p

p .

Thus, in this particular case τ2(1) = a
−n

p q−1, that is, (up to a power of q) the constant appearing
in [20, Theorem 2.11].

As consequence of Theorem 3.5, we then get:
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Theorem 3.7. Let ϕ be a model potential with
∫
X θ

n
ϕ > 0. Assume that n > 1, fix B > 0

and set p = n
n−1 . There exist c, C > 0 depending only on B, X, θ, ω, n such that for all

φ ∈ EntB(X, θ) ∩ E(X, θ, ϕ), we have∫
X
ec(ϕ−φ)

p
ωn ≤ C and Ep(φ, ϕ) ≤ C.

In particular, Ent(X, θ) ∩ E(X, θ, ϕ) ⊂ E
n

n−1 (X, θ, ϕ).
If n = 1 and φ ∈ Ent(X, θ) ∩ E(X, θ, ϕ), then φ has the same singularity type of ϕ. In

particular, φ ∈ Ep(X, θ, ϕ) for any p ≥ 1.

Here

EntB(X, θ) :=
{
u ∈ PSH(X, θ) : sup

X
u = −1, Entθ(u) ≤ B

}
.

We also emphasize the constants c, C > 0 in the statement do not depend on ϕ.

Proof. We consider the convex function χ : s ∈ R+ 7→ (s+1) log(s+1)− s ∈ R+. Its conjugate
convex function is

χ∗ : t ∈ R+ 7→ sup
s>0

{st− χ(s)} = et − t− 1 ∈ R+.

By definition, these functions satisfy, for all s, t > 0,

st ≤ χ(s) + χ∗(t). (3.5)

Set µ = θnφ = fωn. We claim that for any v ∈ Ep(X, θ, ϕ) we have
∫
X |v − ϕ|pdµ < +∞.

Indeed, fix v ∈ Ep(X, θ, ϕ) with supX v = −1 and observe that 1 + p
n = p. It follows from

Theorem 3.5 (see also Remark 3.6) that for some c > 0 small enough∫
X
ec(ϕ−v)

p
ωn < +∞. (3.6)

We apply (3.5) with s = f(x) and t = c(ϕ(x)− v(x))p. This yields∫
X
c(ϕ− v)pθnφ =

∫
X
c(ϕ− v)pfωn ≤

∫
X
χ ◦ fωn +

∫
X
(ec(ϕ−v)

p − c(ϕ− v)p − 1)ωn,

where the first integral is finite since φ has finite entropy, while the second is bounded thanks
to (3.6) and the integrability properties of qpsh functions. This means that

∫
X(ϕ−v)

pθnφ < +∞,
proving the claim. By [16, Theorem 1.4], we can thus infer that φ ∈ Ep(X, θ, ϕ).

Using (3.5) again, we see that∫
X
c

(ϕ− φ)p

Ep(φ, ϕ)1/n
fωn ≤

∫
X

(
e
c

(ϕ−φ)p

Ep(φ,ϕ)1/n − c
(ϕ− φ)p

Ep(φ, ϕ)1/n
− 1

)
ωn +

∫
X
χ ◦ fωn.

The right-hand side is uniformly bounded by C1 > 0 thanks to Theorem 3.5 and the fact
that Entθ(φ, ϕ) < B. From the above inequality and the fact that θnφ = fωn, we get

cEp(φ, ϕ)
−1/n

∫
X
(ϕ− φ)pθnφ = cEp(φ, ϕ)

1−1/n ≤ C1,

which yields Ep(φ, ϕ) ≤ C2. Finally, invoking Theorem 3.5 again, we obtain∫
X
eγ(ϕ−φ)

p
ωn ≤ C3,

where γ = cC
−1/n
2 > 0 is a uniform constant.
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We now treat the case of Riemann surfaces.
Assume φ ∈ Ent(X, θ) ∩ E(X, θ, ϕ). We first proceed similarly to [29, Lemma 3.16] to prove

that SH(X,ω) ⊂ L1(µ) for µ = θφ. The conclusion will then follow from the lemma below. We
can assume without loss of generality that

∫
X ω = 1. Consider u ∈ SH(X,ω), u ≤ 0 and let

c > 0 such that e−cu ∈ L1(ω). Setting a :=
∫
X e−cuω, we have

0 ≤ Ent
(
m−1
φ µ, a−1e−cuω

)
= Ent

(
m−1
φ µ, ω

)
+ log a+ c

∫
X
udµ ≤ C + log a+ c

∫
X
udµ,

which yields u ∈ L1(µ) and concludes the claim. ■

Lemma 3.8. Assume n = 1 and φ ∈ E(X, θ, ϕ). Then |φ − ϕ| < C, C > 0 if and only
if SH(X,ω) ⊂ L1(θφ).

Proof. Since there could be confusion, in the proof we use the notation ⟨θφ⟩ to denote the non-
pluripolar part of the measure θφ. We want then to prove that |φ− ϕ| < C, C > 0 if and only
if SH(X,ω) ⊂ L1(⟨θφ⟩). Observe that by definition ⟨θφ⟩ = 1{φ>−∞}θφ. Assume |φ− ϕ| ≤ C.
Let u ∈ SH(X,ω) that without loss of generality can be assumed to be negative. Consider
the bounded ω-psh approximants uk := max(u,−k). Then using integration by parts [16,
Lemma 4.7] (with φ1 = uk, φ2 = 0, ψ1 = φ, ψ2 = ϕ), we get∫

X
(−uk)⟨θφ⟩ =

∫
X
(−uk)(⟨θϕ⟩+ ⟨θφ⟩ − ⟨θϕ⟩) ≤

∫
X
(−uk)⟨θϕ⟩+

∫
X
(−uk)(⟨θφ⟩ − ⟨θϕ⟩)

≤ C1

∫
X
(−uk)ω +

∫
X
(ϕ− φ)ddcuk

≤ C1

∫
X
(−uk)ω + C

∫
X
ωuk −

∫
X
(ϕ− φ)ω ≤ C1

∫
X
(−uk)ω + 2C

∫
X
ω,

where in the fifth line we used that |φ− ϕ| ≤ C, in the forth line that

⟨θϕ⟩ ≤ 1{ϕ=0}θ ≤ 1{ϕ=0}C1ω

for some positive constant C1 (see [16, Theorem 3.6]), while in the last line we used that∫
X ωuk =

∫
X ω and that φ−ϕ ≤ C. Since

∫
X(−uk)ω is uniformly bounded [23, Proposition 1.7],

we arrive at∫
X
(−uk)⟨θφ⟩ ≤ C2

for some positive constant independent in k. Now, {−uk} is increasing to −u. Fatou’s lemma
ensures that∫

X
(−u)⟨θφ⟩ ≤ C2,

that is, what we wanted to prove.
We now prove the viceversa. Let µ = ⟨θφ⟩. For any fixed k ∈ N, we consider the following

sequence of ω-sh functions. We choose a point a ∈ X. In a neighbourhood of a, which will be
identified with the unit ball where the origin corresponds to a, we consider the bounded psh
function uk(z) := max(log ∥z∥,−k). Such a psh function uk can be globalized to a genuine ω-sh
function, denoted by ψka , normalized with supX ψ

k
a = 0 (see, for example, [23, p. 613]). By

assumption and [23, Proposition 2.7],∫
X

(
−ψka

)
dµ ≤ Cµ.
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Moreover, by construction we have that ω + ddcψka is the Lebesgue measure σk on the sphere
∥z| = e−k (see [25, Example 3.13]) normalized such that

∫
{∥z∥=e−k} dσk = 1.

Set φj := max(φ, ϕ− j). Observe that φj ↘ φ, and −j ≤ φj − ϕ ≤ 0. In particular, for any
fixed j, φj − ϕ is bounded. By [13, Remark 2.5], we infer that

Cµ ≥
∫
X

(
−ψka

)
⟨θφ⟩ = lim

j

∫
X

(
−ψka

)
⟨θφj ⟩.

In particular, we can assume that there exists j0 ∈ N (j0 = j0(k)) big enough such that
for j ≥ j0,∫

X
ψka⟨θφj ⟩ ≥ −Cµ − 1.

Thus, for j ≥ j0, performing integration by parts [16, Lemma 4.7] (applied with φ1 = φj ,
φ2 = ϕ, ψ1 = ψka , ψ2 = 0), we obtain

Cµ + 1 ≥
∫
X

(
−ψka

)
(⟨θφj ⟩ − ⟨θϕ⟩) =

∫
X
(φj − ϕ)ω +

∫
X
(ϕ− φj)ωψk

a

≥
∫
X
φjω +

∫
{∥z∥=e−k}

(ϕ− φj)dσk ≥ −C0 +
1

2π

∫ 2π

0
(ϕ− φj)

(
eiθe−k

)
dθ,

where in the last inequality we used that
∫
X(−φj)ω ≤

∫
X(−φ)ω ≤ C0, for some C0 > 0 uniform

in j. As j → +∞, monotone convergence gives

Cµ + C0 + 1 +
1

2π

∫ 2π

0
φ(eiθe−k)dθ ≥ 1

2π

∫ 2π

0
ϕ(eiθe−k)dθ.

Then as k → +∞, thanks to [25, Proposition 1.13], we get

Cµ + C0 + 1 + φ(a) ≥ ϕ(a),

hence the conclusion. ■

3.2 Stability of the entropy

We collect some results on how the property of having finite entropy changes when the reference
probability measure changes, when we perturb the reference big cohomology class and when we
pull-back through bimeromorphic holomorphic maps.

Lemma 3.9. Let µ1, µ2, µ3 be probability measures on X. If µ2 = f2µ3 with f2 ∈ L∞(X), then

Ent(µ1, µ3) ≤ Ent(µ1, µ2) + log
(
sup
X
f2
)
. (3.7)

Proof. If Ent(µ1, µ2) = +∞ the above inequality is trivial, so we can assume that Ent(µ1, µ2) <
+∞. In particular, µ1 = f1µ2 with f1 ≥ 0 such that

∫
X f1 log f1dµ2 < +∞. By assumption, we

have µ1 = f1f2µ3. In particular, f1f2 ∈ L1(µ3) and∫
X
f1 log f1dµ2 =

∫
X
f1f2 log f1dµ3 < +∞.

We then observe that

(f1f2) log(f1f2) ≤ (f1f2) log f1 + (f1f2) log
(
sup
X
f2
)

giving that∫
X
f1f2 log(f1f2)dµ3 ≤

∫
X
f1 log f1dµ2 + log

(
sup
X
f2
) ∫

X
f1 dµ2.

From this, we deduce (3.7). ■
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Proposition 3.10. Let π : Y → X be a bimeromorphic and holomorphic map and assume that ω̃
is Kähler form on Y normalized with volume equal to 1. Then

(i) Ent(µ, ν) = Ent(π⋆µ, π⋆ν), for any two non-pluripolar probability measures µ, ν.

(ii) If Entθ(φ) < +∞, then Ent
(
m−1
φ π⋆θnφ, ω̃

n
)
< +∞. In particular, Entπ⋆θ(π

⋆φ) < +∞.

By π∗µ, we mean the pushforward by π−1 of 1X\Zµ where Z is the indeterminacy locus
of π−1 (see also [3, lines after Definition 1.3]).

Proof. For the first item, we simply note that if µ = fν then π⋆µ = (f ◦π)π⋆ν. The conclusion
follows since π is a biholomorphism on a Zariski dense open subset and µ, ν do not charge
pluripolar sets.

Since Entθ(φ) < +∞, we have θnφ = fωn. We recall that [18, Theorem A] ensures that
(π∗θφ)

n = π∗θnφ. The first item then imply

Ent
(
m−1
φ (π∗θφ)

n, π∗ωn
)
< +∞.

Also, as π : Y → X is holomorphic, we know that π∗ω is a semipositive smooth form. In
particular, π∗ωn = Fω̃n for some F ∈ L∞(Y ), F ≥ 0. Lemma 3.9 (with µ1 = m−1

φ π∗θnφ,
µ2 = π∗ωn , µ3 = ω̃n and f2 = F ) gives

Ent(µ1, µ3) < +∞. ■

We end this note with a very natural stability question.

Question 3.11. Let φ ∈ Ent(X, θ). Is true that φ ∈ Ent(X, θ + εω) for ε > 0?

Proposition 3.12. Assume φ ∈ Ent(X, θ) and that φ ∈ Ent(X, θ + εω) for some ε > 0.
Then φ ∈ Ent(X, θ + tω) for all t > 0.

Proof. Set L : R+ → R such that L(x) = x log x, let L := max(L, 0). Then the function L
is convex increasing and non-negative. If f is a non-negative measurable function, since L is
bounded on [0, 1],∫

X
L(f)ωn < +∞ if and only if

∫
X
L(f)ωn < +∞.

We know that θnu = fωn, (θu + ϵω)n = (θ + ϵω + ddcu)n = hωn with∫
X
f log f < +∞,

∫
X
h log h < +∞.

On the other hand, from the multilinearity of the non-pluripolar product it follows that

(θu + εω)n = θnu +
n−1∑
j=0

(
n

j

)
εn−jωn−j ∧ θju = θnu +

n−1∑
j=0

(
n

j

)
εn−jµj ,

where µj := ωn−j ∧ θju are positive measures. Therefore, since the Monge–Ampère mea-
sures (θu+ εω)n and θnu are absolutely continuous with respect to ωn, we have that if ωn(E) = 0,
E ⊂ X, then µj(E) = 0. This means that µj = hjω

n for some 0 ≤ hj ∈ L1(ωn). Clearly, h0 = 1.
Now, for any t > 0, we have

(θu + tω)n = θnu +
n−1∑
j=1

(
n

j

)
tn−jµj + tnωn =

f +
n−1∑
j=1

(
n

j

)
tn−jhj + tn

ωn.
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In particular, (θu + tω)n is absolutely continuous with respect to ωn. Set

S(t) := f +

n−1∑
j=1

(
n

j

)
tn−jhj + tn.

Note that S(t) is non negative and increasing in t. We want to prove that the density S(t) is
such that

∫
X L(S(t)) < +∞.

If 0 < t ≤ ε, then L(S(t)) ≤ L(S(ε)). If t = τε with τ ≥ 1, then

0 ≤ S(t) = S(τε) ≤ τnS(ε).

Then

0 ≤ L(S(t)) ≤ L(τnS(ε)) = 1{τnS(ε)≥1}(τ
n log τnS(ε)) + 1{τnS(ε)≥1}(τ

nL(S(ε)))

≤ τn log τnS(ε) + τnL(S(ε)).

The quantity of the right-hand side is finite by assumption. Hence the conclusion. ■
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Aubin’s “hypothèse fondamentale”, Ann. Fac. Sci. Toulouse Math. (6) 31 (2022), 595–645, arXiv:1109.1263.

[3] Berman R.J., Boucksom S., Eyssidieux P., Guedj V., Zeriahi A., Kähler–Einstein metrics and the Kähler–
Ricci flow on log Fano varieties, J. Reine Angew. Math. 751 (2019), 27–89, arXiv:1111.7158.

[4] Berman R.J., Boucksom S., Guedj V., Zeriahi A., A variational approach to complex Monge–Ampère equa-
tions, Publ. Math. Inst. Hautes Études Sci. 117 (2013), 179–245, arXiv:0907.4490.

[5] Berman R.J., Boucksom S., Jonsson M., A variational approach to the Yau–Tian–Donaldson conjecture,
J. Amer. Math. Soc. 34 (2021), 605–652, arXiv:1509.04561.

[6] Berman R.J., Darvas T., Lu C.H., Convexity of the extended K-energy and the large time behavior of the
weak Calabi flow, Geom. Topol. 21 (2017), 2945–2988, arXiv:1510.01260.
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