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connections with the algebraic notions of quantum graph iso-

morphism, existing presently in the literature.
© 2024 Elsevier Inc. All rights are reserved, including those
for text and data mining, Al training, and similar

technologies.
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1. Introduction

In recent years, many fruitful interactions have emerged between entanglement and
non-locality in quantum systems, on one hand, and the theory of operator algebras and
operator systems, on the other. At a high level, this connection stems from the laws
of quantum mechanics, which dictate that the input-output behaviour of local mea-
surements on (bipartite) quantum systems is encoded by non-commutative operator
algebras of observables and their state spaces. This provides powerful means to trans-
late between questions of a physical nature and questions formulated in the language
of non-commutative analysis. At the base of these developments lie the work of Junge,
Navascues, Palazuelos, Perez-Garcia, Scholz and Werner [27], where the relation between
the Tsirelson Problem in quantum physics and the Connes Embedding Problem in opera-
tor algebra theory was first noticed (see also [42]), and that of Paulsen, Severini, Stahlke,
Winter and the third author [44], where the notion of synchronous no-signalling correla-
tion was first defined and characterised. The fruitfulness of these connections has been
borne out by many recent works; see [42,33,35,34,37,36,1,38,9] for an incomplete list.
We specifically single out Sloftsra’s ground-breaking work [48,47], which injected ideas
from geometric group theory into the theory of non-local games, showing that the set
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of bipartite quantum correlations is not closed, and the work of Helton, Meyer, Paulsen
and Satriano [24], in which an algebraic approach to non-local games was formulated.
All of these ideas recently culminated in the resolution of the weak Tsirelson problem
and Connes Embedding problem in the preprint [26] by Ji, Natarajan, Vidick, Wright
and Yuen.

In the present work, we are primarily interested in investigating the structure of
quantum input-quantum output bipartite correlations which generalise the bisynchronous
correlations introduced by Paulsen and Rahaman in [45]. Recall that a no-signalling
bipartite correlation over the quadruple (X, X, A, A), where X and A are finite sets, is
a family of conditional probability distributions

p={p(a,b|z,y) : (x,y) € X x X, (a,b) € Ax A}

that has well-defined marginals (see e.g. [33]). Operationally, in the commuting opera-
tor model of quantum mechanics, p describes the input-output behaviour of a bipartite
quantum system, given by a Hilbert space H in state &, interpreted as a unit vec-
tor in H, on which local measurements are jointly performed: for each z,y € X, two
non-communicating parties Alice and Bob have access to mutually commuting local
measurement systems F, = (Eyq)eca C B(H) (for Alice) and Fy, = (Fy)pea C B(H)
(for Bob). Given input x, Alice uses the system E, to measure &, and similarly, given y,
Bob uses F), to measure §; the resulting outcomes of Alice and Bob’s measurements are
(a,b) € A x A with probability

p(a’v b|$, y) = <E$7(1Fyab§7 £>

We say that a correlation p is synchronous if p(a,blz,z) = 0 for all x € X and a # b.
Heuristically, Alice and Bob’s behaviour is synchronised in that they appear to invoke the
same “virtual function” X — A to obtain their outputs, depending on the given inputs.
A correlation p is called bisynchronous [45] if it is synchronous and has the additional
property that p(a, a|z,y) =0 for all a € A and x # y. In this case, the “virtual function”
X — A behaves as though it were in addition injective.

Using the language of operator algebras and non-commutative geometry, one can make
the intuition, highlighted in the previous paragraph, precise. Let Ax, a = | x|£>(A) be
the unital free product of | X| copies of the |A|-dimensional abelian C*-algebra £>°(A).
The C*-algebra Ax 4 is a C*-cover of the universal operator system Sx 4 with generators
€z,a, Where z € X and a € A, subject to the relations e, , = ei’a = e, , and ZaeA €r.a =
1, z € X. Within the framework of non-commutative geometry, Ax 4 can be regarded
as a quantisation of the finite-dimensional C*-algebra C(F (X, A)) of complex-valued
functions on the set F(X, A) of functions f : X — A. It was shown in [44] that a no-
signalling correlation p of quantum commuting type is synchronous if and only if there
is a tracial state 7 on Ax 4 such that

pla,blz,y) = T(ez,aeyp), =,y € X, a,be A (1)



4 M. Brannan et al. / Advances in Mathematics 449 (2024) 109732

If the correlation p is bisynchronous (and | X| = |A]), then [45] p arises via (1) from a
tracial state 7 on the C*-algebra C (S}) of the quantum permutation group [53]. Similarly
to Ax, a, the C*-algebra C(S;g) is the universal unital C*-algebra with generators ey 4,
r,a € X, further satisfying the additional relations ) .y e;q = 1, a € A. Note that
C(S%) is a free analogue of the algebra C(Sy) of complex functions on the permutation
group Sx of X, and is itself a C*-algebraic quantum group [53].

Bisynchronous correlations arise in the analysis of certain classes of non-local games,
most notably the graph isomorphism game [1,34,36,9] and the related metric isometry
game [20]. Here, deep and unexpected connections emerged between quantum permuta-
tion groups, no-signalling correlations and graph theory. At the same time, connections
were established between graph isomorphism games and quantum graphs [38,39,9]. In
particular, in the aforementioned works, a natural (operator) algebraic notion of a quan-
tum isomorphism between quantum graphs was introduced.

One of the main motivations behind the present work is the desire to provide an
operational characterisation of quantum isomorphisms between quantum graphs in terms
of bipartite correlations. As the term suggests, the description of a quantum graph (in
any of its many guises [49,38,9,10]) requires a suitable quantum version of the notion of a
vertex or edge, using the language of bipartite quantum systems. Hence one is naturally
led to consider bipartite no-signalling correlations which allow quantum states as inputs
and outputs.

Quantum input-quantum output no-signalling (QNS) correlations were introduced
by Duan and Winter [18], and subsequently systematically studied in [50,7,10]. Given
finite sets X and A, and denoting by Mx (resp. M4) the full matrix algebra over the
| X |-dimensional Hilbert space, a QNS correlation over the quadruple (X, X, A, A) is a
quantum channel

D  Mx@Mx — MasQ My

satisfying a pair of additional constraints, equivalent to the existence of marginal channels
(see equations (5) and (6), and the article [18] for further details). Since any classical
no-signalling correlation p over (X, X, A, A) can be regarded as a QNS correlation T'),
that preserves the corresponding diagonal subalgebras, QNS correlations constitute a
genuine generalisation of their classical counterparts (see also equation (8)).

The main purpose of the present work is to develop a notion, and find (operational and
operator algebraic) characterisations, of bisynchronicity in the quantum input-output
setting. In parallel with the classical setting, here we focus our attention on the case where
the input and output systems are of the same size, that is, |A] = | X|. In this case, it is
natural to consider “bistochastic” correlations I' : Mx @ Mx — M ® M4, that is, unital
QNS correlations with the additional property that the dual channels I'* are also QNS
correlations; these channels are referred to as QNS bicorrelations (see Definition 5.1).
A quantisation of bisynchronicity must involve a suitable quantum counterpart of the
property of sending identical inputs to identical outputs. In bipartite quantum systems,
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this is naturally captured by how I' (and I'*) acts on the canonical maximally entangled
state. More precisely, if (€;4)zyex is the canonical matrix unit system of My, and
Jx = ‘71| > ryex oy ® €y is the maximally entangled state, then it is natural to
impose the condition

D(Jx)=Ja. (2)

Condition (2) on a QNS correlation I was introduced and studied in detail in our previous
work [10], where it was called concurrency. For a QNC bicorrelation I, its concurrency
is equivalent to concurrency for I'* (see Remark 6.2). From an operational viewpoint,
concurrent bicorrelations I' are characterised by the property that I' and I'* preserve
the perfect correlation of local measurements in both directions: the input state Jx is
characterised by the property that local measurements performed on Jx in any fixed
basis are always perfectly correlated with uniformly random outcomes. Concurrent bi-
correlations thus respect this perfect correlative structure, and hence rightfully can be
interpreted as fully quantum versions of bisynchronous correlations.

We study the various types of QNS bicorrelations (quantum commuting, quantum
approximate, quantum and local) in detail, providing operator system/algebra charac-
terisations thereof. After providing necessary preliminaries in Section 2, in Section 3 we
exhibit operator bistochastic matrices, which can be viewed as quantum and operator-
valued generalisations of classical bistochastic matrices. Operator bistochastic matrices
turn out to be the suitable mathematical objects encoding each of the parties of a QNS
bicorrelation. We characterise concretely the universal operator system 7x of an operator
bistochastic matrix as the subspace spanned by natural order two products associated
with the entries of a universal block operator bi-isometry V : C1Xl@ H — CIXl® K (that
is, an isometry V for which the transpose V* is also an isometry). We further identify
the dual operator system of Tx and establish several properties of 7Tx and its universal
C*-algebra Cx. At the heart of our arguments is a factorisation result for bistochastic
operator matrices (Theorem 3.2). Our results should be compared to those of [50], where
a similar development was undertaken for the universal operator system Tx 4 of a block
operator isometry, and the corresponding C*-algebra Cx 4.

The diagonal expectations (intuitively, the classical components) of bistochastic op-
erator matrices coincide with quantum magic squares, introduced by De Las Cuevas,
Drescher and Netzer in [15]; contrapositively, bistochastic operator matrices can be
viewed as quantum versions of quantum magic squares. In Section 4, we build up on
this connection and rephrase some of the results of [15] in the language of operator sys-
tems. Indeed, one of the main results in [15] is the fact that not every quantum magic
square admits a dilation to a quantum permutation. In Theorem 4.5, we characterise
the dilatability of a quantum magic square in terms of the complete positivity of natural
maps, associated with the given quantum magic square, and defined on the operator
system Px C C (S;;) spanned by the coefficients of a quantum permutation matrix. We
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demonstrate that the non-dilatability of quantum magic squares is due to the distinction
between different operator system structures.

In Section 5, we introduce the types of quantum no-signalling bicorrelations, corre-
sponding to different physical models (local, quantum, approximately quantum, quantum
commuting and general no-signalling), and characterise them in terms of states on the
various operator system structures, with which the algebraic tensor product Tx ® Tx
can be endowed. Here we rely on the tensor product theory developed in [30]. We pay
a separate attention to classical no-signalling bicorrelations, showing that their corre-
sponding encoding operator system Sx is the universal operator system spanned by the
entries of an X x X-quantum magic square studied in Section 4, and obtaining similar
characterisations in terms of states on operator system tensor products on the algebraic
tensor product Sx ® Sx.

In Section 6, we focus our attention on concurrent bicorrelations, establishing in The-
orem 6.7 a characterisation of concurrent quantum commuting bicorrelations in terms
of tracial states. We show that the C*-algebra, whose tracial states are of interest here,
is the C*-algebra C’(]P’L{;) of functions on projective free unitary quantum group. Recall
that the C*-algebra of the free unitary quantum group C(U5;) is the universal unital
C*-algebra generated by the entries u, , of an X x X bi-unitary matrix U = (tz,4)z,q-
The C*-algebra C(PUx-+) is the C*-subalgebra of C(U;), generated length two words of
the form uj ,u. . Note that the C*-algebra C(UY) is the free analogue of C(Ux), the
C*-algebra of continuous complex functions on the unitary group Ux. Similarly, C (]P’L{;g)
is the free analogue of the algebra of continuous complex functions on the projective uni-
tary group PUx = Ux /T. Recall that the natural action of Ux on Mx by conjugation
induces an isomorphism of PUx and the group Aut(Mx) of x-automorphisms of the
matrix algebra Mx. In this way, C(PUx ) can be regarded as the quantum version of the
automorphism group of Mx. In fact, using quantum group theory, this reasoning can
be made precise as, by [3, Corollary 4.1] and [2, Theorem 1], C(PU5) is the quantum
automorphism group of the tracial C*-algebra My in the sense of Wang [53].

Thus, from an operator algebraic point of view, Theorem 6.7 provides yet another
justification for our definition of concurrent bicorrelations as the appropriate quantum
versions of bisynchronous correlations; indeed, at a correlation level, quantisation of
bisynchronicity amounts to replacing classical channels on Dx ® Dx with quantum chan-
nels on Mx ® Mx. At the level of tracial states encoding these channels, Theorem 6.7
shows that this quantisation amounts to replacing C' (S;g) (that is, quantum automor-
phisms of Dx) with C(PUY) (that is, quantum automorphisms of Mx). We remark
here that the C*-algebras C(S%) and C(PUY) are indeed distinct C*-algebras, as can be
seen from the K-theory computations in [51, Theorem 4.5]. In summary, the operational
and the algebraic notions of quantisation are in agreement. Our results complement a
series of operator characterisations in the literature, part of which we summarise in the
following table:
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Correlation type:

Encoded by states on:

Classical NS correlations Cpg
Classical qgc-correlations Cqc
Classical qa-correlations Cqa
Synchronous qc-correlations Cf.
Bisynchronous gc-correlations CS?
QNS correlations Qg

QNS qc-correlations Qqc

QNS qa-correlations Qga

QNS bicorrelations Qh”s

QNS qgc-bicorrelations le
QNS ga-bicorrelations QZ;
Classical NS bicorrelations CE;
Classical gc-bicorrelations C:;i
Classical ga-bicorrelations C:;

8x,4 ®max Sx,a [33, Theorem 3.1]
Sx,4 ®c Sx, 4 [33, Theorem 3.1]
Sx,4 ®min Sx,a [33, Theorem 3.1]
Ax, a (tracial) [44, Theorem 5.5]
C(S;r() (tracial) [45, Theorem 2.2]
Tx, 4 @max Tx,a [50, Theorem 6.2]
Tx,4 ®c Tx,a [50, Theorem 6.3]
Tx,A Qmin Tx,a [50, Theorem 6.5]
Tx ®max Tx [Theorem 5.4]

Tx ®c Tx [Theorem 5.

Tx ®min Tx [Theorem 5.6]
Sx ®max Sx [Theorem 5.10]
Sx ®c Sx [Theorem 5.10]
Sx ®min Sx [Theorem 5.10]

5
5.

Cx,a (tracial) [10, Theorem 4.1]

Concurrent qc-correlations QZC
C(PUY;) (tracial) [Theorem 6.7]

Concurrent qc-bicorrelations QS‘CC

In Section 7, we apply concurrent bicorrelations to study quantum graph isomor-
phisms. We consider quantum graphs with respect to My, viewed as symmetric skew
subspaces U C CX @ CX [8,49,17,50,10]. We define quantum isomorphisms between
quantum graphs in terms of perfect QNS strategies for a suitable quantum graph isomor-
phism game, building up on the approach to quantum graph homomorphisms followed
n [50]. In Theorem 7.4, we characterise quantum commuting isomorphisms between
quantum graphs 4,V C CX ® CX in terms of the existence of a bi-unitary matrix
U = (Ug,a)z,a € Mx(B(H)) such that C(PUx+) admits a tracial state 7, and

U(Sy @ 1)U* C Sy @ B(H) and UY(Sy @ 1)U C Sy @ B(H), (3)

where S, and Sy, are the traceless, symmetric subspaces, canonically associated to U and
V, respectively. Note that condition (3) is a quantum counterpart of the characterisation
[1] of quantum isomorphisms of classical graphs in terms of quantum permutations matri-
ces that intertwine the relevant adjacency matrices, through the replacement of quantum
permutations by bi-unitaries (see Remark 7.6). We further formalise the relations (3) in
Theorem 7.10, where we introduce a natural game algebra Ap g whose tracial states
encode the perfect quantum commuting strategies for the (U, V)-isomorphism game. We
note, in particular, that when & =V, the algebra Ap o admits the structure of a com-
pact quantum group, which seems to generalise the quantum automorphism group of a
classical graph. We leave the study of these quantum groups for future work.

Finally, in Section 8, we compare the operational notion of quantum graph isomor-
phism of Section 7 to the operator algebraic notions that have appeared previously in
the literature, and which have been based mainly on adjacency matrices [38,39,9,14].
We show, in Theorem 8.9, that the algebraic quantum isomorphisms considered in the
aforementioned works fit into our framework as special cases. The arguments and ideas
for the proof of this theorem rely on the recent work of Daws on quantum graphs [14]. In
Theorem 8.14, we establish a partial converse, exhibiting the precise conditions, under
which the algebraic and the operational notions of quantum graph isomorphism coincide.
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2. Preliminaries

In this section, we collect basic preliminaries on quantum no-signalling correlations,
set notation and introduce terminology. Let H be a Hilbert space. As usual, we denote
by B(H) the space of all bounded linear operators on H and sometimes write £L(H) if H
is finite dimensional. We denote by Iy the identity operator on H and, if {,n € H, we let
&n* be the rank one operator given by (£n*)(¢) = (¢, n)¢. In addition to inner products,
(+,-) will denote the duality between a vector space and its dual. We let B(H)™ be the
cone of positive operators in B(H ), and further denote by 7 (H) its ideal of trace class
operators and by Tr — the trace functional on T (H).

An operator system is a selfadjoint subspace S C B(H), for some Hilbert space H,
containing Iy. If S is an operator system, the universal C*-cover of S [32] is a pair
(C5(S),t), where C}(S) is a unital C*-algebra and ¢ : § — C}(S) is a unital complete
order embedding, such that «(S) generates C(S) as a C*-algebra and, whenever K is
a Hilbert space and ¢ : S — B(K) is a unital completely positive map, there exists a
*-representation my @ Cg(S) — B(K) such that mg ot = ¢. If S is a finite dimensional
operator system then its Banach space dual S can be viewed as an operator system [13,
Corollary 4.5]. We refer the reader to [43] for information and background on operator
systems and completely positive maps.

We denote by |X| the cardinality of a finite set X, let H*X = @,cxH and write My
for the space of all complex matrices of size | X| x | X|; we identify Mx with £(CX) and
set Ix = Icx. Forn € N, we let [n] = {1,...,n} and M,, = M,). We write (es)sex
for the canonical orthonormal basis of CX, (€x,07)w.arex for the canonical matrix unit
system in My, and denote by Dx the subalgebra of Mx of all diagonal matrices with
respect to the basis (e;)zex. If V is a vector space, we write Mx (V) for the space of all
X x X matrices with entries in V; we note that there is a canonical linear identification
between Mx (V) and My ® V. Here, and in the sequel, we use the symbol ® to denote
the algebraic tensor product of vector spaces.

For an element w € My, we denote by w' the transpose of w in the canonical basis, and
write @ for the complex conjugate of w; thus, @ = (w')*. The canonical complete order
isomorphism from Mx onto its dual operator system M}i( maps an element w € Mx to
the linear functional f, : Mx — C given by f,(T) = Tr(Tw"); see e.g. [46, Theorem
6.2]. We will thus consider Mx as self-dual with the pairing
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(p,w) = (p,w) := Tr(pw"). (4)

On the other hand, note that the Banach space predual B(H ). can be canonically iden-
tified with 7 (H); every normal functional ¢ : B(H) — C thus corresponds to a (unique)
operator Sy € T(H) such that ¢(T') = Tr(T'Sy), T € B(H). In the case where X is a
fixed finite set (which will sometimes come in the form of a Cartesian product), we will
use a mixture of the two dualities just discussed: if w,p € Mx, S € T(H) and T € B(H),
it will be convenient to continue writing

(p@T,w®S) = Tr(pw") Tr(TS).

If X and Y are finite sets, we identify Mx ® My with Mx«y and write Mxy in
its place. Similarly, we set Dxy = Dx ® Dy. For an element wx € Mx and a Hilbert
space H, we let L,,, : Mx ® B(H) — B(H) be the linear map given by L, (S®T) =
(S,wx)T. If H=CY and wy € My, we thus have linear maps L, : Mxy — My and
Ly, : Mxy — Mx; note that

<wa (R)apy> = <R7WX ®PY>7 Re MXYHOY € MYa

and a similar formula holds for L, . Welet Trx : Mxy — My (resp. Try : Mxy — Mx)
be the partial trace; thus, Trx = Ly, (resp. Try = Ly,.).

Let X, Y, A and B be finite sets. A quantum channel from My into M 4 is a completely
positive trace preserving map ® : Mx — M. A quantum correlation over (X,Y, A, B)
(or simply a quantum correlation if the sets are understood from the context) is a quan-
tum channel T' : Mxy — Map. Such a T is called a quantum no-signalling (QNS)
correlation [18] if

Tral'(px ® py) =0 whenever Tr(px) =0 (5)
and
Trp'(px ® py) =0 whenever Tr(py) = 0. (6)

We denote by Q.5 the set of all QNS correlations.

A stochastic operator matriz over (X, A), acting on a Hilbert space H, is a positive
block operator matrix E = (Ez a0 )z, 00 € Mxa(B(H)) such that TraE =1 A
QNS correlation I' : Mxy — Mg is quantum commuting if there exist a Hilbert space
H, a unit vector £ € H and stochastic operator matrices E = (Eza' 0,0’ )30 0,0 a0
F = (Fy,y/,b,b’)y,y’,b,b/ on H such that

By a0 Fy b = Fyy oo Bo o0,

forall 2,2’ € X, y,y' €Y, a,d € A, bl € B, and
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F(em,z’ & Ey,y’) = Z Z <Ez¢z’,a,a’Fy,y’,b,b’§7 §> €a,a’ & €b,0/ (7)

a,a’ €A bW EB

for all z,2’ € X and all y,y’ € Y. Quantum QNS correlations are defined as in (7), but
requiring that H has the form H4 ® Hp, for some finite dimensional Hilbert spaces H 4
and Hp, and B 4/ .00 = Ez,z/,a,a/ ®@Ipand Fy y pp = 14 ®Fy,y/7b’b/, for some stochastic
operator matrices (Em7m/7a7a/) and (ﬁ'y,y/,@b/), acting on H 4 and Hp, respectively. Approz-
imately quantum QNS correlations are the limits of quantum QNS correlations, while
local QNS correlations are the convex combinations of the form I' = Zle NP @ Uy,
where ®; : Mxy — M4 and V; : My — Mp are quantum channels, i = 1,... k.

We write Qqe (resp. Qqa, Qq, Qloc) for the (convex) set of all quantum commuting
(resp. approximately quantum, quantum, local) QNS correlations, and note the inclusions

Qloc - Qq c Qqa - Qqc - Qns-

Recall that a (classical) no-signalling (NS) correlation is a family p = {(p(a, b|z,y))ap
(z,y) € X x Y} of probability distributions over A x B, such that

> pablz,y) =D pla,bla,y), z€X,y,y €Y,ac A4,
beB beB

and

Zp(mb\&y) = Zp(a,b|x’7y), z, 2’ € X,ycY,bc B
acA a€A

(see e.g. [33,44]). We denote the (convex) set of all NS correlations by C,s. With a
correlation p € Cy, we associate the classical information channel I'y, : Dxy — Das,
given by

Tp(ers ®e€yy) = Z Z (e, b|z, Y)eq,e @ €pp. (8)

acAbeB

The subclasses C;, of Cys, for t € {loc,q,qa, qc}, are defined as in the previous paragraph,
but using classical stochastic operator matrices, that is, stochastic operator matrices
of the form £ = 7 > i€z ® €40 ® Eypq. Note that the condition for £ being
stochastic is equivalent to the requirement that (E, ,)eca is a positive operator-valued
measure (POVM) for all x € X. We note the inclusions

Cloc - Cq - an - ch - Cnsa
all of which are strict: Cioc # Cq is the Bell Theorem [4], Cq # Cqa is & negative answer to

the weak Tsirelson Problem [47] (see also [19,48]), and Cqa # Cqc — in view of [23,27,42],
a negative answer to the announced solution of the Connes Embedding Problem [26].



M. Brannan et al. / Advances in Mathematics 449 (2024) 109732 11

3. Bistochastic operator matrices

In this section we define and examine bistochastic operator matrices, which constitute
a specialisation of stochastic operator matrices [50, Section 3] to the new context to be
considered herein. Let X be a finite set, and set A = X. The distinct symbols X and A
will continue to be used to indicate the variable with respect to which a partial trace is
taken; the symbol X usually refers to the domain of a quantum channel, while A — to
its codomain.

Definition 3.1. Let H be a Hilbert space. A block operator matrix E= (Ey 3/ q.,4')
(Mx 4 ® B(H))T is called a bistochastic operator matrix if

z,x’ a,a’ €

TraEF=1Ix®Ig and Trx E=1,Q® Iy.
3.1. Factorisation

A block operator matrix V = (V, 4)a,zex, where V, , € B(H, K) for some Hilbert
spaces H and K, will be called a bi-isometry if V and V' := (V, 4)a.zcx are isometries
as operators in B(HX, KX).

Theorem 3.2. Let H be a Hilbert space and E € (Mxa ® B(H))". The following are
equivalent:

(i) E is a bistochastic operator matriz;
(i) there exist a Hilbert space K and operators V,, € B(H,K), x,a € X, such that
(Va,z)a,zex is a bi-isometry and

Er,z’,a,a’ = Vaﬁxva/,m/a x, xla a, (l/ S X. (9)
Proof. (ii)=(i) Since V is an isometry,

*
E : Ea:,x/,a,a = E Va,xva,x' = 5:c,ac’IH7

a€eX acX

and hence Tr 4 E = Ix ® Iy. Since V' = (V, ;)44 is an isometry,

*
Z EIJ»U'»U/ = Z Va,xva/,iv = 5a,a’IH7
zeX reX

and hence Tr xF = 14 ® Ig.

(i)=(ii) Suppose that E = (Ey o/ 4.0’ ).a,a,a’ 1S & bistochastic operator matrix acting
on H and set By o = (Eyp o/ 0.0/ w0ty 6,0 € A; thus, Eq o € Mx @ B(H). Let & : Mg —
Mx ®B(H) be the linear map, given by ®(eq,q/) = Eq,47, a,a’ € A. By Choi’s Theorem, ®
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is a unital completely positive map and, by Stinespring’s Theorem, there exist a Hilbert
space K, an isometry V : C¥ @ H — K and a unital *-homomorphism 7 : M, — B(K)
such that ®(T) = V*r(T)V, T € Ma. Up to unitary equivalence, K = C*4 ® K for some
Hilbert space K and n(T) =T @ Ix, T € My. Write V, , : H - K, a € A, x € X, for
the entries of V, when V is considered as a block operator matrix. As in [50, Theorem
3.1], we conclude that E; 4.0 = V" Var 2, 7,2" € X, a,a’ € A.

Note that

(TI'X O(I)) (ea,a ) TI'X Z ET7T7a7a/ - 6(1 a'IH,
rzeX

hence
(Trx o®) (p) = Tr(p) I, p€ Ma.
Thus, if w € T(H) and p € M4 then

(p, Tr(w)la) = (Tra(p® Ig),w) = ((Trx o®) (p),w) (10)
= (Trx (V*(p@1Ix)V),w).

On the other hand, writing p = (p4,0’)a,a’ex, We have
Vi@ Ix)V =3 pouV (Caw @IV =] Y paaVigVarw|
a,a’€X a,a’€X ,
implying

(Trx (V¥ (p®@ IK)V),w) = Z Z Pa,a’ Tr(V;IVa/,zw)
zeX a,a’€X

Z Pa,ar Tr <Z Va""xVa/ww) .
a,a’€X zeX

Now (10) implies that
Tr (Z Va*’mVar,mw> =00 Tr(w), a,d €X.
rzeX

The latter equality holds for every w € T(H); thus,

Z Vaﬁﬁva’,m = 5a,a’IK;

zeX

that is, V* is an isometry. O
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3.2. The universal operator system

Recall [25,54] that a ternary ring is a complex vector space V, equipped with a ternary
operation [-,-,+] : V¥ x V x V — V), linear on the outer variables and conjugate linear in
the middle variable, such that

[87 t7 [u7/U7wH = [87 [v7u7 t]7w] = [[s7t’ u]7v7w:|7 87 t7 U,’U,w 6 V'

A ternary representation of V is a linear map 0 : V — B(H, K), for some Hilbert spaces
H and K, such that

0 ([u,v,w]) = 0(w)f(v) O(w), u,v,we .

We call 0 non-degenerate if span{@(u)*n : uw € V,n € K} is dense in H. A (concrete)
ternary ring of operators (TRO) [54] is a subspace U C B(H, K) for some Hilbert spaces
H and K such that S,T, R € U implies ST*R € U. We refer the reader to [6, Section
4.4] for details about TRO’s and their abstract versions that will be used in the sequel.

Let V% be the ternary ring, generated by elements v, ., a,z € X, satisfying the
relations

E [va”,az”ava,zvva,m’] = 51:,:6”0(1”,1” and § [va”,m”ava,zava’,x] = 5a,a’va”,r”» (11)
aeX zeX

for all z,2',2",a,a’,a"” € X. Note that relations (11) are equivalent to

Z [U’7 Va,z, Ua,x’] = 53:,36’“ and Z [u> Va,z, Ua’,x} = 5a,a’ua (12)

aceX rzeX

for all z,2’,a,a’ € X and all u € V§. Conditions (12) imply that the non-degenerate
ternary representations 6 : V% — B(H, K) correspond to bi-isometries V = (V, ;)42 via
the assignment V, , = 6(v,); in this case, we write § = 0y . Following [50, Section 5],
we let § = @®v 0y, where in the direct sum we have chosen one representative from each
unitary equivalence class of bi-isometries and the cardinality of the underlying Hilbert
spaces are bounded by that of V. The assignment |u|| := [|f(u)]|| defines a semi-norm on
V%; we set Vx = V%/keré, observe that Vx is a TRO, and continue to write v, , for
the images of the canonical generators of V% under the quotient map ¢ : V% — Vx. The
maps 6 and 6y (for a bi-isometry V') give rise to corresponding ternary representations
of Vx, which we denote in the same way.

Let Cx be the right C*-algebra of the TRO Vx (so that, up to a *-isomorphism,

~ ~

Cx = span(0(Vx)*0(Vx))), write g 2/ a,ar = v} zVar o, and let
Tx = span{e, o a0 @ T, 2 0,0’ € X},

viewed as an operator subsystem of Cx. It is immediate that
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(ez,z’,a,a/)m,z’,a,a’ S MXX (CX)+ (13)
and that the relations
Z €x.x/ bb = 51@/1 and Z €y,y,a,a’ = 5a,a’]—a l’,(ﬂl, a,a’ c X, (14)
beA yeX

hold true. For a bi-isometry V, acting on the Hilbert space H, we write my : Cx — B(H)
for the *-representation of Cx, given by

7wy (S*T) =0y (S)* 0y (T), S, T € Vx. (15)
Lemma 3.3. The following hold true:

(i) Every non-degenerate ternary representation of Vx has the form Oy, for some bi-
isometry V.
(ii) The map 0is a faithful ternary representation of Vx.
(iii) Ewvery unital *-representation w of Cx has the form mwy, for some bi-isometry V.

Proof. The arguments are similar to the ones in [50, Lemma 5.1] where a version of
our current setup is considered for isometries (that are not necessarily bi-isometries).
We address (iii) for the convenience of the reader. Let 7 : Cx — B(H) be a unital *-
representation. Then there exists a ternary representation 6 : Vx — B(H, K) such that
w(S*T) = 0(S)*0(T), S,T € Vx. 4 (see e.g. [5, Theorem 3.4] and [21, p. 1636]). Since 7
is unital, € is non-degenerate. By the universality of Vx described in (i), there exists an
operator matrix V' = (V, ;), whose entries satisfy the relations (11), such that 6 = 0y,
and hence 7 =my. O

Let Vx 4 be the universal TRO of an isometry (¥4.4)a,zex, defined similarly to the
TRO Vx [50, Section 5]. Thus, the TRO Vx 4 arises from a ternary ring, whose canonical
generators ¥, 4, T,a € X, are required to satisfy only the first of the relations (11). We
let Cx 4 be the right C*-algebra of Tx a. Letting € 2/ 0.0 = U ,Va’ 2’ z,2’',a,a € X,
we write

TX,A = Span{éa:,a:’,a,a’ -z, xla a, a/ € X}7 (16)

viewed as an operator subsystem of Cx 4 [50]. It was shown in [50, Theorem 5.2] that,
for a Hilbert space H, the unital completely positive maps ¢ : Tx, 4 — B(H) correspond
to stochastic operator matrices (Ey y a.0/)a,2’ 0,0 Via the assignment @(ey p a,0/) =
Ez 2 a,c0- We next provide a bistochastic version of this fact, to be used subsequently.

Theorem 3.4. Let H be a Hilbert space and ¢ : Tx — B(H) be a linear map. Consider
the conditions
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(i) ¢ is a unital completely positive map;
(i) (¢(ex,a,0'))p s 0.0 € Mxa ® B(H) is a bistochastic operator matriz;
(iii) there exists a unital *-representation m:Cx — B(H) such that ¢ = 7|7y,

and

(") ¢ is a completely positive map;
(ii") ((b(ew,m',a,a’))w,x/,a,a/ € (Mxa® B(H))+

Then (i)= (i) (i) and (V)< (ii’). Thus, the pair (Cx,t), where ¢ is the inclusion map
of Tx into Cx, is the universal C*-cover of Tx.

Moreover, if (Ew7w’7a7a’)x o aq 18 @ bistochastic operator matriz acting on a Hilbert
space H then there exists a ku;zzzque) unital completely positive map ¢ : Tx — B(H) such
that ¢(ez 3 .a,0') = Fuw a0 for all z,2' a,a’.

Proof. (i)=(ii) By Arveson’s Extension Theorem and Stinespring’s Theorem, there exist
a Hilbert space K, a *-representation 7 : Cx — B(K) and an isometry W € B(H, K),
such that ¢(u) = W*n(u)W, v € Tx. By Lemma 3.3, 7 = 7y for some bi-isometry
V= (Vaz)aw By (13), B = (T(era0,0/)) g or a0 € (Mxa ®B(K))", and hence

(Dlerwraa))=Ix T4 @W)*E(Ix @ [4 @ W) € (Mxa ® B(H))".
In addition,

S WV Voo W = 00w WW = 60001, x,2' €X,
beX

and

S WV Var )W =600 WW =6,01, a,d €X,
yeX

that is, the operator matrix (¢(es,2/,a,a’)), o 4 o 1 bistochastic.
(ii)=(iii) By Theorem 3.2, there exist a Hilbert space K and a bi-isometry V =
(Vaz)aw € B(HX, KX) such that
d(erwraa) = VarVara, 2 ,0,a" €X.
Recalling (15), we have

T (€awr,a,00) = OV (Va2) O (Var o) = Voo Varar = ¢z 00,0,

and hence the *-representation my of Cx is an extension of ¢.
(iii)=-(i) is trivial.
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(i”)=-(ii") is a direct consequence of (13) and the fact that Tx is an operator subsystem
of Cx.
(ii")=-(i") Let T' = ¢(1) and note that, for any x,a € X, we have

Z E:v,w,lLb = Z ¢<e$,$7b,b> =T= Z ¢(€y7y,a,a) = Z Ey,y7a7a- (17)

beX beX yeX yeX

Assume first that T is invertible. Following the proof of [50, Proposition 5.4], let v :
Tx — B(H) be the map given by

Y(u) =TV 2¢(uw)TV2, we Tx. (18)

Setting I' = (Y(€x,0',a,a’)) 47 0.ar» WE have that

P (IxA ® T‘1/2> E (IxA ® T‘1/2) >0,

and (17) shows that F' is a bistochastic operator matrix. By the implication (ii)=-(i), ¥
is completely positive, and hence so is ¢, as ¢(-) = T2 () T/2.

Now relax the assumption that T be invertible. Using the implication (ii)=-(i), let
f + Tx — C be the state given by f(ezo/ a,0) = ﬁ%,mﬁa,a' and, for ¢ > 0, let
¢e : Tx — B(H) be given by ¢c(u) := ¢(u) + ef(u)I. Then

€
(¢e(ez‘,w’7a:a/))iyﬂf/vava/ =B+ _|IXX

| X
and ¢.(I) = T + el is invertible. By the previous paragraph, ¢. is completely positive
and, since ¢. —¢_o ¢ in the point-norm topology, we conclude that ¢ is completely
positive.

Finally, suppose that £ = (E; 4/ .a,a’), 4 o0 15 & bistochastic operator matrix acting
on H. Letting V be the bi-isometry, associated with E via Theorem 3.2, we have that
the completely positive map ¢ := my|1, satisfies the equalities ¢(ez 27 .a.0') = Fz.2 0.0/
for all z,2',a,a’. O

We note that, if S is an operator system, its Banach space dual S can be equipped
with a natural matricial order structure. To this end, we recall [13, Section 4] that any
matrix ¢ = (¢i ;)i ;=1 € M,,(8%) gives rise to a linear map F : S — M, defined by
letting

Fy(u) = Z bij(u)ei 5, (19)

and set

M,(SYT = {¢ € M,(S%) : F, is completely positive}.
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It was shown in [13, Corollary 4.5] that, if S is a finite dimensional operator system
then the (matrix ordered) dual S¢ is an operator system, when equipped with a suitable
faithful state as an Archimedean order unit. It is straightforward to verify that, in this
case, Sdd =~ . S.

We identify an element T € Mx 4 with its matrix (Az 3 a.0/)z,2',a,a’, Where
Am,x’,a,a/ = <T(ez’ & ea’)a ex ® 6a>7 Z, ' € Xa a, a €A

Let

EX,A = {()\z,m/,a,a’) € Mxa:3dceC s.t. Z /\z,m/,a,a = 5z,m/ca IE,I'/ € X}
acA

and consider Lx 4 as an operator subsystem of Mx 4. It was shown in [50, Proposition

5.5] that the linear map A : T)?’A — Lx 4, given by

A(d)) = ((b(éw@',a»a’))x,w/,a,a’EX’

is a unital complete order isomorphism between Ty , and Lx 4. Let

Lx ={(Aes" 0,0 )z,2" 0,00 € Mxx : there exists ¢ € C s.t.

E A,z bp = Oz o C and E Ayyaaar = Oa,arC, for all z, 2" a,a’ € X}
beX yex

Remark 3.5. If C' = (A\y 2/ ,0,0")2.07 0,00 € Mx 4 Is a matrix and ¢, co are scalars such that
Y obex Awar b = Ozorc1 for all z,2" € X and ZyGX Ay,y,a,ar = Oq,arC2 for all a,a’ € A,
then

Proposition 3.6. The linear map A : T¢ — Lx, given by

A(¢) = (d)(ex,x’,a,a’))z’z/1a1a1€X (20)
s a well-defined complete order isomorphism.

Proof. The arguments follow the proof of [50, Proposition 5.5], and we only highlight
the required modifications. Using Theorem 3.4, we see that the map A, : (7}?)+ — E},

given by

Ay (9) = (¢(ew,w’,a,a/))x,x/,a,a/ , Q€ (T§)+,
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is well-defined; by additivity and homogeneity, A extends to a (C-)linear map A : 73 —
Lx. A further application of Theorem 3.4, combined with Theorem 3.2, shows that A is
completely positive and bijective.

Let ¢; € T%, 4,5 = 1,...,m, be such that the matrix (A((ﬁi’j)):?j:l is a pos-
itive element of M, (Lx). Let ® : Tx — M,, be given by ®(u) = (¢:;(u));_;-
Then (®(ey,v a.07)) € M (KX)+. By Theorem 3.4, ® is completely positive, that is,
((bi,j)zljzl e M, (T)}i)Jr. Thus, A~ is completely positive, and the proof is complete. O

Corollary 3.7. The linear map f : Tx — Tx, given by f(€z 2/ a,a’) = €’ z,a’,a; 1S & complete
order automorphism.

Proof. The map ® : Mxx — Mxx, given by ®(e;.4 ® €37.0/) = €370/ @ €4, 1S a (uni-
tarily implemented) complete order automorphism. Further, ®(Lx) = Lx, and hence
® induces a complete order automorphism ®q : Lx — Lx. Using Proposition 3.6, we
have that its dual @ a complete order automorphism of Tx. For z,2’,a,a’ € X and
T = (A2 a,0') € Lx, we have

<<I)8(er,z’,a,a’), T> = <em,m’,a,a/7 CI)O(T» = Az/,z,a/,a = <f(ez,z/,a,a’); T> 3
and the proof is complete. 0O
Write
Jx = span Z Eyyaa —Oaarliad € X 3 (21)
yeX

thus, Jx is a linear subspace of the operator system 7x 4 defined in (16). Let Jx be the
closed ideal of Cx 4, generated by Jx. Write gx for the quotient map from 7x 4 onto
Tx,a/JIx.

Recall that, if S is an operator system, a subspace J C S is called a kernel [31,
Definition 3.2] if there exist an operator system R and a unital completely positive map
(equivalently, a completely positive map) ¢ : S — R such that J = ker(¢).

Proposition 3.8. The space Jx is a kernel in Tx a and the linear map ¢, given by
L (qX (éw,m’,a,a’)) = €z,2’,a,a’» x, xlv a, al S Xa (22)

is a well-defined complete order isomorphism from Tx a/Jx onto Tx. In addition,
Cx,A/jX =~ Cx, up to a canonical *-isomorphism.

Proof. Let o : Lx — Lx a be the inclusion map. Since Lx and Lx 4 are operator
subsystems of Mx x, we have that « is a complete order embedding. By [22, Proposition
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1.15], [50, Proposition 5.5] and Proposition 3.6, its dual o* : Tx 4 — Tx is a complete
quotient map. Note that, if T € Lx and a,a’ € X then

<a* > eyyaa = dawl ,T> = <Z Eyyaa — Oaal, a(T)> =0,

yeX yeX

that is, Jx C ker(a*).
Consider the canonical linear mappings

Tx.a = Tx,a/JIx = Tx,a/ ker(a®) = Tx,

of which the first two are surjective linear maps whose composition is completely positive,
while the third is a complete order isomorphism (note that the quotient 7x a/Jx is linear
algebraic). Dualising and using Proposition 3.6, we obtain the chain of maps

Lx = (Tx.a/ker(a®)* < (Tx.a/Tx)* = Lx.a. (23)

By the definition of Jx (see (21)), the elements of (Tx 4/ Jx)" correspond, via the last
of the three maps in (23), to elements of the subspace Lx of Lx 4. It now follows that
the middle map in (23) is a linear isomorphism, and hence ker(a*) = Jx. In particular,
Jx is a kernel in Tx 4 and (Tx a/J. X)d = Lx complete order isomorphically. Dualising,
we see that Tx a/Jx = Tx complete order isomorphically via the map ¢ defined in (22).

By the universal property of Cx, there exists a unital *-epimorphism 7 : Cx 4 — Cx
such that (€3 4/ a,0/) = €x.0/ 00’5 T, %' ,a,6" € X. Let J =ker(n) and 7 : Cx,4/T — Cx
be the induced *-isomorphism. We have

™ <6a,a’1 - E éz,z,a,a’) = 50,,0/1 - § €x,x,a,0’ = 0;

zeX reX

thus, jx cJ.

The block operator matrix (é%x/%a/ +J X) , is bistochastic, and hence it gives

7
z,x’,a,a

rise, via Theorem 3.4, to a canonical unital surjective *-homomorphism 7’ : Cx —
Cx,a/Jx. We thus have a chain of unital *-homomorphisms

Cx == Cx.a/JIx — Cx.a)T — Cx,
whose composition is the identity. It follows that J = Jx, and the proof is complete. O
In the sequel, write §x : Cx, 4 — Cx for the quotient map arising from Proposition 3.8,

and continue to write ¢x for the quotient map from 7x 4 onto Tx. Before formulating
the next corollary, we recall that an operator system S is said to possess the local lifting
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property [31, Section 8] if for every finite dimensional operator subsystem Sy C S, C*-
algebra A, and closed ideal J C A, every unital completely positive map ¢g : Sop — A/ T
admits a lifting to a completely positive map ¢ : Sy — A (that is, if ¢ : A — A/J denotes
the quotient map, the identity g o ¢ = ¢ holds).

Corollary 3.9. The operator system Tx has the local lifting property.

Proof. By [50, Corollary 5.6], Tx 4 is an operator system quotient of Mxx while, by
Proposition 3.8, Tx is an operator system quotient of 7Tx 4. It follows that 7x is an
operator system quotient of My x. The statement is now a consequence of [29, Theorem
6.8]. O

Realising the commuting tensor product of operator systems as an operator subsystem
of maximal tensor products has been of importance from the beginning of the tensor
product theory in the operator system category [30]. By Theorem 3.4 and [30, Theorem
6.4], for an arbitrary operator system R, we have Tx ®c R Ceoi. Cx ®max Ci(R); the

u
next proposition establishes a stronger inclusion.

Proposition 3.10. Let R be an operator system. Then Tx ®c R Cec.o.i. Cx Qmax R-

Proof. Let:: Tx — Cx be the inclusion map. By the functioriality of the commuting ten-
sor product and the fact that the commuting and the maximal tensor products coincide
provided one of the terms is a C*-algebra [30, Theorem 6.7], :®id : Tx ®R — Cx @maxR
is a (unital) completely positive map. Assume that

we M, (Tx ®R) N M, (Cx @max R)",

let H be a Hilbert space, and ¢ : Tx — B(H) and ¢ : R — B(H) be unital completely
positive maps with commuting ranges. By Theorem 3.4, ¢ extends to a *-homomorphism
m:Cx — B(H). Since Cx is generated by Tx as a C*-algebra, m(u) € ¥(R)’ for every
u € Cx; thus,

(&) (w) = (m- )™ (w) € My, (B(H))",
and hence w € M, (Tx ®. R)+. It follows that ¢ ®id is a complete order embedding. O
4. Quantum magic squares
In [15], the concept of a quantum magic square was defined and studied, exhibiting
examples which show that not every quantum magic square dilates to a magic unitary.

The aim of this section is to present an operator system viewpoint on this result, linking
the dilation properties of a quantum magic square to complete positivity of canonical
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maps, associated with it. The universal operator system of a quantum magic square and
its properties will further be used in Section 5.

Recall [15] that a block operator matrix E = (Ey q)z.0ex, where E, , € B(H), x,a €
X, is called a quantum magic square if £, , > 0 and

Z E.p,= Z Eyo=1 forall z,acX.
beX yeX

The quantum magic square E is called a magic unitary (or a quantum permutation) if
E,.q is a projection for all z,a € X (see e.g. [34, Definition 2.3]). Noting that Dxx ®
B(H) C Mxx ® B(H), we have that F is a quantum magic square precisely when
Za:,aEX €r,3 @ €q,q ® Ey 4 is a bistochastic operator matrix in My x ® B(H).

Two subclasses of quantum magic squares were singled out in [15] (see [15, Definition
5 and Example 8]). We will call a quantum magic square (Ey q)z,q, acting on a Hilbert
space H, dilatable if there exists a Hilbert space K, an isometry V : H — K, and a
quantum permutation (Py 4)g,q acting on K, such that

E,o=V'P,,V, z,a€X. (24)

The quantum magic square (E; 4)z,q will be called locally dilatable if (24) holds for a
commuting family {Py 4}z that forms a quantum permutation. It is clear that, up to
unitary identifications, condition (24) can be replaced by the conditions E; , = QPy ,Q,
where we have assumed that H C K, and @Q : K — H is the orthogonal projection.

For z,a € X, we set e;.4 1= €444, and

Sx :=span{e,, : x,0a € X},
viewed as an operator subsystem of Tx.

Theorem 4.1. Let H be a Hilbert space and ¢ : Sx — B(H) be a linear map. Consider
the conditions

(i) ¢ is a unital completely positive map;
(ii) (¢(€z,a)), o s @ quantum magic square,

and

(i) ¢ is a completely positive map;
(i) (¢(era))yq € (Pxx @ B(H))™.

Then (i)< (i) and (i) (ii"). Moreover, if (Ey.a), ,
on a Hilbert space H then there exists a (unique) unital completely positive map ¢ :
Sx — B(H) such that ¢(eg,q) = Ey,q for all z,a € X.

18 a quantum magic square acting
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Proof. (i)=(ii) Let ¢ : Sx — B(H) be a unital completely positive map, for some
Hilbert space H. By Arveson’s Extension Theorem, ¢ has a completely positive ex-
tension ¢ : Tx — B(H). Setting E; 4 g0 = é(ew’zga’a/% Theorem 3.4 implies that
(Ez ' 0,0’ )z,0' 0,0’ 1S & bistochastic matrix. In particular, (qg(eac,a))w,a, that is, (¢(ex,a))z,a,
is a quantum magic square.

(if)=(i) Set E, o := ¢(eg,q) and E%Iga@/ = 0g,0/00,0' Ega, T, 2,0, € X. Then
(Ex,x’,a,a/)x,a:/,a,a’ is a bistochastic operator matrix and, by Theorem 3.4, there exists
a (unital) completely positive map é:Tx — B(H) such that &(ex,x/,aya/) = Ex7x/7a7a/,
z, 2" a,a’ € X. As ¢ = ¢|s,, the map ¢ is completely positive.

(i)=(ii") is a direct consequence of Theorem 3.4 and Arveson’s Extension Theorem.

(ii")=(i") Set Eya = ¢(€ra), v,0 € X. For x € X, let T =3 .y Eyq; then T €
B(H)". Assume first that 7' is invertible. Then the matrix (T_1/2EI7QT_1/2)$,G is a
quantum magic square; by the implication (ii)=(i), the linear map ¢ : Sx — B(H),
given by (e, ) = T~Y2E, ,T~'/2, is completely positive. Since ¢(u) = T/ 2ep(u)T*/?,
u € Sx, the map ¢ is completely positive. If T' is not invertible, we fix a state f : Sx — C
and, for € > 0, consider the map ¢, : Sx — B(H), given by ¢.(u) = ¢(u) + ef (u)I. The
proof now proceeds similarly to the proof of the implication (ii’)=-(i’) of Theorem 3.4.

The last statement in the theorem follows from the proof of the implication
(i)=(i). O

Let

Mx = {(Hz,0)z,a € Dxx : ZbeX Pz b = ZyEX Hy.as T, 0 € X},

considered as an operator subsystem of Dxx. Since every operator system is spanned
by its positive elements, M x is the operator system spanned by the scalar bistochastic
matrices in Dx x.

Corollary 4.2. We have that S)d( = Mx, up to a canonical unital complete order isomor-
phism.

Proof. Let M}J be the convex set of all scalar bistochastic matrices, that is, matrices
T = (tya)za € M} with 37 cx te,a = 1, # € X. By Theorem 4.1, if T € M}l then
the map y(T) : Sx — C, given by v(T')(ég,a) = tz.a, is a (well-defined) state on Sx.
Writing an arbitrary element T' € M x as a linear combination T = Zf:l AiT;, where
T; € M}’l, i=1,....k, set v(T) := Zle Aiv(T;). The map ~ is (linear and) well-
defined: if T; = (t¥h) € M%,, i =1,...,k and Y20 \Ti = 0, then 30 Nitts = 0
for all z,a € X, which implies that Zle Aiy(T;) = 0.

Let B = (EG))"._| € M,(Mx)" and, using the canonical shuffle, write £ =
(Ezy)z,y, where E, ,, € M, x,y € X, are such that

Y Ey=)> Ewy, zycX. (25)

y'eX z'eX
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Using Theorem 4.1, we see that there exists a completely positive map ¢ : Sx — M,
such that ¢(es,) = Eyy, ¥,y € X. On the other hand, the element v (E) of M, (S%)
gives rise, via (19), to a linear map F.o ) Sx — M,,. We have that

n

Eyo(p)(€a,a) = Z v (E(i’j)) (€za)€ij = Epy = dl€x,a), w,a€X,

1,j=1

¥
the map ~ is completely positive.

that is, F gy = ¢. In particular, F ) (g) is completely positive, and it follows that

It follows from Theorem 4.1 that the (linear) map ~ is surjective; thus, it is injective.
We show that y~! is completely positive. Assume that W € M, (S$)T; this means that
the linear map Fyw : Sx — M, canonically associated with W, is completely positive.
Set E;, := Fw(€sy), ,y € X; by Theorem 4.1, E := (E; y)s,y € (M, ® Mx)*. This,
in turns, means that (y~1)™ (W) € (M,, ® Mx)*. Since relations (25) are satisfied for
the matrices F, ,, we have that, in fact, (v~} (W) € (M,, ® Mx)*, and the proof is
complete. O

Let

j;; =span{e; o aa 1T # 2 ora#a'};
note that J- ; is a linear subspace of the operator system Tx.

Proposition 4.3. The space \7; is a kernel in Tx and, up to a unital complete order
isomorphism, Sx = 'TX/J;,

Proof. By Theorem 3.4, there exists a unital completely positive map 8 : Tx — Sx,
such that B(ez 4 0,0') = 02,5/0a,0’€x,as T, T, a,a’ € X. It is clear that \7;; C ker(f). On
the other hand, by Proposition 3.6 and Corollary 4.2, we have a chain of four canonical
linear maps

My =8t — (T k() — (Te/T%) —Td=Lxs (20

of which the first, the second and the fourth are completely positive. In addition, the
image of My in Lx under the composition of these maps coincides with itself; thus,
ker(8) C j;f and hence J;f is a kernel in Tx. Dualising the second map in (26), we
further obtain a chain

Tx/JL = Sx = Tx = Tx/JL

of completely positive maps, whose composition is the identity map on Tx/J ;f . On the
other hand, we have a chain of canonical completely positive maps
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Sx = Tx — Tx/JL — Sx,

whose composition is the identity map on Sx. It follows that Sx = Tx/J. ;f , up to a
canonical complete order isomorphism. O

In Theorem 4.5 below, we characterise the dilatable and locally dilatable quantum
magic squares in operator system terms. Let C (S}) be the universal C*-algebra gener-
ated by projections ps 4, ,a € X, with the properties

me,b: Zpy,azl, r,a € X

beX yeX

(thus, C (S;g) is the universal C*-algebra of functions on the quantum permutation group
on X; see e.g. [9]). Write

Px =span{pzq : z,a € X},

viewed as an operator subsystem of C(S7,).
Recall [46, Section 3] that the minimal operator system based on Px has matricial
cones M, (OMIN(Px))*, given by

]\Jn(Ol\/HN(’Px))Jr = {(ti,j)i,j € Mn(Px) : Z >\i/\_jti,j S ’P;,

ij=1

for all \; € C,i € [n]},

and that the corresponding maxzimal operator system based on Px has matricial cones
M,,(OMAX(Px))" generated, as cones with an Archimedean order unit, by the elemen-
tary tensors of the form T ® u, where T € M," and u € P.

Proposition 4.4. There exist canonical unital completely positive maps

Proof. By Theorem 4.1, the linear map q : Sx — Px, given by q(ez,q) = Pg,a; T, 0 € X,
is (unital and) completely positive.

Suppose that ¢ € (S}i()"’; by Proposition 4.3, ¢ can be canonically identified with
a matrix (Agq)g,q In /\/l} By Birkhoft’s Theorem and the argument in the proof of
Corollary 4.2, we can further assume that there exists a permutation f : X — X such
that Ay o = 0f(2),0, ,a € X. By the universal property of C’(Sj{), the permutation f
gives rise to a canonical *-representation 7 : C'(S%) — C. It follows that 7|p, : Px — C
is (completely) positive. We thus obtain a canonical positive map r : S& — P¢ which, by
the universal property of the minimal operator system structure, gives rise to a canonical
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completely positive map S& — OMIN(P$); dualising, we have a canonical completely
positive map OMAX(Px) — Sx.
Note that the composition of the maps in (27) is the identity map on Px; hence q is

invertible. Since q~! !

= r, we have that q~" is positive, completing the proof. O
Theorem 4.5. Let H be a Hilbert space and E = (E; 4)z,q be a quantum magic square

acting on H. Then

(i) E is dilatable if and only if there exists a completely positive map ¢ : Px — B(H),
such that ¢(pz,a) = Eya, x,0 € X;

(ii) E is locally dilatable if and only if there exists a completely positive map ¢ :
OMIN(Px) — B(H), such that ¢(pz.a) = Ev.a, v,0 € X.

Proof. (i) Let P = (Py,q)z, be a magic unitary on a Hilbert space K containing H
such that, if @) is the projection from K onto H, then E, , = QF, ,Q, x,a € X. By the
universal property of C(S¥), there exists a unital *-homomorphism 7 : C(S¥) — B(K)
such that m(pgq) = Pra, ,a € X. Let ¢ : Px — B(H) be the linear map, defined by
o(u) = Qr(u)Q, u € Px. As a compression of a completely positive map, ¢ is completely
positive; by construction, ¢(pg.q) = Ey.qa, 2,0 € X.

For the converse direction, let ¢ : C(S%) — B(H) be a unital completely positive
extension of ¢, whose existence is guaranteed by Arveson’s Extension Theorem. Using
Stinespring’s Theorem, let K be a Hilbert space, m : C(S%) — B(K) be a unital *-
representation, and V : H — K be an isometry, such that ¢(u) = V*r(u)V, u € C(S%).
Letting Py 4 = 7(Pg,a), Wwe have that (P 4)s,q i a magic unitary that dilates E.

(ii) We first consider the case where n := dim(H) is finite. Identifying B(H) with M,
suppose that ¢ : OMIN(Px) — M, is a unital completely positive map. Let

fo : M, (OMIN(Px)) — C

be the canonical functional, associated with ¢ as in [43, Chapter 6]; thus,

fo((wij)ig) = L > (Blwij)es e, (wig)ig € Mn(Px).

n

By [43, Theorem 6.1], f, is positive. By [46, Theorem 4.8], f4 can be canonically iden-
tified with an element of M,(OMAX(P$))* (see [46, Section 3]). By Proposition 4.4,
Corollary 4.2 and the definition of the maximal operator system structure,

T¢
f¢EZaz®ﬁl, (28)

=1

where a; € MY and B, € M;F, 1 € [ry).
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Assume that the representation (28) has the form f; = a ® 8, where & € Mx and
B € M,. In this case, ¢ is given by

O(Pzy) = azyb, zyeX.

In particular, if Py is the permutation unitary corresponding to the permutation 6 on
X, and fy = Py ® 3, where 3 € M, then

if 0 =
¢(pa:,y):{ﬂ ' (:13) Y z,y € X.

0 otherwise,

Returning to the representation (28), use Birkhoff’s Theorem to write oy =), /\g)Pg,
where the summation is over the permutation group of X, the coefficients )\él) are non-
negative. Thus,

f¢EZP9®’Ye7 (29)
0

where vy € M, and the summation is over the permutation group of X. By the previous
paragraph,

Ery=Y {w:0(z)=y}, zacX.

Now [15, Theorem 12 and Remark 7] implies that (¢(py,q))z,q is locally dilatable, after

IXI) therein coincides with

noticing that the matrix convex hull of the set denoted CP!
the locally dilatable magic quantum squares over M,,. The converse direction follows by
reversing the given arguments.

We now relax the assumption on the finite dimensionality of H. For simplicity, we
consider only the case where H is separable. Fix a sequence (Q,)nen of projections
of finite rank such that @, —,_c I in the strong operator topology. Assuming that
E is locally dilatable, so is (Ix ® Qn)E(Ix ® Q) for every n € N and hence, by the
assumption, the map ¢, : OMIN(Px) — B(Q.H), given by ¢n(Ds.a) = QnEsa@n,
z,a € X, i €1, is completely positive. Since ¢(u) = lim,— 00 ¢p(u), in the weak operator
topology, u € Px, we have that ¢ is completely positive.

Conversely, assuming that ¢ : OMIN(Px) — B(H) is completely positive, let ¢, :
OMIN(Px) — B(Q,H) be the (completely positive) map, given by ¢, (u) = Qno(u)Qp,
u € Px. Write fo, =2, P ® ’yén), where ’yén) € B(Q,H)*t and the summation is over
the permutation group of X. Let ESY) = S2{35™ : 6(z) = y}; then EY) = QnEqyQn.
Since || Ey || < 1 for every z,y € X, we therefore have that ||'yén)|\ <1 for every n € N.

We can now choose successively weak™® cluster points of the sequences (vé")> N and
ne
assume that
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fo. = =) Pr®,
0

where v € B(H)™ for every permutation 6 of X, in the weak* topology of Mx ® B(H).
We further have that E, , = > {vs : (x) = y}. The proof of the implication (a)=-(b) of
[15, Theorem 12] implies, after replacing the identity operator denoted I, therein with
Iy, that FE is locally dilatable. O

5. Representations of bicorrelations

In this section, we define the notion of a bicorrelation and obtain representations of
the different bicorrelation types in terms of operator system tensor products. We will
use the main operator system tensor products, introduced in [30]: the minimal (min),
the commuting (c), and the maximal (max). If 7 € {min, ¢, max} and ¢; : S; — 7; are
completely positive maps between operator systems, i = 1,2, we write ¢1 ®, ¢o for the
corresponding tensor product map from & ®; Sz into T3 ®; T2 (note that this map is
well-defined by [30, Theorems 4.6, 5.5. and 6.3]).

We fix throughout this section finite sets X and Y, and let A = X and B =Y. The
symbols A and B will continue to be used for clarity, as needed.

5.1. Quantum bicorrelations

IfI': Mxy — Mxy is a unital quantum channel then, after the canonical identifica-
tion M%Y = Mxy, its dual I'* : Mxy — Mxy, defined via the formula

(T (@), p) = (@, T(p) = Tr (WT(p)Y) . w,p € My,
is also a (unital) quantum channel.

Definition 5.1. A QNS correlation I' : Mxy — Mxy is called a QNS bicorrelation if
T'(Ixy) = Ixy and I'* is a QNS correlation.

We let QP! be the set of all QNS bicorrelations. We next define different types of QNS
bicorrelations, motivated by the analogous definitions of QNS correlation types. A QNS
bicorrelation I' : Mxy — Mxy is quantum commuting if there exist a Hilbert space
H, a unit vector £ € H and bistochastic operator matrices E = (Ez2 a0’ )z,3" 0,0 a0d

F = (Fyy bp)yy by on H with mutually commuting entries, such that the Choi matrix
of I' coincides with

(Baar s Fy 06 )00 00, (30)

(equivalently, relation (7) holds true). Quantum QNS bicorrelations are defined simi-
larly, but requiring that H has the form Hs ® Hp, for some finite dimensional Hilbert
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spaces Hy and Hp, and E, o/ q.00 = Em’z/’a’a/ ®@Ip,and Fyypp = 14 ® Fy’y/’b,b/, for
some bistochastic operator matrices (E‘T’I/’a’a/) and (Fy,y/,b’b/), acting on Hy and Hp,
respectively. Approzimately quantum QNS bicorrelations are the limits of quantum QNS
bicorrelations, while local QNS bicorrelations are the convex combinations of the form
I' = Zle Ai®; ® U,, where ®; : Mx — M4 and ¥; : My — Mp are unital quantum
channels, i =1,... k.

For t € {loc,q,qa,qc}, we let QP be the set of all QNS bicorrelations of type t.

Remark 5.2. If t € {loc,q,qa,qc,ns} and T' € QP! then I'* € QP! The claim is part of
the definition in the case where t = ns and straightforward in the case where t = loc.
For the case t = qc, suppose that E = (Eg 2 a.0')e2/ a0 a0d F = (Fy b0/ )y.y’ b.br
are bistochastic operator matrices with mutually commuting entries, such that the Choi
matrix of T' coincides with (30). Let Ey o 4.0/ := Eg a0 and Fypy = Fy o p 1, and
set E = (Ea,a’,x,x’)a,a/,x,x’ andNF = (Fb,b’,y,y’)b,b’,y,y“ We have that E = Zm,z',a,aleaaa/ ®
€x,a' @ Fy g qq and hence E is a unitary conjugation of F, implying that £ > 0;
similarly, F > 0. The claim now follows from the fact that the Choi matrix of I'* is

- - bib’y,y’ . . .
equal to (<Ea’a/’z’I/Fb7bl’y’yl§’§>)a,a’,:c,:c" The case t = q is analogous, while t = qa is a

consequence of the continuity of taking the dual channel.

Remark 5.3. Suppose that I' € Q). is unital. Write

k
F=> \Nd& ey, (31)

i=1

as a convex combination, where ®; : Mx — Mx and ¥; : My — My are quantum
channels, ¢ = 1,...,k. We have that Zle Ai®;(Ix) ® U;(Iy) = Ixy. It follows that
0 < P;,(Ix)®V;(Iy) < Ixy; since Ixy is an extreme point in the unit ball of M;Y,
we have that ®;(Ix) ® U;(Iy) = Ixy, for every i = 1,... k. Thus, there exist ¢; > 0
such that ®;(Ix) = ¢;Ix and U,;(Iy) = C%Iy, for all ¢ = 1,...,k. Replacing ®; (resp.
;) with Ciq)Z (resp. ¢;¥;), we conclude that the representation (31) can be chosen with
the properfy that ®; and ¥; are unital quantum channels, ¢ = 1,...,k, that is, I is
automatically a local bicorrelation.

We write fy /b (tesp. fyyrper)s ¥, y'5b, b € Y, for the canonical generators of the
operator system Ty (resp. Ty,g). If s is a linear functional on 7Tx ® 7y or on Cx ® Cy,
we write 'y : Mxy — Mxy for the linear map, given by

Ty (€ow @€yy) = 3 Y. 5(€awaa @ fyyby)€aa @ ey (32)
a,a’ €EX b Y

We note that I'} is given by the identities

].—‘: (Gaya/ ® Gb,b/) = Z Z S (em,z/,a,a/ ® fy,y’,b,b/) EZL’,CE’ ® Ey_’y/, (33)

z,x’'eX y,y' €Y
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Clearly, the correspondence s — I's is a linear map from the vector space dual (Tx 4 ®
Ty, B)? into the space £L(Mxy ) of all linear transformations on Mxy-.

Theorem 5.4. Let X and Y be finite sets and I' : Mxy — Mxy be a linear map. The
following are equivalent:

(i) T is a QNS bicorrelation;
(ii) there exists a state s: Tx Qmax Ty — C such that T =T.

Proof. (ii)=(i) Suppose that s is a state of Tx ®max Ty such that I' = Ty, and let
5= 50(qx @max gy ), where gx : Tx a4 — Tx (resp. gv : Ty.p — Ty) is the quotient map
(see the paragraph of equation (21)); we have that 5 is a state of Tx 4 ®max Ty,B. Since
I' =T, by [50, Theorem 6.2], I' € Q5. In addition,

F(IXY) = Z Z 8(6‘%‘,1‘,&,&/ ® fy,y,b,b’)ea,a/ ® 6b7b/

z,a,a’€X y,b,b/ €Y

g E 0a,a'0b. b/ €aar @ €ppy = Ixy.

a,a’€X bb'EY

We verify that I'* is no-signalling: for any wx = (Aga/)a,er € Mx and any wy =
(/Jfb,b/)b,b/ = MY Wlth TI'(LUY) = O, by (33) we haVe

TryT* (wx @ wy)

=Try E E Aa,ar Wb, $(€2,07 0,07 @ fy,yr bb )€x,wr @ €yyr
z,z’,a,a’€X y,y’,b,b' €Y

Z Z )\a,a/,ufb,b’ Z S(Qm,fc’,a,a/ X fy,y,b,b’)‘fm,.r’

z,x’,a,a’€X b,b/€Y yey

§ )\a,a’,ufb,b’5b,b’8(em,x’,a,a/ ® ]-)ecc,x’
z,x’,a,a’€X bb/ €Y

<Z /~Lb,b> Z )\aﬁa’s(eaz,m’,a,a’ ® 1)61,93’ =0.

beY z,x’ a0’ €X

Similarly, if wx € Mx has trace zero and wy € My is arbitrary then Tr x I (wx ®wy ) = 0
and hence I'* is no-signalling.

’

, , a,a’,b,b
(i)=(ii) Let C = (C‘m )b, ) be the Choi matrix of I'; thus, the entries of C

YY) ot g
are given by

’ ’
Cotrrt = (Derar ® €yy)s €aa @ eby) -

By [50, Theorem 6.2], C € (Lx, 4 @min Ly,B)+-
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~ ~ ’ ’ va/ayvyl
Let C = (C’x’x yy) be the Choi matrix of I'*. As both T" and T'* are no-

’ ’
a,a’,b,b
o a,a’,b,b’

. . . bt ja,a’ b,b’ a,a’
signalling, there exist scalars Cylayrs dw,w” Cylyr and dm’z,, such that

~ ’ /
T,T,y,Yy ~b,b ! /
E Colapyy = OaarCyy, ¥,Y,0b €Y,

zeX
"m,x’,y, ~a,a' / /
E wa by = Obpdy s, xx a0 € X,
yey
’ ’ ’
T Yy b,b / /
Z Ca:a,l;,l;’ - 6$7E’Cy:y/7 Y,y aba beY
acX

and

S errvy =68,,d0%, w0 € X.

beYy
Observe that the equalities C'Z;’laf,’ag{, = CZ;:SZ/, hold. The relations, together with
Remark 3.5, now imply that L,(C) € Lx and L, (C) € Ly for all w € Myy and
all W' € Mxx (recall that L, denotes the slice map along a functional o). Thus, C €
(Lx ®min Ly )+ Statement (ii) now follows from the canonical identification (Tx ®max
Ty)d 2 Lx Qmin Ly. O

Theorem 5.5. Let X and Y be finite sets and I' : Mxy — Mxy be a linear map. The
following are equivalent:

(i) T € Qg
(i) there exists a state s: Tx ®. Ty — C such that T =T;
(iii) there exists a state s: Cx ®max Cy — C such that T =Ts.

Proof. By Theorem 3.4 and [30, Theorem 6.4], Tx ® Ty C Cx ®maxCy completely order
isomorphically and hence, by Krein’s Extension Theorem, (ii) and (iii) are equivalent.

(i)=(iii) follows from the universal property of Cx detailed in Theorem 3.4 and argu-
ments, similar to the ones in [50, Theorem 6.3].

(iii)=(i) The GNS representation of s and the universal property of the maximal C*-
algebraic tensor product yield *-representations wx : Cx — B(H) and my : Cy — B(H)
with commuting ranges, and a unit vector £ € H, such that s(u®v) = (mx (u)my (v)&, ),
u € Cx, v € Cy. The claim follows by setting Fy y 4.0 = Tx(€3.07,0,0) a0d Fy 37 g 00 =
7y (fy,y' b,b7), and appealing to Theorem 3.4. O

Theorem 5.6. Let X and Y be finite sets and I' : Mxy — Mxy be a linear map. The
following are equivalent:

(i) T e Qg
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(ii) there exists a state s : Tx ®min Ty — C such that T' = T'y;
(iii) there exists a state s : Cx ®@min Cy — C such that T = T.

Proof. (i)« (iii) follows from the injectivity of the minimal tensor product.

(i)=(iii) Given € > 0, let E and F be bistochastic operator matrices acting on finite
dimensional Hilbert spaces Hx and Hy, respectively, and £ € Hx ® Hy be a unit vector,
such that

(T (€x,2r ® €yy)s €arar @ €bpr) — (B ar aar @ Fyyrvp) §6)| <,

for all z,2',a,a’ € X, y,9',b,b € Y. By Lemma 3.3, there exists a *-representation mx
(resp. my) of Cx (resp. Cy) on Hx (resp. Hy) such that E; ;4.0 = Tx (€327 a,a7) (TESP.
Fyyoy =7y (fyypr)) z,z,a,a € X (resp. y,y,b, € Y). Let s. be the state on
Cx @min Cy given by

se (u®v) = ((mx(u) ® Ty ())&, §),
and s be a cluster point of the sequence {s;/,}, in the weak™ topology. Then

s (ew,az’,a,a’ ® fy7y’7b,b’) = nh_fgo S1/n (ew,w’,a,a’ & fy7y’,b7b’)

<F(e$e;/ ® eyez/), €aCaq ® ebez,> ,

giving I' =T',.

(iii)=-(i) Let s be a state satisfying (iv) and € > 0. By [28, Corollary 4.3.10], there
exist faithful *-representations 7x : Cx — B(Hx) and 7y : Cy — B(Hy ), unit vectors
&,...,& € Hx ® Hy and positive scalars A, ..., A,, with Y7 | A; = 1 such that

s(exw a0 @ fyy b)) = Z Ai {(mx (€2,27,a,07) @ Ty (fyyp00)) & &) | <&,

i=1

forallz, 2’ a,a’ € X, y,y,0,b' € Y.Let £ = @ VA& € C"®(Hx®Hy); then €] = 1.
Set Ez,z’,a,a’ =1, ® WX(ex,z’,a,a’> and Fy,y’,b,b’ = 7TY(]cy,y/,b,l7’)- Then (Em,m/a,a’)r,z’,a,a’
(resp. (Fy,y/.b,0' )y, .b,0') 18 & bistochastic operator matrix on C" ® Hx (resp. Hy ), and

|8 (€x,a 0,00 © fyy bpr) = (Bzaraa ® Fyy &, E)| < e

Let (Py)q (resp. (Qg)g) be a net of finite rank projections on Hx (resp. Hp), converging
to the identity in the strong operator topology. Set Hy, = PoHa (resp. Kz = QpHp),
E, = (I®P,)E(I®F,) (resp. Fg = (IRQR)F(I®Q3)),and {u 3 = m(&@@;)g
(note that &, g is eventually well-defined). Then E, and Fp are bistochastic operator
matrices acting on P, H and QgK, respectively, and the QNS correlation associated with
the triple (Eq, Fjg,€4,3) is a quantum bicorrelation. 0O



32 M. Brannan et al. / Advances in Mathematics 449 (2024) 109732

Remark 5.7. By Remark 5.2,
Q% C Qe QU (34)

We do not know if equality holds in (34). The problem reduces to a question about the
equality of canonical operator system structures. Indeed, it is not difficult to verify that
the subspace Jxy = Tx,4 ® Jy + Jx ® Ty, of the operator system Tx a4 ®c Ty,p is a
kernel, and that the states on (Tx 4 ®. Ty,B)/Jxy correspond precisely to the elements
of Qqc N QPL. However, while there is a canonical bijective unital completely positive
map (Tx,4 Qc Ty,B)/Ixy — Tx @c Ty, it is unclear whether its inverse is completely
positive. If this is the case then Theorem 5.5 will imply the reverse inclusion in (34).

5.2. Classical bicorrelations

In this subsection, we consider a class of correlations that constitute a natural classical
counterpart of the quantum bicorrelations defined in Subsection 5.1. We fix finite sets
XandY,andset A=X and B=Y.

Definition 5.8. An NS correlation p = {(p(a,b|x,y))as : (z,y) € X xY} over the quadru-
ple (X,Y, X,Y) is called an NS bicorrelation if the family

p":={(p(a,bz,y))zy : (a,b) € X x Y}
is an NS correlation.

We let A : Mxy — Dxy be the canonical diagonal expectation. Given an NS correla-
tion p over (X,Y, X,Y), we let &, : Dxy — Dxy be the (classical) information channel,
given by

Ep(€rz @€y y) = Z z:p(ot7 bz, y)€ea,a ® €pp-

aeX beyY

Further, for a given classical information channel £ : Dxy — Dxvy, let I'g : Mxy —
Mxy be the quantum channel, given by

Fe(w)=(£0A)(w), we€ Mxy,

and set I, = I'g, for brevity. In the reverse direction, given a quantum channel T' :
Mxy — Mxy, let & : Dxy — Dxy be the classical information channel, defined by
letting &r(w) = (A oI')(w), w € Dxy. We note the relation &r, = £.

Proposition 5.9. Let p be an NS bicorrelation over (X,Y,X,Y). Then I'p» = I'y. Thus,
if p € Cll then T, € QbL.
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Proof. For z,a € X and y,b € Y, we have

<5;(6w,w ® €y,y>7 €a,a @ 6b,b> = (€zx ® €y,y> Ep(€aa @ enp))
= p(z,yla,b) = p*(a,blz,y)
= (Epr (€20 ® Gy,y)’ €a,a @ €bp)

implying that £« = £. For wi,ws € Mxy, we thus have

(Tp(wi),wa) = (w1, (Ep 0 A)(w2)) = (w1, (A 0 & 0 A)(w2))
A(wr), (Ep 0 A)(w2)) = ((£5 0 A)(w1), A(wa))
(Epr 0 A)(w1), Awz)) = (Tpr (W), Alws2))

L (w1), w2)

(
=
(
(

completing the proof. O
For t € {loc, q,qa, qc}, let
Cl={peCl:T,eQ}.

It is straightforward to verify that an NS bicorrelation p over (X,Y, X,Y) belongs to Cgi
precisely when there exist a Hilbert space H, a unit vector ¢ € H and quantum magic
squares (Eg.q)z,aex and (Fyp)ypecy with commuting entries, such that

pla,blz,y) = (Ey o Fy €, &), z,a€ X,y,beY. (35)

Similarly, p € Cgi precisely when the representation (35) is achieved for H = Hy ® Hp,
where H4 and Hp are finite dimensional Hilbert spaces, E;, = Eg’m ® Ip, and
Fyy =1, ® F b Za € X, y,beY. Finally, p € CIOC precisely when p is the con-
vex combinatlons of correlations of the form p™® (a|z)p® (bly), where (p™")(a|z))s.o and
(p) (bly)),.» are (scalar) bistochastic matrices.

For a linear functional s : Sx ® Sy — C, let p; : X XY x X XY — C be the function
given by

ps(a,blz,y) = s(ez,a @eyp), z,a€X,y,be.

Theorem 5.10. Let X and Y be finite sets and p be an NS correlation over (X,Y,X,Y).
Consider the statements

(i) p is an NS bicorrelation;
(ii) there exists a state s : Sx Qmax Sy — C such that p = ps;
(i) pe ch;
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(i”) there exists a state s : Sx ®c Sy — C such that p = ps;
(i”) pe Cg;;
(ii”) there exists a state s : Sx Qmin Sy — C such that p = p;.

Then (i) (ii), ())& (i’) and (i) (id”).

Proof. (i)<(ii) By Proposition 4.3 and [22, Proposition 1.16], the states of the maximal
tensor product Sx ®maxSy correspond in a canonical fashion to the elements of M x ®min
My . The proof of the claim can now be completed using a straightforward modification
of the proof of Theorem 5.4.

(i")=(ii") Write tx : Sx — Tx and ty : Sy — Ty for the inclusion maps and let
pE C};é. By Theorem 5.5, there exists a state s : Tx ®. Ty — C such that I') = I's. Let
§=so0(tx ®ty); then 5 is a state on Sx ®. Sy for which p = p;.

(ii")=(i’) Let s : Sx ®. Sy — C be such that p = p,, and let Sx : Tx — Sx (resp.
By : Ty — Sy) be the quotient map, as defined in the proof of Proposition 4.3. We have
that

§5:=s50(Bx®Py) : Tx Ty = C

is a state. By Theorem 5.5, the map I's : Mxy — Mxy, corresponding to § via (32), is
a quantum commuting QNS bicorrelation. Since I's = I'j,, we have that p € Cé’é.

(i”)<(ii”) follows in a similar way as the equivalence (i’)<(ii’), using Theorem 5.6 in
the place of Theorem 5.5. 0O

6. Concurrent bicorrelations

Throughout the section, let X be a finite set and ¥ = A = B = X. Let Jx =
|71\ Yo yex €oyOcay be the canonical maximally entangled state in Mx x. We specialise
the definition of a concurrent QNS correlation from [10]:

Definition 6.1. A QNS bicorrelationI' : Mx x — Maa4 is called concurrent if I'(Jx) = J 4.

For t € {loc, q, qa, qc, ns}, we let QP be the set of all concurrent bicorrelations that
belong to Q'tai.

Remark 6.2. Note that if I' € QPi°, then T'* € Q}’Iisc as well. Indeed, since T is unital, its

ns

dual map I : M a4 — Mxx is trace-preserving; thus, Tr(I'*(J4)) = 1. Therefore

1= (T(Jx),Ja) = (Jx,T"(Ja)) = [(Jx,["(Ja))]
< x0T (Ja)ll2 < T (Ja)llr = 1.



M. Brannan et al. / Advances in Mathematics 449 (2024) 109732 35

The equality clause in the Cauchy-Schwarz inequality now implies that I'*(Jy4) is a
multiple of Jx. If T*(J4) = aJx for some a € C, then o(Jx,Jx) = (T*(Ja), Jx) =
(Ja, T(JIx)) = (Ja, Ja), giving o = 1.

The universal C*-algebra generated by the entries of a unitary matrix (@4.¢)a,zex
(known as the Brown algebra) was first studied by L. G. Brown [11]. We will introduce
a subquotient of the Brown algebra, whose traces will be shown to represent concurrent
bicorrelations of different types. First, set

- ek~ ’ /
Uz x! 0,0’ = ua,xua’,xla T,T,a,a € Xa

and let Ux 4 be the C*-subalgebra of the Brown algebra, generated by the set {ty 4 4.0’ :
z,2'a,a € X}.

Lemma 6.3. If w : Ux 4 — B(H) is a unital *-representation then there exists a block
operator unitary U = (Uaz)a,x such that m(lz o a,00) = Uy Uar o, ,2",a,0" € X

Proof. Let Vx 4 be the universal TRO of an isometry (v 4)a,2, as defined in [50, Section

5]. In the sequel, we will consider products vg! , v .- vk where ¢; is either the

a1,T1 ~az2,r2 A, Tk
empty symbol or *, and ¢; # €;41 for all 4, as elements of either Vx 4, V}},A, Cx,a or
the left C*-algebra corresponding to the TRO Vx 4. Let J be the closed ideal of Cx 4,

generated by the elements

E €ya,b,a€z,y,ab — Cyybb, Y,a,beX.
reX

By [10, Lemma 4.2], the map p : €y4/ 0.0/ — Uza/aas T, 2 0,0’ € X extends to a
surjective *-homomorphism p : Cx 4 — Ux a with kerp = 7. Let 7 : Ux 4 — B(H) be a
*-representation. Then mop: Cx 4 — B(H) is a *-representation that annihilates J. By
[50, Lemma 5.1], there exists a block operator isometry U = (Ug 3 )a,0ex, Where U, , €
B(H, K) for some Hilbert space K, z,a € X, such that (70 p)(€z 2 a,a/) = Uy Uar ar,
r, 2’ a,a € X.

By the definition of Vx 4, the operator matrix U gives rise to a canonical ternary
representation 0y : Vx a4 — B(H, K). Without loss of generality, we can assume that
K = span(fy (Vx,4)H). The fact that (7o p)(J) = {0} now implies that

U, <I -y Ua,xU;x) Upy =0, y,a,beX. (36)

zeX

Since UU* < I, we have that T — > Ua,zU; . > 0, and hence (36) reads

rzeX

1/2
(I = Ua,xU;x) Upy =0, y,abeX,

zeX
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showing further that

<<I -3 Ua,xU;w) Tg,Tg> =0, ac X, € H,Tcy(Vx.n)

rzeX

By polarisation, we have > U, .Uy, = I,a € X. As [ —UU" is a positive block-
diagonal operator with the zero diagonal, I — UU* = 0; thus, U is unitary. Since
Us 2Uby = m(lz y.a); T,y,a,b € X, the proof is complete. O

Recall that é; 4/ . are the canonical generators of the C*-algebra Cx 4 (so that the

matrix (€27 a,a’)y 4 g.q 15 & UNiversal stochastic operator matrix). Let

~2 :c/ ~ ~ ~
gy:z,b,c = 51’,1’634,2,5,6 - E : Cy,z,b,aCx’ z,a,c
aeX

and

~ ’
a,a ~ ~ ~
hy:z,b,c = 6a,a’€y7z7b,c - E : Cy,z,b,aCz,z,a’ ¢
zeX

!’
T,z

a,a’ )
Y,2,b,c )

Y,2,b,c

and J; (resp. J2) be the closed ideal of Cx,a, generated by g (resp. h

y,z,b,c,x,x’ € X (resp. y, z,b,¢,a,a’ € X).

Lemma 6.4. Up to a canonical *-isomorphism, Cx,A/jz ~Ux A.

a,a

vybb where

Proof. Denote by j20 the closed ideal of Cx 4, generated by the elements h
a,b,y € X. It was shown in [10, Lemma 4.2] that

Cx.a/JY ~Ux.a.

Let p : Cx, 4 — B(K) be a unital *-representation that annihilates jgo, with the property
that the corresponding induced representation of Cx _4/J3 is faithful. By Lemma 6.3,
there exists a unitary U = (U, )a,zex such that, if Uy o 4.0 = U ,Uar o, then

~ ’ /
p(em,w’,a,a’) = Uz,a:’,a,a'a T,T,a,a € X.
But then, since U is unitary,
~a7a/ ~ ~ ~
P (h’y,z,b,c - 5‘17‘1/Uy727b,0 - Z U ,x,b,aUx,z,a’,c
reX

- . ~
= 5a,a’Uy,z,b,c - E Ub,yUawaa’,mUC»Z
zeX

- ~
= 6a,a’Uy,z,b,c - 6{1,{1/Ub’yUC,Z = 0.
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Thus, p automatically annihilates J2. The proof is complete. O

We say that a block operator matrix U = (tq,5)ac € Mx(B(H)) is a bi-unitary if
both U and U' are unitary. Let C(Uy) be the universal C*-algebra, generated by the
entries of a bi-unitary (uq .)azex, and C(PULE) be the subalgebra of C(U5) generated
by the length two words of the form

/ !
Uy ar a0l = Uy Ua’ zrs T, ,0,0" € X.

Further, recall that e ;7 4.4, ®,2',a,a’ € X, denote the canonical generators of the
C*-algebra Cx (so that (e;4/.4,a)z,07,0,- 1S & universal bistochastic operator matrix),

set
z,z’
gyzbc: xm’ey,zbc E €y,x,b,a€2’,z,a,c (37)
acX
and
a,a’
hysz: a,a’€y,z,b,c § €y,z,b,a€x,2,a’ ,c) (38)
reX

and let 77 (resp. J2) be the closed ideal of Cx, generated by the elements g;’:’/b}c (resp.

!
a,a

yabe)s Where y,z,b,c,z, 2" € X (resp. y,z,b,¢,a,a" € X).

We note that the universal C*-algebra C(Uy) and its subalgebra C(PUy) have been
well-studied in the compact quantum group literature. The C*-algebra C(U5;) was intro-
duced by Wang in [52], where it was shown to have the structure of a C*-algebraic com-
pact quantum group. In particular, C (Z/[;g) comes equipped with a co-associative comul-
tiplication making it into a non-commutative analogue of the C*-algebra of continuous
functions of the unitary group Ux. The structure of the quantum group C (U;) was later
studied in detail by Banica in [2]. On the other hand, the subalgebra C(PU5) C C(U5)
can be naturally interpreted as a non-commutative version of the space of continuous
functions on the projective unitary group PUx/T. In the classical setting, the conju-
gation action of Z/lj( on Mx induces a group isomorphism PUx = Aut(Mx), where
Aut(Mx) is the group of s-automorpohisms of Mx.

In the quantum setting, it is natural to expect that a similar identification between
]P)Ll;g and quantum automorphisms of My should hold, and indeed this is the case: In [53],
the quantum automorphism group Aut* (M) was introduced by Wang (via an abstract
universal C*-algebra C(Aut™(Mx)) with generators and relations), and later Banica
showed in [3] that the natural quantum group C*-algebra morphism C(Aut™(Mx)) —
C(PUY) is actually an isomorphism. In Lemma 6.5 below, we extend Banica’s result
by showing that in fact any “concrete” quantum automorphism of Mx (that is, a *-
homomorphism 7 : C(Aut™ (Mx)) = C(PU%) — B(H)) is implemented by a “concrete”
conjugation of Mx by a bi-unitary (that is, m is the restriction of a representation
C(U¥) — B(H)).
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Lemma 6.5.

(i) We have Cx/Jh + J2 ~ C(PUY).
(ii) If 7 : O(PUL) — B(H) is a unital *-representation then there exists a bi-unitary
(Ua,z)a,e € Mx(B(H)) such that m(ug 4 a.0') = Us 2Uar -

Proof. (i) Set J = J1 + Ja, recall that Jx is the closed ideal of Cx, A generated by the
elements

~ !
E €yy.a,a’ — Oaarl, a,a €X
yex

(see the paragraph containing equation (21)) and, recalling the ideals J1 and Js of C XA
defined before Lemma 6.4, let

j:jx +j1+j2- (39)

According to Proposition 3.8, CX,A/jX ~ Cx; thus, CX’A/j ~Cx/J.

Recall that Ux 4 is the universal C*-algebra with generators gy 4/ 4,4’ = ﬂ;mﬁa/@/,
z,2',a,a’ € X, where the matrix (&g 3 )q,» is unitary. By Lemma 6.4, we have the canon-
ical *-isomorphism CX,A/jQ ~Ux, 4.

We have that Cx 4/J ~ (Cx.4/J2)/(J/J2). Using the identification in Lemma 6.4,
we have that j / jg is generated by the elements

~ !/
E Uy, y,a,a’ — da,a’la a,a € X7
yeX

and

~ ~ ~ ’
§ Uy, 2.b,aUz’ z,a,c — 6w,z’uy,z,b,c7 yazabacaxam € X.
aceX

Let p:Ux 4 ~Cx /T2 — B(K) be a unital *-representation that annihilates J /7.
By Lemma 6.3, there exists a unitary U = (Uy 2 )a.» such that p(iy z a.a) = U;7x(7a/7x/,
z,7’,a,a € X,

> U: Uy =bawl, ad€X, (40)
yeX

and

U;y (Z Ua,xﬁiﬂ = 5x,x/1> U..=0, z,2',y,20bccX. (41)
aceX
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By (40), U* = (Uy.4)a,y is an isometry. But then U'(U*)* < I, implying, by comparing
the (z,x)-entries of the matrices, that ) Ua@U;’m < I, z € X. On the other hand,
(41) implies Ul:y (PCaex Ua@f];,w — 1)Uy, = 0. Thus,

1/2
(I = Ua,xU;;x> Upy =0

a€eX

and hence (ZaGX Ug.a 7 = I) Ub,y = 0. Since U is unitary, this implies

= <Z Ua,m ~;,z - I) Z Ub,yﬁgyy - Z Ua,mU:’x -1
a€X

yeX a€eX

Now
U5y @ I) (I -UT*) (Opy ®1) (42)

is a positive block matrix in Mx(B(H)) and has zeros on its main diagonal. It follows
that the matrix (42) is zero and hence

(1-0T")"? (0, ©1) =0, byeX. (43)

Multiplying (43) by U, 5y @1 on the right and adding up along the variable y, we obtain
UtU™ = I, thus, Ut is unitary. Therefore, U gives rise to a unital *-representation of
C(UY) and, after restriction, to a unital *-representation of C(PU). We have thus
shown that every unital *-representation p : Cx 4 /jz — B(K) that annihilates J /jg
induces a unital *-homomorphism from C(PU;) to B(K).

By [50, Theorem 5.2], there exists a *-homomorphism ¢ : Cx 4 — C(PUY), such
that ¢(€z,47.a.0’ ) = Up g aa, L, 20,0 € X. A straightforward verification shows that
o annihilates J> and hence gives rise to a *x-homomorphism ¢ : Cx 4/ T — C (IP’Z/{+)
€r.a’ a0 + JQ > Ug 2 ,a,q’- 1t IS easy to see that J/jg C ker ¢. The previous paragraph
shows that if T' € CX7A/‘72 then

1T + T/ Je|l = sup{[|o(T)| : p a *-rep. of Cx,a/ T with p(J /Jo) = 0}
< [le(m)l,

giving the inclusion ker(¢) C J/J» and hence the equality ker(@¢) = J/Jo. As @ is
surjective we obtain the statement.

(ii) Let 7 : C(PU5) — B(H) be a unital *-representation. Letting p : Cx.4 — Cx.a/J
be the quotient map, the proof of (i) allows us to consider p as a *-epimorphism from Cx 4
onto C(IP’Z/I+) It further exhibits a bi-unitary U = (U, 4 )a.» such that (ﬂ'Op)(em o aa) =
U Ua o T, % a,a" € X. We now see that m(ug 4 a,q') :U Ua oy T,2 a0 € X,
and the proof is complete. O
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We recall that the opposite C*-algebra AP of a C*-algebra A has the same set, linear
structure and involution as A, and multiplication given by u°Pv°P = (vu)°P, where u°P
denotes the element u € A when viewed as an element of A°P. Given a Hilbert space H,
let H¢ denote its dual Banach space and, for an operator T € B(H), let T4 : HY — H4
be its dual. We note the identity

(T*4)* =14, (44)

If 7 : A — B(H) is a faithful *-representation, then the map 7°P : A°P — B(HY), given
by m°P(u°P) = 7(u)9, is a faithful *-representation.

The following result can be proved using the existence of the antipode for compact
quantum groups together with the fact that ]P’Z/{;g, the antipode is known to be a *-
anti-automorphism of C(PUY) (see e.g., [40, Proposition 1.7.9]). For the sake of those
unacquainted with quantum group technicalities, we supply a self-contained proof.

Lemma 6.6. Let X be a finite set. The map

__ _op / ’
8(Ux,3c/,a,a’) =Up patar TT,0,0 € X,

extends to a *-isomorphism O : C(PUTL) — C(PUTE)°P.

Proof. Let 7 : C(PU%) — B(H) be a faithful *-representation and U = (Uy ;)ax €
Mx (B(H)) be a bi-unitary such that m(uz 2 a.0) = Uy zUar ar, 7,2, a,a" € X.

Set Vo p = U;Sc, z,a € X. We observe that V' := (V, ,)a. is a bi-unitary. Indeed,
using (44), we have

d
> Vi Vaw =Y Us Ul = <Z U;w,Ua,w) = 0y o Tpa

acX acX acX

and

d
S ViVaa=> U Ui, = <Z U;,@Ua@.> =04 Iy,

zeX zeX rzeX

that is, V*V = I and V"*V' = I:; the relations VV* = I and V'V%™ = T fol-
low analogously. It follows that there exists a *-representation p : C(PUY) — B(HY)
such that p(ue z,ara) = TP(Ug oy 440)s T,2' 0,0 € X; note that p is a (well-defined)

*-homomorphism from C(PU5) into C(IPL{;;)OP. By symmetry considerations, p is a
*_isomorphism. O

Before formulating the next theorem, we introduce some notation and terminology.
If ®: My — My is a quantum channel, we write ® : Mx — My for the quantum
channel given by
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Pf(w) = d(Wh)', we My.

We call a channel ® : My — Mx a unitary channel if there exists a unitary U =
(Ma,z)a,mex € Mx, such that ®(w) = U*wU, w € Mx. Finally, a trace 7: B — C of a
C*-algebra B is called abelian if there exists an abelian C*-algebra A, a *~homomorphism
m: B — A and a state ¢ : A — C such that 7 = ¢ om.

Theorem 6.7. Let X be a finite set and ' : Mxx — Mxx be a QNS bicorrelation. Then

(i) T € Qb if and only if there exists a trace T : C(PUL) — C such that

F(Ez@/ ® Gy,y’) = (T(uz,x’,a,a/uy/,y,b’,b))a,a/,b,b’, z, xla Y, yl € X; (45)

(i) I € Qg if and only if (45) holds for a trace of C(PU) that factors through a
finite dimensional C*-algebra;
(iii) T € QPic if and only if (/5) holds for an abelian trace of C(PUY.), if and only if

there exist unitary channels ®;, i = 1,...,k, such that T’ = Zle A ® <I>§i as a
convex combination.

Proof. (i) Let U := (uq,z)q,» D€ the universal bi-unitary and I : Mxx — Mxx be given
via (45). There exists a state v : C(PUY) @max C(PUL)°P — C, given by

v(u®@vP) = 1(w), u,v € C(PUY) (46)

(see [12, p. 219]). Let s = v o (id ®3); thus, s is a state on C(PUY) @max C(PU%). We
have

— op —
§(Ua,at 0,00 @ Uy, ) = V(Uzaraa @y’ g p) = T(Ua e a0ty 0 0),

implying that ' = T's. By Lemma 6.5 (i) and Theorem 5.5, T' € Qgic. Since U is unitary,
by the proof of [10, Theorem 4.3], T' is concurrent.

Conversely, let ' € Qgicc. By Theorem 5.5, there exists a state s : Cx ®max Cx — C
such that I' = T'y. Let V = (vg2)a, be a universal bi-isometry (see Subsection 3.2)
and denote by fy 4 5 the canonical generators of the second copy of Cx in the tensor

product. The concurrency of I' implies the validity of the condition

S (ez/7y/7a7b X f:c’,y’,a,b) =1, a, be X. (47)
z'y'eX

Let 7 : Cx — C be the functional, given by 7(u) = s(u® 1), u € Cx. By [10, Lemma
4.2], there exists a canonical *-epimorphism 7 : Cx 4 — Cx; let 7 = 7 o w. Letting
5:Cx, 4 ®max Cx,4 — C be given by §(w) = (so (m @ m))(w), we have that
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Y. 5 Ceyar® foryan) =1,

z'y'eX

and now, by the proof of [10, Theorem 4.1], that
5 (Caryap @ foyan) = 5 (Coyabbyapa®1), z,9,a,b€ X,
and that 7 is a tracial state. After passing to quotients, we conclude that
s (ez,y,a0 ® fo,y,a) = 8 (€xyaplyaba®l), T,y,a,b€X, (48)

and that 7 is a tracial state.
Recalling notation (37) and (38), set

— x,x’ _ a,a’
Gy727ba0 - (gy,z,b,c and Hy7z7b,c - h’y z,b,c .
z,x’ a,a’

We claim that

~ G G z,b,c
Gy,z,b,c = [ Z’z’i’z Z’Z’lc)’cj| € M- (MX (Cx))+ . (49)
Indeed, set Zy .p. = vb’y? Ix v 29 ]X} After applying the canonical shuffle

My (Mx(Cx)) ~ Mx(M>(Cx)), we obtain

xz,x’ z,z’
e — | yypb Iyzbe
y,z,b,c = xz,x’ ’
g> e
2,9,¢,b #%2:6,C 1 g !

690,93'61172/,17717 - Za €y,x,b,ax’ ,y,a,b 696,95'61/7271),0 - Za Cy,x,b,ax’,z,a,c
z,2' €2,y,c,b = 2 g €2,7,c,a€2’ y,a,b z,x'€2,2,c,c T 2uq €2,x,c,0€x7 2,a,c oz

*
:Z* ﬂiz/l Z Vaq ﬂlvaz 6$,I'1_Z UG wU Z b
y,2,b,c 51,95’]- Z vazvaT, 51:,95/1—2 Uar”ar/ o Y,2,b,c
)

Since V' is an isometry, V*V™ < I and hence (8z.1 — Y, vq Ui ) vwr 205 implying
(49), along with the relations )y va.vs , < 1, ¥ € X. Identity (4()) now shows that
Gyybp € Mx(Cx)™, and hence

TGy yns) € MY (50)
We have that
D eywbaoyab = P VhyVasls Uy < €yybb (51)
aeX aceX

and hence
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Z Z €y,x,b,a€x,y,a,b < Z Z €y,y,b,b = ‘X|21a (52)

z,yeX a,beX z,yeX beA

similarly,

Z Z fw,y,a,bfy,x,b,a < |X‘21 (53)

z,yeX a,beX

By (47), (52) and (53),

0< > 5((eopad ®1 =1 frana) (oyab ®1 =10 fyapa))

T,y,a,b

Y 5((yoba®1=1@ foyap) (Coyad @1 =18 fropa))

z,y,a,b

Z s (€y,ab,alayab @ L+1® foyabfyesa)
z,y,a,b

= Y (e ® frabat Copap® fayas) < 2X[2 - 2\X2 =0,
z,y,a,b

Applying 7 to (52), we have

Z Z T(ey.wb.aCay.ab) < Z ZT(ey,y,b,b) = |X]%.

z,yeX a,beX z,yeX beEA

On the other hand, by (48),

Yo Y T(eyabatagas) = X

z,yeX a,beX

Using (51), we now have that

T (ey,y,b,b — E eyﬁz,bﬂez,y,a’b) =0 forall z,y,be X.
acX

Thus the diagonal entries of 7(X) (G, 45) are zero; the positivity condition (50) implies
that the off-diagonal entries of 7(*) (G, ».4) are also zero. Now the positivity condition
(49) implies that

T(2X) (éy,z,b,c) = O’ Y, 2, b’ ce X.

Condition (49) and the Cauchy-Schwarz inequality imply 7(X) (Qé}/ Zb,C) = 0, for

all Q € My(Mx(Cx)), and hence 7(>%X) annihilates the closed ideal of My(Mx (Cx))

generated by G;Gbc In particular, 7(%X) annihilates the closed ideal of My(Myx(Cx))
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generated by éy’z’b’c; since Cx is unital, this implies that 7 annihilates the closed ideal
of Cx generated by the elements g;’7, ., x,2',y,2,b,¢ € X, that is, Ji.
Similarly, observe that

* *
E €y,z,b,0€z,y,a,b = E VpyVa,aVq zVby < €yybb, Y,a,b€ X.
rzeX zeX

By Remark 6.2,

Z § (em,y,a’,b’ ® fZ,yya’,b’) =1, =zyelX
abex

Using (48) yields similarly

T (ey,y,b,b - E ey,r,b,aez,y,a,b> =0 xr,Y, be X’

zeX

leading to the relations
7(2X) (ﬁy_,z_,b,c) =0, y,z,b,ceX.

It follows that 7 annihilates the ideal J», generated by h;::’b’c, where a,a’, y,2,b,c € X,
and hence it annihilates J; + J>. Hence 7 induces a tracial state (denoted in the same

fashion) on the quotient Cx/J. An application of Lemma 6.5 (i) completes the proof.

(ii) Suppose that I' : Mxx — Mxx is a quantum concurrent QNS bicorrelation. By
[10, Theorem 4.3], there exists a finite dimensional C*-algebra A, a trace t on A, and a
*-homomorphism « : Ux 4 — A, such that I' = I'. After taking a quotient, we may
assume that t is faithful. Let p : Cx 4 — Ux, 4 be the canonical quotient map, whose
existence is guaranteed by [10, Lemma 4.2]. Let 7 : Cx,4 — C be the functional, given by
7(u) = (toaop)(u), u € Cx, 4; clearly, 7 is a trace on Cx 4. Note, further, that I' = 'z
(for brevity here, and in the sequel, I'; is used to denote I's., where s; is the state,
canonically associated with the trace 7). By the proof of (i), 7 annihilates the ideal J
defined in (39); thus, as t is faithful, (a0 p)(J) = 0 and hence we get a *-homomorphism
p: C(PUY) — A and the trace T = to p on C(PU5) which factors through A.

Conversely, suppose that B is a finite dimensional C*-algebra. Let 7 : C(PU%) — B be
a unital *-homomorphism and 7 : B — C be a trace such that, if 7 = Fom, then ' =T",.
By Lemma 6.5 (ii), there exists a finite dimensional Hilbert space K and a bi-unitary
matrix U = (Usz)a,e € Mx(B(K)), such that 7(ug 2 a,ar) = Uy pUar 20, 2", 0,0" € X.
Now a straightforward verification shows that I" € Qgic.

(iii) Suppose that I' € QPi¢. By [10, Theorem 4.3 (iii)], there exists an abelian C*-

loc*

algebra A, a *-homomorphism 7 : Ux a4 — A and a state ¢ : A — C such that,
if 7 = ¢ o7 then (7 is a trace on Ux 4 such that) I' = I'z. Realise A = C(2) for
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some compact Hausdorff space 2 and let u be a regular Borel measure on 2 such that
o(h) = [, hdp. Writing Uswraar = 7(lipataa), ,2'a,a’ € X, we have

Qb(Uz,x’,a,a/ﬁy’,y,b’,b) = /Uz,m’,a,a/ (t)Uy/vyvb,7b(t)du(t)7 x,x', aaa, € X.
Q

As u can be approximated by convex combinations of point mass evaluations, I' can be
approximated by convex combinations Zle NiI';, where

_ (1) (4) ’ ’
Ti(€g,e @€y y) = ( vataa by ypp) o0 HTYY € X,

(@)

for some scalar matrices M; = (unga’a,

) by Since the matrices M; give rise to
$7m/7 b /

(one-dimensional) *-representations of Ux 4, by Lemma 6.3, they admit factorisations
:(L’Z,):v’,a,a’ = )\Ef,)x)\((f,)ym,, z,2',a,a’ € X, for a unitary matrix U; = ()\,(f,)m)ayz,
i1 =1,...,k Note that I'; = &; ® <I)§, where @; is the (unital) quantum channel with

Choi matrix (u(i) ) . By the Carathéodory Theorem and compactness, we
x,x’a,a’

of the form p

’ ’
z,x’,a,a

have that T' is itself a convex combination of this form. We further have that
®;(w) =UwU!, we My, i=1,...,k,

and in particular ®; is a unitary channel, i =1,... k.
Suppose that ® : Mx — Mx is a unitary channel. Let U = (Ag2)a,s € Mx be a
unitary (and hence a bi-unitary) such that ®(w) = U*wU, w € Mx. We have that

(®® @) (Jx) = ‘X% Z D(eg,y) @ Pley )"

z,yeX

- ‘X% 3 (Uea)(Uey)* @ (U ey)(Uren)")!

z,yeX

:‘AX% Z Z Z AybeI’GAI,a'Xy,b’(Ga,b®€g/’b/)

z,y€X a,beX a’,b/eX

= % Z Z 5a,a/5b,b’(5a,b X ea/,b’) — JX-

a,beX a’ b eX

Thus, ® ® ®? is a concurrent correlation and, since ® is unital, it is a concurrent bicorre-
lation. Since Q}fjg is convex, we have that all convex combinations of elementary tensors
of the form ® @ Pt belong to Q};‘g

Now assume that I' = Zle AP ® @g as a convex combination, where ®; is a unitary
channel, i = 1,...,k. Assume that ®;(w) = UjwU;, w € My, where U; € Mx is a
unitary. Since U; has scalar entries, it is automatically a bi-unitary, and hence gives

rise to a canonical (one-dimensional) unital *-representation of C(PUY). A standard
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argument now shows that I' = I'; for a trace on the (finite dimensional) abelian C*-
algebra Dy,.

Finally, if I' = I',., where 7 factors through an abelian C*-algebra then the argument
in the first paragraph of (iii) shows that T' € QPic. 0
Remark 6.8. Assume that 7 is an amenable trace of C(PUY). By [12, Theorem 6.2.7],
the functional p : C(PUY) @min C(PUL)P — C, given by p(u ® v°P) = 7(uv), is a
well-defined state. Letting s = po (id ®9) (a state on C(PUY) ®@pmin C(PU)P), one can
proceed similarly to the first paragraph of the proof of Theorem 6.7 to conclude that
I'e QZ;C. We do not know if, conversely, every I' € QE;C
on C(PUY).

arises from an amenable trace

Recall [45] that an NS correlation p over (X, X, X, X) is called bisynchronous if
pla,blz,z) #0 = a=0b and p(a,az,y) #0 = z=y.
It was shown in [45, Remark 2.1] that bisynchronous correlations of type t # ns are (clas-
sical) bicorrelations. The next statement describes the relation between bisynchronicity

and concurrency.

Proposition 6.9. Let t € {loc,q,qc}. If p € C; is a bisynchronous NS correlation over the
quadruple (X, X, X, X) then there exists T € QP'° such that

510 = AOP|DXX' (54)

Proof. We consider first the case t = gc. Let p € Cyc be a bisynchronous correlation. By
[45, Theorem 2.2], there exists a tracial state 7 : C(S%) — C such that

p(a,b|z,y) = T(pa,zpb,y)v :E,y,a,b € X. (55)
Let
Pza'a,ar = p:,mpa’,x’ = Pa,zPa’ ,z’ &€, xla a, (L/ € X,
and let C(PS¥) be the subalgebra of C(SY), generated by the elements of the form
Dzl aas T, T ,a,a € X. Since every quantum permutation is a bi-unitary, there exists
a unital *-homomorphism 7 : C(PUY) — C(PSY) with

’ /
Tl'(ex,x/,a,a/) = Pz’ a0’y L, T,0Q,a € X.

Let 7 = 7o ; thus, 7 is a tracial state on C(PU;) and hence, by Theorem 6.7, I'; is a
quantum commuting concurrent QNS bicorrelation. Moreover, if z,y € X then
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(AoTs)(era @ eyy) = Y F€rwanyybb)éaa ® v
a,beX

E T(pm’w’a»apy,y,b’b)ea’a & €bp
a,beX

= Z T(pz,a:pa,l’pz,ypb,y)ea,a @ €pp
a,beX

Z T(Pa,aPb,y)€a,a @ €b,p = Epl€xp ® €y,y),
a,beX

and (54) follows.
The cases t = q and t = loc are similar. O

7. The quantum graph isomorphism game

In this section, we view the concurrent bicorrelations studied in Section 6 as strategies
for the non-commutative graph isomorphism game. This allows us to define quantum
information versions of quantum isomorphisms of non-commutative graphs of different
types, which we characterise in terms of relations arising from the underlying graphs.

7.1. Quantum commuting isomorphisms

Several related concepts of quantum graphs have been studied in the literature (see
[9,14,18]). Here we work with the notion that is used in [50], [49] and [10]. Let X be a
finite set, H = CX, and recall that H¢ stands for the dual (Banach) space of H. Note
that, as an additive group, HY can be identified with H; we write ¢ for the element of
H4, corresponding to the vector ¢ in H (so that ( : H — C is given by ((¢) = (&,¢)).
Let 0 : H® H — L(HY, H) be the linear map given by

0§ @n)(¢) = (& On, (e H.

We have
0(S®T))=T0(¢)SY, ¢CeH®H, S,TcL(H). (56)
For a subspace U C CX @ CX, set

Sy ={0(¢) : C e U}.

We let x : (C¥)4 — CX be the linear mapping given by dx(€,) = €., z € X, and we
set Sy = Sua)_(l; thus, Sy C L(CX).
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We denote by m : CX @ CX — C the map, given by

m(O—<C,Zez®ex>, (eCreCr.

zeX

Let also f : CX @ CX — C¥X ® CX be the flip operator, given by f(é @ n) =n® €.

Definition 7.1. A quantum graph with vertex set X is a linear subspace i C CX ® C¥
that is skew in that m(U) = {0} and symmetric in that f(U) = U.

In the sequel, for a subspace Y C CX®CX, we denote by Py the orthogonal projection
from CX @ C¥X onto U; thus, Py € Mxx. For a classical (simple, undirected) graph
G with vertex set X, we use ~ (or ~¢g when a clarification is needed) to denote the
adjacency relation of GG. The graph G gives rise to the quantum graph

Uc = spanfe; @ ey : x ~ y},
and we write P = Py, ; note that Pg € Dxx, and that

SuG =span{eg, : x ~ y}

is a traceless self-adjoint subspace of My . More generally, S;; C Mx is always a traceless
transpose-invariant subspace for any quantum graph U; this is the suitable version arising
in our setting of Stahlke’s quantum graphs [49], where tracelessness and self-adjointness
are assumed as part of the definition.

To motivate Definition 7.2 below, we first recall the graph isomorphism game [1] for
graphs G and H, both with vertex set X. For elements z,y € X, we denote by relg(z,y)
the element of the set {=,~, %}, which describes the adjacency relation in the pair
(z,y), in the graph G. A correlation p € C; is said to be a perfect t-strategy for the
(G, H)-isomorphism game, provided p is bisynchronous and

p(a,blz,y) =0, if relg(z,y) # relgy(a,b) or rely(x,y) # relg(a,b). (57)

We note that, for a given correlation type t, two graphs G and H with vertex set X are

t-isomorphic [1] if and only if there exists a bisynchronous bicorrelation p of type t over
the quadruple (X, X, X, X), such that

w € D¥y and w = PewPg = T'(w) = Pyl'(w)Py (58)

and

o0 € D}y and 0 = PyoPy = I'*(0) = Pl (0)Pg. (59)
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Indeed, condition (58) is equivalent to requiring that p(a,blz,y) = 0 if z ~g y but
a g b, while (59) is equivalent to requiring that p(a,blz,y) =0 if a ~g b but = £ ¥,
in conjunction, these two conditions are equivalent to (57).

Recall [50,10] that, if # € C* @ CX and V C CX @ CX are quantum graphs, and
P = P, and Q = Py, then the perfect strategies for the quantum homomorphism game
U — VY are the QNS correlations I' : Mxx — Mx x such that

w €M%y and w=PwP = I'(w)=QI'(w)Q.

Definition 7.2. Let t € {loc, q, qa, qc,ns}. We say that U and V are t-isomorphic, and
write U = V, if there exists I' € QPi¢ such that

(i) T is a perfect strategy for Y — V), and
(ii) T* is a perfect strategy for V — U.

Remark 7.3. Although our main interest in this section lies in quantum graphs, it is
important to note, for the development in Section 8, that Definition 7.2 can be stated in
a greater generality, involving subspaces & and V of CX ® C¥ that are not necessarily
quantum graphs.

In the next theorem, we give an operator algebraic characterisation of the relation
U =4 V. We recall the leg numbering notation: if §: Mxx ® B(H) - Mxx ® B(H) is
the (unitarily implemented) isomorphism, given by

FSE®T®R) =T®S®R, S,T€cMx,RcB(H),

for U= (Usz)a,e € Mx @ B(H), we write Uy 3 = Ix @ U, and Uy 3 = §(Ix ® U). Note
that U2,3,U173 € Mxx ®B(H) and

UlsUss = > € ®6yp @ Uaaly,. (60)
z,y,a,beX

For the formulation of the next theorem, we set A = A%, and call a von Neumann
algebra tracial if it admits a tracial state. If H is a Hilbert space and N' C B(H) is a
von Neumann algebra, an operator matrix U = (U, 3 )a,zex Will be called N -aligned if
Uy wUpy €N for all z,y,a,b € X.

Theorem 7.4. Let U and V be quantum graphs in CX ®@CYX, and set P = Py and Q = Py.
The following are equivalent:

(i) U =g Vi
(ii) there exists a tracial von Neumann algebra N C B(H) and an N -aligned bi-unitary
U= Uss)az € Mx(B(H)) such that
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(P U 3Us5(Q®@1) =0 and (PT®I)Uf3Us5(Q® 1) =0;

(iii) there exists a tracial von Neumann algebra N C B(H) and an N -aligned bi-unitary
U= (Ua,x)a,x € Mx(B(H)) such that

U(Sy @ )U* C Sy @ B(H) and U'(Sy @ 1)U C Sy @ B(H).

Proof. (i)=(ii) Foravector{ =3,y auye.®ey € CX®CX,let & = > e yex Ouyes®
ey and set

Ye = E Az y€a,y;

z,yeX

note that Yz € Mx (and that the use of the notation £ agrees, up to a canonical identi-
fication, with the definition in the beginning of Subsection 7.1). Let T': Mxx — Mxx
be a concurrent quantum commuting bicorrelation satisfying conditions (i) and (ii) in
Definition 7.2.

By Theorem 6.7, there exists a tracial state 7 : C(PU5;) — C such that

F(ez,z/ X €y7y/) = (T(u9371”7a,a’uy’,y7b’,b))ma/’b’b' N x,x',y, yl S X

Let m, be the *-representation, associated with 7 via the GNS construction, and let ¢
be the corresponding cyclic vector. Then N = 7. (C(PUY))" is a finite von Neumann
algebra, on which the vector state corresponding to ( is faithful and tracial.

Let E = (77 (U0’ a,0’)) .2’ ,a,a’- As in the proof of [10, Theorem 5.5], we have that

(C(Eg I m) = (Trer) (B 0 Y, 9 LB 0¥, @1x)).,
implying, by the faithfulness of 7, that
E(Y;@Y,®I)E=0, (clUneV"
By Lemma 6.5 (ii), there exists a bi-unitary U = (Usg)az, such that E =

(Uz U 27) 2,27 0,00 - Writing € = 37 v agyer @ ey and n = 37 oy Bapea ® ep, We
calculate

E (Y,;: Y, ® I) E= E Wzt Bar b Ug Ut 2 Uy Uby
z’ y’a’ b eX @b
Hence Zx,’y,,a,ﬁ, az/,y/ﬂa/_’b/U;yzUa/,x/Ug‘,’y,Ub’y = 0 for any z, y, a, b. Letting Re,, =

—_— *
Zx/7y,7a,,b/ Oy Bar b Ua w'Uy s, we have

UpoRenUpy =0, x,y,a,b€ X.
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It follows that

Rm::EZL@JQﬂQﬂhJQy:Q (61)
z,yeX

Let F := Ujf 3Us3; thus, F € Mxx ® B(H). By (61), the operator F' satisfies the
conditions

(Fln®@h),§®g)=0, h,geH

which imply (P ® I)F(Q+ ® I) = 0.
Let F = (U;,mUa@x/)a,agm,I/. By symmetry,

EYa @Yy @DNE=0, eV, eu™.
Setting

s _ _ N
F = U1,3U2,3 - E €a,x & €b,y & Ua,zUb,ya
z,y,a,be X

we similarly obtain that
(F(f ®h),&' @g) =0, &€V €U hgeH,
and hence
(Q®I)F(P-®1I)=0. (62)

Let t : Mx — Mx be the map, given by t(T") = T*. Since the operators P+ and Q
are self-adjoint, (t®t)(Q) = Q and (t®t)(P+) = P*. Thus, applying the map t® t® id
to the relation (62), we obtain (P+ ® )F(Q ® 1) =0

(i))=(i) Assume that (P ® 1)U} ;U3 5(Q* ® 1) = 0 and (PL @ I)U} 3U55(Q @ I) = 0.
By Theorem 6.7 (i), the linear map I, given by T(ezo ® €4) =
(T((Uian/?x/Ug‘,’y,Ub&) , is a concurrent quantum commuting bicorrelation. Re-

’ /
a,a’,b,b

versing the arguments from the previous paragraphs and using the proof of [10, Theorem
5.5], we obtain that, if E = (U; ,Ua’ 2/)z.2' 0,00 then

(D(ee).m") = (rer) (E(Y; @ ¥, @ DE(YE @Y, 8 1)) =0,
for all ¢ € Y and all n € V1. Similarly,
T, nn*y=0forall ¢ €V, eUt.

It follows that U =, V via I
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(ii)=(iii) For each £ €U, n € V*, h, g € H, we have
(Ui 3Us3(n®@h),E@9) = (n®h, Uz 3U13(£®g)) = 0. (63)
Consider Us 3U; 3 as a linear operator on CXX @ B(H) by letting

(U2sU13)(E@T) = > (éby @ €an) @ UaalUs, T, &€ CXX,T € B(H).
z,y,a,beX

Fix £ € CXX. We have

(0 ®@id)(Us3Uy 3(€ @ 1))
= > @y @) @Uaaly, = > caad©eh, @ Uals,
z,y,a,beX z,y,a,beX

:(Z GWC@U(M) (Z eby®Uby).
a,x€X byye X

Note that 8Xe§7y8;<1 = €y . Therefore,

(0 ©id)(U2,3U13(6 ® 1) (05" @ 1)

— ( Z €ax ® UM) (069" 1) ( Z axegya;(l ® Ugjy> (64)
b

a,xe€X ,YeEX

=U(0(&)0x' @ U™

To see that U(Sy ® 1)U* C Sy @ B(H), let £ € U, and fix orthonormal bases (1;);er
and (¢;)jey of V and V1, respectively. Then

UB©)ox' @ U* =Y 0(n)dx" @ Ri+»_60((;)0%' ® S,

el jed

for some R;, S; € B(H),i €1, j € J. From the previous arguments we obtain
(0 ®id)(Us 30U, 3(€ @ 1)) = (6 ®id) (Zm@@R +ZQ®S)
i€l jed

and

Us3Up3(€®1) = Zm®R +Z<J®S
i€l jed
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Let wy , be the vector functional on B(H), given by w, »(T) = (T'g, h) and, for n € CXX
let £, be the linear functional on C*X, given by ¢, (¢) = (¢,n). Then

(ly @ won) (U231 3@ TD))) = > ((€ra @ €y)0) (UawUs g, h)
z,y,a,beX

= (Uz,3U13(£® g),n @ h),
while
ﬁ ®th an®R +ZC]®S :Z<77u Rig, h +ZC7> 7ga

i€l jed i€l jed

Taking now n = (; we obtain from (63) that
(&] X w_,hh) (U273[_]1,3(§ X I))) =0

and that

Ly @wgn) [ D m @R+ G @S, | =1GIP(Sg,h);

i€l jed

thus, (S;g,h) = 0. As g and h can be chosen arbitrarily, S; = 0 for all j € J. Therefore

U0y @ HU* = > 0(1:)0x" @ R; € Sy @ B(H).

i€l
Similar arguments applied to (Q @ I)F(P+ ® I) = 0, where F = U; 3Us 3, give
U Sy @ 1)(UY)* C Sy @ B(H).
(iii)=-(ii) follows, using (64), by reversing the arguments in the implication (ii)=-(iii). O

Remarks. (i) The arguments in the proof of Theorem 7.4 can be used to conclude that
U —€ VY if and only if there exists a tracial von Neumann algebra N' C B(H) and an
N-aligned isometry V = (V, 2)a.2, Va,r € B(H), such that

V(Sy @ 1)V* C Sy @ B(H).

This complements the characterisation obtained in [10, Theorem 5.7].

(if) Similar results to those of Theorem 7.4 hold for ¢ ~¢ V, in which case the space
H is finite-dimensional. A treatment of the case U =~ V is presented in Subsection 7.2
below.
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Corollary 7.5. Let G and H be graphs with vertex set X. The following are equivalent:

(1) Uer e U
(ii) there exists a tracial von Neumann algebra N' C B(H) and an N -aligned bi-unitary
U= (Uaz)ax € Mx(B(H)) such that Uy ,Uy, = 0 if either x ~c y and a #p b,
orx gy and a ~pg b;
(iii) there exists a tracial von Neumann algebra N' C B(H) and an N -aligned bi-unitary
U= Usz)ae € Mx(B(H)) such that

(Pe® I)Ult,sUQ*,g = Ult,3U2*,3(PH ® I);

(iv) there exists a tracial von Neumann algebra N C B(H) and a bi-unitary U =
(Ua,z)ae € Mx(B(H)) such that Uy Uy, € N, ,y,a,b € X, and

U(SG (24 1)U* CSg® B(H) and Ut(SH X 1)Ut* CSe® B(H)

Proof. We have Ug = {e; ® ey : ¢ ~¢ y} and Uy = {e, ® ey : a ~g b}. As Ps = Pg
and Py = Py, the conditions

(P ® UL 4Us 5(Py @ 1) = 0 and (Pg ® D)UY U35 (Pu® ) =0 (65)

are equivalent to (Pe®@1)Uj 3Us 5 = Uf 3U5 3(Pu®I), and also equivalent to U, .Uy, = 0
if either x ~¢ y and a g b or z #¢ y and a ~g b. The statement now follows from
Theorem 7.4. O

Remark 7.6. The conditions on the bi-unitary U contained in Corollary 7.5 are equivalent
to the conditions Age * U(Ag @ I)U* = 0 and Age * UY(Ag ® )U = 0, where G¢ is
the complement to G and * denotes the Schur product. We can formulate a similar
characterisation for types loc and q. In the case when the bi-unitary U is actually a
quantum permutation (that is, the entries u; ; of U are all orthogonal projections), these
conditions are equivalent to the condition that U(Ag @ INU* = Ay ® I. Indeed, if U is
a quantum permutation satisfying Age * U(Ag ® I)U* = 0, then whenever i # j and

i Ay j, we have

0=(U(A¢® I)U*),’J’ = Z Ug fUj,0-
k~gl

Multiplying on the left by u; ) for any fixed k satisfying k ~g €, we obtain u; puj, = 0
whenever ¢ g j, i # j and k ~¢ {. Similarly, if i = j and k ~g ¢, then k # /¢, so that
Ui kUj 0 = 0.

Next, if we interchange the roles of G and H in the above argument and replace U
with the magic unitary U", the identity Age * U'(Ag @ I)U = 0 yields ug ;u¢; = 0
whenever i #¢ 7,1 # j and k ~g £ or whenever i = j, and k ~p /.
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It follows that, if ¢ ~p j, then (assuming that n = |X|) we have

(U(AG ® ])U*)l’j = Z Uq, kUj, 0

k~ct
n
:E Ug Uj |+ E U Uj,0 + E U ke Uj, 0
k=1 k~gt kgl
k£l
n n n
= E Ui kUj 0 = E Ui,k E Uj,e :1:(AH)i,j~
k,t=1 k=1 =1

Similarly, if ¢ £y 7, then either i = j or i ~g. j, and we obtain in either case

(U(Ag@I)U");,; = Z u e = 0= (An)i;.

E~el

It follows that U(Ag ® I)U* = Ay ® I. The converse is immediate.
7.2. Local isomorphisms

In this subsection, we restrict our attention to quantum graph isomorphisms of local
type.

Proposition 7.7. Let X be a finite set, and U and V be quantum graphs in CX @ CX.
The following are equivalent:

(1) U gloc V;
(ii) there exists a unitary U € Mx such that (U@ U)(U) = V.

Proof. (i)=-(ii) Let I' € QI be a correlation satisfying the conditions of Definition 7.2
for quantum graphs U and V. By Theorem 6.7 (iv), I = Zle Ai®D; ®<I>g as a convex com-
bination, where ®; : Mx — Mx is a unitary quantum channel, ¢ = 1,..., k. Conditions

(i) and (ii) in Definition 7.2 are equivalent to
(I'(Py), Py) =0 and (I™(Py),Py) =0. (66)

The monotonicity of the trace functional now implies that ®; ®<I>§i satisfies the conditions
in Definition 7.2 for every i = 1,...,k. We may thus assume that I' = ® ® & where
® : Mx — M, is a unitary quantum channel. Let U € Mx be a unitary such that
®(w) =U*wU, w € Mx. A direct verification shows that

' (w) = U wlU, we My.

Thus,
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F(w):(U®U)*w(U®U)7 we€e Mxx.

The first condition in (66) now implies that, for every £ € U, we have

(Uel)€) (Ual)€) =Ual)E)Ual) < Py,
that is, (U ® U)*(U) € V. On the other hand,
Iw) =UelwlUaU)*", weMxy,

and arguing by symmetry implies that (U @ U)(V) C U; thus, (ii) follows.
(ii)=(i) Given a unitary U € Mx, let ®(w) = U*wU, w € Mx, and I' = ® ® ®¢. Then
the arguments in the first part of the proof imply that U =, V via . O

Remark. Proposition 7.7 can equivalently be seen as a consequence of Theorem 7.4. In-
deed, note that, by Theorem 6.7 (iv) and its proof, I' € QP if and only if I = Zle ALy
as a convex combination, where I';(ez v @ €y /) = (T (U0 0,0/ Uy .1/ b) )a,a’,b,pr fOr SOME
s-representation m; : C(PUY) — C. Using the fact that all I'; are positive, it can be
easily seen that one can assume that k = 1. Let U = (ug2)a,r € Mx be the unitary that
corresponds to 77 as in the proof of the implication (i)=-(ii); we have that U satisfies the
corresponding conditions (ii) and (iii). In particular, USy,U* C Sy and UtSy(U*)* C Sy.
As S = Sy and SY, = Sy, we obtain that U*SyU C Sy, which implies U*SyU = Sy.
This gives in particular that (U @ U)(U) = V.

Proposition 7.8. Let G and H be graphs with vertex set X. Then Ug =1oc Uy if and only
ifG=H.

Proof. A graph isomorphism ¢ : X — X between G and H gives rise to a permutation
unitary operator U, : CX — CX; letting ® : Mx — M4 be the conjugation by U, we
have that the correlation ® ® ®* implements an isomorphism Ug Zjoc Un.

Conversely, suppose that Ug =)o Up. By Proposition 7.7, there exists a unitary
U € Mx such that (U ® U)(Ug) = Ug. Letting

Sg =span{e; , :x ~yor x =y},
we now have that USqU™* = Sp. By [41, Proposition 3.1, G=Z H. O
Corollary 7.9. There exist quantum graphs U and V such that U =,V but U #ioc V.

Proof. By [1, Theorem 6.4], there exists graphs G and H such that G =, H but G Zioc
H. By Proposition 7.8, Ug Zioc Un; to complete the proof, we show that Ug =4 Up.
By [34, Theorem 2.1], there exists a quantum permutation matrix (P 4)z,q, acting on a
finite dimensional Hilbert space H, such that
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P,oPypy=0 ifxc~gy&astuyb or z4cy&a~pgh.
By Remark 7.6, Ug =q Uy O
7.8. The quantum isomorphism algebra

Let X be a finite set, and &/ € CXX and V C C*X be quantum graphs. We will
introduce a C*-algebra whose tracial properties reflect the properties of the isomorphism
game U = V. Let P (resp. Q) be the projection from CXX onto U (resp. from CXX onto
V). For matrices S,T € Mxx, define a linear map

Vs s Mxx @ C(PU) @ Mxx @ C(PU)*P — C(PUY,)
by letting
Ysr(w®@u®vP) = Tr(w(S®T))w, we Mxx ® Mxx, u,v € C(PUT).
Set W = (g2’ a0 )zt a0’ € Mxx ® C(PUY), and let
Zpq = (vpor (W@ WP) ypr o (W @ WOP))

be the closed ideal in C(PUY;), generated by the elements vp oo (W ® W°P) and
YpiL (W ® WOP). Set Apg = C(PUY)/Ipg. We write 4 for the image of an element
u € C(PUY) in Ap,q under the quotient map.

Theorem 7.10. Let X be a finite set, U C CXX (resp. V C CXX) be a quantum graph
and P € Mxx (resp. Q € Mxx ) be the projection onto U (resp. V). The following are
equivalent for a QNS bicorrelation T' : Mxx — Mxx:

(i) T is a perfect quantum commuting (resp. quantum/local) strategy for the isomor-
phism game U = V;

(ii) there exists a trace T (resp. a trace T that factors through a finite dimensional/abelian
*-representation) of Apq such that

Lz ® €y,y) = (T(uz,m’,a,a’uy’,y,b/,b))a,agb,b/ , xalyy € X. (67)

Proof. (i)=(ii) We consider first the quantum commuting case. By Theorem 6.7, there
exists a tracial state 7 : C(PU5) — C such that I' = I';. Writing

W = (Uac,x/,a,a’uy’,y,b/,b) € Mxxxx ® C(PZ/{;),

we thus have
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<F(€I@/ ® Ey,y’), €a,ar @ 6b,b’> = T(Urﬁz’,a,a’uy”y,b’,b)
= Tr(((ew@/ ® €y)y/) ® (€a7a/ ® 6b7b' )T(XXXX)(W))
= T(Yey 01 ®ey yrr6n s @y o (W © WOP)).

By linearity,
(L(S),T) =7 (vsp(WR@ W), ST€Mxx. (68)
Since T is a perfect strategy for the game U =V, equation (68) implies that
T (Vpor (W @ WOP)) =7 (vpr o(W @ WP)) = 0.
Set g = yp.gr (W ® WP); we claim that g € C(PU%)T. To see this, let
m : Mx x (C(PUY)) @max Mxx (C(PUF))P = Mxx (C(PUT))

be the multiplication map, and note that, if u € Mxx(C(PUFL))* and v°P €
My x (C(PU))°PT then

m(u @ vP) € Mxx(C(PUY))T

(this can be seen by realising My x(C(PU%)) and My x(C(PU%))°P as mutually
commuting C*-algebras acting on the same Hilbert space). We have that W €
Mx x(C(PU))*T and, by Lemma 6.6, that W°P € Mx x (C(PU5))°P*. It follows that

W S Mxxxx(C(Pu;(r))+.

Taking partial trace against the positive matrix P ® Q= yields a positive operator; the
claim is now proved after noticing that the latter operator coincides with g.
Similarly,

h:=p. (W@ W) € C(PUL)™T.

We have that

by a straightforward application of the Cauchy-Schwartz inequality, 7 annihilated Zp g
and hence induces a trace (denoted in the same way) 7 : Apg — C. The validity of
equation (67) persists on Ap .

Now consider the case where I is a quantum correlation. By Theorem 6.7, there exists
a trace 7 : C(PUY) — C that factors through a finite dimensional C*-algebra, such that
I' = T';. By the previous paragraphs, 7 annihilates Jp, . Thus 7 induces a trace (denoted
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in the same way) 7 : Apo — C that factors through a finite dimensional C*-algebra
and, as before, I' = I';.. The case where T is of local type is similar.
(if)=(i) follows in a straightforward way from relation (68). O

Remark 7.11. It follows from identity (68) and the proof of Theorem 7.4 that Ap ¢ is the
universal C*-algebra generated by elements uj, ,uq 2, where U = (Ua,z)a,z is & bi-unitary
matrix, subject to the relations

(Pe DU U55@Q ©1) =0 & (ProUl,Us,(QoD=0.  (69)

Remark 7.12. Let us consider the special case P = (; this is the case of quantum
automorphisms U — U. We would like to interpret Ap p as a quantum group of auto-
morphisms of the quantum graph & € CX ® CX. This intuition can be made precise by
equipping Ap p with a natural co-associative comultiplication Ap : App — Ap p®@Ap,p,
which turns it into a C*-algebraic compact quantum group.

To construct such a comultiplication Ap on Ap p, we first consider C (Z/{j(), the uni-
versal C*-algebra generated by the entries of a bi-unitary U = (u,,) € Mx(CUY)).
The C*-algebra C(Uy) is well-known to be a compact matrix quantum group when
equipped with the comultiplication A : C(Uy) — CU%) @ C(UY), given by A(uy ) =
> eex Use ® Ueq on C(UY) [52]. Define a new C*-algebra B obtained from C(Uy¥) by
quotienting by the relations given in (69). Denote the canonical matrix of generators of
Bby V = (vs.4) € Mx(B). (Note that, by definition, V' is the universal X x X bi-unitary
satisfying the relations (69).) We claim that the assignment Ag(vy ) := ). Vge ® Ve,q,
(z,a € X), determines a co-associative co-multiplication Ag : B — B ® B, turning
(B,Ap) into a compact matrix quantum group. To see this, it suffices to check that
matrix V € Mx ® B® B, given by

‘N/ = (Z Vg,c & Uc,a) = V1,2V1,37
z,aeX

ceX

satisfies the defining relations for V' (that is, Vis bi-unitary and satisfies the equations
(69) in Mx ® Mx ® B® B). Indeed, if the above is verified, then the co-multiplication
A on C(Uy) will have been shown to factor the quotient C(U5) — B, proving that Ag
is well defined and induces a quantum group structure on B.

First note that fact that V is bi-unitary follows immediately from the formula for V
and the bi-unitarity of V. To check (69), we first note that in Mx ® Mx ® (B® B) we
have

‘71t,3‘72*,3 = (‘/1,3V1,4)t(‘/§,3‘/5,4)* = V1t,4V1t,3V2*,4sz3 = V1t,4V2*,4V1tA,3V2*,37

and hence
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(P DV Vas(Pr @) = (P T DV V5 Vi Vas(Pr@lel)
 (PoTeDVLVE(POTo D V(PL o To D —o,

where in the last line we have used relation (69) for V' to insert the extra copy of (PQIQI)
in the middle. This shows that the first relation in (69) holds for V. The second relation
in (69) is verified similarly.

Finally, we note that Ap p is, by construction, the C*-subalgebra of B generated by or-
der two elements of B of the form v} ,vur o/, @, z',a,a’ € X. The natural co-multiplication
Ap on Ap p is then the restriction of Ag to Ap p (note that Ag(App) C App®@Ap.p).

Remark 7.13. Note that, by Proposition 7.7, any character on Ap p corresponds to a
unitary U € Ux such that (U ® U)U = U. In other words, the abelianisation of Ap p
corresponds via Gelfand duality to the classical compact group of unitary matrices

G={UeU:UcUx and (UU)U =U} C Mx @ Mx.

The pair (Ap,p, Ap) is therefore the quantisation of this very natural matrix group of
automorphisms of U.

8. Connection with algebraic quantum isomorphisms

The purpose of this section is to clarify the connection between the notion of a quan-
tum graph isomorphism defined and characterised in Section 7 and the notion, defined
and studied in [9]. Our main reference for the latter concept will be [14], and we follow
its notation as closely as possible.

8.1. Algebraic isomorphism as a tighter equivalence

We fix throughout the section a finite set X and let n = |X|. We denote by tr the
normalised trace on Mx; thus, tr = ﬁTr. In order to simplify the notation, we will
write 1 in the place of Ix.

Denote by L?(Mx) the Hilbert space with underlying linear space Mx and inner
product arising from the GNS construction applied to the pair (Mx, tr). More specifically,
if A : My — L?*(Mx) is the GNS map, we set (A(a), A(b)) = tr(a*b) (note that the inner
product is linear in the second variable). In what follows, we view Mx as a subalgebra of
B(L?(Mx)), where an element a € My gives rise to the operator (denoted in the same
way and given by)

aA(b) = A(ab), a,be Mx.

Note that A(a) = aA(l), a € Mx.
Let m : L*(Mx) ® L?*(Mx) — L?*(Mx) be the multiplication map, that is, the map,
defined by letting m(A(a) ® A(b)) = A(ab), and m* : L*(Myx) — L?*(Mx) @ L*(Mx)
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be its Hilbert space adjoint. For notational simplicity, we will often suppress the use
of A, and consider m (resp. m*) as a map from Mx ® Mx to Mx (resp. from Mx to
Myx ® My). We note that

m* (62'7]') =n Z €k @ €k 5. (70)
k=1

Indeed, for p,q,s,t =1,...,n, we have

(m*(€i7), €p,q @ €s,t) = (€ijr €p,q€s,t) = tT(€5,i€p,g€s,t) (71)

while

n n
<n Z €ik & €k jy€pg @ 6snf> =n Z tr(€x,i€p.q) tr(€) 1€s,t) (72)

k=1 k=1

= ntr(es,i€p,q) tr€je)-

The right hand sides of (71) and (72) are thus equal, establishing (70) which, further,
implies that

m*(l) =n Z €, Q€5 ;. (73)

i,7=1

Let n: C — L?*(Mx) be the map, given by n(A) = AA(1). Recall [14, Definition 2.4]
that a selfadjoint linear map A : L?(Mx) — L*(Mx) is called a quantum adjacency
matriz if it has the following properties:

(1) m(A® A)ym* = A;
(2) (idenm)(1eAe1)(m™@id) = 4;
(3) m(A®1)m* = 0.

We stress that condition (3) reflects the fact that we work with a quantum version of
graphs without loops (graphs with loops are quantised in this context by requiring the
condition m(A®1)m* = 1 instead of (3) [14, p. 6]). A triple G = (Mx,tr, A), where A is
a quantum adjacency matrix, is called in [9,14] a quantum graph. In order to distinguish
this notion from the one used in the present paper, we will hereafter refer to it as an
algebraic quantum graph.

We fix an algebraic quantum graph G = (Mx,tr, A). We associate with G the Mx-
bimodule S’ in B(L?*(Mx)) generated by A (its dependence on G is suppressed for
notational simplicity); thus, recalling that the elements of Mx are viewed as operators
on L?(Mx), we have that



62 M. Brannan et al. / Advances in Mathematics 449 (2024) 109732

S" =span{adb:a,be Mx}. (74)
If 2,y € Mx, we write ©x(4),a(y) for the rank one operator, given by

Or() At (€) = (A(x),€) Aly), €€ L*(Mx).

Let ¥ : B(L?*(Mx)) — Mx ® Mx be the linear map, given by
U (Oaw)aw) =2 ®y, z,y € Mx;

by finite dimensionality, ¥ is bijective. Set e = (1 ® A)(m™*(1)); recalling (73), we have
that

e=n Z €, @ A(?j,i)- (75)
ij=1

Lemma 8.1. Let G = (Mx,tr, A) be an algebraic quantum graph. Then

Proof. (i) Note that {y/nA(e; ;) }1<ij<n is an orthonormal basis for L?(Mx); thus,
A= D OUme,) anAte,)
ij=1

and the claim now follows from (75).
(i) Let R = Op(a),a@p)s @5 b € Mx, and T := (id ® n*m)(1 ® R ® 1)(m*n @ id). For
notational simplicity write m*n(1) =m*(1) =Y.7", & @ ;. If x, y € Mx, then

(A(x), TA(y))

.

@
Il
-

(A(z) @ A(1), 1@ m)(1 @ Oxwa),a0) @ 1)(& @ m @ Ay))

s
Il
-

(Az) @ A1), (1 @m)(& @ (A(a),n:)A(b) @ Ay))

.

s
Il
—

(A(z) ® A1), & @ A(by))(Ala),m:)

.

&
Il
-

(A(x), &) (Ala), mi) (A(1), A(by))
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= (A(z) © Aa), m™(1))(A(b"), Ay)) = (A(za), A(1))(A(D7), Ay))
= (A(z), Aa®))(A("), Aly)),

showing that T' = © 4 (3+),A(a+), and hence that ¥(T) = b ® a* = f(¥(R)), where § is the
flip map. By linearity, we obtain

T(idonm)(1® A® 1) (m™y®id)) = f(¥(A4))

and therefore by (i) and condition (2), e = f(e).
Furthermore,

*

A" = | Y OmaeywirAen) | = D Ovia(ten,)vik(e,):

i,5=1 i,j=1

and therefore

e=T(A)=T(A)=n Y Ale,) ®e; = fe),

ij=1

giving e = e* = f(e).
(iii) The claim follows from the fact that

L4 (a@A(I)yA(y)b) =V (@A(b*x),A(ay)) =z ® ay, a,b,r,ye Mx. 0O (76)

We set A®2 = A ® A and write Ug = A®%(¥(S")); thus, Us C L*(Mx) ® L*(Mx)
(we note that, in the case G is classical, the space Ug is closely related to, although not
identical, to the space denoted in the same way in Section 7). Throughout this section,
we fix an orthonormal basis {A(f;) ?il of L?(Mx); we note that {A(f7) ?:21 is also an
orthonormal basis. Let 9 : L?(My) — L?(Mx) be the linear operator with

O (M) =A(fy), G=1,..,m%, (77)

and set Ug = (0 ® 1)(Ug). We next record the properties of the spaces of the form U,
akin to the properties of quantum graphs in the sense of Definition 7.1. We write 0 for
the conjugate-linear map on L?(Mx) ® L?(Mx), given by

2 ’I’L2

o D ai A @A) | = D @ AlL) ® A(f)

i.j=1 i.j=1

and recall that § is the flip map on L?(Mx) ® L?(Mx). We note that the definitions of
the maps 9 and 0 depend on the basis, but the concrete basis we are working with will
be fixed or clear from the context. The same comment applies for the notion we define
next.
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Definition 8.2. A subspace W C L?(Mx) ® L?(Mx) is called a quantum pseudo-graph if
W is skew and (9 o f)(W) = W.

Let Jo : L*(Mx) ® L?*(Mx) — L*(Mx) ® L*(Mx) be the anti-linear map given by
Jo(A(z) © Aly)) = Aly™) @ A(z™).

Lemma 8.3. Let W C L?(Mx) ® L?>(Mx) and U = (071 @ 1)(W). The following are
equivalent:

(iii) U—=Y(U) is selfadjoint.
Proof. Let z, y € Mx. Then

(Joo (07 ®1))(Alz) ® Aly))

=(Joo (07" ®1)) (Z(A(fi)a/\(x»/\(fi) ® A@))

=1

=Jo (Z<A(fi)vA(x)>A(fi*) ® A(@/)) =D (A(fi), Ax)A(y™) © A(fi)

i=1 i—1

= D (MG, A@IKAL) Ay DAUT) @ Afi).
Therefore,

(0®1)odoo (0" ®1))(A(z) @ Ay))

= > AU AT AWIAL) @A)

= (007 ( D (AL A)) (A7), Aly)A(f) @ A(fj))

ij=1
= (0o ) (A(x) ® Aly)),
giving the equivalence (i)<(ii). As
‘I’(@T\(x),/\(y)) (@A(y ) A(y") @ A(z)
= Jo(A(z ) AW)) = Jo(¥(On@).aw),

we obtain the equivalence (ii)<(iii). O
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Proposition 8.4. Let G = (Mx,tr, A) be an algebraic quantum graph. Then Ug is a
quantum pseudo-graph.

Pr020f. As A is selfadjoint, there exist ©; € Mx and A; € R such that A =
> NiOA(4:),A(wy)- Using (76), we have

(0 ® 1)((A®? 0 W)(aAb)) ZA (0@ 1)(A(zD) ® Alax;))

2

DA
k=

Jik=1

= i)@(@@ 1) (
i=1

’I’L2

= Z Ai Y (AR A ) (A(f;), Alaza)) A fi) © A(f;).

Jik=1

A(z70)) (A(f), Aaz))A(fr) © A(fj))

Hence

(20 P((0@ 1)((A%? 0 ¥)(adb))) = (9 ® 1)(((A%* 0 ¥)(b" Aa¥)),

implying the condition (9 o f)(Ug) = Ue:.
Using (73), we have

=m(A®1)m*(;) = nZA((eM))ek’i =n Z Aj tr(wle; k)T jer i,
k=1 j k=1
and hence, for all y € Mx, we have

n2

0=n Z Aj tr(xje; k) tr(w e iy)

ik,j=1
n2 TL2
=n Y Ntre(@len) tr(eyay) =n Y (@, €n) ek ya;)
ik,j=1 ik, j=1
7L2 71/2 n2
Z)‘J Zj,YT;) Z)\j tr(yxjx;) =tr yZ)\jxjx; )
j=1 j=1 j=1

Therefore, Z 1 Ajzjz; = 0. By the previous paragraph, we have

2

<(6®1)(((A®2O\If aAb ,nZA fk ®A fk >
k=1
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2 n2

Ai ) (A(fr), Ab i) (A fr), Alazi))
k=1

3

s
Il
i

2

3

Ai{A(b ), Alax;)) = tr Z)\iaxim;‘b =0,
i=1

s
Il
—

showing that Ug is skew. O

Remark 8.5. Proposition 8.4 shows that an algebraic quantum graph G = (Mx,tr, A)
gives rise to a canonical quantum pseudo-graph Ug C L?(Myx)® L?(My). The reason we
are led to work with quantum pseudo-graphs instead of quantum graphs in the sense of
our Definition 7.1 lies in the setup of QNS correlations, which is borrowed from [18]. In
defining QNS correlations, instead of no-signalling quantum channels I' : Mx ® My —
My ® Mp, one could start with no-signalling quantum channels I : Mx ® My —
My ® MPP. For the class of quantum commuting no-signalling correlations, this would
lead to Choi matrices of the form (7(ey a2/ .a,a7€y,y76,7)), as opposed to the matrices
(T(ew,2’,a’ 0y y,p,b)) that arise through the current setup. As we will shortly see, in
order to obtain a neat connection between the two types of quantum isomorphisms, one
also needs to work with a slightly different concept of quantum isomorphism than the
one employed in Section 7. We make this discussion rigorous in Theorem 8.9.

Let G, = (Mx,tr, A,) be an algebraic quantum graph, r = 1,2. Let O(G1,G3) be

the universal (unital) C*-algebra with generators p; ;, 4,5 =1,... ,n?, and relations that
turn the map p: Mx — Mx ® O(G1,G3), given by

p(f’b>zz.fj®pj7“ i:]-?"'vn27 (78)
j=1

into a unital *-homomorphism such that
(Ay ®id)op=po Ay, (79)
and
(tr ®id) o p = tr(-)1 (80)

Remark 8.6. It follows from the proof of [16, Theorem 4.7] that the matrix P =
(pi,j)?j‘ﬂ € M,2(0O(G1,G2)) is automatically unitary. Identifying A; with its corre-
sponding matrix in M, with respect to the basis {f; };?il, one can further check that
equation (79) is equivalent to

(A2 ® lo(Gl,G2))P = P(Al ® 1O(G1’G2))' (81)
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Indeed, we have that

TL2

(po AV)(fi) = Y (AD)kif; @ pjk = ij P(A1®In))ja

k,j=1

and

N

n

(A2 ® loay,a0))P(fi) = ) Aa(fr) @ pr.i
k

Il
_

(7=

(A2)j1fi ® pri = Z [i ® (A2 ®Ig)P)j,;

k=1

Identity (81) now follows by comparing the corresponding coefficients. We note that

reversing these arguments shows that relations (81) and (79) are equivalent.
2

Note that if {A(g;)}}_; C L?*(Mx) is another orthonormal basis and U € M, is
unitary such that UA(gj) A(f;), 5 =1,...,n% then

Zg] (U@ )P(U @1));:

For the remainder of this section, we make the underlying assumption that the C*-
algebra O(G1, Gz) is non-trivial.

Proposition 8.7. Let G, = (Mx,tr, A,) be an algebraic quantum graph, r = 1,2. Then
the matriz P € M,» ® O(G1, G2) is bi-unitary.

Proof. We verify that P = (pj7i>;lj’:1 is unitary. By the previous remark we may assume
that {A(f;)}7, is {V/nA(ei ;) }1 ;- Following the proof of [14, Lemma 9.4], let W € M,
be the matrix with entries

W(i,j),(k,l) =n <A<€i,j>7A<€’];,l)> = Tr(ej,iel,k) = 5i,l5j,k-
Then
W W)eiw) = D Wi Wipa vt = 1
P,q=1
if (i,7) = (k,1) and zero otherwise; thus, W*W = [,2. As p is *-preserving, we obtain

n2

Z Jro (Af5), A7) g = Z ) p(f5)

Jl=1 7j=1
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= p(f7) = p(f2)" Zf @i = Y fi® (M), A)) P

j,l=1

Thus

3
W

Zpl,jo,i =n <A(fj)vA(fi*)>pl,j
j=1

<
Il
—

3
®

|
3

(AN i =Y Wil
j=1

<.
Il
—

for all 4,1 = 1,...,n?%; equivalently, P(W ® 1) = (W ® 1)P%*. It follows that P* =
(W= ®1)P(W ® 1), and hence

PP = (W @ )P(W @ 1)(W* @ )P (W) @ 1)
=W le)PPY (W) tel)=1

and

PP = (W@ )P (W) o) (W e )P(W®1)
—(W*®1)P*P(W®l)=1. O
Let G, = (Mx,tr, A;) be an algebraic quantum graph, r = 1,2. We will write S
for the space corresponding to G, via (74), r = 1,2. We say [9, Definition 4.4] that
G and Gy are quantum commuting isomorphic, denoted G ~y. G, if the C*-algebra
O(G1,G2) admits a tracial state, say 7. We note that by [9, Corollary 4.8], this is
equivalent to (the seemingly weaker) assumption that O(G1, G2) # 0. We assume, unless
specified otherwise, that G ~y. G2. Let H be the Hilbert space, arising from the GNS
construction applied to 7 and, by abuse of notation, continue to write p; ; for the image

of the corresponding canonical generator of O(G1, G2) under the *-representation arising
from 7. By (81), we have

A @Iy = P(A1 @ Iy)P". (82)
We view P = (pi,j)ﬁjzl as an operator on L?(Mx)® H and note that, by (78), we have
P(A() @ &) = p(0)(A(1) ®E), be Mx,§ € H. (83)

Moreover, for a,d € Mx and £ € H we have

Pla® 1)P*P(A(d)®@&) =Pla® 1)(A(d) ® &) = P(A(ad) ® €)
= p(ad)(A(1) ® &) = p(a)(p(d)(A(1) @ §) = p(a) P(A(d) ® &),
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and hence
Pla®1)P* =p(a),a € Mx, (84)

as maps on L*(Mx) ® B(H).
We define P € B(L?(Mx) ® H) by letting

2

PA(f7) @n) = ) A(fr) ®@pr m, neH.
1

3

ES
Il

Using leg-notation, we write P, 3 and P; 3 for the corresponding operators on L?*(Mx)®
L?(Mx) ® H, arising from P.

Lemma 8.8. We have ((A®2 0 ¥) ® id)(P(S; @ 1)P*) = P3P 3(Ug, @ 1).
Proof. Let z,y € Mx. We have

P (Oa@)aw @ 1) P*(A(fi) @n)

=P (@)A(m),A(y) b2 1) (ZA(fJ) ®pz',jn)
j=1

- (Zwm),A(fj»A(y) ®p:,jn)

j=1

ZP(ZO\(%% (F)) A, ()>A(fi)®p2,ﬂ7)

i,j=1
= A(fm)® (Zm mi A(f5))pk J) (n)
m=1 i=1 J:1

= Z OAf)AFm) ® (Z(A m,i A(f;)) pu) (A(fr) ®n)

I,m=1 i=1 j:l

and hence

P(Op(z),a@y) ® 1)P*

= Z @A(fl)7A(fm) ® (Z<A(fi)71\(y)>pm,i) (Z<A($),A(fj)>pf,j> :

l,m=1

It follows that
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(A®? 0 W) ®id) (P(Oa(x),a(y) © 1)P7)

n? n? n2

= S AU @A) @ | ST AP AP

l,m=1 i=1 ]=1

As P(A(y) ©€) = 372y (M), AW)A(fin) © pin i€ and

2

P(Az")@n) =) PUAS), Al™)(A(f;) @n))

1

S

<.
Il

3
©

(A(2), A(FD)IAT) @ piym,

=1

<.

we obtain
(A%2 0 W) @id)(P(On(a) () ® 1)P*) = PoaPra(A(z*) @ Aly) @ 1).
The statements now follow by linearity from the definition of Ug,. O

Let N'C B(H) be a von Neumann algebra, equipped with a faithful trace 7, and let
U = (uij)i; € Mu2(N) be a bi-unitary block operator matrix (with entries in N). Then
T': M2 ® M,2 — M,2 ® M,2 given by

D(eiir ®@€jj0) =Tu(eiir @ €550) = (F(up jurr irups jru )k ke 11 (85)

is a QNS correlation. Note that since U € M,2(N) is bi-unitary, it is also bi-unitary
when N is equipped with its opposite algebra structure. In the following, we denote by
Uop € Mp2(N°P) the corresponding bi-unitary. Using Uy, we let L: M:®M: —
M,2 @ M,2> be the unital completely positive map, given by

D(eppr ® 1) = Loy, (enp @ epr) = (F(ujy prup i jup 7)), gr-

If fron i = (ng);k(U;p)yyk/ = U} ;Uk,i, then ' has Choi matrix (T(frori,ir fr0,57.5))
and is hence a quantum commuting QNS correlation.

We call two quantum pseudo-graphs Wy and W, qc-pseudo-isomorphic if there exists
T'e Qgicc of the form described in the previous paragraph, such that

(i) T is a perfect strategy for Wy — Ws, and
(ii) Tisa perfect strategy for Wy — W.

Theorem 8.9. Let G, = (Mx,tr, A,), r = 1,2, be algebraic quantum graphs with G1 ~qc
Gs. Then the quantum pseudo-graphs Z;lgl and Z;{G2 are gc-pseudo-isomorphic.
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Proof. Set U, = Ug, for brevity, 7 = 1,2. By assumption, the C*-algebra O(G1, G3)
has a tracial state, say 7. Let N C B(H) be the von Neumann algebra associated with
7 via the GNS construction, and 7 be the (faithful) trace on N, corresponding to 7.
Write u; ; for the images of the canonical generators p; ; under the Gelfand map, and
let U and U be the matrices, corresponding to P and P, respectively. Let I be the QNS
correlation given by (85). Note that, by (84) P(a ® 1)P* = p(a), a € Mx, and, by (82),
P(Al ® 1)P* = A2 (9 1, thUS,
P(aA1b®@1)P* =P(a®1)(4; ®1)(b® 1)P*
=Pla®1)P*"P(A; ® 1)P*P(b 1)P*

— ()42 ® 1)p(0).
It now follows from (78) that U(S] ® 1)U* C S5 ® B(H). By Lemma 8.8,
Us3Up 53Uy @1) C Uy @ B(H). (86)

Recalling the map 0 defined in (77), note that

2 2

@@ DTO1)Af)@n) =01) | Y_AF) @upm | =D Alfr) @ujm,
k=1 k=1

that is,
U0 1)=U"=U.
Let B be the projection onto U,, r =1,2. Then condition (86) implies that
(P, © 1)Us3U1 3(Pg, @ 1) = 0. (87)

The arguments in the proof of Theorem 7.4 (see also the subsequent Remark) now imply
that T is a perfect strategy for the quantum graph homomorphism game Uy — Us.

Next, we consider the bi-unitaries P,, and U,, over N°P associated to P and U
above. It follows from [9, Theorem 4.5] (see also equations (6)-(7) preceding it) that
the bi-unitary PJ, implements the “inverse” of the quantum isomorphism defined by
P = [p; j]. More precisely, there exists a unital *-homomorphism

7L2
B:Mx = Mx®@N®  B(fi)=> fi@p, i=1...n° (88)
j=1

satisfying

(A1 ®id) o B = o A, (tr®id) o B8 = tr(-)1. (89)
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In particular, using (88)-(89), we can repeat our above arguments (with U, in place of
U and § in place of p) to obtain Uy, (A2®@1)Usp = A1 ®@1, Ug, (S5@1)Uy, C ST@B(H)P,
and

(PZ/J{_I ® 1)(U§p)273(ng)173(P1)2 ® 1) - O

or equivalently
(P @0 Dia(Fg @1 =0 "

It follows from the definition of T as I'y: and the arguments in the proof of Theorem
7.4 that T is a perfect strategy for Uy — U;. O

Remark 8.10. For a classical graph G with vertex set X, let Ag : Mx — Mx be Schur
multiplication map against the adjacency matrix of G. Then (Mx,tr, Ag) is an algebraic
quantum graph. Let

We =span{e; » @€y iz ~yin G} C Mx ® Mx.

Then Wg is a quantum pseudo-graph in L?(Mx) ® L?(My).
Let G1, G2 be classical graphs with vertex set X. We have the following three types
of quantum commuting isomorphism for the graphs G; and Gs:

(a) quantum commuting isomorphism in the sense of classical non-local games [1];

(b) quantum commuting isomorphism of the algebraic quantum graphs (Mx,tr, Ag,)
and (Mx,tr, Ag,);

(¢) quantum commuting isomorphism in the sense of quantum non-local games (Sec-
tion 7), employing the quantum pseudo-graphs Wy and Ws.

We have that (a) implies (b), and that (b) implies (¢). We do not know if these implica-
tions are reversible.

8.2. A partial converse

In the remainder of this section, we discuss to what extent the implication established
in Theorem 8.9 can be reversed. We first note that the quantum pseudo-graphs of the
form U = Ug, for an algebraic quantum graph G = (Mx,tr, A), automatically have some
extra structure, and hence a full reversal of Theorem 8.9 cannot be expected. Indeed, let
U= (0""®1)U), and recall that S’ = U~1(U) C B(L*(Mx)) is an Mx-bimodule. We
first show that any quantum pseudo-graph U, for which ¥ —! (U) is a M x-bimodule, arises
in this way. In what follows we fix a basis {A(f;)}; in L?(Mx) when define pseudo-graphs
u.

Let M3 be the opposite algebra to Mx. For notational simplicity, we will consider
M3 as having the same underlying vector space as My, and will denote its product by
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~op; thus, @ -op b = ba, a,b € Mx. Let (L?(M%), A°P) be the GNS construction applied
to (M, tr). As

(A%P(a), AP (b)) = tr(a” -op b) = tr(ba”) = (A(a), A(D)),

we have that L*(MY) ® L*(My) and L?(Mx) ® L?>(Mx) can be identified also as
Hilbert spaces. Recall that L?(Mx )9 is the Banach space dual of L?(Mx) (equivalently,
the conjugate Hilbert space to L?(My)). If A C B(L?(Mx)) is a x-subalgebra, then the
map T°P +— T4, where T9¢ = T*¢, ¢ € L?(Mx), is a #-isomorphism. In what follows we
will often identify T°P with 7. For a linear operator T : L?(Myx) — L?(Mx), we define
T:L*(Mx)® — L?(Mx)4, by letting T¢ = T¢, € € L?(Mx).

Lemma 8.11. Let G = (Mx,tr, A) be an algebraic quantum graph. Then e = (1 ®
A)(m*(1)) is a projection when considered as element in M3’ ® Mx.

Proof. By Lemma 8.1, we only have to show that e is an idempotent. Using (75), we
have

n n
e =n? Z €5 ® A(Gj’i) Z €kl ® A(El’k)

ij=1 k=1
n
=n® Y eijop ert ® Aegi) Alerr)
ik, l=1

=n? Z €k, ® A(Ej’i)A(Ei’k) =n Z €k,j @ m(A® A)m*(ej,k)

i,4,k=1 jk=1

n
=n Z €k,j ®A(€j7k) =e O

jk=1

Remark 8.12. We remark that reversing the arguments of Lemmas 8.1 and 8.11, we can
easily see that any projection e € MY ® Mx, such that e = f(e), gives rise to selfadjoint
operator A : L*(Myx) — L?(Mx) satisfying the conditions (1) and (2) of quantum
adjacency matrix and linked to e through the identity (75).

Let J: L?(Mx) — L?*(Mx) be the conjugate-linear map, given by J(A(a)) = A(a*),
and the map x : B(L?(Myx)) — B(L?(Mx)) be given by x(x) = Jx*J. We have that x
is an anti-*-homomorphism such that x? = id; writing 7 : L?(Mx) — L*(Mx) for the
s-homomorphism given by 7(z)A(a) = A(za), we have that k(r(Mx)) = 7(Mx)'.

Proposition 8.13. Let U be a quantum pseudo-graph such that ¥~ ((0~' @ 1)(U)) is an
My -bimodule. Then there exists an algebraic quantum graph G = (Mx,tr, A) such that
U=Ug.
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Proof. Let U = (0" @ 1)) and S’ = U~ (Y). By assumption, S’ is an Mx-
bimodule and hence k(S’) is a w(Mx)"-bimodule. Under the canonical bijection be-
tween B(L?(My)) and L?*(Mx)? ® L?(My), the m(Mx)'-bimodule x(S’) corresponds
to the (7(Mx)")°P @ w(Myx ) -invariant subspace U’. Thus it gives rise to the projection
e € My ® Mx onto U’. By Lemma 8.3, S’ is selfadjoint and hence so is x(S’), which
implies, again by Lemma 8.3, that e = f(e) and Jo(U') = U'.

Let A: L?(Mx) — L?(Mx) be the linear map corresponding to e as in Remark 8.12.
We have that x(S’) is the m(Mx)’-bimodule generated by A. It follows that S’ is the
m(Mx)-bimodule generated by A. In fact, since k(m(Mx)") = m(Mx), it suffices to verify
that JA*J = A. Write A = er;l Ai@A(zi),A(zi)v Ni€R x; € Mx,i=1,...,m. Then
e=V(A) =>", Nz} ® ;. On the other hand,

JA*] = JAT = XiOp(ar) A(wr)-

i=1

Thus U(JA*JT) =" Niw; @af = fe). As e = f(e), we get U(JA*J) = U(A), implying
that JA*J = A.

Finally, reversing arguments in Proposition 8.4 we see that skewness of U implies
that m(A ® 1)m* = 0, showing that A is a quantum adjacency matrix. Letting G =
(Mx, A, tr), we have that i =Ug. O

We now fix a quantum pseudo-graph U, in L2 (MX) ® L?(Mx), for which the cor-
responding space S’ is an Mx-bimodule, and let U, := (0~' @ 1)(U,), r = 1,2. We

assume that L{l and Z/{Q are qc- pseudo isomorphic, and let N be a von Neumann algebra

with trace 7, and U = (u;m)MZ1 be a bi-unitary, with u; € N, k,i = 1,...,n? such

that U giYes rise, V~ia (85), to a QNS correlation implementing a gc-pseudo-isomorphism
between Ug, and Ug,. The proof of Theorem 8.9 implies that
(Pg, © 1)U 301 3(Pg, ® 1) = 0 and (Py @ WU 3Us 3(Py, ® 1) = 0; (91)
reversing the arguments in its proof, we obtain the equivalent conditions
U(S;®@1)U* C S5 @ N and Uj,(Sy ® 1)Uy, € 57 @ N°P. (92)
Note that the map ay : B(L*(Mx)) — B(L?*(Mx)) @ N, given by ay(z) = U(z ®

1)U*, is trace preserving, that is, satisfies the identities (tr ® id)(ay(z)) = tr(z)l, = €
B(L?*(Mx)). Indeed, for 4,5 € X x X, we have

(tr@id)(av(e,;))) = (tr@id)((uriug ;) k) Z U, iU

1
= —6; ;1 =tr(e; ;).
g r(ed)
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Assume that there exists a *-homomorphism p : Mx — Mx®N, such that U(A(b)®&) =
(r®@1d)(p(b))(A(1) ® £). According to [14, Section 9.1] (see also (84)),

ay(r(a)) = (r@id)(p(a)) C 7(Mx) @ N, a€ Mx;

we call U the unitary implementation of p. Writing p(f;) = >_ f; ® v;,;, we have

n2

U(A(fl)(g)g):ZA(fJ)@UJ,lgv i:172a"'an25

J=1

and hence v; j = u; ; for all ¢, j. The elements u; ; satisfy all of the relations of the gener-
ators of O(G1, Ga), except for, possibly, relation (79) (equivalently, (81)). The following
theorem establishes this last relation.

Theorem 8.14. Let G, = (Mx,tr, A,.) be an algebraic quantum graph, v = 1,2. Let N be
a tracial von Neumann algebra and U be a bi-unitary with entries in N giving rise, via
(85), to a QNS correlation T’ that implements a qc-pseudo-isomorphism between Z;{GI and

U, . Assume that U is the unitary implementation of a trace-preserving x-homomorphism
p:Mx = Mx @N. Then U(A1 @ I) = (A2 @ I)U and hence G ~qc Ga.

The proof of Theorem 8.14 uses arguments from [14] and some auxiliary statements
which we now establish. Set H = L?(Mx) (equipped with the inner product associated
with tr). We identify L2(M3Y) with L?(Mx)? via the unitary map A°P(z) — Az).

We write A : B(H) — L2(B(H)) for the GNS-map corresponding to (non-normalised
trace) Tr. We have

(AOA@).Aw) MOA@) Aw))) = Tr (Oa(y) A@)Or@) Aw))
= (AW AW (A, A = (M) AWy (K@), X))

HY
Hence the linear map w : L?(B(H)) — HY @ H, defined by

w (MOa) awm)) = Ale) ® Ay),

is a unitary operator.

We now fix algebraic quantum graphs, G, = (Mx,tr, 4,.), r = 1,2, a von Neumann
algebra N and a bi-unitary U as in the statement of Theorem 8.14. Assume that A acts
on a Hilbert space K. Let e, € M ®@Mx be the projection associated with the adjacency
matrix A, : Mx — Mx of G, via (75), r = 1,2 (see the paragraph after the proof of
Theorem 8.9), and let p, be the orthogonal projections from the Hilbert space L?(B(H))
(equipped with the inner product corresponding to Tr) onto its subspace ZN\(S;), r=1,2.
The following lemma specialises [14, Lemma 9.17]; we include a direct proof for the
convenience of the reader.



76 M. Brannan et al. / Advances in Mathematics 449 (2024) 109732

Lemma 8.15. The following hold:

(i) (woA)(Ar) = (AP @ A)(e,)
(if) wp,w* = (J® J)e,(J ®J)
(i) prw*(A(1) ® A(1)) = A(A,)

Proof. (i) Let T'= Op(4),A(y), T, ¥ € Mx. Then
w(MT)) = A(z) @ A(y) = (AP @ A) (2" @ y).
AS A = nzw 1 ( ,j),A(Ar(Ei,j))7 we have

(o h)(Ar) =n D (A% @ A)(el; © Arless)
=0 S (AP ©A) (g ® A (er)) = (A% @ A)(e,).

ij=1

(ii) Using (76), for a,b € Mx we have

w(A(aTb)) = w(A(Op(pra)Aay)) = Ab*) @ Alay)
= A (2"b) ® Aay) = (b ® a)(A°P(z") @ A(y)),

where the latter action is that of M ® Mx on L*(MF) @ L*(Mx). Thus
w(A(S))) = (M ® Mx)(AP @ A)(ey). (93)

As e, € M ® Mx, identifying it with its image under the map 7P ® m (which acts
on L?(Mx)?® L?*(My)), for a® b,z @ y € My’ ® Mx, we obtain that

(JeJ)(z@y)(J @ J)(AP @A) (a® D) (94)
= (J® J)(z@y)(JA(@*) ® AB")) = (J @ J)(z @ y)(AP(a") @ A(b"))
( ® J)(A°P(a*z) @ A(yb*)) = JA(z*a) @ A(by*)

Pz*a) @ A(by™) = (a @ b) (AP @ A)(z* ® y*)

which, together with the fact that e, is selfadjoint (see Lemma 8.11), implies that, for
any u € My’ ® Mx, we have

(J@ e (J @ JJ)((AP @ A)(u)) = u(AP @ A)(e,). (95)

In particular, using (93),
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ran (7 @ J)e . (J © J)) = (MP ®@ Mx)(A® @ A)(e,) = (wo A)(S]).

Statement (ii) now follows.
(iii) Using (i), (ii), (95) and the calculation (94) for a = b = 1, we have

(wprw*) (A1) @ A1) = (J @ J)er(J @ J)((A(T) @ A(1))
= (AOP ® A)(er) = (w o /N\)(Ar) O

Let U : L*(B(H)) ® K — L*(B(H)) ® K be the operator, given by

UMAD) @& =avb)(A(1)®¢), €€K.

For a Hilbert space L, let j : L — L9 the anti-linear isomorphism, given by j(g) = g, and
R : B(L) — B(LY) be the map, given by R(x) = jz*j, = € B(L). Note that, if (g;); is
an orthonormal basis for L, €; ; € B(L) are the matrix units corresponding to (g;);, and
{€;:} is the matrix unit system for B(L?) with respect to the orthonormal basis (g;);,
then

R(ei ;) = 3(9i97)"7 = §(9;97)7 = 3(9;)3(9:)" = &

In the following, we let V = (R ® 1)(U*). Thus, if U = (ui’j);fj-:l with respect to the
orthonormal basis {A(fl)};il of L?(Mx), then V is the operator on L?(Mx)¢® K whose

2

JE— 1
matrix with respect to the orthonormal basis {A(fz)} is (”i,j)?j‘:l = (ufj)szl
i1 : 34

Lemma 8.16. We have that (w ® 1)U(w* @ 1) = Uy 3Vi 3.

Proof. For 1 < s,t <n? and ¢ € K we have

(we )U(w* @ 1)(A(f;) ® A(fs) @ €)
= (W DU (AOa(s)a(1) @ E)
= (w® 1oy (Oas).ac,)) (A1) ®€)
= (W NU(OAs),A(f) @ HU*(A(1) ®¢€)

€ij ® Um) (Oa(s)a) ®1) ( Y ar® UZ,z) (A1) ®¢)
k=1

w ® 1 (
(w®1) ( > €OA) A L D ui,ju?,k) (A1) ®¢€)

i,5,k,l=1
2

=Y AR ®Afi) @ uisui & = UaaVis(A(fr) © A(fs) @ €)

i,0l=1
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The statement follows by linearity. O

Proof of Theorem 8.14. We recall that the von Neumann algebra N acts on the Hilbert
space K, and that p, is the orthogonal projections from the Hilbert space L?(B(H))
(equipped with the inner product coming from Tr) onto A(S.). By (92),

O(A®b) ©€) = ar(b)(A(1) ©&) € A(Sy) ©NE, be S, (96)
and hence
Ulpr®1) = (p2 @ 1)U(p1 ©1).
Using Lemma 8.16, the latter is equivalent to
Uz 3Vis(wprw™ ® 1) = (wpaw™ @ 1)Uz 3V4 3(wprw™ @ 1).

Note that if U implements a *-homomorphism p, UJ, implements the corresponding
*-homomorphism f as defined in (88). Letting now

op(A(b) ® €) = ay;, (0)(A(1) ®€),

we obtain f]op(A( )2€) € A(S))RNPE, if b € Sh, s0 that Uop(p2@1) = (p1®1)Uop(p2®1).
As (W@ D)Upp(w* ®@1) = (Usp)2,3(Vo,)1,3, we obtain

ViisUs s(wpaw™ @ 1) = (wpiw™ @ 1)Vi'3U5 5 (wpaw™ @ 1)
from which we get
Uz 3Viz(wpiw” @ 1) = (wpaw™ @ 1)Uz 3V 3

and hence
(2 ® 1)U =U(pr ®1).
Using Lemmas 8.15 and 8.16, for £ € B(K) we therefore have

ay(A)(A1) @ &) =TU(A(A) ®€)
=U(pw* (A1) @ A(1)) ® &) = (p2 ® DT (w*(A(1) @ A(1)) ® €))
= (pow* @ 1)Uz 3V4 3(T® A1) ®¢).

From the definition of U, we have
UA) @& =p(1)(A(1) ®&) = A1) ®¢E. (97)

Observe that
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V=(F'e)UFo1) (98)

where F': HY — H is the unitary given by FA(x ) = A(z*). Indeed, to establish (98), we
note that F~! = F* and, for £ € K and i = 1,...,n?, we compute:

(FreDUFe)A(f) e =F e )UMS) )
= (F o) (r@id)(p(f)) (A1) ® )

= (F e nEei (Y [ ou,)(An) el

TL2

= (F o)A @)

’I’L2

Af) ®ul£ =V(A(fi) ®8).

Jj=1

By (98), and the identities F'(A(1)) = A(1) and F~1(A(1)) = A(1), we have

VA(D) @& = A1) ®¢. (99)
Using (96), (97), (99), and Lemmas 8.15 and 8.16, we finally obtain
au(An)(A(1) © &) = U(A(A1) ©¢€)
pow”™ © 1)U2,3V1 3(A(1) @ A(1) ®€)

paw” @ 1)(A(1) @ A(1) ®€)
= A(A) @€ = (A @ I)(A(1) ©€),

~ o~

where we consider Ay in the left regular representation of B(L?(Mx)), that is, as an
operator on L?(B(L?*(Mx))). Thus,

(au(A) — Ay @ (A1) ®€) =0, ¢eK.
This implies that
(id@Ley)((au (A1) — A @ I)A(1) =0, &n€EK;
thus,
(id®Ley)((aw (A1) — A, @ 1)) =0, & neK.

Hence ay (A1) = A2 ® I which, in turn, means that U(A; ® I) = (A3 ® I)U. The proof
is complete. O
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