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CrossMark
Abstract

We introduce a Q-operator Q, for the hyperbolic Calogero—Moser system as a
one-parameter family of explicit integral operators. We establish the standard
properties of a Q-operator, i.e. invariance of Hamiltonians, commutativity for
different parameter values and that its eigenvalues satisfy an explicitly given
first order ordinary difference equation in the parameter z.

Keywords: Calogero—Moser systems, Baxter Q-operators,
Heckman—Opdam hypergeometric functions

1. Introduction

Baxter [Bax72, Bax82] first introduced the notion of a Q-operator as a technical tool in his
study of the eight vertex model, allowing him to deduce Bethe-like equations for its eigenvalues
even though a Bethe ansatz for the eigenvectors was lacking. A similar approach was later
developed for the periodic Toda chain, first by Gutzwiller [Gut81], who could handle the N =
2,3 and 4-particle cases. After important simplifications by Sklyanin [SkI85], Pasquier and
Gaudin [PG92] proposed a Q-operator for the periodic Toda chain, given as an explicit integral
operator, and used it to generalise Gutzwiller’s Bethe equations for the energy spectrum to all
particle numbers N. By now, Q-operators have been obtained for a number of models.

To be more specific, let us consider a quantum integrable N-particle system given by N inde-
pendent and pairwise commuting partial differential (or difference) operators H,,r=1,...,N.
A corresponding Q-operator O, should depend on a parameter z and its characteristic proper-
ties usually include (see Kuznetsov and Sklyanin [KS98])
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(1) invariance of Hamiltonians,
[QZ7 Hr} = O;
(2) commutativity,

[Qz» QW] =0;

(3) and the fact that its eigenvalues ¢(z) on a joint eigenfunction of H, and Q, satisfy an
ordinary differential- or difference equation

W(z,—ihd/dz;{E,}) ¢ (z) =0,

involving the corresponding eigenvalues E, of H,.

In this paper, we focus on the Ay_; hyperbolic Calogero-Moser system, which describes
an arbitrary number of particles N on the line that interact pairwise through the hyperbolic
potential

U(xy,y...,xy) = Z u(x; —xp), u(x)EZg(g—h),uz/4sinh2(ux/2),

1<i <j<N

where /i = /27 > 0 is the reduced Planck constant, g > 0 a coupling constant with dimension
[action] and >0 a parameter with dimension [position]~!. A complete set of independent
pairwise commuting quantum integrals Hy, . .., Hy are given by the following explicit formula:

o (1
H,:m Z m

" 0<s<[r/2]

. Z o (u(xy —x2) - u(Xo—1 — X25) D241 Dr) (D

oSy

with the momentum operators p; = —iho,,, i = 1,...,N; see e.g. [OP83, OS95, Rui99, HR15].
In particular, the Schrodinger operator H = —h?A + U can be obtained as the linear combin-
ation H — 2H,.

Introducing the hyperbolic weight function

. /h
W (g;x) = H [451nh2 (p(xi —x;) /2)]g , 2)
1<i <j<N
we recall that the quantum integrals Hy, ..., Hy have asymptotically free joint eigenfunctions

of the form

WN((ph"'apN) ag;(-xla"'7xN)) = WN(g;(-xl,--';-xN))l/z
FN((pl/h;Uﬂ?pN/hlu‘)7g/h7 (lev'“nuxN))a 3)

with Fy(u, A;t) a function of the 2N + 1 dimensionless quantities

(u1,...,un) = (p1/hisy...,py/ ), A=g/h 4)

and

(1yee s t) = (61, ) s)



J. Phys. A: Math. Theor. 57 (2024) 225203 M Hallnés

that is both analytic and Sy-invariant in ¢. (Here and below we take the positive square root of
W) The corresponding eigenvalue of H, is given by the rth symmetric function

Sp)= Y. pip

1<i < <i, KN

of the momenta py,...,py.

In the case of N=2 variables, we have F,(u,\;t) =exp((u1 +uz)(t1 +12)/2)F(u; —
up, \;t) — 1), where F is essentially equal to the conical (or Mehler) function specialisation of
the Gauss hypergeometric function ,F; see e.g. chapter 14 in [Dig10]. In the general-N case,
the analog of F was identified for the parameter values A\ = d/2 with 1,2, 4 by Olshanetsky and
Perelomov [OP83] as the spherical function on SL,(F)/SU, (F) with F = R, C,H. The appro-
priate generalisation of F to arbitrary A > 0 (and N > 3) is the Heckman—Opdam hypergeomet-
ric function associated with the root system Ay_, first constructed and studied by Heckman
and Opdam [HO87] in the context of an arbitrary root system. A corresponding generalised
Fourier transform was introduced and developed by Opdam [Opd95] as well as Cherednik
[Che97].

As afirst result, we show that the joint eigenfunctions Wy (3) satisfy a one-parameter family
of integral equations, with integration kernels

_ v Wi (g:2)' " Wy (8:3)""2
O:(gix.7) = exp (lh 2 ‘”)> Hg_lecosh - wap

and eigenvalues that are explicit as well. More precisely, choosing the Weyl chamber

i=1

Gyv={xeR"|x;<x < <},

we prove the following theorem.

Theorem 1.1. Letting z € R and (p,g,x) € RN x [h,00) x RY, we have

i 0:(g:%,) Yy (p,&;y)dy = ¢ (p,g;2) Un (P, 8:%), (7

with eigenvalue

aotrle/2h+i(pi—z) /)T (g/2h —i(pi —2) /hp)
orea =11 4T (g/h)

i=

From the account in sections 4.1.1-2 of [HR12], it is readily infered that Q, satisfies the
so-called kernel identities

(Hr(x)_Hr(_y))QZ(x7y):O7 VZI,...,N. (9)

For the Schrodinger operator H= —h?A + U, such an identity was first established by
Langmann [Lan00] in the more general elliptic case. The generalisation to all (symmetric
elliptic) quantum integrals was later obtained by Ruijsenaars [Rui06]. Using the identities (9)
as well as the manifest formal self-adjointness of H,, we show that the left-hand side of (7) is
a joint eigenfunction of the quantum integrals H, with the same eigenvalue as V. Combining
this result with a suitable uniqueness result for regular joint eigenfunctions, due to Heckman—
Opdam in the (radial) gauge corresponding to Fy, we thus arrive at an integral equation of
the form (7). The explicit expression (8) for the eigenvalue is then deduced by computing the
dominant asymptotic behaviour of the integral in (7) deep inside the Weyl chamber Gy. We

. ®)
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suspect that all g > 0 could be allowed in theorem 1.1, but, just as in [HR15], we need the
stronger assumption g > A in order to control all aspects of its proof.
For z € R, we define Q, as a one-parameter family of integral operators on L?(Gy) by

(Qf) (%)= [ Q:(g:x,y)f(v)dy. (10)
Gy
By combining theorem 1.1 with the pertinent generalised Fourier (or eigenfunction) trans-
form, we readily infer that it has all three of the above Properties (1)—(3) of a Q-operator for
the hyperbolic Calogero-Moser system. This constitutes our main result and its precise for-
mulation now follows.

Theorem 1.2. Assuming g € [h,00) and z € R, the operator Q,, as defined by (10), is bounded
and self-adjoint and satisfies the commutation relations

[Q.,H,]=0, r=1,...,N, 11)
and
[Q:,9w] =0, z,weR. (12)
Furthermore, introducing the generating function
N N
Evp)=[](r+p) =D "8 (p),

i=1 r=0

we have the difference equation

E(ip(h—g/2) —2) ¢ (z—ihp) = (~1)VE(ing/2 —2) ¢ (2) . (13)

For the trigonometric Calogero—-Moser(—Sutherland) system, a Q-operator was obtained by
Kuznetsov et al [KMSO03]. They also realised their Q-operator as a one-parameter family of
integral operators, with a structure similar to (10) but acting on a space of symmetric polyno-
mials; and, in particular, proved that it is diagonalised by the Jack polynomials.

In the N =2 case, the results in theorems 1.1 and 1.2 (except the difference equation (13)
in the latter), as well as the main ideas behind their proofs, can all be extracted from the paper
[HR18]. See also the recent preprint by Belousov et al [BDKK23c] for a detailed account of
Q-operators for the 2-particle hyperbolic Calogero—Moser system.

While the 2-variable case can be handled using results on classical conical functions, our
arguments in this paper rely on the relatively recent theory of Heckman—Opdam hypergeo-
metric functions. On the other hand, in [HR18] we were able to obtain analogous results also
for the N =2 hyperbolic relativistic Calogero—Moser (or Ruijsenaars—Schneider) system. We
believe that the approach presented in the present paper can be used to generalize these res-
ults on the relativistic case to all particle numbers N > 3, but, at the time of writing, a suitable
uniqueness result for the pertinent joint eigenfunctions is missing.

In a remarkable paper, Belousov er al [BDKK?23a] recently obtained a Q-operator for
the arbitrary-N hyperbolic relativistic Calogero—Moser system; and, in the follow-up paper
[BDKK23b], they established an integral equation analogous to (7) for the joint eigenfunc-
tions of the corresponding quantum integrals constructed via an explicit recursive scheme by
the author and Ruijsenaars in [HR14].

The results of Belousov et al are obtained using methods that are distinctly different
from the ones used in this paper. Specifically, their proof of commutativity of Q-operators

4
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(i.e. Property (2)) proceeds in a more direct manner using a hypergeometric identity general-
ising (9); and the integral equation in question is deduced from the explicit recursive construc-
tion of the joint eigenfunctions. We note that in the above works, including the papers on the
2-variable case, parameter values analogous to g > 0 rather than g > £ are typically allowed.

We believe it would be interesting to further develop and compare the different methods
indicated above. In particular, while Belousov et al already have obtained striking results at
the relativistic level, the approach used here does not rely on the recursive construction of joint
eigenfunctions, which is available only in the Ay_-case, and could thus potentially be used
to obtain interesting results on Calogero—Moser systems associated with other root systems.

We also recall that, when appropriately normalised, the joint eigenfunctions ¥y(p;x) (3)
satisfy a system of difference equations in the spectral variable p that can be interpreted as
joint eigenvalue equations for quantum integrals of a rational Ruijsenaars—Schneider system.
Such bispectrality results are available for arbitrary root systems and were obtained, in increas-
ing levels of generality, by Cherednik [Che97], Chalykh [Cha00] and van Diejen and Emsiz
[vDE15]. Hence it is natural to expect the existence of a dual Q-operator 0, acting in the
spectral variable. In the N =2 case, such a Q-operator Q can be extracted from [HR18] (see
equation (177)) and is considered in some detail in [BDKK?23c]. Moreover, on a formal level, a
suitable degeneration of the Q-operator for the hyperbolic relativistic Calogero—Moser system,
as obtained in [BDKK?23a], yields a natural candidate for Q in the general-N case. We note
that it is not entirely clear how best to adapt the methods used here to this dual case, since a
direct analogue of the Heckman-Opdam uniqueness result for joint eigenfunctions is lacking.
We think it would be worthwhile to consider this problem in further detail.

The plan of the paper is as follows. In section 2, we prepare the ground for our proofs of
theorems 1.1 and 1.2. Specifically, we recall the connection between the quantum integrals
Hy,...,Hy and the Ay_;-instance of the Heckman—Opdam hypergeometric system of PDEs
as well as the asymptotic behaviour of the corresponding hypergeometric function. Section 3
contains the proof of theorem 1.1 and section 4 is devoted to the proof of theorem 1.2.

2. Joint eigenfunctions

In this section, we briefly review properties of the joint eigenfunctions Wy (3) that we rely on
in our proofs of theorems 1.1 and 1.2. It will be convenient to work in the (radial) Fy-gauge
and with the dimensionless quantities (4) and (5).

Therefore, we consider the PDOs

D, (\if) = (hp) ™" (W,;‘”H,W}ﬁ) (hAip~'1), r=1,...,N, (14)

which generate a commutative algebra of algebraically independent PDOs, containing, in par-
ticular, the second order PDO

Ly=A+2) Y coth b <8_8)

I<i SN 2 ot; 8tj

:2D2_D%_ (pvp)a

s5)

where (-, -) denotes the standard bilinear form on C¥ and p = p()) the Weyl vector for ‘mul-
tiplicity’ A, given by

A
p:E(N—1,N—3,...,—N+3,—N—|—1).
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The system of PDEs
D, (t)Fy=S,(u)Fy, r=1,...,N, (16)

essentially amounts to the Heckman—Opdam hypergeometric system associated with a root
system of type Ay_ 1, multiplicity parameter \ > 0 and spectral parameter u € CV.

We note that the orthogonal projection of v € R onto the hyperplane v; + -+ +vy =0 in
RN equals

") =v- 0L 1

1,...,1).

Up to a constant multiple, the hypergeometric system (16) has a unique solution of the form

Fy(u,\;t) = exp (11\7 (u,1) (t,l)) F(im (u), ;7 (1)) a7n

that is symmetric and analytic in # on a suitable neighbourhood of the origin. (Here and below
we extend 7 by linearity to all of CV.) If we impose the normalisation condition F(u, \;0) = 1,
the function F is precisely Heckman and Opdam’s hypergeometric function of type Ay_; and,
following the terminology of Brennecken and Rosler [BR23], we refer to the corresponding
function Fy as the extended Ay_1 Heckman—Opdam hypergeometric function.

We note that, although the original uniqueness result of Heckman and Opdam [HO87]
(see also [HO21]) on symmetric analytic solutions of hypergeometric systems concerns F,
the above extension to Fy follows as a straightforward corollary; see e.g. section 7 in [HR15]
and section 2 in [BR23].

Taking u € R, we proceed to record the dominant asymptotics of the extended hypergeo-
metric function Fy(u,x) for

my(x)= max (X —Xxiy1) = —00

as well as a bound on the remainder, which exhibits its exponential decay; both of which are
easily inferred from the asymptotic expansion of F(iu,x) in Weyl chambers, as established by
Heckman and Opdam [HO87] (see also [Opd95]). More precisely, introducing the dominant
asymptotics function

Fy (u,Xx) := Y c(—ciu, \) exp ((oiu+ p,x)) , (18)
oESy

with the generalised Harish-Chandra c-function given by

cmA) - L' (vi—v)
oy SeN= 11 w5y

1<i <j<N

c(v,\) =

o

we have the following result.

Proposition 2.1. Let § > 0 and assume that X > 0 and that u € RN is regular, in the sense that
u; —u; # 0 forall 1 <i < j< N. Then there exists a constant Cs > 0 such that

|(Fy = F) (u, Ax) | < Csexp ((p,x) +my (x)) (19)

Sor all x € Gy with my(x) < —9.
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Sketch of proof. Specialising theorem 6.3 in [Opd95] to a root system of type Ay_;, we infer
the following information on the asymptotic behaviour of Fy in the Weyl chamber Gy:

Fy(u, M%) = Y e(—iou,k) ¢ (iou+ p,\;x),
gESy
where the generalized Harish-Chandra series ¢ is of the form

B(E+pAix) =exp((E+ %) Y A (&N exp (X)),

xeQF

with Qj being the Z_ -span of the simple roots ¢; — e¢;11,i = 1,...,N — 1, and the coefficients
A, satisfying, in particular, the following properties: Ag = 1 and, for each xg € —Gy, there
exists Ky, > 0 such that

‘AX (£?>‘) | < Kxo eXp((X,X())), X € ij_a § € IRN
Choosing xo € —Gy such that 0 < my(xp) < d/2, we have
my (xo +x) < my (x0) +my (x) < —06/2

whenever my(x) < —¢. From these two bounds, it is now a straightforward exercise to deduce
that

Y A& R exp((x,x)) < Csexp(my(x))
Y€\ (0)

for my(x) < —6, and where Cs > 0 can be chosen to depend continuously on ¢, from which
the proposition clearly follows. O

3. Integral equation

We turn now to the proof of theorem 1.1. In order to easily make use of results discussed in
section 2, we substitute (3) in (7), remove the overall factor WN(g;x)l/ 2 switch to the dimen-
sionless quantities (4)—(5) and

&£ =z/hp. (20)

We are thus led to consider the integrand

N
IE (M,)\;[,S) =exp (lfz (ti - Si)) KN(A;LS) FN (u7)‘;s) WN (A;S)v (21)
i=1

with kernel function

N —A

i —sS;
Ky (\t,8) = H {2cosh 251] (22)
=1
and weight function
A
Wy (A;s) =Wy (h/\;,tfls) = H {4sinh2 S'ZSJ} ) (23)
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Given (u,\) € RY x (0,00), the extended hypergeometric function Fy is known to satisfy
the bound

|Fy (u,A;5)| < Cexp((p,s)) H (14s;—si), s€Gy, (24)
1<i<j<N

for some constant C > 0; see corollary 7 in [Saw08], corollary 3.1 & theorem 3.1 in [Sch08]
or theorem 6.3 in [HR15]. Rewriting the weight function according to

WN (S) = 6_2(/775) H (1 o esi—S/)Z)‘ (25)
I<i<j<N
and using, in addition, the elementary estimate

’cosh%‘ < C(Imw)exp <2|Rew|> , |Imw| <, (26)
where C is a continuous function on (—,7), as well as the fact that |p;| < A(N—1)/2, we
thus infer the bound

A
¢ (u,\;t,5)| < C(Ret,Imt)exp (—2||s|1) H (14s;—si), s€Gy, (27)
1<i <j<N
with C a continuous function on RY x (—,7)", and where ||s||; = |s;| + - + |sn|. Since the

singularities of the kernel function Ky(,s) are located at
ti=s;xir(2n+1), ij=1,....,N, neN,

it follows that the function

Fe (u, ;1) z/ Ie (u,\51,5)ds,  (u,\, 1) € RN x (0,00) x R, (28)
Gy
is well defined and extends to a holomorphic function of ¢ for |Im#;| < 7, i = 1,...,N. (Indeed,

using Cauchy’s integral formula and the uniform bound (27), it is readily seen that we may
differentiate in ¢ under the integral sign.)

From the kernel identities (9), we now infer that %¢(u, A;f) is a solution to the system of
(extended) hypergeometric PDEs (16). It is at this point that we need to assume that A > 1, or
equivalently that g > h.

Lemma3.1. Let A\ > 1 andu € RY. Fort € CN with [Im¢#;| < m, i = 1,...,N, we have the joint
eigenfunction property

D, (t) Fe (u;t) =S, (u) Fe (ust), r=1,...,N. (29)

Proof. If we substitute p(Re \) for p in (24), theorem 6.3 in [HR15] implies that the resulting
bound holds true as long as Re A > 1. It follows that . % (u, A;¢) is analytic in A for Re A > 1,
so that it suffices to prove the lemma for A\ > 2, say.

Using (3), (6), (14), (21) and (28), we rewrite the left-hand side of (29) as

Wy (072 [ H, (8,0) Q2 (g5,y) Uy (. g3y) dy
Gy
cf (4) and (5). Invoking the kernel identity (9), we obtain

"Wy (A,t)_l/z/ Uy (p,g;y)Hr(g,—y) Q- (g;x,y)dy.
Gy
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We note that A > 2, or equivalently g > 27, ensures that W(y)'/2H,(—y)W(y)'/? is contained
in C(RY). Indeed, Wy(g,y)'/? is clearly in C?(R"), each of its factors is differentiated at most
twice and each pole of u(y; — yj), 1 <i#j <N, is matched by a corresponding zero (of order
> 2) of Wh(g, y)l/ 2. Since H,(g, —y) is manifestly self-adjoint and the remaining factors in
both Uy(p, g;y) and Q,(g;x,y) are smooth, we can thus use integration by parts to get

Wy ()72 02 (gix,y) He (2,) Un (p, 3) dy,
Gy

where —y has been replaced by y due to the absence of complex conjugation. Finally, appealing
to the eigenvalue property H,(y)Un(p;y) = S-(p) ¥y, substituting (3) and (6) and reverting
back to the dimensionless quantities (4) and (5), we arrive at the right-hand side of (29). [

Since ¢ (u, A;t) is manifestly symmetric in ¢ and the hypergeometric function Fy(u,\;1)
spans the space of symmetric solutions to (16) that are analytic at the origin, we can thus
conclude that

yﬁ (M, )‘7t> = M¢ (l/t, )‘) FN (Ll, /\7 t) (30)

for some function i, which remains to be determined. To this end, we proceed to compute
the dominant asymptotics of .Z¢ (u, A; ) for my(t) — —oo, which, when compared with (18),
will yield an explicit expression for z¢ (u, A).

Using the expression (25) for Wy and employing the bound (19), a simple telescoping argu-
ment yields the estimate

Wiy (s) Fiy (u;5) = e~ (7% [e_(‘”s)Fj‘vs (u,s)+0 (e’””(‘))] , my(s) = —oc. (31)

If we introduce the function

-~ t;—S;
Ky(t,s) = H [ZCOShzsj:|

I<IAN

-

e(pit+s)

= ngi<j<N(1 _|_ex,-—;j)>\ (1 _’_ez,-—x_,v))\
and take v € (0, 1), we have

Ky (,5) = eP9[1 4Ry (1,5)], (32)
with the remainder Ry satisfying the bound

Ry (t,5) | < Cell=)mv(®), (33)
for all ¢,5 € Gy such that max;—;,__ y|s; — ;| < —amy(t), where C >0 is independent of a.

Since the remaining factors in Ky(¢,s) decay exponentially as |s; — ;| — oo, this state of affairs
suggests that the dominant my () — —oo asymptotics of .%¢ (u;f) is obtained by performing the

substitutions W (s) Fy(u;5) — e~ 2(?*) F3$ (u;.5) and Ky (1, 5) — (P9 [T, [2cosh 5% ] in
I¢. In the following lemma, we make this suggestion precise.

Lemma 3.2. For \ >0, we have

Fe (u, ;1) = elPDHES 1

—(p,s)—ie >N si ras .
: / e ! 1 N(u,f\,S)ds+0(ermN(r)/z> G4
we Ty [2cosh i3]
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as my(t) — —oo, with decay rate
r=min(1,\/4).
Proof. For t € Gy, we consider the domain
Dy(t)={seR"||si—t;| <—my(t)/4,i =1,...,N} C Gy.

Note that my(s) < my(t)/2 < 0 whenever ¢ € Gy and s € Dy(¢). From (31) and (32)-(33), we
can thus infer

— i€ 7 sipras
/ Ie (u;t,5) ds = (PO HES 0 / (o) 6y (A )ds—|—0< mN(z)/z)
Dy () px()  TI, [2cosh 5]

as my(t) = —oo.

As demonstrated after the lemma, it is desirable to arrive at the integral in the right-hand
side over all of RY, since it can be evaluated explicitly. To this end, we observe that the function
e~ (P % (u;s) is bounded for s € RN, Moreover, if s € RV \ Dy(t), then |s; — t;| > —my(t) /4

for at least one i = 1,...,N and, by the elementary estimate (26), we clearly have
+o0
/ ds; _—0 (e)\m/v(t)/8>
iFmy(1)/4 [2cosh %]
as my(f) — —oo. From these observations the lemma readily follows. O

At this point we can invoke the Fourier transform formula
ivw FA2+iv)I'(A/2—i
/ e _dw= (A2+i)T(A/ zv), 35)
R [2cosh Y] '(A)

which is easily inferred from a standard integral representation for the Beta function,
see equation (5.12.7) in [Dig10]. Indeed, when combined with (18), it yields

ds

/ e (IR (1, Xis)
B IV, [2cosh 55%] A
—Elsi

=3 c(—iou)) H/ R

frs [2cosh 1% |

e S (e H POV2+ifu =T O/2- =8

Substituting this expression in (34), it becomes clear from proposition 2.1 that the function ¢
in (30) is given by

N . ;
i=1

Multiplying (30) by Wy(\;1)!/2, substituting the above expression for e and rewriting the
resulting equation in terms of the momenta p and z, coupling constant g and positions x and y
(cf (4), (5) and (20)), we arrive at the integral equation for the joint eigenfunctions Wy given
by (7) and (8). This concludes the proof of theorem 1.1.

10
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4. Q-operator

Introducing the renormalised joint eigenfunctions (cf (3))

\/I}N((plv"'va)ag;(xlv"'va))
=Wy (g:p)"> - Fn((p1 /Tty oo/ Bps) s g/ s (xa - ) - Wy (g3%) 77

where

o ) (i —p) /)
W (g:p) = 1/Ce:p) Clg: —p n= 1 womritimm

we continue with the proof of theorem 1.2. Specifically, generalising the treatment of the N =2
case in [HR18], we shall make the Hilbert space properties of the Q-operator Q, plain by using
the fact that the generalised Fourier transform

Fi(g): G5 (Gv) C L (Gy) = L2 (Gy), 820,
defined by

F DN 0= g7 [ Inlpss) ).

extends to a unitary operator on L?>(Gy). The validity of this claim is readily inferred from the
product structure (17) of the extended hypergeometric function Fy and the analogous result
for the Ay_-instance of the hypergeometric Fourier transform, first introduced and developed
by Opdam [Opd95] as well as Cherednik [Che97]; see also e.g. [HO21].

Multiplying (7) by Wi(g:p)"/*f(p), f€ C(Gy). and integrating over p € Gy, we may
change the order of integration in the left-hand side to obtain

Q:(Fv()) =Fn(0(2)f).

From the well-known Gamma function properties (see chapter 5 in [Dig10])

[(2)=T(), T(s+in)|<[T(s)],

it is clear that that the eigenvalue ¢(p;z) is a real-valued bounded function for p € R". Since
C5°(Gy) is dense in L*(Gy), boundedness and self-adjointness of Q, as well as (12) clearly
follow.

For r=1,...,N, the multiplication operator f+ S,fis self-adjoint when equipped with the
domain

Dom (S {fe L*(Gy) | S.fe L? (GN)}

Each formal PDO H, can thus be promoted to a self-adjoint operator FyS,Fy, whose domain
Dom(H,) = Fy(Dom(S,)). Since ¢(-;z) is a bounded function, it is clear that Q,Dom(H,) C
Dom(H,) and that Q.H,f = H,Q.f for each f € Dom(H,), which amounts to (11).

Finally, the difference equation (13) is straightforward to establish by a direct computation
using the Gamma function recurrence I'(z + 1) = zI'(z).
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