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Abstract

We present a cut finite element method for the heat equation on two overlapping
meshes: a stationary background mesh and an overlapping mesh that moves around
inside/“on top” of it. Here the overlapping mesh is prescribed by a simple continuous
motion, meaning that its location as a function of time is continuous and piecewise
linear. For the discrete function space, we use continuous Galerkin in space and
discontinuous Galerkin in time, with the addition of a discontinuity on the boundary
between the two meshes. The finite element formulation is based on Nitsche’s method
and also includes an integral term over the space-time boundary between the two
meshes that mimics the standard discontinuous Galerkin time-jump term. The simple
continuous mesh motion results in a space-time discretization for which standard
analysis methodologies either fail or are unsuitable. We therefore employ what seems
to be a relatively uncommon energy analysis framework for finite element methods for
parabolic problems that is general and robust enough to be applicable to the current
setting. The energy analysis consists of a stability estimate that is slightly stronger
than the standard basic one and an a priori error estimate that is of optimal order
with respect to both time step and mesh size. We also present numerical results for a
problem in one spatial dimension that verify the analytic error convergence orders.

Mathematics Subject Classification 65M12 - 65M15 - 65M60 - 65M85

1 Introduction

Issue—Cost of mesh generation: Generating computational meshes for numerically
solving differential equations can be a computationally costly procedure. In practical
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Fig.1 Computed streamlines around a propeller. Image by Anders Logg is licensed under CC BY 4.0

applications the mesh generation can often represent a substantial amount of the total
computation time. This is especially true for problems where the solution domain
changes during the solution process, e.g., evolving geometry and shape optimization.
With standard methods the mesh then has to be constantly checked for degeneracy and
updated if needed, meaning a persisting meshing cost for the entire solution process.

Remedy—CutFEM: Cut finite element methods (CutFEMs) provide a way of
decoupling the computational mesh from the problem geometry. This means that the
same discretization can be used for a changing solution domain. CutFEMs can thus
make remeshing redundant for problems with changing geometry but also for other
applications involving meshing such as adaptive mesh refinement. The cost of Cut-
FEM:s is treating the mesh cells that are arbitrarily cut by the independent problem
geometry.

CutFEM on overlapping meshes: A common type of problem with changing
geometry is one where there is a moving object in the solution domain, e.g., see Fig. 1.
A straightforward CutFEM-approach to this problem would be to consider CutFEM
for the interface problem, i.e., to use a background mesh of the empty solution domain
together with an interface that represents the object. However, a more advantageous
and sophisticated approach is to consider CutFEM on overlapping meshes, mean-
ing two or more meshes ordered in a mesh hierarchy. This is also called composite
grids/meshes and multimesh in the literature. The idea is to use a background mesh of
the empty solution domain, just as for the interface problem, but instead to encapsulate
the object in a second mesh. The mesh containing the object is then placed “on top”
of the background mesh, creating a mesh hierarchy. The motion of the object will
thus also cause its encapsulating mesh to move. There are some advantages of using
a second overlapping mesh instead of an interface. Firstly, an overlapping mesh can
incorporate boundary layers close to the object. Something an interface cannot. Sec-
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Fig.2 Overlapping meshes for a problem with a rotating propeller. Image by Anders Logg is licensed under
CCBY 4.0

ondly, if the object has a complicated geometry, representing it with an interface can
lead to tricky cut situations and thus a higher computational cost. By instead using an
object-encapsulating mesh with a simply-shaped exterior boundary, the cut situations
can be made less tricky, see Fig.2. A way to further sophisticate this is to allow the
moving object to deform the interior of the overlapping mesh while initially keeping
its exterior boundary fixed. Only when the deformations have become too large is the
overlapping mesh “snapped” into place to avoid degeneracy. Such a snapping feature
provides a choice between computing cut situations or computing deformations, thus
allowing the cheapest option for the situation at hand to be chosen. A drawback of
using a second overlapping mesh instead of an interface is that overlapping meshes
require collision computations between the cells of the meshes, something that can be
computationally expensive.

CutFEM on overlapping meshes can also be used as an alternative to adaptive mesh
refinement by keeping a smaller finer mesh in regions requiring higher accuracy. Yet
another application example is to use a composition of simpler structured meshes to
represent a complicated domain.

Literary background: Over the past two decades, a theoretical foundation for
the formulation of stabilized CutFEM has been developed by extending the ideas of
Nitsche, presented in [1], to a general weak formulation of the interface conditions,
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thereby removing the need for domain-fitted meshes. The foundations of CutFEM
were presented in [2] and then extended to overlapping meshes in [3]. The CutFEM
methodology has since been developed and applied to a number of important multi-
physics problems [4-7]. For overlapping meshes in particular, see for example [8—11].
As already touched upon, CutFEM is especially relevant for applications with changing
geometry such as time-dependent problems and the methodology has been employed
partially or fully in several works on unfitted FEM for such problems. These include
moving interfaces [12, 13], moving domains [ 14—18], and evolving surfaces for which
the methodology can take the form of TraceFEM [19-22]. However, when it comes
to CutFEM on overlapping meshes, only methods for stationary problems have been
developed and analysed to a satisfactory degree, thus leaving analogous work for
time-dependent problems to be desired.

This work: The work presented here is together with [23-25] intended to be an
initial part of developing and analysing CutFEMs on overlapping meshes for time-
dependent problems. We consider a CutFEM for the heat equation on two overlapping
meshes: one stationary background mesh and one moving overlapping mesh with no
object. Depending on how the mesh motion is represented discretely, quite differ-
ent space-time discretizations may arise, allowing for different types of analyses to be
applied. Generally the mesh motion may either be continuous or discontinuous, which
might also affect the suitability for different applications. For instance, the information
in a prismatic space-time method flows along the space-time trajectories of the under-
lying spatial mesh. This means that the flow of information of the overlapping mesh
is more well-connected in the continuous case, whereas in the discontinuous one, the
information “leaks” out of the overlapping mesh. This could suggest that continuous
mesh motion is more suitable when the overlapping mesh represents something phys-
ical, and that discontinuous mesh motion is more suitable when it is a computational
feature that should not be “seen”, e.g., alternative to adaptive mesh refinement. More
discussion of a comparison of the two motions can be found in [24]. We have con-
sidered the simplest case of both of these two types of mesh motion, which we refer
to as simple continuous and simple discontinuous mesh motion. Simple continuous
mesh motion means that the location of the overlapping mesh as a function of time is
continuous and piecewise linear, and simple discontinuous mesh motion means that
it is discontinuous and piecewise constant. The first study on this topic, presented
in the MSc thesis [23], considered simple continuous mesh motion together with an
L’-analysis (error in spatial L?-norm at the final time). Partially due to L>-analysis’s
demanding stability requirements, error bounds were unfortunately not obtained and
the analysis was left incomplete. However, the numerical results indicate that the
superconvergence with respect to the time step is lost with continuous mesh motion,
but that the other error convergence orders are preserved. After the first study, simpli-
fications were made in two directions: less demanding analysis and less complicated
mesh motion. This resulted in two new studies with complete analyses: energy anal-
ysis for continuous mesh motion and LZ-analysis for discontinuous. The former is
presented in this work and the latter in [25]. They are also part of the Phd thesis [24]
as long and technical manuscripts, referred to as Paper I and Paper 11, respectively.
There, detailed discussions and comparisons of all three studies are also presented.
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Analysis: The simple continuous mesh motion results in a space-time discretiza-
tion with skewed space-time nodal trajectories and cut prismatic space-time cells.
This discretization lacks a slabwise product structure between space and time. Stan-
dard analysis methodology relying on such a structure therefore either fail or require
too restrictive assumptions here. The reason for this is that standard analysis methodol-
ogy typically use spatial operators that map to the momentaneous finite element space,
such as the discrete Laplacian (used in the aforementioned L?-analysis) and the solu-
tion operator used to define the H~'-norm on L? (used in standard energy analysis).
If the spatial discretization changes within slabs these operators get an intrinsic time
dependence that standard methodologies fail to incorporate. We therefore employ what
seems to be a relatively uncommon analysis framework for finite element methods for
parabolic problems that avoids the use of operators of the aforementioned type which
thus makes it general and robust enough to be applicable to the current discretiza-
tion. The framework has its roots in analysis of the streamline diffusion method, first
presented in [26] and first analyzed in [27], where certain analytic components later
were used to obtain improved and optimal order error bounds for the discontinuous
Galerkin method in [28]. The full abstract formulation of the analysis framework can
be found in [29]. For time-dependent problems it has been applied, e.g., in [30] for
general polytopic spatial meshes and in [15] for an unfitted FEM for moving domains.
The analysis framework is of an energy type, where space-time energy norms are used
to derive and obtain a stability estimate that is slightly stronger than the standard basic
one and an a priori error estimate that is of optimal order with respect to both time
step and mesh size. The main steps of the energy analysis are:

0. Handling of the time derivative: This is the initial step that characterizes and sets
the course for the whole analysis. Instead of the H~!-norm, the L2-norm scaled
with the time step is used to include the time-derivative term in a space-time energy
norm. This may intuitively be viewed as treating the time derivative as temporal
advection. An alternative intuition for the handling is as a discrete version of the
H~'-norm.

1. Analytic preliminaries: A “perturbed coercivity” is proved which is used to show
an inf-sup condition. These results become slightly different compared with cor-
responding standard ones due to the handling of the time derivative.

2. Stability analysis: The “perturbed coercivity” is used to derive a stability estimate
that is somewhat stronger than the standard basic one obtained by testing with the
discrete solution.

3. Error analysis: Just as in a standard energy analysis, a Cea’s lemma type argument
is followed by using the inf-sup condition, Galerkin orthogonality, and continu-
ity. A difference here is that the continuity comes with a twist, namely temporal
integration by parts, which is needed because of the slightly different inf-sup con-
dition. Finally, together with an interpolation estimate, an optimal order a priori
error estimate may be proved.

Paper overview: The rest of the paper is organized as follows. We start by formulating
the model problem in Section 2, followed by a corresponding CutFEM in Section 3.
Then we present and prove analytic tools in Section 4 and a discrete stability estimate
in Section 5. In Section 6, the main analytic result which is an optimal order a priori
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Fig.3 Partition of () into 2
(blue) and 2, (red) ford =2
with G moving with velocity p

391
2 Qo .IQQ
| : T

error estimate is presented and proved. Numerical results for a problem in one spatial
dimension that verify the analytic convergence orders are presented in Section 7. The
last part of the paper is an appendix that contains technical estimates and interpolation
results used in the analysis.

2 Problem

Ford = 1,2,0r3,let 2y C R be abounded convex domain with polygonal boundary
0. Let T > 0 be a given final time. Let G C Qo C R? be another bounded
domain with polygonal boundary dG. We let the location of G be time-dependent
by prescribing for G a velocity 1 : [0, T] — R?. We point out that this makes the
size and shape of G remain the same for all times. That x does not depend on space

slightly simplifies some analytic technicalities, especially the proofs of Lemma A.8
and Lemma A.10. Using ¢ and G, we define the following two domains:

Q:=Q\(GUIG) 2.1
Q:=QQNG (2.2)
with boundaries €21 and 92, respectively. Let their common boundary be
':=0Q1No (2.3)
For ¢ € [0, T'], we have the partition
Qo= UL U Q) 2.4)

See Fig. 3 for an illustration. We consider the heat equation in 2¢ x (0, 7'] with source
f € L*((0, T1, Q0), homogeneous Dirichlet boundary conditions, and initial data

@ Springer
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Fig. 4 Left: Space-time slabs with simple continuous mesh motion. Right: Space-time discretization for
So,n ford = 1 when p > 0. At time ¢ = 1, the nodes of the blue background mesh 7 are marked with
circles and the nodes of the red moving mesh 7 with crosses. The blue vertical lines are thus the nodal
trajectories of 7( and the red skewed vertical lines those of 7

uo € H*(Q0) N Hy (Q):

u—Au=f inQyx(0,T]
u=0 ondQyx(0,T] 2.5)
u=ugp in Qo x {0}

We stress that although we have the partition (2.4), the problem (2.5) is itself a one-
domain problem for ease of analysis.

3 Method
3.1 Preliminaries

Let 7y and 7 be quasi-uniform simplicial meshes of Qg and G, respectively. We
denote by hg the diameter of a simplex K. We partition the time interval (0, 7]
quasi-uniformly into N subintervals I,, = (¢,—1, t,] of length k, = t,, — t,_1, where
O=t<ti < ... <ty=Tandn =1,..., N.Weassume the following space-time
quasi-uniformity: For & = maxg 7,07, {(Ak}, and k = max| <, <y {kn},

h? < kmin k< Pin 3.1

where kpin = minj<,<ny{kp}, and hpin = mingcz,u7; (k). We next define the
following slabwise space-time domains:

So.n 1= Q0 X I 3.2)
Sini=1{(x,1) € So.n:x € (1)} (3.3)
T, i={(s,1) € So.n: s € (1)} (3.4)

In general we will use bar, i.e., -, to denote something related to space-time, such as
domains and variables. In addition to the domains 2 (¢) and £2,(¢), we also consider
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the “covered” overlap domain Q¢ (). To define it we will use the set of simplices
Tyr, =1{K €Ty : 3t € I, such that K N I'(z) # @}, i.e., all simplices in 7 that are

cut by T',. We define the overlap domain Q¢ (¢) for a time ¢ € I, by

Qo= |J Kn@o (3.5)
KG/Z?),f‘,,

As a discrete counterpart to the motion of the domain G, we prescribe a simple con-
tinuous motion for the overlapping mesh 7. By this we mean that the location of
the overlapping mesh 7 is a function with respect to time that is continuous on
[0, T] and linear on each I,. This means that the discrete velocity we prescribe for
7 is constant on each I,. Henceforth, we let x denote this discrete velocity. Let-
ting cont denote the velocity prescribed for G, we take the discrete velocity to be
wl, = k! fln Ueont(t) dt, forn =1, ..., N, i.e., the slabwise average. An illustra-
tion of the slabwise space-time domains S; , defined by (3.3) is shown in Fig. 4 (Left).
Figure 4 (Right) shows a slabwise space-time discretization that has both straight and
skewed space-time trajectories as a result of the simple continuous mesh motion. In a
standard setting with only straight space-time trajectories, the time-derivative opera-
tor d; is naturally also a derivative operator in the direction of the trajectories. This is
convenient and we would like have an analogous operator for our setting. We start by
defining the domain-dependent velocity u; = w;(¢) by

=] V=] (3.6)

=Y ) =2 '
We use this velocity to define the domain-dependent differential operator D; = Dy ;
by

Dy i{-} =0, {-} + pi - V{} (3.7

The operator D; is a scaled derivative operator in the direction of the space-time
trajectories. To see this, consider the space-time vector i1; = (u;, 1) and the space-
time gradient V = (V, 8,). The unscaled derivative operator in the direction of the
space-time trajectories is

ai = 1 1
i = V= —(ui - V+03)=—D, (3.8)
|| i | 2i ]
We thus have D;; = |;|D; ;. Let T = 7(¢) denote a space-time trajectory that is

uncut on the time interval (¢,, #,), and v be a function of sufficient regularity. The
intrinsic scaling of D; gives the convenient integral identity

T(tp) 7
/ Dsvds = / D;vdt 3.9)
T(ta) ta
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Fig.5 Space-time normal vector i1y to I', (red) in relation to the spatial normal vector ny to 92

Next we introduce some normal vectors. Let the spatial vector n = n; denote the
outward pointing unit normal vector to 9€2;. Let the space-time vector n = n; =
(fzf , r'zl?) denote the outward pointing unit normal vector to 9.S; ,, where ﬁj‘ and ﬁf
denote the spatial and temporal component(s), respectively. On a purely spatial subset,
the space-time unit normal vector is purely temporal,i.e.,n; = (0, =1), and vice versa,
i.e., n; = (n;, 0). The remaining case is a mixed space-time subset and the only such
setis I',. See Fig. 5 for an illustration. We define the space-time unit normal vector to
I, by

1

filp, = (i}, 1)lp, = W(”i, —(n;i - )

3.2 Finite element spaces

(3.10)

We define the discrete spatial finite element spaces Vj, 0 and Vj, ¢ as the spaces of
continuous piecewise polynomials of degree < p on 7y and 7, respectively. We also
let the functions in Vj, ¢ be zero on 9. For ¢ € [0, T'], we use these two spaces to
define the broken finite element space V},(¢) by

Vi(t) := {v : vle,¢) = vola, ) for some vy € V}, o and G.11)
vlQ,(1) = VGla, ) for some vg € V, g} '

See Fig. 6 for an illustration of a function v € Vj,(¢). Forn = 1, ..., N, we define the
discrete space-time finite element spaces V;' and V}' ; as the spaces of functions that
forat € I, liein V), ¢ and V), g, respectively, and in time are polynomials of degree
< ¢ along the trajectories of 7 and 7 for t € I, respectively. Forn = 1,..., N,
we use these two spaces to define the broken finite element space V}' by:

Vi = {v:vls, = vgls,, for some vy € V}' and 3.12)
vls,, = vgls,, for some vg, € V) 5}

@ Springer
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v(x,t)

T

Fig. 6 Example of v(-, 1) € Vj(r) ford = 1 and p = 1, where 7 is blue, 7 red, and the overlap parts
are dotted

We define the global space-time finite element space V), by:

= {v:vls,, €Vin=1,...,N} (3.13)

3.3 Finite element formulation

We may now formulate the space-time cut finite element formulation for the problem
described in Sect. 2 as follows: Find uj, € Vj, such that

T
By, (up, v) =/ (f V) dr + (1o, vy e, Vv € Vy (3.14)
0

The non-symmetric bilinear form By, is defined by

Bi(w, v) := ZZ/ (Bw, v)g, (t)dt~|—2/ Ap(w, v)dr

i=1 n=1
o (3.15)

+ ) (whes vy + (g v)e, + Z/ —it' [w]v, d§

n=1

where (-, -)q is the LZ(2)-inner product, [v], is the jump in v at time #,, i.e., [v], =
v+ v, i = hmgﬁo+ v(x, t,£¢). Thelast term in By, mimics the standard dG-time-
jump term but over I',. Here, 71 is the space-time normal vector to I, defined by (3.10),
[v] is the jump in v over Ty, ie, [v]=v —va, v; = limg_04+ v(5s —en;), s = (s, ).
If 1 =11, we take 0 = %(3 + sgn(n')) and if 7 = f1p, we take 0 = %(3 — sgn(n')),
where sgn is the sign function. These choices make it so that o always picks the limit
on the positive (in time) side of I',. The symmetric bilinear form Ay, ; s defined by
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2
Ap(w,v) = Z(Vw, Vu)q, ) — Il ({8zx w), [vD @) —1 il ({dzxv), [wDrq)
i=1

+|ﬂ|(yh,_<l[w], [VDre + (Vw], [VvDa,o) (3.16)

where |it| = /|u|?> + 1, (v) is a convex-weighted average of v on T, i.e., (v) =
w1v] + wyvy, where w1, wy € [0, 1] and w; + wy = 1, dxv = n* - Vv, y > 0isa
stabilization parameter, hx = hg (x) = hg, forx € Ko, where hg, is the diameter of
simplex K¢y € 7y, and Q¢ (¢) is the overlap domain defined by (3.5). The reason for
including the factor || in the I'(¢) terms is that when considering spacetime, these
terms should be on I',,. Since || is the skewed temporal scaling, we have that

|2 (w, v)r() dt =/_ wo ds (3.17)
I, n

Remark The method presented here is formulated with a discrete space V}, of arbitrary
polynomial degree ¢ in time. However, the main analytic results Lemma 5.1 and
Theorem 6.1 are only presented for the cases ¢ = 0, 1. This is because in the proofs
of the underlying technical estimates Lemma A.10 and Lemma A.11, terms involving
D,zv for v € V), show up which we make vanish by simply assuming ¢ < 1. To handle
these terms for ¢ > 1 requires adding stabilization to the mass form. Here we choose
not to do that in order to keep things simple for this first study and since we think that
the method for ¢ < 1 is relevant and provides value.

4 Analytic preliminaries
4.1 The bilinear form A,

The space of Ay ; is H 3/248(U;Q; (1)) where ¢ > 0 may be arbitrarily small. Let
'k (¢) := K N T'(t). We define the following two mesh-dependent norms:

2 . -1 2 2 . 2
||w||1/2,h,r(t) = Z hK ”w”I‘K(t) ||w||—1/2,h,F(t) = Z hK”w”rK(t)
KeTorq KeTorq
4.1
Note that
lwiify < PIwlE ppre @ 0ro < lwl-ianrolvliznrg  4.2)
We define the time-dependent spatial energy norm |[|-[[| 4, , by
2
wlll%,, = Y IVwlig, ) + &G w) 1% 5 e
i=1
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HANTWIT 2 re + IVWIS, ) 4.3)

Continuity of Aj ; follows from using (4.2) in (3.16). Next we consider the coercivity:

Lemma 4.1 [Discrete coercivity of A, ;] Let the bilinear form Ay ; and the energy
norm ”HHAh,t be defined by (3.16) and (4.3), respectively. Then, fort € [0, T] and y
sufficiently large,

A, v) 2 I3, Vo € Vi) 4.4)

Proof Following the proof of the coercivity in [2], we consider

_ it _
21l (03 v), WDra < 1@ 021200 + RN 210
_ 2
2| 2 2
= = Cr 2 IVulg,0 + NIV, ) 4.5)

i=1

- 7 [ (97> v) ||2—1/2,h,F(t) + el [v]”%/z,h,r(;)

where we have used Lemma A.5 and denoted its constant by C;. We use (4.5) in

2

Ani(,v) = Y VI, ) — 21l (B v), [WDro)
i=l1

IR r + V011, )

_ 2 _ 4.6)
2|ulCy |l
> (1 = =) DIVl + @2 o )
i=1
_ 2||C;
+ (& = ol ppre + (1 — IVUllig, o)
By taking ¢ > 2|1|Cy, and y > ¢ we may obtain (4.4) from (4.6). O

4.2 The bilinear form B,

The bilinear form By, can be expressed differently, as noted in the following lemma:

Lemma 4.2 [Alternative form of By, | Let ¢ = %(3 — sgn(@n")). The bilinear form By,
defined by (3.15), can be written as

2 N N
By(w, v) = ZZ[, (w,—a,v)gi<t>dr+2fl Api(w, v)dz
n=1%"""

i=ln=1"""

Vol v “4.7)
+ ) (wy —lney + . vy)e, + /r ' [v] d
n=1 n=1 n
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Proof The proof is analogous to the standard case. The first term in (3.15) is integrated
by parts in time via f Sin (V, ;) - (0, wv) dx and the result is combined with the last
three terms in (3.15). The combination of purely time-jump-related terms is exactly
as in the standard case. For the I',-integral terms, we let { = %(3 — sgn(n')), if
o= %(3 + sgn(n')) and 71 = 717. This makes ¢, 0 € {1,2} and ¢ # 0. O

An important result for the analysis is obtained by first taking the same function as
both arguments of Bj,. We present this result as a coercivity of B;, with the following
space-time energy norm:

N
2 . 2
livlllg, == lvlllg,, dr
h I h.t

n=1°%""

(4.8)
N-—1 N

+ ) Mlalg, + vy lig, + vy 1, + D a2l
n=1 n=1

Lemma 4.3 [Discrete coercivity of By,] Let the bilinear form By and the energy norm
Il g, De defined by (3.15) and (4.8), respectively. Then, for y sufficiently large, we
have that

Br(v,v) Z i3, Vv e Vi (4.9)

Proof The proof is analogous to the standard case. First the same function v is taken
as both arguments of Bj. Then the first term in (3.15) is integrated in time via
f S, (V, d;) - (0, v%) dx and the result is combined with the last three terms in (3.15).
The combination of purely time-jump-related terms is exactly as in the standard case.
For the T',-integral terms, we note from the interdependence of o and 7 that the com-
bined integrand may be written as 71 sgn(i2*)[v]?. Also using Lemma 4.1 then shows
the desired estimate. O

For the continued analysis, we define three space-time energy norms by

2 N

01 o= Y3 [ bl Dol e+ Wi, (4.10)
i=1 n=1"1n
al 1

w3, :=Z(/I gllvlléOdH/I vl dt+||v,,+_1||é0) (4.11)
n=1 n n
al 1

vl = Z( /1 Envnéodw /1 vl dt+||v,,||§20> (4.12)
n=1 n n

The X -norm is the main norm, meaning that itis in this norm that we obtain stability and
error estimates. The Y -norms are auxiliary norms. We use the X-norm and Y -norms to
obtain continuity of B, which comes in two variants depending on the starting point,
i.e., the standard form of By, (3.15) or the alternative (4.7).
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Lemma 4.4 (Continuity of By,) Let the bilinear form By, be defined by (3.15) and the
norms |||\l x, lll-lly,, and |l-llly_ by (4.10), (4.11), and (4.12), respectively. Then for
any functions w and v with sufficient spatial and temporal regularity we have that

By (w, v) S llwllix lvllly, (4.13)
Bp(w,v) S lllwllly_ lIlvillx (4.14)

Proof The proofs of (4.13) and (4.14) are analogous so we only consider the latter
since it gives the continuity result needed in the error analysis. The starting point is the
alternative form of Bj, (4.7). Applying the Cauchy—Schwarz inequality to all the terms
(several times and different versions for some), (3.7) to split the first term followed
by Corollary A.1 for the w-factor in the resulting p; - V-part, the continuity of Ay ;
in the treatment of the second term, and Lemma A.3 in the treatment of the fifth, we
get product terms, where one factor may be estimated by |||w|||y and the other by

lllvlllx- o

Next, we present an estimate involving the bilinear form Bj, and the X-norm that may
be viewed as a counterpart to such a coercivity. Due to the appearance of the estimate,
we call it “perturbed coercivity”. The estimate is a cornerstone of the energy analysis.
It is fundamental to the stability analysis and also the starting point for deriving an
inf-sup condition that in turn is essential for the error analysis. Key technical results
used in the proof of the perturbed coercivity are Lemma A.8 and Lemma A.10.

Lemma 4.5 [Discrete perturbed coercivity of By] Let the bilinear form By, and the
norm |||-||x be defined by (3.15) and (4.10), respectively. Then, for g = 0, 1, and y
sufficiently large, there exists a constant § > 0 such that
By (v, v + 8k, Dv) 2 |IvllI% Vv € Vi, (4.15)
Proof Using Lemma 4.3 with constant 8 > 0, the left-hand side of (4.15) is
By (v, v + 8k, Dv) = B |I|v|||%h + Bj(v, $kp Dyv) (4.16)
The second term on the right-hand side is

By, (v, 8ky Dyv) = ZZ/ (3:v, 8ky D00, (1) +Z/ Ap.i (v, 8kp Dyv) di

i=1 n=1

2 N-1

+) > (W, Gka D), + Z(v (8kn Div)§ )0
i=1 n=1

+Z / —it' [v](8ky D), d5 (4.17)
n=1 n

The treatment of most of the terms involve the Cauchy—Schwarz inequality and for
some also an e-weighted Young’s inequality. The first term in (4.17) is split using
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(3.7), where the D;-part is good, and we use standard estimates for the u; - V-part.
For the second term in (4.17), we use the continuity of A ; followed by Lemma A.8.
The third and fourth term in (4.17) are estimated by Lemma A.10. For the fifth and
final term in (4.17), we use Lemma A.3 and Lemma A.8. Collecting all the estimates
and using the result in (4.16), we may obtain

2 N
8 2
By(v, v 4 8k, Dyv) > 5(1 —~ gc> ZZ/, knll D1, ;) dt
i=1n=1""n (4.18)

52
+ (ﬁ - (e +5+ ;)c) v,

where C > 0 denote various constants. First taking & > 0 sufficiently small and then
taking § > 0O sufficiently small gives the desired estimate. O

Using Lemma 4.5 and Lemma A.11, we may obtain the discrete inf-sup condition:

Corollary 4.1 (A discrete inf-sup condition for By) Let the bilinear form By, and the
norm |||-||x be defined by (3.15) and (4.10), respectively. Then, for g = 0, 1, and y
sufficiently large, we have that

By (w,
Mwlly < sup 222 vy ey, (4.19)
vevivop vl

To show Galerkin orthogonality, we need the following lemma on consistency:
Lemma 4.6 (Consistency) The solution u to problem (2.5) also solves (3.14).

Proof Firstinsert u in place of u;, on the left-hand side of (3.14) and use the regularity
of u. Then integrate by parts in space via |, s; n(V, 9;) - (Vuv, 0)dx to get interior
and boundary terms. The exterior boundary terms vanish because of the boundary
conditions imposed on v thus leaving the I'-terms which are combined. Applying
Lemma A.l and the regularity of u only leaves terms which from (2.5) equals the
right-hand side of (3.14). O

From Lemma 4.6, we may obtain the Galerkin orthogonality:

Corollary 4.2 (Galerkin orthogonality) Let the bilinear form By, be defined by (3.15),
and let u and uy, be the solutions of (2.5) and (3.14), respectively. Then

Byn(u—up,v) =0 YveV, (4.20)

5 Stability analysis
In this section we present and prove a stability estimate for the solution uy, to (3.14).
The key component in the proof is Lemma 4.5, i.e., the perturbed coercivity of B, on

V.
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Lemma 5.1 (A stability estimate in |||-|||x) Let uy be the solution of (3.14). Let uq
and f be the initial data and source in (2.5), respectively. Then, for ¢ = 0, 1, and y
sufficiently large, we have that

|||Mh|||X ||u0||s20 + ||f||L2((o T1;L%2(Q0)) (5.1

Proof By taking v = u;, € Vj, in Lemma 4.5 and v = uy, + 8k, D;uy € Vj in (3.14),
we have

Wunlliy < Bn(un, up + 8ky Dyuty)

= (uo, uy, Fo)ao + (o, Ski(Drup) ey

+Z/ f, uh)godt+Z/ (f, 8kn Dyup)qq dt

n=1

(5.2)

Applying the Cauchy—Schwarz inequality to all the terms (several times and different
versions for some), Lemma A.10 in the treatment of the second term, and Corollary A.1
in the treatment of the third, we get product terms, where one factor is ||ug|lq, or
I f 120, 77: L2(20)) @nd the other may be estimated by |[lux||x. Dividing both sides
by |[lunlllx thus gives (5.1). O

6 A priori error analysis
Theorem 6.1 (An optimal order a priori error estimate in |||-||| x) Let ||||||x be defined

by (4.10), let u be the solution of (2.5) and let uj, be the finite element solution defined
by (3.14). Then, for g = 0, 1, and y sufficiently large, we have that

N — unlly < K24V F2 ) + h?P <Fh W) + Ej. 1(u)> 6.1)

where Fy, Fy, and Ej, 1 are defined by (B.25), (B.26), and (B.23), respectively.

Proof We use the interpolant Ihyu €V, where I is the space-time interp_olation
operator defined by (B.19), to split the error ¢ = u — uy, into p = u — Ipu and
6 = Iyu — uy,. Thus

llellx < llelllx + MOl (6.2)

where we focus on the #-part first. From Corollary 4.2, i.e., Galerkin orthogonality,
we have for any v € V), that

B0, v) = =Bu(p,v) (6.3)

We note that & € Vj, and use Corollary 4.1, i.e., a discrete inf-sup condition for By, the
Galerkin orthogonality result (6.3), and Lemma 4.4, i.e., continuity of By, to estimate
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the 6-part by

Bh(09 U) _Bh(ps U)
Nellx < sup ————— = o
vevi\foy vlllx vevinioy  llvlllx 64)
llellly_ Mvlllx '
S osup ———— =lpllly_
vevinoy vl
Using (6.4) in (6.2), we estimate the approximation error by
llellly < el + lelly_
! N
< Z(kn/ 1Dl 88+ = [ 1ol dr) ol + 3 lor 13,
in In n n=l1
(6.5)

By applying various interpolation error estimates: Lemma B.4 and using (3.1) for the
first term, Lemma B.5 for the second, and Corollary B.1 for the third, we get results
that may be estimated by the right-hand side of (6.1).

O

7 Numerical results

The implementation used to obtain the numerical results is freely available online at
https://github.com/Carl-Lundholm/STCutFEMOverlapMesh.

Here we present numerical results for a problem in one spatial dimension on the
unit interval with exact solution u(x, r) = sin?(x)e /2. We compute uy, for p =
1 and ¢ = 0, 1. For dG(1) in time, some of the left-hand side integrals involving
time have been approximated locally by quadrature. For integrals over cut space-time
prisms, composite three-point Lobatto quadrature has been used in time. By this we
mean one quadrature rule for each temporal part of a cut space-time prism where the
polynomial degree of the integrand is unchanged. For integrals over intraprismatic
segments of the space-time boundary T, three-point Lobatto quadrature has been
used. Both of these choices of quadrature result in a quadrature error = O (k*). The
right-hand side integrals have been approximated locally by quadrature over the space-
time prisms: first composite quadrature in time, then quadrature in space. In space,
the trapezoidal rule has been used, thus resulting in a quadrature error = O (h?). For
dG(0) in time, the composite midpoint rule has been used, thus resulting in a quadrature
error = O (k). For dG(1) in time, composite three-point Lobatto quadrature has been
used, thus resulting in a quadrature error = O (k*). For simplicity, the velocity u of
the overlapping mesh is set to be constant at the value wu(t,) on every subinterval
I, = (ty_1, t]. The stabilization parameter y = 10.

For the error convergence study, both 7y and 7 are uniform meshes, with mesh
sizes ho and hg, respectively. The temporal discretization is also uniform with time
step k for each instance. The final time is set to T = 1, the length of 7 is 0.25, and
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Fig.7 Error convergence for dG(0) with u© = 0.6
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Fig.8 Error convergence for dG(1) with © = 0.6

the initial position of 7 is the spatial interval [0.125, 0.125 + 0.25]. The error is
lelllx = lllu — unlllx. All time, space, and space-time integrals involving u in the X-
norm have been approximated locally by three-point Gauss-Legendre quadrature: first
composite quadrature in time, then quadrature in space where applicable. This results in
a quadrature error = O ((k®+h®)1/2) In the k-convergence study, the mesh sizes have
been fixedath = 1.5-10"1,7-1072, 1073 fordG(0)and h = 5-1073,7-10~%, 1074
for dG(1). Analogously, in the h-convergence study, the time step has been fixed at
k=1072,10"3,10"* fordG(0)andk = 1.5-10~", 6-1072, 10~ for dG(1). Figures 7
and 8 display error convergence plots for dG(0) and dG(1) in time with i = 0.6. The
left plots show the error versus k and the right plots versus 4 = hg > h¢. Besides the
computed error for different fixed values of % or k, each plot contains a line segment
that has been computed with the linear least squares method to fit the error data for
the smallest fixed value of & or k. This line segment is referred to as the LLS of the
error. Reference slopes are also included. In Table 1 we summarize the slope of the
LLS of the error for different values of 1.

The numerical solutions presented in Fig. 9 have been computed for an equidistant
space-time discretization: 22 nodes for 7y, 7 nodes for 7 for all times, and 10 time
steps on the interval (0, 3]. The length of 75 has again been 0.25 and the velocity u
has for simplicity been slabwise constant at p|;, = % sin(@).
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Table 1 The slope of the LLS of the error versus k and h for different values of p

dG(0) in time dG(1) in time
n Versus k (points) Versus h (points) Versus k (points) Versus h (points)
0 0.5058 (4-12) 1.0190 (1-9) 1.4506 (1-5) 1.0137 (1-15)
0.1 0.5026 (4-12) 1.0205 (1-9) 1.4893 (1-7) 1.0155 (1-15)
0.2 0.4985 (4-12) 1.0221 (1-9) 1.4947 (1-8) 1.0162 (1-15)
0.4 0.5163 (4-12) 1.0179 (1-9) 1.5031 (1-11) 1.0147 (1-15)
0.6 0.5179 (4-12) 1.0047 (1-9) 1.5151 (1-13) 1.0091 (1-15)

11l

3

Fig. 9 Space-time discretization (left) with resulting dG(0)cG(1)-solution (middle) and dG(1)cG(1)-
solution (right)

8 Conclusions

We have presented a cut finite element method for a parabolic model problem on
an overlapping mesh situation: one stationary background mesh and one continu-
ously moving overlapping mesh. We have applied what we believe to be a relatively
uncommon analysis framework for finite element methods for parabolic problems.
This analysis framework may arguably be considered more robust and natural than
standard ones, since it is the only one that we have been able to successfully apply to
our overlapping mesh situation. The analysis is of an energy type and the main results
are a basic stability estimate and an optimal order a priori error estimate. We have
also presented numerical results for a parabolic problem in one spatial dimension that
verify the analytic error convergence orders.

A Analytic tools

Lemma A.1 (Ajumpidentity) Let w4, w— € Randwi+w_ = 1,let[A] == Ay —A_,
and (A) := wy A4+ + w_A_. We then have

[AB] = [A(B) + (A)[B] + (w— — wy)[A][B] (A.1)

Proof Using the definitions and evaluating both sides shows the identity. O
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A.1 Spatial estimates

Lemma A.2 [A Poincaré inequality for Hg (U;2; ()] Fort € [0, T] we have that

Ivlle, < IVvllemuasm + Ivllirg Yv € H (Ui (1)) (A2)

Proof To lighten the notation we omit the time dependence, which has no importance
here anyways. For v € HO1 (21 U ©22), we consider the dual problem: Find ¢ €
H2(Q0) N HO1 (20) such that —A¢ = v in Q. By using the dual problem, partial
integration, that v|pg, = 0, Lemma A.1, and the regularity of ¢ ([0,¢]lr = 0 in
L?(I")), we have

2 2
Iol3, = D (~A¢.v)a, = Y (V$. Vvlg, — (o). WDr (A3)
i=l i=l

Using a standard trace inequality for V|, € H 1(Q;), elliptic regularity on H?(£29)N
HO1 (R20) for ¢, and the dual problem, the first argument to the last inner product may
be estimated by

2 2
Hand) e < D 1Villaer S D IVole S 620 S IAGlg, = llvlle
i=1 i=l
(A4)

We note that this also gives an estimate for the first argument to the penultimate inner
product. Thus using (A.4) in (A.3) followed by cancellation of a factor ||v| g, on both
sides gives (A.2). O

By squaring both sides of (A.2), using Young’s inequality, and (4.2), we may estimate
the resulting right-hand side by |||- |||Ah,t:

Corollary A.1 (An energy Poincaré inequality for H3/>T¢(U;Q; (1)) N HO1 (U; (1))
Let the time-dependent spatial energy norm |||-|ll s, , be defined by (4.3). Then, for
t € [0, T, we have that

lvlley S Mvllla,, Yo e HYUii) N Hy (Ui (1)) (A5)

Lemma A.3 (A spatial continuity result for I'(t)) Let the space-time vector n =
(n*, n") and the time-dependent spatial energy norm |||- ”lAh,t be defined by (3.10) and
(4.3), respectively. Let o change arbitrarily along T'(t) between the values 1 and 2
and let |pljo, 71 = maxsepo,71{lp|}. Then, for t € [0, T], we have that

@' Twl, vo)re S lulo.rh Z llwlila,, vl

A6
Yw, v e H¥?7(U;Q;(1)) N HY (U (1)) (Ao
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Proof To lighten the notation we omit the time dependence, which has no importance
here anyways. Using |n’| < |u|, which follows from (3.10), the left-hand side of (A.6)
is

(@' [w], vo)r < Il mlllwllirlve e (A7)

Using (4.2) and (4.3), the w-factor may be estimated by nl/2 |||w|||Ah,,' Applying the

standard trace inequality for H L, Corollary A.1, and (4.3), the v-factor may be
estimated by |||U|||Ah,;' This shows (A.6). O

Lemma A.4 (A scaled trace inequality for domain-partitioning manifolds of codimen-
sion 1) Ford = 1,2, or 3, let Q C R4 be a bounded domain with diameter L,

ie, L = diam(2) = sup, ,cqlx — y|l. Let I' C €2 be a continuous manifold of
codimension 1 that partitions 2 into N subdomains. Then

ol < L7 l3 + LIVely Yve HY(Q) (A.8)

Proof If (A.8) holds for the case N = 2, then that result may be applied repeatedly to
show (A.8) for N > 2. We thus assume that I" partitions 2 into two subdomains
denoted 27 and 2, with diameters L and L, respectively. From the regularity
assumptions on v, we have fori = 1, 2, that v € Hl(Q,') and thus

llIE < lvll3g, S L7 vllg, + Lill Volig, (A9)

where we have used a standard scaled trace inequality. Using the triangle type inequal-
ity L < L1 + L; and (A.9), the left-hand side of (A.8) is

lvlif < Z—n vlF S Z( vlig, +L||Vv||9) L7 lig + LIVl

(A.10)

which shows (A.8). m]

LetI'y =Tk () = KNI(¢).Fort € [0,T], j € {0,G},asimplex K € T, r¢) =
{(KeT;:KNT() #¥},and v € HY(K), we have from Lemma A.4 that

lvllF, S hg'Ivlk +hellVollk (A1)
where & i is the diameter of K. For v € P(K), we have the standard inverse estimate
IDXvl% < k21D )% fork > 1 (A.12)

Using (A.12) in (A.11), we get the following corollary:
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Corollary A.2 (A discrete spatial local inverse inequality for Tk (t)) Fort € [0, T],
Jj €10, G}, K € T} rq) with diameter hi, let T'g (t) = K NI (t). Then, for k > 0,
we have that

ID5VIF ) S by DSVl Yo € Vi) (A.13)

Lemma A.5 (A discrete spatial inverse inequality for I'(¢z) ) Let the mesh-dependent
norm || - | —1/2,n,r (1) be defined by (4.1). Then, for t € [0, T'], we have that

2
1@ 1 nry S D NIVVIG, 0 + 1IVVIIG, () YV € Vi) (A14)
i=1

Proof To lighten the notation we omit the time dependence, which has no importance
here anyways. We follow the proof of the corresponding inequality in [2] with some
modifications. We use index j € {0, G}, such that, if j = 0,theni = 1 and if j = G,
theni =2,andletI'x; = K;NI"and 7; r = {K; € 7; : K; NT" # (}. Note that for
i=1,2,

Yo hklvilt, S D0 hkgluilp, (A.15)

KoeZo,r KceTg r

which follows from Ugoe7 'k, = I' = Ug,er; Tk and the inter-quasi-
uniformity of the meshes. Since djxv = n* - Vv and |w;||n*| < 1, we have
llwi (07x v); ”FK < [(Vv); ||1- . Using this after (A.15), and followed by Corol-

lary A.2, the left hand side of (A 14) is

2
(@) |12 mrNZ D IOl S0 Y0 IVl

i=1 K;eT;r i=1 K;eT;r
= Y (nwn%ml + ||<Vv>1||%<omz) IVullk,
KoeZor K¢ E’TG r
(A.16)
The resulting terms may be estimated by the right-hand side of (A.14). O

A.2 Temporal estimates
Recall the domain-dependent velocity u;, defined by (3.6). For a time ¢* € I,,, a point
x € Q;(t*) and a point s € I'(¢t*), approached from €;(z*), we define the spatial

components x(¢) and §;(¢) of the slabwise space-time trajectory through x and that
through s, respectively, by

t
x(t) =x +/ wi(t)dr Vi el, (A.17)
l*
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5 TL7tTL
tn] 2 i)

Sl,n

tn—l,

(‘§2,n—17 tn—l) (§l,n—1a tn—l)

.

Fig. 10 Slabwise space-time trajectories through a point 5 € [’y ford = 1

t
Si(t):=s +/ wi(tydr vVeel, (A.18)
t*

Fori = 1, we get a straight space-time trajectory parallel to the time axis. Fori = 2, we
simply follow a point along the space-time surface I',,. See Fig. 10 for an illustration.
To lighten the notation, we omit the index i and the time dependence when there is
no risk of confusion. Thus (5, 7) = (5;(¢), t) and §x = §; x = §; (1), if not explicitly
stated otherwise.

Lemma A.6 (Discrete temporal inverse estimates in || - () ) Let k, be the length of
interval I, and the scaled differential operator D; be defined by (3.7). Forv € V', let
w = w, = Div, where 0 < r < p. Then, for any v € V}:’, we have that

2 2 2
/;anD;wHQl(l)UQO(t) dt,SfI lwlle, ¢yua, @ df (A.19)

/I kI Dywllg, ) dr < /1 gy dt (A20)

Proof The estimates follow from applying a standard one-dimensional inverse esti-
mate for polynomials along the space-time trajectories. The presence of D; in the
I,,-integrals gives the correct scaling for going to the space-time trajectories and back.

]

Lemma A.7 (An inequality for Wb1((a, b))) For an open interval (a, b), a point ¢ €
(a, b), and for any function w € Wl ((a, b)) it holds that

b b
b —-a)yw(c) < / wx)dx + (b — a)/ |w’(x)| dx (A.21)

Proof Consider an open interval («, 8) C (a, b). For an arbitrary point y € («, 8),
we use integration by parts to get

B B
w(x)dx + (B — a)/ lw'(x)| dx
(A.22)

B—NwP )+ - weh < /

o
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The left-hand side of (A.21) is
(b—a)w(c) = b —c)w(c)+ (c —a)w(c)

b b
5/ w(x)dx+(b—c)/ |w’(x)] dx

¢ ¢ (A.23)
+ / w(x)dx + (¢ — a)/ |w’(x)] dx

b b
5/ w(x)dx+(b—a)/ |w’(x)| dx

where we have used (A.22) withy = 8~ = 8 =band @ = ¢, and (A.22) with 8 = ¢
and y = a™ = a = a to obtain the first inequality. This concludes the proof. O

Lemma A.8 (A discrete temporal inverse estimate in [||-[ll 4, , ) Let [ll-lll s, , be defined
by (4.3), k,, be the length of interval I,,, and the scaled differential operator D; be
defined by (3.7). Then we have that

fl Weu Doll3,  dr /I Ioli3, dr Vo e v (A24)

Proof We expand the left-hand side of (A.24) by using (4.3)

2
[ W Dol =3 [ R DR, gy i+ [ I G DIy
n i=171In n

=1 =u (A.25)
+ | KA} dt+ | K2NVDlIE, (o de
, K M tVIl1 2.0, (1) T Qo (1)
n n

=11 =1V

We treat the terms separately, starting with the first. Using that VD,v = D,;Vv and
Lemma A.6, the first term in (A.25) is

2 2
I:Z/I k,%||D,w||§z,.(,)dr§f1 D IV0lg, ) + IV ) 4t
i=1""n "=l (A.26)

2
< [ i,
I ’

The second term in (A.25) receives the same treatment after first using Lemma A.S,
thus

2
n< /I k,%|ﬁ|<2||VDzv||§2i(t)+||[VD1U]||%20(1)>dt5 /I vl dr

i=1

(A.27)
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The third term in (A.25) requires some more work than the others. Recall the slabwise
space-time trajectories through a point § € T',, whose spatial components § = §; (1)
are defined by (A.18). Let ST denote the set of points in I, corresponding to temporal
degrees of freedom for V,f‘. Thus S,? = {t,} and S,{ = {t,, tn+—1 }. For ¢ > 1, interior
points of I, are also included in S;/. We consider the temporal basis functions A; €
P4(1,), where every A; corresponds to a point #; € Sy. Writing £ = (), where
X is defined by (A.17), and using a somewhat relaxed notation, any v € V;' may
be represented as v(x,t) = Ztke s4 v (X, tr) Ak (t). With simple continuous mesh
motion, u is constant along every slabwise space-time trajectory, which means that
D;v(xg, 1) = 0. Using this together with the somewhat relaxed representation, we
have that

Dv(x, 1) = Y vk, ) Didk(®) = Y (&, )A (1) (A28)

lkESZ thS:,I
With (A.28), the third term in (A.25) is

k2
I < — /I/ll |(Dsv(s, )1 — (Dyv(s, 1))2|* ds dt
I, r()

min

k2 ) R R 2
< /m| (Z 01 Gk ) — v2Gok, 1) |A;(r>|> ds dr
I, @) ——

=
min nest Bnews (A.29)
Shoh Z / |l 1 Gk, 1) — v2 Gk, ) ds dr
A r'@)
teS,
=ILk
We split IIL.k by
MLk < / ] 101 G1ks k) — v1 (ks ) [* ds dr
I r(@)

=IILk.1 (A30)

+ / [i2] 01y 1) — v2(Bak, )] ds dr
I ra)

=IIl.k.2

For the first term in (A.30), we consider the spatial plane curve resulting from pro-
jecting s(t) € I'(7), for all T between #; and ¢, onto the spatial plane at time #;. By
applying the fundamental theorem of calculus for line integrals to this curve, we have
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1040 M. G. Larson et al.

that

Mk.1 = f ] 1 (s (1), k) — v1 (s (1), )| ds dr
I, r()

=/ il
I, @)

<l o [ 1l [ )/ V010, 1) de ds dr
I, rae J1,

=|u|%,,k,%|/1|/ va](s(r),tk)Fdrds (A31)
L) J1n

t 2
/ w(t) - Voi(s(r), tp)dr| dsdt
173

< g krlil |V (x, 1) [* dx
Q1 (t)US20 (1)

A /I IV 0118, (uey o) 9t

2 2
S |u|,nkn/ I3, de
I” ’

where, in the fifth step, we have taken possible multiples of the same line integrals
into account and expanded the domain of integration. In the sixth step, we have used
a standard inverse inequality for polynomials. For the second term in (A.30), we use
Lemma A.7, thus

ILk.2 = kylit| [ (s, k) — va(s, i) > ds = / (kn|m[v12(s, rk>> ds
I'(t%) (%)
< f ( f |2I[V]*(S2, 1) dt + ky || / Dy a[v1? (2, 1) dz) ds
F(tk) In In
< / w1 d5 + ky / |[v]|| Dy 2[v]| d5 (A.32)
Ty T,
<

12+ kall [l g, 1D (0],

IA

1
<1 + g) “[”]Hzfn +ek,2,||Dz,2[U]||12:n
S~——— e ———

——
=ILk.2.2

=IIl.k.2.1

Using (4.2), the first term is

M2t = (142 7 P dt Sho| i i d
k2= 1+ =) [ Aalllollieg de Sk [ 1T 2 eq df
I, In

(A.33)
<h /I ol dr
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Using again (4.2), the second term is

MLk.2.2 = ek2|| D, 21 — Dtmnr = ek?||Dyvy 4 i - Voy — D,v2||12—,n
S ekgIDNIE + ekyllp - VorllE

< ek / AN dr -+ [l K21V o2 (A34)
I, n
< eh f KRNI oy At + 1l K2V o111
I —_
=II1.k.2.2.2

=III

where the first term is done. For the second term, we use Corollary A.2, thus

111.k.2.2.2=|u|?,1k5/ |l Z IVorlif, de

In KeTorq
|M|]
< Db / IV 1% dr (A.35)
min Iy KeToro
|u| _ luli g
< / 10113, oo 4 S = [ llvli,, di
Nmin I '

This concludes the separate treatment of all the terms unfolding in the estimation of
the third term in (A.25). Collecting all the estimates and using (3.1) gives us

S hpy Y (Wﬁnkn/ vlli%,, dt+h/ llvlllZ, dt+III.k.2.2)
I ' I '

tkESZ

|
< mm((lul,k g Bk )/ Il dz+eh(m)) (A.36)
mm
sf vl df + (D)
[Il '

By kicking back the e-term and taking e sufficiently small, we may estimate the third
term in (A.25) by the first term on the right-hand side of A.36. The fourth term in
(A.25) receives the same treatment as the first, thus

2 2 2 y
VS /I kn<||Dszllszl<z)ugom+ IIDszanm) dr's f, i, dr
(A37)

The treatment of all the terms in (A.25) is done. This shows (A.24). O

Lemma A.9 (An inverse inequality for P((a, ¢), (¢, b))) For an open interval (a, b),
a point ¢ € (a,b), and for w € P((a, c), (c, b)), i.e., w is a polynomial on (a, c),
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possibly another polynomial on (c, b), and possibly discontinuous at c, there exists a
positive constant depending on the polynomial degree such that

c b
(b—a)|w<a+>|25/ |w<x)|2dx+/ lw()|? dx + (b — )| [wl(c)?
a ¢ (A.38)

+ (b —c)(c—a) / lw’ (x)]? dx

Proof Using a standard inverse inequality for polynomials with a positive constant
that depends on the polynomial degree, the left-hand side of (A.38) is

b—a)w@)P S /C lw)*dx + (b — o) |lw@h)? (A.39)

Adding and subtracting w(c™) and w(c™) within the absolute value, followed by using
standard estimates, the second term is

c 2
b —olw@HPP=b-o)| - / w'(x) dx — [w](c) + w(c™)

a

<(b—c)c—a) fc lw’(x)|* dx (A.40)

b
+ (b — Ol +/ ()P dx

O
Lemma A.10 (Discrete temporal inverse inequalities for V') Let k, be the length

of interval 1, the scaled differential operator D; be defined by (3.7), |ul;, =
maxsey, {1 (t)]}, and |||'|”Ah_r be defined by (4.3). Then, for g = 0, 1, we have that

2 2

> kD) 1g,, S D f kn || Dy vlly, ) dt
. ' . I

i=1 i=1°"n

4 |u|1,1/ llvlll%,, dt Yve vy (A41)
I
2 2
PACD N I f k| Drvl1gy ry dt
i=1 i=1 Y 1n
+|u|1,,/ v, dr Vv e vy (A42)
Iﬂ '

Proof We only prove (A.41), since the proof of (A.42) is analogous. Recall X(7)
defined by (A.17). We denote by X' the slabwise space-time trajectory through a point
Xin—1 € i n—1. We define the set of points in €2 ,—; with cut and uncut space-time
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trajectories by
S.zllq,n—l = {x € S.21,7171 ;? N 1:‘n # @} (A43)

Q= {x € Qo X N, = 0) (A.44)

The idea to prove (A.41) is that if a point’s space-time trajectory is uncut, we use a
standard inverse inequality, and if it is cut, we use Lemma A.9. Using that SZ{w 1 and
erl,n—l form a partition of 21 ,_1, the left-hand side of (A.41) is

2

2 + 2 2 + 2 2 + 2
> kel (D)1, = KD 12 IO IR,
i=1

=1 =i (A45)
2 + 2
(D) yllgr

=III

We treat the terms separately. See Fig. 11 for an illustration of the proof idea.
Using a standard inverse inequality, the first and second term in (A.45) are

15/ knll Dyvlly, () dt Hg/ knll Dyvlly, () dt (A.46)
I

1)1

For the third term in (A.45), we recall § defined by (A.18). We consider a space-time
curve that starts at x € QI; 1> &oes straight up in time until it hits I,,, which occurs
at time fr-, then travels on I, along (8(¢), ¢) up to t,. We will apply Lemma A.9 to the
function that is (D, v) up until 1 along this space-time curve, and (D, v), afterwards.
Here the corresponding derivative term on the right-hand side of (A.38) vanishes since

D,zv(x, t) =0forqg < 1. Thus

1Ml = &, /
QF

I,n—

sk |
QF

1,n—1

(knwtv(x, z;1)|2dx>
1
Iy In
(/ |D,v<x,r)|2dz+f |211(Dyv)2(5(1), 1)|* dt
th—1 r

r
+ (ty — t0)|[D ) (x, 1) > + (1, — 1r) (11 — tnfl)/ |Dv(x, r>|2dt) dx
th—1

T In
S kn/ / |Dv(x, )| di dx +kn/ / | l1(Div)2(3(), 1)]* dt dx
Q{‘,nfl In—1 Q{‘,nfl r

=III.1 =IIL.2

+kn/r (tn = )| [Py (x, 1r) | dx

Q1,71—1

=IIL3
(A.47)
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Simply expanding the domain of integration, the first term is
L1 < /; kn ||Dtv||§21([) dr (A.48)

For the second and third term in (A.47), we want to change the domain of integration
from 521 n-1to its temporal projection onto I,,. To do this, we note that dx S Il ds,

where dx and ds are the integration differentials for Q 1.n—1and I, respectively. Using

this, a standard trace inequality for H 1 (22), that VD;v = D,;Vv, and Lemma A.6,
the second term is

HI.ZSknf fmn(Dtv)z(s(r) DI di dx

lnl In

Skn/, f |;1||(Dzv>z(§)|2dr|u|znd55mmkﬁ/ |2l (Div)2lIF ) i
L /1 (A.49)

5|u|1,,kn/ kn||DzU||é2(t)dt~l—|M|1n/ k21D, Vo, dr
[ll

n

S [ Kl Dl dr + bl / Il de
I’l

Using the relation between the integration differentials, the estimate (4.2), and
Lemma A.8, the third term in (A.47) is

111.3,<Vk,%/r |[D,v1<x,rr>|2dx5k,%/, LD) )|l d5
1Ln—1 n

smmkﬁfl |;1|||[D,v]||%(t)dt§|u|1,,hf[ ks Devll3,  di - (A50)

2
< mm/ ol de
1)1 '

The treatment of all the terms in (A.45) is done. This shows (A.41). m|

Lemma A.11 (A discrete temporal inverse estimate in [||-|||x) Let the norm |||-|||x
be defined by (4.10), ky, be the length of time interval I,,, and the scaled differential
operator Dy be defined by (3.7). Then, for ¢ = 0, 1, we have that

lkn Divlllx < Nlvllx Vv € Vi (A.51)
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t
n_|
A
1
tnflf
I 0,

Fig. 11 The starting domains Q’l‘ n_1> S2.n—1, and Ql; n—1- The arrows represent the treatment of the
corresponding right-hand side terms

Proof The square of the left-hand side of (A.51) is

2 N
Ikn Dol = D> / k| Dy (b Dy0) 1y, ) d
i=1 n=1"1n
N
+y (/ llku Dl , di + |||ﬁ‘|1/2[kanv]||%n)
=1 n
"2 v (A.52)
+ 0 Mk Dl
i=1 n=1

2

+y (||(knDtv),;||%z,.,N + ||(knDtv)3||é,,0)

i=1

The first term vanishes since D,2v(x, t) =0forqg < 1.The f‘n -norm term is estimated
by the Aj ;-norm term by using (4.2). Applying Lemma A.8 to the Aj ;-norm term
and Lemma A.10 to all the terms in the last two rows, we get terms which may be
estimated by |||v|||§(. O

B Interpolation

Let -° denote the interior of a set, e.g., I, = (#,—1, t,). Also let C;(U,1;) denote
the space of functions that are continuous and bounded on every /7. In this section,
the space-time interpolation operator I, : Cp(U, 1y LI(QO)) — V}, is successively
constructed by first defining spatial interpolation operators, then temporal ones, and
finally combining them. Interpolation error estimates are also presented.
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B.1 Slabwise operators and local estimates

Definition B.1 (Spatial interpolation operators) We define the spatial interpolation
operators 1.0 : LY(Q0) — Vhoand G : L](G) — Vj.G to be the Scott-Zhang
interpolation operators for the spaces Vj, o and V}, g, respectively, where the defining
integrals are taken over entire simplices.

Note that 7y, ¢ is time-dependent but to lighten the notation we omit this. The temporal
interpolation operators will interpolate along the space-time trajectories of the domains
Qpand G.Forn =1, ..., N, we define the slabwise space-time trajectory for a point
x € Qo and that of a point x,, € G(#,) by

= {E(0), 1) k() =x,1 € 1) (B.1)

_ I
G =& @), 1) x(1) = x, —/t u(r)dr,t € I,} (B.2)

Note that (A.17) can be used to obtain all trajectories defined by (B.2) but not all
defined by (B.1) because some X; may lie completely in S5 ,. Let S, denote the set
of temporal interpolation points for interpolation to P7(1,). We take SO {t,} and
S!={t,;,t" }.Forg > 1, we include interior points of I, in some suitable fashion.

Definition B.2 (Temporal interpolation operators) For each time subinterval 1,,, where
n=1...,N, we deﬁne the temporal interpolation operators n(’} : Cb()ﬁgo) —
P (356!) and 7/, Cb( ) — P4 (x ) to be the nodal interpolation operators that use
the points in S, as nodal interpolation points.

Note that 7§ and 7y are spatially dependent but to lighten the notation we omit this.
We combine the spatial and temporal interpolation operators to define space-time ones.

Definition B.3 (Slabwise space-time interpolation operators) Forn = 1,..., N, we
define the slabwise space-time interpolation operators / ;’ o0 Co(ly; L (Qo)) — Vh 0

and I}! ;- Cp(I3; L'(G)) — V}! ; by
I_ff,o = TG 7Th,0 i;’f,c = TGThG (B.3)

Recall the interdependent indices i € {1,2} and j € {0, G} where j = 0 fori = 1
and j = G fori =2.Let K, := {(x,1) : x € K = K(¢), t € I,,} denote an arbitrary
space-time prism, where K = K; € 7;. Let N'(K) denote the neighborhood of a
simplex K, i.e., the set of all adjacent simplices to and including K. We also use the
notation |[w| gz, = maxer, {lw(-, Hllgn}

Lemma B.1 (Local space-time interpolation error estimates for K,) Let I [" be defined
by (B.3), where j € {0, G}, and let D; be defined by (3.7). Then, for afunctlon v with
sufficient spatial and temporal regularity, we have for0 < s < g+1and0 <r < p+1
that

s = +1=s ) na+1 172, 1y p+1 s
1D} — I iz, S KT TIDI vlg, + P P IDE Diviinrg, (B4
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- +1 +1 1—r;.1/2 +1
DL — B 0)llz, S KIDIT DLvlg + kP K2 IDE vl g,

(B.5)

Proof We show the two estimates separately, starting with the first. Using that /. i ;=
Tih,j = 7p, 7}, that Dimy, j = 7y, Dy, stability of 7, j, and a trivial estimate, the
left-hand side of (B.4) is

1D w = I )i, < 1§ j (L = wvlig, + D5 (v — 7,0 g, 56
1/2 '
SIDS —xvlig, + k' IDv — 74,1 DS vl 1,

Applying standard estimates for n;' and 7rj, ; shows the first estimate and we move
on to the second. We are going to use the expansion of interpolants of n;' into a

sum over the temporal interpolation points #; € S; with A; € P9(I,) denoting the
corresponding shape function. For a function w of sufficient regularity, we have that

2
i, = [ 3wt wrn| ax
In TKO T esd (B.7)
<@+ Y [ [ e wPard Skivl,
s VI JK@®
Using this after using that Diz = 7} DY, the left-hand side of (B.5) is
IDL (= I} j0)lg, < 1Dy (v —x}v)llg, + DL} (L —7n, j)vlig, B5)
1/2 )
S IDsv — 2" Divllg, + ko> 1D (L = 74 vl 1,
Applying standard estimates for rr;.l and 7y, ; shows the second estimate. O

Recall § defined by (A.18). Let 7; p = {K € 7; : KN D # 0}, where D is a possibly
time-dependent subset of R4+

LemmaB.2 (Slabwise space-time interpolation error estimates for I',) Let I_}’:.j be
defined by (B.3), where j € {0, G}, and let D, be defined by (3.7). Then, for any
function v with sufficient spatial and temporal regularity, we have that

2 2 2qg+2 +1_2 2p+1 +1_2
I =T j0illE, S k" IDI 00 ey T D kDY 0k 4,

KeTjr,

(B.9)

Proof The general proof idea is the same for all ¢ > 0. What varies is how a temporal
difference is treated. We show how to treat if for ¢ = 1 from which it should be
relatively straightforward how to handle the other cases. Using the shape functions
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Ak € P4(I,), corresponding to interpolation points #; € S, the argument of the norm
on the left-hand side of (B.9) is

=1} Wilg, =v(s.0) = > 70k, ) ha(8)

nes?

=> (v(s,t)—v(ﬁk,tk)>xk(t>+ > (v@k,zk)—nh,,-v@k,zk))xk(r)

nes! nesy

=A =B
(B.10)

The left-hand side of (B.9) may thus be splitby [[(v — I/ ;v)illE < IAIZ + B2
where we consider the terms separately, starting with the first. We proceednwith some
further treatment of A for which we restrict ourselves to the case ¢ = 1. From this
case it should however be relatively straightforward how to treat A for ¢ # 1. Using
the mean value theorem along the space-time trajectories, the explicit expressions for
the shape functions A, and A,, for ¢ = 1, and the fundamental theorem of calculus,
we have

A=Y DG, et — om(n) = Mfl D25, ) dr

k,
thS,(,] "
(B.11)
Using (B.11), we have that
2 2 N 2
A% S/ [ kn(cn—cn_1)/ |D;v (s, T)|“ dr ds dt
n I, NG Cnmt (B.12)

41 12,112
= kD772 7, 1o,y

Writing By = v(Sk, tx) — 7, jv(Sk, tk), using (A.11), and standard estimates for 7j, ;,
we have that

2 - A A 2
181, < [ 1|3 ko G P ds

tres!
SY D klBR S Y DD kn(hglann%(+hK||Dka||2K)
nest KeT) r, nest KeTj s,
+1
SEPT N DY IRk,
KE'];-YI:”
(B.13)
O
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Lemma B.3 (Local spatial interpolation error estimates for temporal endpoints) Let
I” be defined by (B.3), where j € {0, G}, let t] € {t+ 1» 1, ), and let Dy be defined
by ( 3.7). Then, for any function v with sufficient spatial and temporal regularity, we
have for g > 0 that

7 1
I = I jo)Elle S APHIDE e, D)l (B.14)
and for g = 0 that
o _—
lw = Iy o), e S RPIDE e, ) v (B.15)
1 _
1@ =T oillk S kPIDwlg, + A7 DY oG ) vy (B.16)

Proof Estimates (B.14) and (B.15) follow from simply using that #/’ is an interpolation
point of n;.“ and then a standard estimate for 7, ;. This does not work for (B.16), since
t:_l is not an interpolation point for ¢ = 0. Instead, we integrate along the slabwise
space-time trajectory of an element x € K to obtain

2

Gt ) — (-,r;>||%{=/
K

-,

Using the definition of rr]’.' for g = 0, the left-hand side of (B.16) is

v (), ) — v, )

2
2
dx < k|| Dyvl%
n

(B.17)

Div(x(t), t)dt
I

I =1 o)k < =) 6 DIk + 1G] v —7fmnv)C D lx

=G 6 ) = v )k + I =, jv) G 60Nk
(B.18)

Applying (B.17) and a standard estimate for 7, ; shows (B.16). O

B.2 Global operator and estimates

Definition B.4 (Main space-time mterpolatlon operator) We define the main space-
time interpolation operator I, : Cp(Up Iy LY(Q0) = V, by, forn=1,..., N,

Lls,, =1 gvls,,  Invls,, =1} gvls,, (B.19)
Lemma B.4 (Global space-time interpolation error estimates for 29 x (0, T']) Let I

be defined by (B.19) and D; by (3.7). Then, for any function v with sufficient spatial
and temporal regularity, we have for0 <s < g+ 1and0 <r < p + 1 that

ZZ/ 1D} (v — Inv)llgy, ¢y dt S KCTTVER () + PPV E] (v)  (B.20)
i=1 n=1
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2 N
ZZ/ IDL (v — )1,y dt S KUTVER (v) + B*PHDER ((v)  (B21)
i=1 n=1

where
2 N
1
E}, () = Z Z Z IDf ™ Dl (B.22)
i=1 n=1KeTj
2 N
1
Ef ) =>>" > kDI Dl s (B.23)
i=ln=1KeT;s,
Proof Both estimates follow by applying Lemma B.1. O

LemmaB.5 (An interpolation error estimate in [||-l|5,) Let |||l I, and Dy be
defined by (4.8), (B.19), and (3.7), respectively. Then, for any function v with sufficient
spatial and temporal regularity, we have that

v = dwvll[, < K2 FR2@) + k2 F2(v) (B.24)
where

2 N
F2(v) = ZZ

1 1 1
2 (”qu ol + 108 ol 10 D2l )
T

1Ke
2 N
q+1
+2.2 1D v||L2(l" L(I,)) (B.25)
i=1 n=1
2
1
HOEDIY Z knl DT 0l k), (B.26)
i=ln=1KeT
Proof Letting w = v — I,v, the left-hand side of (B.24) is
2 N-1
w3, = Z/ IllwlllAh,dHlel NPlE +Y ) Iwllig,,
n= 1‘—/—’ i=1 n=1
= — ——
=1 =m  (B.27)
+Z||wN||Q,N+Z||wO+||Q,O
l 1‘,—/ l 1_,\/—#
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We consider the terms separately, starting with first.

2
I=Z/I IIleléi<,)dr+/I 20 @5 w12 1,1 4
i=1_" n

- =1Lii (B.28)
+/ |ll|||[w]||%/2,h,r(t) dt+/ ||[Vw]||§20(,) dr
I In

= Liii =Liv
Letting w;? =v—1 s V> we treat each term in (B.28) separately, starting with the first.

1.15/ > Aveiixde s Y ||Vw;f||§5n (B.29)

I keT; 0,0 KeTjs

By using standard estimates, (A.15), and (A.11), the second term is
2

Lii < / > Y Ak Vwil, d

In i=1 K/'G']_—,'vr([)

(B.30)
<Y (||Vw7||§5n+h%<||D§w;?||%gn)
i=1 KE'Z;-VI:H

For the third term we use the same standard estimates and again (A.15), thus
2 2
Liii < / B0 D0 higlwill de < b ST I@iilE, B3
I" i=l1 Kjelz-j,l“(l) i=l1
The fourth term is
2 2
Liv S / D NVwillg,odr <) Yo IVwiig, (B.32)
I =y i=1 KeT, f,
We are done with the separate treatments of all the terms in (B.28) and move on to the

second term in (B.27). For this term, using that |2’| < |u| and (4.2) results in a factor
that is Liii which may simply be estimated by (B.31), thus

2
I < |plo,r1h / W pr 4t S Il by Y 1™ |%  (B.33)
1)1 "

i=1
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Combining the third, fourth and fifth term in (B.27), we have

N
111+1V+V§Z<|lelg + llw,. 1||£2,n1>

n=1

N
sZ( Dok + Y W] )+1||K>
n=1

Ke']_—/yQi,n KE'T, Q

(B.34)

i,n—1

The separate treatments of all the terms in (B.27) are done. The obtained estimates
give

N

|||w|||%,1522< Yo Vel + Y h%(nD}%w;%n?gn

n=li=1 “KeTjs, ‘—/—’ KeT, ¢

[\S]

(B.35)
+hoi Wi E + Z Iy Ik + Z ||<w”>+1||K)
———

bv_/
KeTj g, KeTjq; ,

=C -1 =E

We proceed by considering the five different types of terms separately. For term A we
use Lemma B.1 with r = 1:

= 2 1 1 1
A= V=T Ik SETVIDITIVOIL Pk DY vl 4,
(B.36)

For term B we apply Lemma B.1 with r = 2:

7 2(qg+1 +1 522 2 +1 2
= gD} = I jwli% Sk ™ IDI DI + Bk DY Ik 4,

(B.37)
For term C we use Lemma B.2 and (3.1):
C = hypinll (v = I ;03
< k2q+1”Dq+1 ”L2(r ., )) +p2p Z kn”DfHU”}\/(K),In (B.38)
KeT; r,
By applying Lemma B.3 to term D and using (3.1), we get
D= -1 v, %k < hPk DY ek, (B.39)

Using Lemma B.3 and (3.1) for term E, we get
2qg+1 1 1
=l =1} o) Ik Sk IDI ol + Bk DY vl i 4, (B.40)
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Using these local estimates in (B.35) gives (B.24). O
By applying Lemma B.3 and using (3.1), we get the estimate:

Corollary B.1 (A global spatial interpolation error estimate for temporal endpoints)
Let Iy, and Fy, be defined by (B.19) and (B.26), respectively. Then, for any function v
with sufficient spatial and temporal regularity, we have that

N
D @ = I, 1g, S AP F () (B.41)
n=1
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