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H I G H L I G H T S

Logarithmic simulation speed-up in CFD-
DEM via coarse-graining (particle scal-
ing).
Modelling of solid, gas, and liquid phases
in the Wurster fluidised-bed coating pro-
cess.
Evaluation of granular flow rheology,
with analysis of inter-phase momentum,
heat, and mass transfer.
Experimental validation of CFD-DEM pre-
dictions with PEPT data.

G R A P H I C A L A B S T R A C T

R T I C L E I N F O
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ranular flow regime characterisation
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A B S T R A C T

In this study, we use a combined CFD-Discrete Element Method to assess predictive capabilities and numerical
implications of a coarse-graining technique in Wurster fluidised-bed coaters. We investigated both hydrody-
namics and heat and mass transfer and conducted simulations of a full three-phase system for the original and
three coarse-grained systems, analysing velocity distributions, macroscopic solid stresses, moisture content and
phase temperatures. We achieved a logarithmic simulation speed-up by aggregating up to 64 original particles
into each coarse grain. This was accomplished while maintaining fidelity to the original CFD-DEM system
in terms of reproducing with high accuracy macroscopic granular flow properties in different regions of a
coater (drying, tube and bed regions). By integrating a liquid spray and humid air, we demonstrated that
the phase temperatures were accurately predicted within the coarse-grained system, with a high capability
of delivering liquid spray distributions with the same uniformity and drying. We also give arguments for
choosing a certain degree of coarse-graining as a compromise between a desired reduction of computational
costs and a trustworthy reproduction of granular-flow physics encountered in different regions of a Wurster bed.
Our findings pave the way to using CFD-DEM to industrially-scaled Wurster-bed systems, which is currently
unfeasible due to prohibitive computational costs.
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Nomenclature

Abbreviations

CFD Computational fluid dynamics
CT Cycle time
DEM Discrete element method
MCC Microcrystalline cellulose
PCM Particle centroid method
PEPT Positron emission particle tracking
RT Residence time
UDFs User-Defined Functions

Greek symbols

𝛼 Voidage, –
𝝎𝑖 Angular velocity, s−1

𝝉 Shear stress tensor, Nm−2

𝛿 Relative displacement, m
𝛾̇𝑠 Solids shear strain tensor, –
𝜂𝑛 Damping coefficient,

√

kg Pam
𝛾 Damping ratio, –
𝜆 Thermal conductivity, Wm−1 K−1

𝜇 Fluid viscosity, Pa s
𝜇𝑠 Particle friction coefficient, –
𝜈 Poisson ratio, –
𝜙 Relative humidity, –
𝜓 Scaling factor, –
𝜌 Density, kgm−3

𝜀 Coefficient of restitution, –

Latin symbols

𝒏̂𝑖𝑗 Normal unit vector, –
𝒕̂𝑖𝑗 Tangential unit vector, –
𝑭 𝑖 Force, N
𝒈 Gravity, ms−2

𝒖𝑖 Particle velocity, ms−1

𝒗 Gas velocity, ms−1

𝒙𝑖 Particle position, m
𝐴 Area, m2

𝐶𝑑 Drag coefficient, –

𝑐𝑝 Specific heat capacity, J kg−1 K−1

𝐷 Diffusion coefficient, m2 s−1

𝑑 Diameter, m
𝐸 Young’s modulus, Pa
𝐻 Enthalpy, J
ℎ Heat transfer coefficient, Wm−2 K−1

ℎ𝑐 Mass transfer coefficient, ms−1

𝐼 Inertial number, –
𝐼𝑖 Moment of inertia, kgm−2

𝑘𝑛 Hertz stiffness coefficient, Pam
𝑙 Branch vector, m
𝑀 Molar mass, gmol−1

𝑚 Mass, kg
𝑁𝑢 Nusselt number, –
𝑝 Pressure, Pa
𝑄𝑖 Heat transfer, J
𝑅 Radius, m
𝑅𝑎 Universal gas constant, J K−1 mol−1

𝑅𝑒 Reynolds number, –
𝑆ℎ Sherwood number, –
𝑇 Temperature, K
𝑡 Time, s
𝑉 Volume, m3

𝑋𝑣 Moisture content, –
𝑌𝑣 Vapour mass fraction, –

Sub/superscripts
′ Effective
𝑐 Computational cell
𝑐𝑔 Coarse grain
𝑖, 𝑗 Particle index
𝑙 Liquid
𝑛, 𝑡 Normal, tangential component
𝑜 Original (unscaled) particle
𝑠 Solid
𝑣 Vapour
1. Introduction

Fluidised-bed spray coating of particles, pellets or granules is ubiq-
uitous in industries such as pharmaceuticals, chemicals, and food pro-
duction, addressing functional objectives like modified release, sensory
attribute masking, and shelf life extension [1]. The Wurster coater,
a notable variant within fluidised-bed coaters due to its distinctive
airflow and geometry, is acknowledged for its efficacy in producing
high-quality films with minimal defects [2,3]. Illustrated in Fig. 1, pel-
lets in the Wurster coater follow cyclical trajectories via three distinct
regions. The fluidising gas enters the system through a distributor plate,
featuring orifices with a higher open area in its annular region beneath
the Wurster tube. This region surrounds the two-fluid nozzle, from
which atomising air disperses the coating solution into a fine spray of
liquid droplets. Consequently, the Venturi effect conveys pellets from
the bed into the tube region for spraying. Upon entering the subsequent
drying region, where rapid solvent evaporation occurs, the process of
coating film formation on the pellets ensues [4,5].

To capitalise on the benefits of this technology, design, optimisation
and risk mitigation are crucial, addressing challenges like film degrada-
tion and particle agglomeration [6]. Laboratory-scale Wurster coaters
2

equipped with advanced monitoring systems have been utilised to
examine process variables and geometric influences [2,7,8]. However,
challenges in particle enumeration and spatial resolution, along with
the elevated costs and complexity for equivalent data accuracy, limit
their extension to industrial-scale systems [9,10].

In the preceding decade, advancements in computational capabili-
ties have expanded the utility of predictive modelling for multiphase
gas-solid systems, common in industrial applications [11,12]. Two
main numerical frameworks are commonly known as Euler–Euler [13,
14], which conceptualises the present phases as interpenetrating con-
tinua, and Euler–Lagrange, a part of which is known as CFD-DEM,
where particles are tracked individually as discrete elements in a
Lagrangian reference system and the fluidising gas is represented as a
field [15,16]. In the Euler–Euler framework, the solid phase is often
modelled via the kinetic theory of granular flow, assuming instan-
taneous collisions and, originally, uncorrelated velocities (molecular
chaos) [17]. Conversely, CFD-DEM simulates particle interactions as
deformable or non-deformable elements, capable of accommodating
multiple sustained or binary instantaneous contacts, respectively [18].

Selecting an appropriate numerical framework includes compre-
hension of the intrinsic model assumptions, affordable computational
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Fig. 1. Schematic depiction of characteristic regions within Wurster coaters: (1) the
bed region, wherein particles are fluidised and horizontally conveyed, propelled by the
Venturi effect into (2) the tube region, wherein particles are sprayed; followed by (3)
the drying region, wherein the film coating process proceeds.

cost and their pertinence across distinct granular flow regimes. The
observed behaviour varies significantly within these regimes, char-
acterised by the complex ability of particles to behave collectively
in manners reminiscent of solids, liquids or gases, dependent on the
extent of packing and agitation [19]. In Wurster coaters, the solid
concentration and agitation vary significantly, resulting from gas veloc-
ity differences within the annular region. Consequently, distinct flow
regimes exist in the various sections of this geometry. In very dense
regions, where particles undergo slow shear and frictional stresses arise
from prolonged and multiple contacts, a quasi-static flow regime is
discernible [20,21]. The inertial regime, characterised by increased par-
ticle inertia (strong agitation), leads to erratic motion predominantly
governed by collisional stresses. However, the extent of frictional inter-
actions in this regime is dependent on solid concentration: in a dilute
inertial regime, collisional rapid flow exhibits gas-like characteristics,
whereas, in a dense inertial regime, it transitions to a liquid-like flow
where frictional contacts are influential [22–24].

The utility of CFD-DEM in various fluidised-bed systems, including
Wurster coaters, is well-established [4,25–28]. While the computa-
tional demands of tracking individual particles primarily limit the
application of CFD-DEM to laboratory-scale systems, advancements in
parallel computing and DEM algorithms have broadened its applica-
bility, facilitating simulations in fluidised-bed systems of up to 25
million particles [12,29]. Nonetheless, for industrial processes dealing
with billions of particles, the computational costs remain prohibitively
high. In response, several strategies have been developed, with coarse-
graining (particle scaling) techniques receiving increasing attention in
recent years. Practically, this involves aggregating particles into coarser
grains while preserving their physical behaviour [30–32].

Early DEM scaling efforts primarily focused on hydrodynamic force
scaling within fluidised beds, where these forces predominate [33]. In
the past decade, the focus has shifted to include the precise scaling
of contact forces for preserving complex characteristics, such as solid
stresses and dissipative properties, which are crucial for describing the
physics in dense regions [30]. According to the classification presented
in [34], two principal types of coarse-graining methods are discerned:
(1) direct force scaling by using similarity laws, which involves pro-
portionally adjusting the forces on coarse grains to align with those on
their original counterparts [33,35]; and (2) parameter scaling, where
3

the adjustment of contact forces is governed by the selected contact
model and the scaling laws derived from dimensional analysis [36–40].

When it comes to Wurster coating systems, there is a relatively
limited number of studies related to formulating and validating scaling
techniques, and in them hydrodynamic force scaling has typically been
used [41–43], with a recent exception where direct force scaling was
utilised [44]. In the present study we thus have two goals: (i) to carry
out a thorough numerical analysis of coupled hydrodynamic and heat-
and-mass-transfer phenomena in Wurster beds in systems containing
both the original number of particles and those with different levels of
coarse-graining and (ii) to investigate the implications of employing pa-
rameter scaling on reproducing fundamental features of granular-flow
physics encountered in different regions of a Wurster bed.

2. Methodology

2.1. Continuous-phase modelling

Starting with the volume-averaged equations for the conservation
of mass and momentum in the gas phase [45]:
𝜕
𝜕𝑡
(𝛼𝜌) + ∇ ⋅ (𝛼𝜌𝒗) = 𝑆𝑣, (1)

𝜕
𝜕𝑡
(𝛼𝜌𝒗) + ∇ ⋅ (𝛼𝜌𝒗𝒗) = −𝛼∇𝑝 + ∇ ⋅ (𝛼𝝉) + 𝛼𝜌𝒈 + 𝑺. (2)

Within the specified equations, 𝛼, 𝜌, and 𝒗 denote the voidage, density,
and velocity of the gas, respectively. The source terms 𝑆𝑣 and 𝑺 denote
the volumetric inter-phase mass and momentum exchange between
solids and gas. For the shear stress tensor, defined by 𝝉 = 𝜇′(∇𝒗+∇𝒗𝑇 −
2
3∇ ⋅ 𝒗𝐈), where 𝐈 is the identity matrix and 𝜇′ is the effective viscosity,
determined from the realisable 𝑘-𝜀 turbulence model. The realisable
version extends the standard 𝑘-𝜀 model by introducing corrections to
mitigate its tendency to overestimate turbulent viscosity and excessive
dissipation, culminating in improved jet spreading [46].

The presence of humidity in the gas phase necessitates concurrently
solving the energy conservation equation for the gas with an additional
mass conservation equation for water vapour [47,48]:
𝜕
𝜕𝑡
(𝛼𝜌𝑐𝑝𝑇 ) + ∇ ⋅ (𝛼𝜌𝒗𝑐𝑝𝑇 ) = ∇ ⋅ (𝛼𝜆∇𝑇 + 𝜌𝐷′

𝑣∇𝑌𝑣𝐻𝑣) + 𝑆ℎ, (3)
𝜕
𝜕𝑡
(𝛼𝜌𝑌𝑣) + ∇ ⋅ (𝛼𝜌𝒗𝑌𝑣) = ∇ ⋅ (𝛼𝜌𝐷′

𝑣∇𝑌𝑣) + 𝑆𝑣. (4)

Here, 𝑐𝑝 signifies the specific heat capacity, 𝑇 the temperature, 𝜆
the thermal conductivity, and 𝐷′

𝑣 the effective mass diffusivity of the
gas. Furthermore, 𝑌𝑣 denotes the vapour mass fraction, and 𝐻𝑣 is the
enthalpy of the vapour in the gas. The term 𝑆ℎ is defined as the
convective heat transfer between the solids and the gas.

The computation of the inter-phase coupling terms will be presented
in Section 2.2, whilst Section 2.3 details the liquid spray modelling
approach, wherein solids are spray-coated with pure solvent water.
Notably, Eq. (4) does not incorporate individual droplet tracking, pre-
cluding Eq. (3) from accounting for cooling effects due to droplet
evaporation in the gas or spray. However, the exclusive incorporation
of latent heat on the solids side will result in the evaporation from
solids indirectly cooling the gas through the convective inter-phase
coupling [47]. Additionally, we disregard the mass source term, 𝑆𝑣,
in Eq. (1) related to solvent evaporation, owing to the negligible mass
change in the gas phase attributed to this process.

2.2. Inter-phase coupling

The gas-phase Eqs. (1) to (4) are coupled to the solid phase within
each computational cell 𝑉𝑐 , by the presence of 𝑃 particles, by the
voidage and source terms 𝑺 and 𝑆ℎ. Voidage is computed via the
particle centroid method (PCM), as 𝛼𝑐 = 1 −

∑𝑃
𝑖=1 𝑉𝑖∕𝑉𝑐 , based on

particles with centroids in the cell. Nevertheless, PCM’s ability to
conserve quantities is compromised in highly dense systems or when
𝑉 ∼ 𝑉 [49]. To address this, we employ a diffusion-based coupling
𝑖 𝑐
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method when 𝛼𝑐 < 0.4, implementing a diffusion equation of the form
𝛼̇𝑐 = −𝐷∇2𝛼𝑐 across all domain cells. Initially computed using PCM
cell values, this equation is iteratively solved while enforcing a no-
flux boundary condition until 𝛼𝑐 ≥ 0.4 [50,51]. We further refer to
Appendix A for details regarding the numerical implementation.

The momentum exchange term, 𝑺, is derived from the hydrody-
amic forces, 𝑭 𝑓,𝑖, acting upon each particle, as outlined in Eq. (5).
onsidering 𝜌𝑖 ≫ 𝜌 and pronounced pressure gradients – particularly

n the vicinity of the nozzle – it is assumed that forces apart from drag
nd fluid pressure contribute insignificantly to particle dynamics, hence
heir exclusion [52]:

= − 1
𝑉𝑐

𝑃
∑

𝑖=1
𝑭 𝑓,𝑖 =

1
𝑉𝑐

𝑃
∑

𝑖=1

[

𝑉𝑖∇𝑝 −
1
2
𝜌𝐴′

𝑖𝐶𝑑 |𝒗 − 𝒖𝑖|(𝒗 − 𝒖𝑖)

]

. (5)

In Eq. (5), 𝑉𝑖, 𝐴′
𝑖 and 𝒖𝑖 represent the particle volume, projected area

and velocity, respectively. The selection of the Gidaspow drag model
to compute 𝐶𝑑 = 𝑓 (𝛼,𝑅𝑒𝑖) is based on a comparative analysis by Li
et al. [25], which assessed various drag models within the Wurster
coater system. The source term corresponding to convective inter-phase
heat exchange, denoted by 𝑆ℎ in Eq. (3), is evaluated as [47]:

𝑆ℎ = − 1
𝑉𝑐

𝑃
∑

𝑖=1
𝑄𝑓,𝑖 =

1
𝑉𝑐

𝑃
∑

𝑖=1
ℎ𝐴𝑖(𝑇𝑖 − 𝑇 ). (6)

In this context, 𝑄𝑓,𝑖 is the convective heat flux from the 𝑖th particle,
where 𝐴𝑖 and 𝑇𝑖 denote the surface area and temperature of the particle,
respectively, whilst ℎ signifies the convective heat transfer coefficient.
Furthermore, 𝑆𝑣, in Eq. (3), quantifies the inter-phase mass transfer due
to evaporation of the solvent from particles, and is expressed as follows:

𝑆𝑣 =
1
𝑉𝑐

𝑃
∑

𝑖=1
𝑚̇𝑣,𝑖 =

1
𝑉𝑐

𝑃
∑

𝑖=1

ℎ𝑐𝐴𝑖𝑀𝑣
𝑅𝑎

[

𝑝𝑣,𝑖
𝑇𝑖

−
𝜙𝑝𝑣
𝑇

]

, (7)

here 𝑚̇𝑣,𝑖 denotes the mass evaporation rate from the 𝑖th particle, the
arameters ℎ𝑐 , 𝑀𝑙, 𝑅𝑎, and 𝜙 represent, respectively, the mass-transfer

coefficient, the molar mass of water, the universal gas constant, and
the local relative humidity. In Eq. (7), the vapour pressures at the
particle surface and in the bulk phase are determined by applying the
ideal gas law, assuming saturation at the particle surface to calculate
𝑝𝑣,𝑖 using the Antoine equation. Heat and mass transfer coefficients in
Eqs. (6) and (7) are derived using Sherwood and Nusselt numbers, 𝑆ℎ =
ℎ𝑐𝑑𝑖∕𝐷𝑣 and 𝑁𝑢 = ℎ𝑑𝑖∕𝜆, respectively, employing Gunn’s correlation
or packed and fluidised beds [53].

.3. Discrete-phase modelling

In the Lagrangian framework, the translational and angular veloc-
ties of the 𝑖th particle, denoted as 𝒖𝑖 and 𝝎𝑖 and possessing a mass
𝑖 and moment of inertia 𝐼𝑖, are ascertained through the following
overning equations:

𝑖
𝑑𝒖𝑖
𝑑𝑡

= 𝑚𝑖𝒈 + 𝑭 𝑓,𝑖 +
𝐽
∑

𝑗=1
(𝑭 𝑛,𝑖𝑗 + 𝑭 𝑡,𝑖𝑗 ), (8)

𝐼𝑖
𝑑𝝎𝑖
𝑑𝑡

=
𝐽
∑

𝑗=1
𝑅𝑖𝒏̂𝑖𝑗 × 𝑭 𝑡,𝑖𝑗 , (9)

here, in addition to the previously mentioned hydrodynamic forces,
𝑛,𝑖𝑗 and 𝑭 𝑡,𝑖𝑗 denote the normal and tangential contact forces, respec-

ively, emerging from interactions with 𝐽 other particles or boundaries,
onforming to a soft-sphere formulation, indicated by the overlap,
hich for two particles occurs when 𝛿𝑛 = 𝑑𝑖 − (𝒙𝑖 − 𝒙𝑗 ) ⋅ 𝒏̂𝑖𝑗 > 0,
ith the normal unit vector 𝒏̂𝑖𝑗 = (𝒙𝑖 − 𝒙𝑗 )∕|𝒙𝑖 − 𝒙𝑗 | [15]. As seen

rom Eq. (9), the rotational motion is produced by collisions, as the
enerated torques are proportionally related to the tangential contact
orce. The normal force is defined per Hertz theory, augmented by Tsuji
t al.’s viscous modifications while for the tangential component, the
indlin-Deresiewicz model is applied, as detailed below [54–56]:

̂ ̂
4

𝑛,𝑖𝑗 = −𝑘𝑛𝛿𝑛𝒏𝑖𝑗 − 𝜂𝑛𝑣𝑛𝒏𝑖𝑗 , (10)
𝑡,𝑖𝑗 = −𝜇𝑠|𝑭 𝑛,𝑖𝑗 |
(

1 − 𝜉3∕2
)

𝒕̂𝑖𝑗 − 𝛾𝑡

√

6𝑚′𝜇𝑠|𝑭 𝑛,𝑖𝑗 |

𝛿𝑡,max
𝜉1∕4𝒗𝑡 𝒕̂𝑖𝑗 . (11)

n Eq. (10), the stiffness and damping coefficients are defined as
𝑛 = 4

3𝐸
′√𝑅′𝛿𝑛 and 𝜂𝑛 = 𝛾𝑛

√

5𝑚′𝑘𝑛, respectively with 𝛾𝑛 being the
amping ratio empirically ascertained using Schwager and Pöschel’s
ethod [57]. The variables 𝑣𝑛 and 𝒗𝑡 are the normal and tangential

components of the relative contact velocity and 𝒕̂𝑖𝑗 the tangential unit
vector aligned with the latter. The tangential component, given by
Eq. (11), describes both elastic and frictional attributes through sticking
and sliding, conditioned by a maximum tangential deformation related
to the normal overlap, as described by 𝛿𝑡,max = (0.5 − 𝜈𝑖)∕(1 − 𝜈𝑖)𝜇𝑠𝛿𝑛
with 𝜇𝑠 denoting the particle friction coefficient. A specified factor,
𝜉 = 1 − min(|𝜹𝑡|, 𝛿𝑡,max)∕𝛿𝑡,max, triggers sliding when 𝛿𝑡 > 𝛿𝑡,max and
auses the tangential force component to conform to Coulomb’s law.
he term 𝛾𝑡 = ln 𝜀∕

√

ln2 𝜀 + 𝜋2 acts as the tangential damping ratio,
akin to 𝛾𝑛.

The thermal energy balance for solids, as expressed in Eq. (12), is
predicated on the assumptions of a small Biot number and large Péclet
numbers, which imply negligible internal temperature gradients and
influence of conductive heat transfer via contacts [58,59]:

𝑚𝑖𝑐𝑝,𝑖
𝑑𝑇𝑖
𝑑𝑡

= 𝑄𝑓,𝑖 − 𝑚̇𝑣,𝑖𝛥𝐻𝑣,𝑖. (12)

ithin the specified equation, 𝑐𝑝,𝑖 denotes the specific heat capacity
f the solids, and 𝛥𝐻𝑣,𝑖 signifies the latent heat of evaporation at the
article temperature. For the modelling of the spray process, liquid
njections are introduced within a static spray zone situated above the
ozzle. As particles traverse this spray, the coating solution is contin-
ously administered at each DEM time step via particle enumeration
nd uniform distribution of liquid coating onto the particles [42,60]. In
he simulations, only the solvent of pure water is sprayed, simplifying
he quantification of the liquid coating volume received per passage
y enabling its direct incorporation into the conservation equation for
article moisture content:

𝑖
𝑑𝑋𝑖
𝑑𝑡

= 𝑚̇𝑣,𝑖 + 𝑚̇𝑙,𝑖. (13)

n this equation, 𝑋𝑖 represents the moisture content of the particle,
nd 𝑚̇𝑣,𝑖 the rate of evaporation from the particle to the gas phase, as
etailed in Section 2.2. The second term in Eq. (13), 𝑚̇𝑙,𝑖 = 𝑀̇𝑙∕𝑁𝑝,
s calculated at each DEM time step exclusively for the 𝑁𝑝 particles
raversing the spray zone, based on the specified liquid spray rate 𝑀̇𝑙.
otably, the added liquid mass is neglected in Eq. (8).

.4. Coarse-graining technique

In this study, we apply a coarse-graining technique to formulate
caling laws as dimensionless groups 𝛱𝑘, derived via dimensional anal-
sis of the specified contact models, following established procedures
ocumented in the literature [36–39]. The basis of this derivation is
stablished on the dimensionless group 𝛱1 = 𝑅𝑐𝑔∕𝑅𝑜, which signifies
eometric similarity through the relationship between the radii of
oarse-grained and original particles, denoted as 𝑅𝑐𝑔 and 𝑅𝑜, respec-
ively. This group is subsequently recognised as the scaling factor or
oarse-graining ratio 𝜓 , which serves to quantify the level of coarse-
raining by the number of original particles combined into each coarse-
rained unit, as represented by 𝜓3. The selection process for 𝜓 needs
o account for the scaling of volume as 𝑉𝑖 ∝ 𝜓3 and potential geometric
onstraints of the enclosing system while aiming to minimise the impact
f particle size on overall bulk flow properties, thereby enabling the
ost efficient implementation.

In the dimensionless form of the Hertzian spring-dashpot contact
odel, previous literature [38,39] has demonstrated that for a constant

elative overlap, the following dimensionless groups are identified:

2 =
𝑘𝑛
′ ′ , 𝛱3 =

𝜂𝑛
√

. (14)

𝑅 𝐸 𝑅′2 𝜌𝑖𝐸′



Powder Technology 443 (2024) 119901P. Kjaer Jepsen et al.

t
d
R
s

s
u
r
M
c
b
r

𝝈

p

m
c
𝜇
a
s
f
k

These groups, 𝛱2 and 𝛱3, represent the scaling laws that must remain
invariant to ensure mechanical similarity and conservation of energy
density in accordance with the original system. Assuming 𝜌𝑖 and 𝐸′

are invariant, these dimensionless quantities elucidate the precise cor-
respondence between the original and scaled systems, as specified by
𝑘𝑛,𝑐𝑔∕𝑅𝑐𝑔 = 𝑘𝑛,𝑜∕𝑅 and 𝜂𝑛,𝑐𝑔∕𝑅2

𝑐𝑔 = 𝜂𝑜,𝑐𝑔∕𝑅2
𝑜 . Provided that the coeffi-

cient of restitution remains constant, the energy dissipated in a binary
collision of the coarse grains will correspond to 𝜓3 collisions in the
original system. Consequently, from the defined stiffness and damping
coefficients, we find that 𝑘𝑛,𝑐𝑔 ∝ 𝜓𝑘𝑛,𝑜 and 𝜂𝑛,𝑐𝑔 ∝ 𝜓2𝜂𝑛,𝑜, demonstrating
that 𝛱2 and 𝛱3 remain unaffected by the scaling. Notably, due to
he size-independent packing of spheres, the voidage remains invariant
uring scaling [30]. Moreover, the DEM time step, set at 20% of the
ayleigh time, is proportional to 𝑅𝑖, thereby further accelerating the
imulation process.

The scaling laws derived from Hertz normal contact force are con-
istent with Chialvo et al.’s findings [61], that the quasi-static gran-
lar pressure scales as 𝑝𝑠 ∝ 𝑘𝑛∕𝑅𝑖, suggesting invariant stresses. The
elative scaling of this component, 𝐹𝑛,𝑐𝑔∕𝐹𝑛,𝑜 ∝ 𝜓2, extends to the
indlin-Deresiewicz tangential contact force, provided that the friction

oefficient, 𝜇𝑠, remains unchanged. This consistent 𝜓2-scaling across
oth contact force components results in invariant stresses in all flow
egimes, as substantiated by the analysis of the particle stress tensor:

𝑖 = − 1
𝑉𝑖

[

𝑚𝑖(𝒖𝑖 − 𝒖̄)⊗ (𝒖𝑖 − 𝒖̄) +
∑

𝑗
(𝑭 𝑛,𝑖𝑗 + 𝑭 𝑡,𝑖𝑗 )⊗ 𝒍𝑖𝑗

]

. (15)

Here, 𝒖̄ represents the local mean velocity of the particles, while 𝒍𝑖𝑗
denotes the branch vector situated between the centres of mass of
the colliding elements. From the quadratic scaling of contact forces,
it becomes evident in Eq. (15) that 𝝈𝑖 ≠ 𝑓 (𝜓), such that the stresses are
unaffected by the scaling process [37,38].

Having established the 𝜓2-scaling of contact forces, we shift our at-
tention to the remaining force and heat transfer components in Eqs. (8)
and (12), which, under similarity principles, must comply with 𝑭 𝑖 ∝ 𝜓3

and 𝑄𝑖 ∝ 𝜓3. While the body and pressure gradient forces naturally
meet this criterion due to the 𝜓3-scaling of mass and volume, other
terms do not inherently adhere to this scaling. Therefore, adjustments
are required specifically for the drag force in Eq. (8), and for convective
and evaporative heat transfer in Eq. (12) assuming that 𝑐𝑝,𝑖 remains
constant during scaling. Before implementing the necessary modifica-
tions to achieve 𝜓3-scaling for these terms, it is crucial to recognise
that the empirical correlations used to compute the coefficients 𝐶𝑑 , ℎ,
and ℎ𝑐 lack a theoretical foundation in the scaled system. To rectify
this, we use the original particle size as the characteristic length in our
calculations of the Reynolds, Nusselt, and Sherwood numbers, ensuring
consistent values under identical conditions. As all particle-associated
areas scale as 𝐴 ∝ 𝜓2, we maintain system similarity by multiplying
the drag force and the convective and evaporative heat transfers by a
factor of 𝜓 .

2.5. Assessment of rheology in granular flows

In rheological studies of granular flows, determining specific flow
regimes and their transitional phases involves contrasting the macro-
scopic shear deformation timescale, 1∕𝛾̇𝑠, to the particles’ inertial
timescale,

√

𝜌𝑖𝑑2𝑖 ∕𝑝𝑠 [17,22,23]. This comparison yields a dimension-
less parameter, the inertial number, as given in Eq. (16), which assesses
whether the granular pressure 𝑝𝑠 is sufficient for consolidating the
articles or if the magnitude of the shear strain rate, 𝛾̇𝑠, is sufficiently

high to cause dilation.

𝐼 =
𝑑𝑖𝛾̇𝑠

√

𝑝𝑠∕𝜌𝑖
. (16)

In simulations and experiments of distinctive systems, both in terms
of conditions and geometry, three different flow regimes are observed
based on the relationship between the inertial number and the effective
5

Table 1
Physical and mechanical properties of the simulated MCC pellets.

Physical property Numerical value

Particle diameter 1749 μm
Particle density 1420 kgm−3

Young’s modulus of particles 1MPa
Poisson’s ratio of particles 0.30
Poisson’s ratio of walls 0.33
Particle–particle friction coefficient 0.53
Particle–wall friction coefficient 0.20
Particle–particle restitution coefficient 0.83
Particle–wall restitution coefficient 0.80

friction coefficient, defined as 𝜇′𝑠 = |𝝉𝑠|∕𝑝𝑠, which quantifies the
acroscopic solid shear stress [24]. The quasi-static flow regime is

haracterised by its stress-rate independence, as indicated by a constant
′
𝑠, which has been identified at 𝐼 ≲ 10−3−10−2. With an increased rate
nd inertia becoming influential, a rate-dependent pattern emerges,
een by a monotonic increase in 𝜇′𝑠 with 𝐼 , defining the dense inertial
low regime. The transition into collisional flow, consistent with the
inetic theory postulations, is observed at 𝐼 ≳ 10−1 − 100, where 𝜇′𝑠

exhibits a plateau [14,61]. Further details on deriving macroscopic
granular continuum-equivalent properties from discrete particle data
are presented in Appendix B.

3. Simulation setup

3.1. Experimental validation of numerical framework

In the present study, a GPU-CPU parallelised framework of two
solvers was employed; Rocky DEM was executed on an NVIDIA Tesla
V100 32 GB GPU, whereas the CFD in Fluent ran on Intel Xeon Gold
5220 CPUs, utilising 26 cores. A two-way data exchange between
the solvers occurs at initialisation and at each CFD time step. All
modifications related to coarse-graining are integrated within Rocky
DEM, and the necessary function changes and source terms are loaded
into Fluent through User-Defined Functions (UDFs).

We validate our CFD-DEM framework through comparison with
experimental data from positron emission particle tracking (PEPT) [2]
in a STREA-1 Wurster coater. In these experiments, for the 200 g batch
of microcrystalline cellulose (MCC), single pellets labelled with the
radioisotope Fluorine-18 were monitored over an extended period. This
procedure yielded data on particle velocity, residence time (RT) per
passage, and cycle time (CT) distribution.

The material properties of the MCC pellets used in the simulations,
which reflect the relatively large and porous nature of the pellets
employed in the PEPT experiments, are detailed in Table 1. System-
specific details and dimensions of the STREA-1 coater are provided
in [2], whereas simulation-specific parameters can be found in [3,25],
wherein CFD-DEM was employed with the MultiFlow solver for valida-
tion against the PEPT data. Similarly, Böhlinger et al. validated their
CFD-DEM framework using the XPS/AVL-Fire solver [9], offering dual
reference points for a comparative assessment of our CFD-DEM frame-
work. Consequently, we will juxtapose the simulated values with the
experimental data reported in [2] and the aforementioned CFD-DEM
studies [3,9,25].

3.2. System adaptation and coarse-graining design

Building on the system settings outlined in the previous section,
this section incorporates three levels of coarse-graining (𝜓 = 2, 3, 4), in
addition to the original particle system (𝜓 = 1), achieved by grouping
sets of 8, 27 and 64 original particles into coarse grains. For an accurate
evaluation, we aim to minimise the influence of the coarse grain size
on bulk properties. Accordingly, the original particle size is determined

by ensuring the diameter of the coarsest grains (𝜓 = 4) does not
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Table 2
Simulation parameters.

Framework Numerical value

DEM
Scaling factor 1, 2, 3, 4
Particle diameter 375, 750, 1125, 1500 μm
Particle count 5.1, 0.64, 0.19, 0.08 M
Time step 7.7, 15.5, 22.3, 30.1 μs

CFD
Time step 1 × 10−4 s

Fluidising gas inlet :
Velocity inner annulus 2.01 ms−1

Velocity outer annulus 0.41 ms−1

Temperature 50 °C
Relative humidity 6%

Atomising gas inlet :
Velocity 45 ms−1

Temperature 20 °C
Relative humidity 6%

Spray
Liquid spray rate 10 gmin−1

Water density 998 kgm−3

exceed one-tenth of the partition gap. This is the narrowest gap in the
geometry, defined as the distance between the tube and the distributor
plate. Following this criterion, the diameter of the coarsest grains is
1500 μm for 𝜓 = 4, which defines the original particle size as 𝑑𝑜 =
1500 μm)∕4 = 375 μm.

In Section 4.2, we transition from using larger Geldart type D par-
icles employed in the validation (Section 4.1) to significantly smaller
eldart type B particles. This necessitates inlet airflow adjustments to
itigate excessive particle collisions at the outlet boundary and slug-

ing fluidisation. Consequently, we reduce the atomising gas velocity
rom 50 to 45 m/s and adjust the fluidising gas flow according to
rgun’s equation (see, e.g., [62]), ensuring a consistent pressure drop
cross the bed. Revised gas-phase inlet conditions, including air humid-
ty, and modelling parameters for the spray zone and coarse-graining
equence are detailed in Table 2. Heat losses to the environment at 20 °C
re quantified using a wall heat transfer coefficient of 30Wm−2 K−1,
s per the method in [48] for a Glatt GPCG-2 6′′ Wurster coater. The
pecific heat capacity of the particles, 200 J kg−1 K−1, follows the data
or MCC pellets in [5].

. Results and discussion

.1. Experimental validation of CFD-DEM framework

Before the application of the scaling technique (𝜓 > 1), the CFD-
EM framework in its original, unscaled form (𝜓 = 1) is validated by
ontrasting it to the experimental data presented in [2] and comparing
t against simulated values reported in two separate publications [3,9].

Vertical particle velocities measured 90 mm above the distrib-
tor plate using PEPT, alongside their corresponding time-averaged
alues derived from simulations, are depicted in Fig. 2. The agree-
ent between the simulated and the experimental particle velocities

s evident. The negative velocity at the interior wall of the tube quan-
ifies the prevalence of particles undergoing recirculation within the
ube [2]. We present the average particle residence time (RT) per
assage through the delineated regions in Fig. 3. The simulated RTs
ithin the tube and drying regions exhibit close alignment with PEPT
redictions. Previous studies have highlighted a pronounced underesti-
ation of simulated RTs in the bed region. Conversely, our simulated
T in this region corresponds with the experimental values.

Fig. 4 illustrates the corresponding particle cycle time (CT) distri-
utions, deduced from a 30 s simulation, which includes only recorded
6

Fig. 2. Time-averaged vertical velocity profiles of particles, measured 90 mm above
the distributor plate, juxtaposing experimental data from PEPT [2] with simulation
outcomes from this study and those reported in [3,9].

Fig. 3. Average particle residence times, per cycle, in the distinct zones of the Wurster
coater, as determined by the PEPT experiment [2] and simulations presented in both
the current and referenced papers [3,9].

Fig. 4. Particle CTs distribution, limited to cycles shorter than 25 s, obtained from
experimental data [2], simulation results of the present study, and findings from
referenced papers [3,9].
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Fig. 5. Probability distributions of particle velocities in the tube (a), drying (b), and bed (c) regions in the original particle system (𝜓 = 1) and the coarse-grained systems (𝜓 = 2,
, 4). The inset provides an improved visual of the shift in velocities across the bed.
s
e
n

f

Fig. 6. Time-volume averaged effective friction coefficients and inertial numbers across
regions for original (𝜓 = 1) and scaled systems (𝜓 = 2, 3, 4). Standard deviations are
represented by error bars, and the dashed line delineates the observed trend.

particle cycles shorter than 25 s. A consistent trend across the simu-
lations is apparent, wherein cycles shorter than 5 s are overestimated,
while longer cycles are underestimated. In this study, the RTs suggest
a heavier tail in the CT distribution relative to other simulations. How-
ever, the CTs presented by Li et al. contradict this expectation, possibly
owing to their observation of a stable distribution in the simulations
exceeding 25 s [3]. In contrast, this stability was not observed in
our simulations, where the CT distribution showed a consistent trend
towards longer cycle times for simulations extending from 25 to 30 s.
This indicates the necessity for longer simulations to achieve a stable
distribution with longer RTs. Nevertheless, the predictions with the
current CFD-DEM framework already show good concordance with
the experimental observations, thus negating the need for extended
simulations.

4.2. Coarse-graining with heat and mass transfer integration

4.2.1. Dynamics of particle motion and momentum
To assess the effects of progressive coarse-graining on momentum

and motion relative to the unscaled system, simulations spanning 20 s
were conducted under isothermal conditions. During this period, par-
ticle data from designated regions were extracted at 0.05-s intervals,
yielding a total of 400 samples. The choice of sampling frequency and
simulation duration was strategically aimed at mitigating statistical
bias, which arises from increased variance in coarse-grained systems
due to the limited number of particles contributing data in each sample.
7

t

Fig. 7. Solids volume fraction profiles radially in a 10 mm cross-section, located 15 mm
above the distributor plate (lower section of the tube, adjacent to the lower tube entry),
segmented into 2 mm radial increments, showcased for the unscaled (𝜓 = 1) and scaled
(𝜓 = 2, 3, 4) systems.

In Fig. 5, we introduce the unfiltered particle velocity probability
distribution functions for each region, evaluated based on all recorded
particle values in each sample. In the tube, coarse-graining induces a
shift towards marginally lower velocities, a trend consequently mir-
rored in the drying region. However, the shift in the drying region
is more marked, attributable to two factors: firstly, the occurrence
of the elevated velocities originating from the tube that, secondly,
cause particles to ascend higher before descending, thus enhancing the
downward velocities due to increased falling heights. In the bed region,
results are almost identical, except for the coarsest grains, which exhibit
marginally lower velocities. The latter is depicted for clarity in an inset
of Fig. 5.

The time-volume averaged inertial numbers and corresponding ef-
fective friction coefficients for each region are given in Fig. 6. The
bed region exhibits a dense inertial regime, as evidenced by its inertial
number and the mean ratio of relative collisional to frictional stress,
approximately 0.65, reducing to about 0.57 for the coarsest grains.
Conversely, the tube and drying regions demonstrate a dominant col-
lisional flow regime, indicated by negligible frictional components
of solid stresses and higher inertial numbers. This regime is further
identified by the values of 𝜇′𝑠, which saturate due to the high shear
tress relative to confining pressure. An increase in 𝜓 correlates with an
arlier saturation of 𝜇′𝑠 and the more pronounced variability in inertial
umbers.

We present in Fig. 7 the radial distribution of the solid volume
raction within a cross-section 15 mm above the distributor plate. Near

he internal tube wall, the elevated solid concentrations in the original
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Fig. 8. Transient profiles of the gas and solid phases’ mean temperatures in each region over 20 s for the original particle system (𝜓 = 1) and the systems with the coarsest grains

𝜓 = 4).
Fig. 9. Moisture probability distribution function in each region after 20 s for the original particle system (𝜓 = 1) and the systems with the coarsest grains (𝜓 = 4). Values are

resented in grams of liquid per kilogram of solid.

4

p
w
w
s
f

article system cause steeper radial gradients, promoting the Venturi
ffect. Although the velocity profile remains largely unchanged, see
ppendix C, there is an appreciable increase in the air mass flow

owards the tube centre, resulting from the fluidising gas entering the
ube closer to the jet. Counter-intuitively, the total airflow via the tube
emains close, owing to the higher axial flow of fluidising gas along the
ube walls in the coarse-grained systems. The milder radial gradients
t the tube entry further promote the amount of gas flowing along
he external tube side, as indicated in the outer annular region in the
olids volume fraction of Fig. 7, caused by more rigorous fluidisation. In
he coarsest system, this observation becomes consequential, as solids
egin to concentrate radially outward in the bed. The implication is
hat the grain size becomes influential in the bed region when 𝜓 = 4,
s indicated by the shift in the velocity distribution. Furthermore, this
ccounts for the observed higher confining pressure in correlation with
he lower effective friction coefficient in the bed.

In examining the characteristics of the flow regime, our findings
eliably reproduce macroscopic properties of granular flow in coarse-
rained systems. Deviations are predominantly localised within the
ube, ascribed to the heightened intake of fluidising air closer to the
entre at lower values of 𝜓 . Concurrently, the horizontal transport of
articles in the bed is enhanced, as indicated by the elevated par-
icle concentration towards the centre. This is likely a consequence
f smaller particles tending to pack more densely near the walls,
uggesting a potential geometric limitation dictated by the particle
ize to the confining dimensions. Determining whether this is solely
geometric constraint or a result of a combination of various factors

equires further evaluation. To address this question, it is probably
eeded to employ a coarse-graining procedure in a larger Wurster
oater geometry. Such an effort is outside the scope of the present work.
8

.3. Thermal and mass transfer dynamics

To ascertain the accuracy of integrating heat and mass transfer
henomena in a coarse-grained system, a dynamic two-stage analysis
as conducted. This involved 20-s simulations comparing the system
ith the highest degree of coarse-graining (𝜓 = 4) against the original

ystem (𝜓 = 1). Initiating the simulations from a packed bed con-
iguration with a uniform (dry) particle temperature of 0 °C, the first

stage, lasting 10 s, involve convective heating of the particles with hot
fluidising air. The subsequent stage introduces the spray, where pure
water is injected at a constant rate.

The regionally averaged gas and solid phase temperature profiles
over 20 s, encompassing the convective and spray stages consecu-
tively, are depicted in Fig. 8. The temperatures closely align, with the
original particle system remaining only marginally warmer. The most
pronounced difference is observed during the bed’s heating-up stage,
wherein the gas temperatures of the system diverge by some 2.6 °C after
10 s. In this initial stage, a gradual convergence over time is noted, yet it
does not reach a plateau before the onset of the second stage, indicating
a trend towards converging steady-state temperatures. In the ensuing
spray stage, the system temperatures rapidly converge, culminating in
near-identical conditions with a maximum difference below 0.5 °C after
20 s.

After the spray phase (𝑡 = 20 s), the moisture probability dis-
tribution functions are compared in each region of both the original
and scaled systems. These are presented in Fig. 9 and demonstrate
high consistency, indicating nearly identical drying behaviour with
each region exhibiting a log-normal distribution. The conforming phase
temperatures in both systems indicate effective mixing, suggesting that
the slower response in the scaled system during the heating stage is
attributed to the previously described differences in the fluidising gas

distribution. When 𝜓 = 1, the augmented Venturi effect enhances
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the efficiency of convective heat transfer by drawing additional hot
air towards the centre from the peripheral areas of the distributor
plate. This mechanism facilitates improved heating coverage of solids,
resulting in an elevation of the average temperature within the bed re-
gion, which subsequently propagates into the tube and drying regions.
Nonetheless, the coarse-grained system’s proficiency in mirroring the
thermal response, even under dynamically varying conditions, along
with its analogous drying properties and the attainment of consistent
moisture distribution, exemplifies a significant level of alignment.

4.4. Directions on the upper limit of coarse-graining in Wurster coaters

It is of interest to discuss the optimal degree of coarse-graining
for a certain system. In the examined system, the greatest deviations
were observed at the tube’s entry, in connection with the partition
gap, which serves as the narrowest gap in the geometry and thereby
dictates the maximum particle size that can effectively pass through.
We chose this gap as a reference point for determining the largest
dimensions of the coarse grains, setting it to correspond to 10% of this
gap for the largest value of 𝜓 , which was determined by the number of
particles deemed practical for simulation. Combining these outcomes,
we conclude that the geometry of the Wurster coater sets the upper
coarse-graining limit. Hence, supported by the results, we suggest that
the diameter of the coarse grains should not exceed 10% of the partition
gap. This provides a useful guideline for the a priori selection of 𝜓 .

As tube and partition gap dimensions increase in larger systems, we
expect that higher values of 𝜓 will be applicable while maintaining the
same level of numerical uncertainty associated with coarse-graining, as
demonstrated in fluidised beds [63]. Additionally, significantly higher
𝜓 values have been experimentally validated in large-scale units such
as catalytic crackers, cyclones, and circulating fluidised beds [64],
reaching up to 𝜓 = 60 [65]. However, such values of 𝜓 do not align
with the specific geometric constraints observed in our system. For
18′′ Wurster tube insets and larger, where the partition gap typically
ranges from 35–60 mm [10], the resulting coarse grain sizes would
correspond to 38%–64% of the partition gap. Based on these findings,
we recommend a scaling factor of 𝜓 between 8 and 16 for larger units
equipped with the 18′′ Wurster inset.

4.5. Computational implications

For the simulations of the original CFD-DEM system (𝜓 = 1), each
second of simulation output necessitated 12 h of real-time computation.
In contrast, the equivalent system employing coarse-graining with 𝜓 =
4 demonstrated a ten-fold increase, accomplishing 10 s of simulation
within the same period, thus presenting a logarithmic reduction in
computational time. It should be noted that with 𝜓 = 4, the limited
number of tracked elements meant that the CFD, rather than the
DEM, controls the simulation speed, thus preventing further observable
reductions in computational time. Nonetheless, this suggests that the
adopted scaling approach ensures at least a logarithmic decrease in
computational time in scenarios where DEM computations on GPUs
control the simulation pace, as is typically the case in real process-scale
systems.

5. Conclusions

This study presents simulations of the Wurster coating process using
CFD-Discrete Element Modelling, both with and without integrating a
coarse-graining technique. By implementing the coarse-graining tech-
nique and significantly reducing the particle count, we demonstrate
that the obtained results closely resemble those in the unscaled CFD-
DEM system while achieving a logarithmic enhancement in simulation
speed. Experimental validation using PEPT data confirmed the accuracy
in particle velocities, residence times and cycle time distributions.
9

The coarse-graining technique accurately reproduced the macro-
scopic granular flow properties, albeit with slight discrepancies in the
tube region attributable to the influence of grain size on the gas flow
distribution within and outside the tube. By integrating spray mod-
elling and considering air humidity, we were able to comprehensively
investigate the heat and mass transfer processes in the coarse-grained,
including the transient phase temperature profiles and moisture distri-
butions. This allowed us to demonstrate the coarse-grained system’s
capability to predict near identical moisture uniformity and thermal
response as the original system.

The reduction in particle count achieved through coarse-graining,
whilst retaining a close corresponding level of resolution, highlights the
potential to overcome existing computational constraints of CFD-DEM.
This advancement facilitates the feasibility of conducting simulations
of Wurster coater systems on an industrial scale.
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Appendix A. Implementation of diffusion-based particle redistri-
bution method

The redistribution method can be implemented by iteratively solv-
ing a discretised form of the diffusion equation to redistribute excessive
solid fractions from high-concentration cells to neighbouring cells. The
transferred quantity is then calculated based on the difference in the
solid fraction between the neighbouring cells, and the iteration contin-
ues until the specified maximum solid volume fraction or the maximum
number of iterations is reached. An explicit form of Fick’s second
law of diffusion is obtained by assuming a homogeneous allocation
of the computational cells. Then, the discretised diffusion equation
that computes the new concentration 𝛼𝑐 after diffusion from an initial
concentration 𝛼𝑐0 , provided by the PCM, to 𝑁 neighbouring cells can
be expressed as follows:

𝛼𝑐 = 𝛼𝑐0 +
𝛺 ∑

(𝛼𝑛 − 𝛼𝑐,0) (A.1)

𝑉𝑐 𝑛∈𝑁
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The constant 𝛺 is proportional to the diffusion constant and determines
the iteration rate of the solid volume fraction. A greater 𝛺 leads
o faster iterations, but can compromise stability. In a non-uniform
ulerian grid, the value of 𝛺 only needs to be the same within the sets
f cells that exchange solid volume fractions. Thus, an optimal value of

is determined per cell as 𝛺 = 𝑉𝑐∕2𝑁 , which if substituted into (A.1)
gives Eq. (A.2) below, that represents the maximum rate at which the
cell can undergo a stable exchange:

𝛼𝑐 = 𝛼𝑐0 +
1
2𝑁

∑

𝑛∈𝑁
(𝛼𝑛 − 𝛼𝑐0 ). (A.2)

Therefore, for any set of exchanging cells, if a neighbouring cell has
a lower value of 𝛺𝑛, this value must be adopted for summation over
all these cells, thus restricting the overall diffusion rate for that set. By
implementing this knowledge, Eq. (A.1) can be expressed as follows:

𝛼𝑐 = 𝛼𝑐0 +
1
𝑉𝑐

∑

𝑛∈𝑁
min

[

𝛺𝑛, 𝛺
]

(𝛼𝑛 − 𝛼𝑐0 ). (A.3)

The presented equation is applied to every cell within the Eulerian
domain and solved iteratively to obtain the updated value of 𝛼𝑐 in
each cell during the mapping process of solid volume fraction between
the Lagrangian and Eulerian frameworks. Additionally, the diffusion of
solid volume fraction is employed to facilitate the mapping of energy
and momentum exchange, with additional weighting based on the
fluid volume present in the current cell at a specific time [49,51].
The application of the method to other quantities is analogous. For
10
smoothing of a given force component 𝐹𝑐0 , the new force is obtained
by:

𝐹𝑐 = 𝐹𝑐0 +
1
𝑉𝑐

∑

𝑛∈𝑁
min

[

𝜌𝑛𝛺𝑛, 𝜌𝛺
]

(

𝐹𝑛
𝜌𝑛

−
𝐹𝑐0
𝜌

)

. (A.4)

een from Eq. (A.4), the force components are weighted by the specific
ass of gas occupying the cells. Conversely, for heat transfer:

𝑐 = 𝑄𝑐0 +
1
𝑉𝑐

∑

𝑛∈𝑁
min

[

𝜌𝑛𝑐𝑝,𝑛𝛺𝑛, 𝜌𝑐𝑝𝛺
]

(

𝑄𝑛
𝜌𝑛𝑐𝑝,𝑛

−
𝑄𝑐0
𝜌𝑐𝑝

)

. (A.5)

Appendix B. Macroscopic solids stresses and strains

To study the collective granular material behaviour at a macro-
scopic scale, the transition from discrete particle stresses to a
continuum-based framework necessitates considering a control volume
𝑉𝑠 ≫ 𝑉𝑖. The macroscopic stress tensor of the granular assemblies,
𝝈𝑠, is calculated as the volume-averaged sum of the stresses of the
individual particles, given by 𝝈𝑠 =

∑

𝑖 𝝈𝑖𝑉𝑖∕𝑉 . The granular pressure,
𝑝𝑠, is derived from the isotropic part of this tensor as 𝑝𝑠 = 𝑡𝑟(𝝈𝑠)∕3. The
magnitude of shear stresses, |𝝉𝑠|, is obtained from the second invariant
of the deviatoric part of 𝝈𝑠, and their ratio defines the effective or bulk
friction coefficient 𝜇′𝑠 = |𝝉𝑠|∕𝑝𝑠. The shear strain rate magnitude, 𝛾̇𝑠, is
etermined from the deviatoric part of the macroscopic granular strain
ate tensor, 𝑫dev, as 𝛾̇ = 2‖𝑫dev

‖.
𝑠 𝑠 𝑠
Fig. C.10. Radial vertical velocities of gas and solids across four different segments within the tube, shown for both the original (𝜓 = 1) and scaled systems (𝜓 = 2, 3, 4).
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Appendix C. Radial velocity profiles in the Wurster tube

In Fig. C.10, we detail the time-volume averaged vertical velocity
profiles of gas and particles, arranged radially across four sections of
the tube, each 4 mm in height. In the initial section, at the tube’s
entry, the gas’s vertical velocity exhibits minimal variation. However,
the deviations become increasingly apparent in the upper sections,
particularly near the walls, for particle velocities. Here, less negative
velocities indicate reduced internal particle circulation in the original
system. This phenomenon is attributed to diminished airflow at a
distance from the centre in the original configuration, underscoring the
radial disparity in airflow concerning the fluidising gas.
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