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ABSTRACT
The performance benefits associated with coordinated control of a
tractor-semitrailer combination are tested in this paper. More specif-
ically, the paper evaluates performance as the number of available
actuators is varied. Coordinating a large number of actuators to
control articulated vehicles is a challenging task. To tackle this chal-
lenge effectively, a method that can be consistently applied across
various levels of actuation is required. The modified Hamiltonian
Algorithm (MHA) methodology is found to be suitable for the anal-
ysis. The method employs a multivariable nonlinear controller to
provide steering and braking actuator inputs for simultaneous sta-
bility control and path following for articulated vehicles, even when
operating in the nonlinear region of the tyres. This paper specifically
investigates the potential performance benefits of using individual
wheel braking compared to having limited control with regard to the
semitrailer under challenging conditions. To achieve this, the original
MHA technique is extended to be applicable to articulated vehi-
cles. As a benchmark scenario, an autonomous safety-critical lane
changemanoeuvre on a low-friction road is performedby using a rel-
atively simple steering controller. Simulation is conducted through
co-simulation ofMatlab/Simulink and TruckMaker. Results show that
using individual wheel brake actuators for both units combinedwith
automated steering can offer significant performance advantages
compared to simpler chassis control strategies.
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1. Introduction

The tractor-semitrailer combination plays an important role in road transportation due
to its high efficiency and cost-effectiveness. Compared to single-unit heavy goods vehi-
cles, the tractor-semitrailer combination is articulated andmore susceptible to undesirable
behaviour when travelling at high speeds or on low-friction surfaces especially when it is
fully loaded [1]. In a well-known study of crash data [2], the datasets showed that the
loss of stability is a major factor in many tractor-semitrailer accidents. When it comes
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to handling performance, a tractor towing a trailer may encounter adverse conditions
due to poorly controlled trailer dynamics. A tractor-semitrailer combination is also a
more complex system than single-unit vehicles, necessitating a more advanced control
architecture [1].

It is now well established from a variety of studies that using driver assistant sys-
tems can reduce the risk of articulated vehicles crashes [2]. The motion control of the
tractor-semitrailer combinations has been the subject of many studies [3–8]. However,
the potential benefits of expanding the number of semitrailer actuators accessible to a
centralised motion controller are not addressed adequately.

Currently, the primary focus of active controls for articulated vehicles is directed
towards the tractor unit, especially through individual wheel braking via direct yawmotion
control. Some existing literature also explores the concept of using differential braking
to control the semitrailer unit [4,9–26]. The research in [23] presented a technique for
improving the stability of a two-axle tractor and a three-axle semitrailer combination dur-
ing high-speed evasivemanoeuvres. The control strategy includedmonitoring the yaw rate
difference between the tractor and semitrailer and activating differential braking on the
semitrailer when the articulation rate exceeded a certain threshold.

Lateral stability control of a tractor-semitrailer combination is investigated in [27], espe-
cially with a focus on parametric uncertainties. The control technique used is the Robust
Linear Quadratic Regulator (RLQR) considering the uncertainties in the vehicle param-
eters such as payload. For performance comparison, the H∞ robust control technique is
used. The effectiveness of both controllers was tested in a double lane-change scenario.
Simulation results indicate that RLQR approach outperformed H∞ in terms of lateral
stability.

Controlling an additional yaw moment is normally key to the effective implementa-
tion of the differential braking control. Furthermore, there are parameter uncertainties as
well as unmodelled dynamics which require the control algorithms to be robust or adap-
tive. In [20] the authors presented a novel control scheme for improving the yaw stability
of a tractor-semitrailer combination in critical situations. The presented control structure
has two layers: an upper yaw moment controller and a lower brake force distributor. The
tractor and semitrailer are independently stabilised using fuzzy logic-based yaw moment
controllers. These controllers are intended to track the tractor’s reference yaw rate and the
articulation angle between the tractor and the semitrailer while accounting for variations in
the articulation angular rate. The control scheme is shown to be robust and effective in sta-
bilising severe instabilities such as jackknife and trailer oscillation, according to simulations
using a nonlinear vehiclemodel. The dynamics and stability of a tractor-semitrailer combi-
nation are also the focus of [21]. Based on nonlinear dynamics analysis, the study examines
and discusses jackknife, trailer swing, and trailer oscillation using Sliding Mode Control
(SMC). Simulations, using a comprehensive nonlinear vehicle model, showed good con-
trol performance, and a certain level of robustness when the trailer load changed. In [16],
the performance of two controllers was compared for a tractor-trailer combination. These
were: a state feedback controller with an integral action and SMC. Simulations were used
to evaluate various driving scenarios such as braking and accelerating on a dry road and
a double-lane change manoeuvre on a slippery road. According to the results, SMC out-
performed the state feedback controller by closely following a desired path in these driving
manoeuvres.
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Model Predictive Control (MPC) is another method used to address these problems,
especially in order to calculate the additional yaw moment. In [26], researchers devel-
oped a suitable MPC for controlling a car-trailer combination. The controller design
utilised a three-degrees-of-freedom planar bicycle model, and the results indicate that
the MPC controller’s design effectively mitigates instability modes. In [28], a univer-
sal and reconfigurable motion control structure for articulated vehicles was presented.
In the upper layer, MPC is designed to evaluate a set of desired global forces and
moments for each unit. Then, a quadratic programming optimisation-based control allo-
cation is used to provide the steering and braking requests for the wheels. For enhanc-
ing maneuverability and path-tracking of a tractor-semitrailer combination a model
predictive control method with an optimal curvature preview technique is employed
[29]. The co-simulation of MATLAB/SIMULINK and TruckSim validates the perfor-
mance improvement. While the proposed controller demonstrates satisfactory perfor-
mance under low lateral acceleration, it may struggle when dealing with highly non-
linear lane changes. In terms of integrated control, the stability of a tractor-semitrailer
combination is improved through the use of the Nonlinear Model Predictive Con-
trol (NMPC) technique in [30]. Simulations validate the performance of the proposed
NMPC controller for a predefined path. However, the adjustment of NMPC parameters
appears to be manoeuvre-specific, suggesting that for each new manoeuvre, the cru-
cial parameters influencing performance may need modification. Such fine-tuning will
pose serious challenges for real-time applications, as does the computational complexity
of NMPC.

Clearly, for safety-critical manoeuvres, a simple linear model is not sufficient to rep-
resent force control at the limits of adhesion. Although many authors approximate the
nonlinear tyre characteristics using local linearization [9–11,13,18,27,31,32], others will
make use of a full nonlinear model [30,33,34] as this eliminates any concern over the
effects of linearization. In particular, MHA makes full use of a nonlinear tyre model with-
out any excessive computational cost [34,35]. Also, the role of articulation forces is not fully
considered in many of these studies.

Looking to the future, the ability to independently control the brakes on each wheel of
a tractor-semitrailer combination will require sophisticated nonlinear multivariable con-
trol systems. Based on the literature reviewed, it is reasonable to expect that such control
systems will bring additional benefits for safety. On the other hand, as the number of
articulated units and actuators increases, there must be a concern that vehicle control
algorithms become increasingly complex and potentially unreliable. An example would be
where numerical optimisation within the control loop fails to converge within the available
time.

The key question addressed in this paper is the degree to which coordinating an increas-
ing number of actuators will improve stability and directional control for articulated
vehicles, with a focus on the tractor-semitrailer combination. In following this approach a
number of original contributions are made and these are summarised in the Conclusions
and further discussion section.

A consistent control approach is required as increasing levels of control authority are
considered. TheModifiedHamiltonian Algorithm (MHA) is used for this purpose because
of its computational simplicity (relative to MPC and other optimising methods) and the
seamless way it deals with variable actuator combinations.
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In previous work [34,36–38], the MHA methodology has been shown to be a suitable
approach to designing control systems for light vehicles. Developing theMHA formulation
to be fully applicable to the tractor-semitrailer combination is a key development pre-
sented in this paper. Note that, in related work [35], the authors tested MHA in real-world
experiments, there for both tractor and tractor-semitrailer combinations.

In this research, we explore how the performance of the tractor-semitrailer combination
control changes based on the number of available actuators. The baseline scenario involves
executing a fast autonomous lane change based on a time-based desired lateral offset on
a low-friction surface (μ = 0.3) using the Pure Pursuit (PP) algorithm. Various levels of
brake system support for the PP algorithm are considered, from independent wheel brak-
ing on all wheels of the tractor up to individual wheel braking for all wheels of tractor
semitrailer. The performance of the control system is further evaluated when the MHA is
given the authority to front-axle steering as opposed to the PP algorithm.

In the following section, the PP steering controller is presented, and then in Section 3,
the focus will be on solving the motion control problem using the MHA methodology.
This involves extending previous formulations to include the effect of the articulation
joint. Section 4 addresses the core of the paper; comparing in simulation the differ-
ences between full coordination, and partial coordination across all actuators. Finally, in
Section 5 conclusions and further research challenges will be highlighted.

2. Pure Pursuit steering controller

The PP algorithm is widely used in the literature, offering robust performance, simplicity
and a minimal parameter tuning set [39]. It involves defining a Goal Point (GP) located
some distance ahead of the vehicle on a desired path. The front axle steering angle is
selected in such a way as to direct a reference point on the vehicle towards the GP on
the path based on a kinematic bicycle model. While PP is based on kinematic principles, it
has previously been used for dynamic closed-loop manoeuvres [40–42]. The motivation is
to use a simple reference that can be indicative of reasonable driver behaviour or a simple
automated driving system.

The PP algorithm used in this paper considers the centre of the rearmost axle of the
tractor as the reference point (shown in Figure 1) targeted towards a constant radius arc
that ends at the GP.

From Figure 1 we have:

tan γ = YGP − YR

XGP − XR
= YGP − YR

Lp
(1)

Here, γ = α + ψ and the preview distance (Lp) is a parameter that can be adjusted based
on the vehicle’s speed. Following common practice [43] we define Lp = τpU where τp is a
preview time and U is the vehicle longitudinal speed. The straight-line distance to the GP
(ld) is then calculated as:

ld =
√
(YGP − YR)2 + L2p (2)
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Figure 1. Schematic of PP algorithm derivation (L is the vehicle wheelbase).

Because the triangle in Figure 1 is isosceles, according to the law of sines we can write for
the desired radius of curvature:

Rdes = ld
2 sinα

(3)

From the kinematic bicycle model [44], the front axle steer angle is expressed as δ =
arctan(L/R). Combining this with Equation (3) the front axle steer angle needed to reach
the GP is then written as:

δdes = tan−1 L
Rdes

= tan−1(Lκdes) (4)

where κdes = 1/Rdes is the desired curvature of the arc.
The reference lateral offset for an evasive lane change is conveniently defined by a 5th-

order polynomial [45]:

Yd(t) = a1t5 + a2t4 + a3t3 + a4t2 + a5t + a6 (5)

The coefficients in Equation (5) are obtained by applying initial and final conditions at
times t0 and tf respectively assuming a desired lateral offset of 3.5 metres:

Yd(t0) = 0, Ẏd(t0) = 0, Ÿd(t0) = 0

Yd(tf ) = 3.5 Ẏd(tf ) = 0 Ÿd(tf ) = 0
(6)
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Figure 2. The desired lateral offset signifying an evasive lane change manoeuvre for the centre of the
rearmost axle of the tractor followed by PP.

These conditions imply:⎡
⎢⎢⎢⎢⎢⎢⎣

t05 t04 t03 t02 t0 1
tf 5 tf 4 tf 3 tf 2 tf 1
5t04 4t03 3t02 2t02 2 0
5tf 4 4tf 3 3tf 2 2tf 2 2 0
20t03 12t02 6t02 20 0 0
20tf 3 12tf 2 6tf 2 20 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

a1
a2
a3
a4
a5
a6

⎤
⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎣

0
3.5
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎦

(7)

The coefficients are subsequently calculated offline to establish a reference for the vehicle
to follow. A schematic of the time-based desired lateral offset can be seen in Figure 2.

3. Coordinated chassis control usingMHA

MHA is based on Pontryagin’s Minimum Principle (PMP) method within the realm of
nonlinear optimal control theory [46]. According to PMP, as long as the co-states of the
system dynamics are calculated correctly, the minimisation of the overall cost function
is obtained simply by minimizing the current scalar Hamiltonian function subject to any
actuator constraints at each time step. However, calculating the co-states of the Hamilto-
nian function using PMP results in solving a Two-point Boundary Value Problem (2PBVP)
as described in [46] which makes the computation difficult in real-time. Therefore, in
the formulation of MHA, the co-states are estimated based on simple dynamic principles,
which greatly simplifies the problem but may result in a suboptimal solution. The co-state
estimation considers the desired trajectory as well as yaw and sideslip stability.

A global Hamiltonian is constructed using global forces and moments, which are con-
sidered as generalised forces or virtual controls. The formulation assumes there are no cost
penalties associated with the virtual controls; instead, constraints are applied at the wheel
level. As a result, when incorporating the estimated co-states, the HamiltonianH becomes
linear in terms of the generalised forces. In turn, H is decomposed into individual wheel
force contributions, greatly simplifying the global coordinated control problem.

Alternative methods for finding the co-states have been applied to vehicle motion con-
trol. Yang et al. [47] used a brake-based path controller through the quasi-linear optimal
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control (QLOC) method for reducing the possibility of secondary collisions after an initial
impact. However, QLOC requires the solution of the full nonlinear state-space equations
to be performed at each time step, increasing the complexity and computing requirements.

MHA for single-unit vehicles was first formulated in [36,37], and further applied in
[34,38]. The control architecture of MHA consists of two levels, and in the present work,
this is fully retained. The upper level generates a reference for longitudinal and lateral
accelerations, while the lower level divides the optimal motion control into separate sub-
problems to be solved locally for each wheel. For the articulated vehicle, the acceleration
reference is applied only to the tractor, while yaw motion control is applied to both units.

3.1. High-level reference generation

As mentioned, MHA requires a desired acceleration vector as input. When PP controls
front axle steering, this may be found from the desired curvature (κdes) obtained from PP:

aYd = κdesU2 (8)

For the present study, which assumes a low-friction road surface, a saturation limit of 0.3 g
is imposed on aYd , which is resolved normal to the direction of the road, and aXd is assumed
zero.

When PP is replaced by the MHA steering control, an SMC method is used [48]. The
motivation for employing SMC is the need for a more aggressive lane change when execut-
ing an obstacle avoidance manoeuvre within a specific time frame. SMC here is used to set
the reference acceleration of the centre of gravity (CG) of the tractor, as required to track
the desired lateral offset defined in Equation (5). The sliding surface is defined as:

S =
(
d
dt

+ η

)
ỹ (9)

where ỹ = YG1 − Yd is the lateral position error and YG1 is the tractor’s CG lateral dis-
placement, Yd is the tractor’s CG desired lateral offset and η is a positive constant. Taking
the derivative of Equation (9), we have

Ṡ = ŸG1 − Ÿd + η
(
ẎG1 − Ẏd

)
(10)

Then uequ is the equivalent control input that makes the Ṡ become zero:

uequ = Ÿd − η
(
ẎG1 − Ẏd

)
(11)

Based on SMC theory [48]:

u = uequ − KSMCsgn(S) (12)

Here u = aYd is the desired lateral acceleration forMHA replacing Equation (8), andKSMC
is a gain for the discontinuous sign function. After some coordinate transformations, this
can be written as:

aYd = Ÿd − η
(
vy1 cosψ1 + vx1 sinψ1 − Ẏd

) − KSMCsgn(S) (13)

where vx1 and vy1 are respectively the components of the velocity vector of the tractor CG
in vehicle coordinates and ψ1 is the tractor yaw angle. As is common in SMC, a saturation
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function is used in place of the discontinuous sign function, to avoid excessive chattering
[48]:

aYd = Ÿd − η
(
vy1 cosψ1 + vx1 sinψ1 − Ẏd

) − KSMCsat
(
S
φ

)
(14)

and φ is the thickness of the boundary layer.

3.2. Hamiltonian formulation

The equations of motion (EOM) for the tractor-semitrailer combination using Euler-
Lagrange [49] formulation are written as:

d
dt

(
∂L
∂ q̇k

)
− ∂L
∂qk

= Qqk (15)

Here the Lagrangian is L = T − V , where T is the kinetic energy and V is the system’s
potential energy, which is zero in this case. Also, Qqk is the generalised force which is the
force conjugate to the coordinate qk. Here the generalised coordinates are defined as:

�q = (
XG1 YG1 ψ1 ψ2

)T (16)

where XG1 and YG1 denote the tractor CG coordinates, and ψ1 and ψ2 represent the
yaw angles of the tractor and semitrailer respectively. By applying Equation (15) to each
generalised coordinate, the EOM can be written as:

M(q)�̈q + C(�q, �̇q) = �Q (17)

Written in detail:

⎡
⎢⎢⎢⎣

m1 + m2 0 m2b1 sinψ1 m2a2 sinψ2

0 m1 + m2 −m2b1 cosψ1 −m2a2 cosψ2

m2b1 sinψ1 −m2b1 cosψ1 Izz1 + m2b21 b1m2a2 cos(ψ1 − ψ2)

m2a2 sinψ2 −m2a2 cosψ2 b1m2a2 cos(ψ1 − ψ2) Izz2 + m2a22

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
Ẍ1

Ÿ1

ψ̈1

ψ̈2

⎤
⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣
b1m2 cosψ1ψ̇

2
1 + a2m2 cosψ2ψ̇

2
2

b1m2 sinψ1ψ̇
2
1 + a2m2 sinψ2ψ̇

2
2

a2b1m2 sin(ψ1 − ψ2)ψ̇
2
2

−a2b1m2 sin(ψ1 − ψ2)ψ̇
2
1

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
QX1

QY1

Qψ1

Qψ2

⎤
⎥⎥⎥⎦

Rewriting Equation (17):

�̈q = −M−1C(�q, �̇q)+ M−1 �Q (18)

For the optimal control formulation, we require a state vector �x consisting of coordinates
and velocities, typically �x = [�q �̇q]T . However, using the available freedom in the choice
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of state variables, we define the state vector as:

�x =
[�xa
�xb

]
=

[ �q
K �̇q

]
, K =

⎡
⎢⎢⎢⎢⎢⎣

m1 0 0 0
0 m2 0 0

0 0
Iz1
k1

0

0 0 0
Iz2
k2

⎤
⎥⎥⎥⎥⎥⎦ (19)

where k1 and k2 are the radii of gyration for the tractor and the semitrailer units respec-
tively. Written in detail:

�x =
[�xa
�xb

]
=

[
XG1 YG1 ψ1 ψ2 m1ẊG1 m1ẎG1

Iz1
k1
ψ̇1

Iz2
k2
ψ̇2

]T
(20)

According to this definition, all the components of vector �̇xb have the dimension of force
rather than a combination of forces and moments. This distinction will be advantageous
when decomposing the Hamiltonian function later. This choice also aligns more closely
with the earlier version of MHA presented in [37]. From Equations (18) and (19) the state
equations are:

�̇xa = K−1�xb (21)

�̇xb = K �̈q = −KM−1 �C + KM−1 �Q (22)

The forcing term involving Q in Equation (22) is considered as a set of generalised forces:

�V = KM−1 �Q = [
v1 v2 v3 v4

]T (23)

Then the scalar Hamiltonian function from optimal control theory [46] is written as:

H = �λT �̇x = �λTf (�x, �u) (24)

where �λ is the co-state vector. Now, from Equation (19) the Hamiltonian takes the form:

H = �λT �̇x = �λTa �̇xa + �λTb �̇xb (25)

where

�λa = [
λ1 λ2 λ3 λ4

]T , �λb = [
λ5 λ6 λ7 λ8

]T
It is important to remind that while the elements within �V are described as gener-
alised forces, they all possess the units of force. Substituting Equation (22) and (21) in
Equation (25) we obtain:

H = �λTa K−1�xb + �λTb (−KM−1 �C + �V) (26)

Since the purpose is to minimiseH to obtain actuator commands, only the final term is of
interest:

Hactive = �λTb �V = λ5v1 + λ6v2 + λ7v3 + λ8v4 (27)

Then, Hactive is to be minimised subject to constraints to determine the actuator com-
mands.



VEHICLE SYSTEM DYNAMICS 1063

3.3. Modified Hamiltonian

As mentioned, in MHA, rather than solving a 2PBVP to determine the co-states in
Equation (27), physical principles and heuristics are used to perform an estimation. As in
the case of single-unit vehicles [34,37], the first two terms in theHamiltonian Equation (27)
are determined by considering the dynamics of the CG of the tractor in the absence of
significant yaw dynamics. Thus, minimizing Hactive is equivalent to maximising the force
component, and hence the acceleration, in the opposite direction of

[
λ5 λ6

]T . In other
words, we choose

[
λ5 λ6

]T = −�ad.
It is important to note that the overall magnitude of Hactive is unimportant; it can be

multiplied by any positive scalar and the optimisation results are unaffected. As a result,
we are free to normalise the Hamiltonian in Equation (27) and in MHA we replace the[
λ5 λ6

]T by
[
PX PY

]T and we set:

PX = −âXd , PY = −âYd (28)

in order to maximise the acceleration in the direction of �ad. This will be subject to the
actuator and friction constraints. Here âd is the normalised acceleration target. Therefore,
PX and PY are defined as:

PX = −âXd = − aXd√
aXd

2 + aYd2
, PY = −âYd = − aYd√

aXd
2 + aYd2

(29)

where aXd and aYd are longitudinal and lateral components of the desired acceleration
vector in global coordinates.

Therefore, the Hamiltonian in Equation (27) is written as:

Hactive = PXv1 + PYv2 + PZ1v3 + PZ2v4 (30)

The co-states PX ,PY ,PZ1 and PZ2 are considered dimensionless and the generalised forces
v1, . . . , v4 are all have force dimension [N]. Therefore, the dimension of the Hamiltonian
in Equation (30) is [N].

The PZ variables, yet to be defined play the crucial role as trade-off functions, determin-
ing the instantaneous balance betweenmaximising the acceleration of the mass centre and
controlling the yaw dynamics of the relevant unit.

A target yaw rate in MHA is computed in real-time, considering the anticipated path
curvature and the desired body sideslip, as outlined in Appendix 3. Comparing this to
the actual yaw rate, a corresponding desired yaw moment, Mzi

d, is found, and trade-off
parameters PZ are adjusted to guide the actual yaw motion towards the reference as:

Merr
zi = Mzi − Mzi

d

|Mzi | + |Mzi
d| + ε

(31)

PZi(k + 1) = sat
{
PZi(k)+ Ki tanhMerr

zi (k)
}

(32)
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where

sat(x) =

⎧⎪⎨
⎪⎩

−1 x ≤ −1
x −1 < x < 1
1 x ≥ 1

(33)

Here i is the index for the number of units, and ε is a small parameter used to avoid possible
division by zero. The adaptation gains Ki is one of the most important tuning parameters
in the MHA algorithm which directly affects the MHA performance. Also theMz

err is the
difference between the yaw moment prediction from MHA and the desired yaw moment
and it is constrained in the range of ± 1. According to Equation (32), PZi is likewise con-
strained in the range ± 1. Then, in order for yaw control to be capable of dominating the
terms in Hactive, the following transformation is included:


i = PZi
1 − |PZi | + ε

(34)

where ε is a small constant. As a result, the Hamiltonian in Equation (30) is written as :

Hactive = PXv1 + PYv2 +
1v3 +
2v4 (35)

The desired acceleration vector in the previous section is then targeted, together with yaw
motion control targets, through the minimisation of the Hamiltonian function denoted
as Equation (35) employing both steering and braking actuators. To determine actuator
commands, we now cascade Equation (35) into component wheel-level Hamiltonians.

3.4. Control allocation through scalar Hamiltonian decomposition

Due to Hamiltonian’s linearity with respect to the virtual controls in Equation (35), and
also the linearity of virtual controls with respect to tyre forces, we now resolve Hactive into
discrete contributions from each wheel. Writing the Hamiltonian in Equation (35) as:

Hactive = �PgT �V = �PgTKM−1 �Q (36)

Here �Pg = (PX PY 
1 
2)
T and the superscript g denotes the use of global (inertial)

coordinates. Now the generalised forces �Q can be written in terms of the individual tyre
forces Fij as:

�Q =
2∑

i=1

6∑
j=1

[
B
]
ij

�Fij (37)

The indices i and j are associated with units and wheels in each unit, respectively, and[
B
]
ij is the input Jacobian matrix written in full in the Appendix 2. The Hamiltonian in
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Equation (36) considering Equation (37) is then written as:

Hactive = �PgTKM−1
2∑

i=1

6∑
j=1

[
B
]
ij

�Fij (38)

The decomposition is then obtained as:

Hactive =
2∑

i=1

6∑
j=1

�̃Pgij
T �Fij (39)

where

�̃Pgij
T = �PgKM−1 [

B
]
ij (40)

This achieves the decomposition andminimisation ofHactive is now reduced to the parallel
minimisation of each Hij. Using the dot product we can write:

Hij =
[
P̃x

g
ij

P̃y
g
ij

]
·
[
Fxijg

Fyij
g

]
= �̃Pgij · �Fgij (41)

Here theHij has the dimension of force the same as �Fgij while �̃Pgij is dimensionless. The dot
product in Hij is preferentially rotated into tyre coordinates:

Hij = �̃Ptij · �Ftij → min (42)

where �̃Ptij is obtained as:

�̃Ptij =
[
cos(ψi + δij) sin(ψi + δij)

− sin(ψi + δij) cos(ψi + δij)

]
�̃Pgij (43)

At each wheel, the local Hamiltonian in Equation (42) takes the general form h = pxFx +
pyFy, written in tyre coordinates and simply the minimisation is done based on the
tyre model. This completes the decomposition step. A summary of the MHA controller
structure is shown in Figure 3.

The goal is to minimise each specific part of the Hamiltonian function while consider-
ing limitations related to surface friction, actuator capability and any imposed tyre force
limits. The algorithm’s computational simplicity allows for distributing optimisation tasks
to individual wheels, which in turn enables the utilisation of a comparatively sophisticated
tyre model during the minimisation process.

3.5. Actuator commands

Minimization of the tyre-level local Hamiltonian is based on selecting and controlling both
slip angle and slip ratio. As in [37], thewheel rotational dynamics are considered to bemuch
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Figure 3. Modified Hamiltonian Algorithm structure.

faster than the control of slip angle via steering or body yaw motion. Hence

S�xij = argmin
Sxij

Hij (44)

As a result, the predicted longitudinal and lateral forces for the optimised slip ratio and
given current slip angle are obtained using a combined-slip Magic Formula tyre model:

Fpxij = Fxij(S
�
xij ,αij), Fpyij = Fyij(S

�
xij ,αij) (45)

Under the assumption of an equilibrium state in the wheel dynamics, the corresponding
optimised braking torque Tbij

� is calculated as Tbij
� = RwF

p
xij , where Rwij is the effective

wheel radius for each wheel.
It is important to highlight that the design of theMHA controller considers the presence

of multiple time-scale dynamics. In particular, wheel rotational dynamics are considered
to be faster than vehicle yaw dynamics, and hence wheel longitudinal slip control runs on
a faster time-scale than lateral slip control. Consequently, the Fpxij can be rapidly obtained.

Once the optimal slip ratio is found, then slip angles are adjusted based on a gradient
method. Accordingly, a numerical estimate is obtained using an internal combined-slip
tyre model [37,38]. The slip angle αij is calculated as:

αij � δij + βi −
Lxijψ̇i

vxi
(46)

In Equation (46), Lxij represents the longitudinal distance from the CG of each unit to each
individual wheel. It is evident that the slip angle can be increased or decreased by (i) actively
controlling the wheel angle, or (ii) changing the body sideslip angle (β) of the vehicle.

For the tractor-semitrailer combination, equipped with front-wheel steering, the effect
of changing the wheel angle and body sideslip angle on the Hamiltonian minimisation can
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be expressed via using the chain rule as:

Hδ =
2∑

i=1

6∑
j=1

∂Hij

∂δij
= ∂H11

∂α11

∂α11

∂δ11
+ ∂H12

∂α12

∂α12

∂δ12
≈ ∂H11

∂α11
+ ∂H12

∂α12
(47)

For obtaining the desired front wheel angle, the local Hamiltonian is minimised through
the control law [37,38]:

δ̇des = −Kδ1 tanh(Kδ2Hδ) (48)

Here Kδ1 is a maximum steering rate and Kδ2 is a gain factor. The parameters Kδ1 and Kδ2
together affect the aggressiveness of MHA steering action. In a similar way to obtaining
Hδ , Hβ is found and the desired sideslip angle rate is obtained (Appendix 3).

It is important to highlight that MHA controls the sideslip angle within bounds to opti-
mise the utilisation of tyre forces at the unsteered axles, as opposed to attempting to simply
minimise body sideslip.

4. Safety-critical autonomous lane change scenario

A safety-critical lane change is simulated using IPG Truckmaker. The braking and steering
dynamics are represented through transfer functions from the requested to the actual steer
angle and brake torque respectively:

δact

δreq
= 1

1 + τss
,

Tbact
Tbreq

= 1
1 + τbs

(49)

where vehicle parameters and the parameters τs andτb are given in Appendix 1.

4.1. Scenario definition

An autonomous safety-critical lane change manoeuvre on the low-friction surface is con-
ducted in a three-second time window in four phases. The surface friction coefficient is
0.3 and is assumed to be known to the MHA controller. The PID controller maintains the
speed at 75 km/h before doing the lane change. The speed controller is turned off at the
start of the lane change and remains deactivated throughout the rest of the simulation. It is
important to highlight that based on some yaw rate and sideslip angle requirements both
for the tractor and the semitrailer units, it is calculated that an additional three seconds
of stabilising phase are needed before handing back the control authority to the baseline
controller.

• Phase 1 (0–10 seconds): driving in a straight line utilizing the PP steering control and
the PID speed controller.

• Phase 2 (10–13 seconds): an evasive lane change is executed within a three-second
window.
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• Phase 3 (13–16 seconds): stabilising phase to ensure the vehicle’s stability using MHA
braking when available.

• Phase 4 (16–30 seconds): Control authority is handed back exclusively to the PP.

Different levels of control authority are given to MHA as detailed below.

4.2. Control authority cases

Five different cases are simulated in this paper as summarised in Table 1 and Figure 4.
In case A, PP performs the lane change, with no assistance fromMHA. In case B, MHA

supports PP steering by applying individual wheel braking to the tractor and proportional
braking to the semitrailer to avoid an unbraked semitrailer causing additional destabil-
isation. In case C, PP is supported by MHA commanding individual wheel braking for
the tractor and semitrailer. In cases D and E, MHA acts as a fully integrated autonomous
motion controller, responsible for both front axle steering and individual wheel braking for
the tractor and semitrailer units. In case D the lateral acceleration reference is determined
by the PP algorithm, whereas for case E this comes from SMC via Equation (14).

Table 1. Lateral control authority for the tractor-semitrailer
combination. PB: semitrailer proportional braking SC: Speed
Controller T: Tractor S: Semitrailer.

Case Phase 1 Phase 2,3 Phase 4

A PP+ SC PP PP
B PP+ SC PP+ T: MHA S: PB PP
C PP+ SC PP+ T and S: MHA PP
D & E PP+ SC MHA+ T and S: MHA PP

Figure 4. Control authority through different cases.
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4.2.1. Proportional braking for the semitrailer
In case B, the proportional braking torque (Tb) for the semitrailer is computed based on the
total braking force (FbT ) applied to the tractor byMHA, taking into account the semitrailer
vertical static load on each axle (T: Tractor S: Semitrailer i,j: wheel indices).

FbSj =
FstaticzSj∑6
i=1 FstaticzTi

FbT (50)

TbSj = FbSj Rw (51)

4.3. Initial simulation results

Simulations were conducted to test the effect of increasing the control authority of MHA.
For cases A to D, the time histories are plotted at a specific value of τp = 1 second, while
in case E, KSMC = 0.2 is chosen.

Figure 5 shows lateral deviations (left plots) together with body sideslip angles (right
plots). In cases A-D there is a clear trend of improvement with respect to body sideslip,
while lateral deviation may show some slight improvement. In case E there is a large
improvement in terms of lateral deviation, and an increase in sideslip is seen.

While the PP algorithm focuses on the centre of the rearmost axle for reference tracking
during lane changes, lateral offsets of the CG (centre of gravity) are used in the plots. It has
been checked that this variation has little effect.

4.4. Trade-off between path-following and lateral stability

The question arises: in case E, is the improvement in path following enough to offset the
deterioration in body sideslip control? This cannot be answered with a single ‘snapshot’ of
time histories. Rather, a sequence of simulations is required, showing the trade-off between
path following and body sideslip (tracking vs. stability) for each level of actuator authority.
For cases with PP steering, improvement in path following can be expected by reducing
the preview time τp.

The 2D plots in Figure 6 depict the trade-off between minimising tracking error for
tractor CG lateral displacement and reducing tractor and semitrailer sideslip angle. Cases
A, B, C and D: These cases involve varying the preview time (τp) starting from τp = 3
seconds and gradually decreasing it until the semitrailer exceeds an assumed maximum
sideslip angle of 8 degrees.

• Case A: τp = 3 : −0.05 : 0.95 s.
• Case B: τp = 3 : −0.05 : 0.85 s.
• Case C: τp = 3 : −0.05 : 0.8 s.
• Case D: τp = 3 : −0.05 : 0.6 s.

Case E: This case involves varying the gain of the discontinuous function in Sliding
Mode Control (KSMC). The range of KSMC values tested is from 0.1 : 0.1 : 0.9 again with a
maximum semitrailer sideslip of 8 degrees.
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Figure 5. Left column: CG Lateral offset in global coordinates for each case (blue: tractor, red: semitrailer
and black: desired). Right column: Sideslip angle for each case (blue: tractor, red: semitrailer)
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Figure 6. 2D trade-off plots for evaluating the performance of proposed control systems. (a) tractor
CG tracking Root Mean Square (RMS) error versus tractor sideslip angle (b) tractor CG tracking RMS
error versus semitrailer sideslip angle. The star in each case corresponds to the time histories shown
previously.
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It further demonstrates the behaviour of the control system under different parameter
settings, specifically τp for cases A, B, C, and D and KSMC for Case E. The star symbols are
used to indicate the situation inwhich the time histories are presented in this paper (τp = 1
seconds for cases A-D and KSMC = 0.2 for case E). There is seen to be a systematic trend
toward improvement as control authority is increased. The only exception is in Case D for
tractor sideslip, where for longer preview times MHA continues to make use of increased
slip angles. However, the overall trend is clear.

In case E, it is seen that we improve the RMS of tracking error as a tracking performance
metric while maintaining the RMS values for both tractor and semitrailer sideslip angles
consistent with the other cases. When comparing these five cases, it becomes evident that
when we give more authority to MHA, manoeuvres with a shorter preview time are possi-
ble. It is also clear that MHA has a noticeable benefit even with large preview times. Case
E is seen as an outlier because it is most strongly focussed on the path following, and the
SMC reference is relatively aggressive. However, it shows that path following is significantly
improved, which would likely be the priority in case of a safety-critical lane change.

The yaw rates as well as the front-axle steering angle for each unit are also shown in
Figure 7. It is seen that MHA applies higher bandwidth steering signals, and these carry
through the yaw rate plots.

Table 2 further reveals that using combined steering and braking in case E results in a
significant reduction in tracking error when compared to the other cases. It is likely to be
critical to achieve a minimum tracking error in order to successfully execute the obstacle
avoidance manoeuvre. The pattern of speed reduction remains consistent in MHA cases.
When the peak yaw rates of the tractor and semitrailer are compared, case D performs best.
However, as previously stated, the increase in these values for case E is justified because
MHA is attempting a drastic lane change within a predetermined time frame. A similar
pattern can be seen for the tractor and semitrailer’s peak sideslip angles. Also, in case D,
the peak articulation angle is smaller than in the other cases.

5. Conclusions and further discussion

This paper is centred around the extension of theModifiedHamiltonianAlgorithm (MHA)
for a tractor-semitrailer combination. MHA has previously been proposed as a motion
control strategy for light vehicles, particularly capable of operating up to the limits of
friction.

Controlling the motion of articulated heavy goods vehicles in the nonlinear regions of
the tyres is a more challenging task compared to single-unit vehicles. This is because artic-
ulated vehicles tend to exhibit unfavourable behaviours when driven near the handling
limits. Hence, sophisticated algorithms are required to address these issues. The design of
MHA is intended to avoid this problem,with computational load only increasing in a linear
way. Using a simple algorithm to estimate the co-states, MHA provides an efficient method
of coordinated motion control, whereby each wheel actuator independently minimises its
local Hamiltonian function subject to constraints on tyre forces imposed at the wheel level
using a nonlinear combined-slip tyre model.

MHA inherently respects control limits by reference to the nonlinear tyremodel and the
friction ellipse at each wheel. For instance, if the high-level control demands acceleration
beyond adhesion limits, the local Hamiltonian minimisation will consistently adhere to
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Figure 7. Left column: yaw rates for each case (blue: tractor, red: semitrailer). Right column: front-axle
steer angle of the tractor for each case.
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Table 2. Motion variables information as well as the speed after the lane change for selected (starred)
cases.

Cases V2 (km/h) Ỹ1 (m) |r1|max (deg/sec) |r2|max (deg/sec) |β1|max (deg) |β2|max (deg) |θ |max (deg)

A 71.49 0.4 5.9 7.95 0.98 3.48 3.7
B 63.59 0.37 5.86 6.37 0.6 1.76 1.95
C 66.43 0.35 4.96 6.26 0.65 1.7 2.2
D 66.93 0.34 4 5.1 0.48 1.15 1.8
E 65.29 0.07 8.6 10.96 1.55 5 4.65

Note: V2: speed after lane change Ỹ1: RMS tracking error (Y1 − Yd) θ : articulation angle.

the available surface friction limit (μ) where we assume μ is known. In case yaw moment
control is prioritised, the emphasis on yaw stability becomes greater, as implemented in
the PZ adaptation rule. To the extent that MHA faithfully approximates the nonlinear
optimal controller (via Pontryagin) then stable performance is guaranteed. In simulation
(and in practice) MHA is generally found to generate stable dynamics provided μ is not
over-estimated, and in case of excessively low surface friction, path following may well be
compromised due to the priority control of yaw-sideslip dynamics.

This study has shown that MHA deals consistently with different levels of control
authority in the chassis system. It is also worth noting that no parameter tuning was
performed in MHA between the different cases.

The PP algorithm is shown to be insufficient to handle a sudden lane change, in contrast
to the MHA, which fully comprehends vehicle dynamics and uses integrated steering and
braking control to handle the request for a sudden lane changewhilemaintaining the stabil-
ity of the vehicle combination. Themethod is shown toworkwell for an articulated vehicle,
a tractor-semitrailer combination, thus improving the vehicle stability and manoeuvra-
bility near the friction limit. While PP may not possess the skill of a human driver, it is
expected that the trends likely to be applicable to manually steered evasive manoeuvres.

The research presented in this paper makes a number of original contributions:(i) offer-
ing a novel analysis of the trade-off between path following and lateral stability, without
being linked to any particular control technique, (ii) demonstrating how increasing the
number of available actuators impacts performance within the framework of a particular
control method, namelyMHA, (iii) presenting the first ever formulation ofMHA for artic-
ulated vehicles, demonstrating consistency across different levels of actuator authority and
benefiting from using a small number of tuning parameters, and (iv) introducing a con-
trol design approach that seamlessly transitions between various modes, such as assisting
a driver with steering control or operating fully autonomously.

MHA has been applied as an independent motion control algorithm in this paper. In
the future it might also serve as a control supervisor for a vehicle’s existing motion control
algorithm, activating when necessary to achieve defined safety thresholds.

While energy optimisation is not currently included inMHA’s distributed optimisation
method, this might also be included in the future. The algorithm is seen to excel at operat-
ing effectively in safety-critical scenarios where the limits of tyre adhesionmay be reached,
and in such cases, energy efficiency may not be regarded as significant.

In this study, we have assumed that the controller has prior knowledge of the surface
friction coefficient. Consequently, future research should consider the inclusion of friction
estimation methods.
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Appendices

Appendix 1 Vehicle specification

The schematic of the tractor-semitrailer combination is shown in Figure A1. The list of parameters
used in this paper is also listed in Table A1 as:

Figure A1. Schematic of the tractor-semitrailer combination.

https://doi.org/10.1109/TVT.2023.3304427
https://doi.org/10.1109/TITS.2012.2204875


1078 A. NOORI ASIABAR ET AL.

Table A1. Parameters for Tractor-semitrailer combination.

Vehicle parameters Symbol Value Unit

Mass (tractor) m1 8808 kg
Mass (semitrailer) m2 39000 kg
Yawmoment of inertia (tractor) Izz1 41389 kgm2

Yawmoment of inertia (semitrailer) Izz2 606165 kgm2

Longitudinal distance from tractor CG to articulation joint b1 1.64 m
Longitudinal distance from semitrailer CG to articulation joint a2 5.5 m
Longitudinal distance from tractor CG to the 1st axle lx11,12 2.75 m
Longitudinal distance from tractor CG to the 2nd axle lx13,14 0.95 m
Longitudinal distance from tractor CG to the 3rd axle lx15,16 2.32 m
Longitudinal distance from semitrailer CG to the 1st axle lx21,22 0.89 m
Longitudinal distance from semitrailer CG to the 2nd axle lx23,24 2.2 m
Longitudinal distance from semitrailer CG to the 3rd axle lx25,26 3.5 m
Half of the track width (tractor) ly11,13,15 1.09 m
Half of the track width (semitrailer) ly21,23,25 1.02 m
Wheel radius Rw 0.49 m
Steering actuator time constant τs 0.02 sec
Braking actuator time constant τb 0.1 sec

Appendix 2 Full EOM

The generalised forces Qqk , can be written in terms of tyre forces via:

�Q =
2∑

i=1

6∑
j=1

[
B
]
ij

�Fij (A1)

Therefore the EOM in terms of tyre forces as inputs to the system are as follows:

⎡
⎢⎢⎢⎣

m1 + m2 0 m2b1 sinψ1 m2a2 sinψ2

0 m1 + m2 −m2b1 cosψ1 −m2a2 cosψ2

m2b1 sinψ1 −m2b1 cosψ1 Izz1 + m2b21 b1m2a2 cos(ψ1 − ψ2)

m2a2 sinψ2 −m2a2 cosψ2 b1m2a2 cos(ψ1 − ψ2) Izz2 + m2a22

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

Ẍ1

Ÿ1

ψ̈1

ψ̈2

ψ̈3

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣
b1m2 cosψ1ψ̇

2
1 + a2m2 cosψ2ψ̇

2
2

b1m2 sinψ1ψ̇
2
1 + a2m2 sinψ2ψ̇

2
2

a2b1m2 sin(ψ1 − ψ2)ψ̇
2
2

−a2b1m2 sin(ψ1 − ψ2)ψ̇
2
1

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

�b11 �01×12

�01×12 �b22
�b31 �b32
�b41 �b42

⎤
⎥⎥⎥⎥⎦

[�Fx
�Fy

]

where

�b11 = �b22 = [
1 1 1 1 1 1 1 1 1 1 1 1

]
1×12

�b31 =
[{−�Lx1 sinψ1 − �Ly1 cosψ1

}
1×6 {b1 sinψ1}1×6

]
1×12

�b32 =
[{�Lx1 cosψ1 − �Ly1 sinψ1

}
1×6 {−b1 cosψ1}1×6

]
1×12



VEHICLE SYSTEM DYNAMICS 1079

�b41 =
[�01×6

{{
a2 − �Lx2

}
sinψ2 − �Ly2 cosψ2

}
1×6

]
1×12

�b42 =
[�01×6

{{−a2 + �Lx2
}
cosψ2 − �Ly2 sinψ2

}
1×6

]
1×12

�Fx = [
Fx11 Fx12 Fx13 Fx14 Fx15 Fx16 Fx21 Fx22 Fx23 Fx24 Fx25 Fx26

]T
�Fy = [

Fy11 Fy12 Fy13 Fy14 Fy15 Fy16 Fy21 Fy22 Fy23 Fy24 Fy25 Fy26
]T

Appendix 3 Calculation of the desired yaw rate and the desired sideslip
angle rate [37,50]

In MHA algorithm, the desired yaw rate ψ̇d is determined online based on anticipated path cur-
vature and desired body sideslip β̇d within the algorithm. Comparing this to the actual yaw rate, a
corresponding desired yaw moment is found, and trade-off parameters PZ are adjusted to guide the
actual yaw motion towards the reference as:

ψ̇i
d = φ̇i

d + β̇i
d (A2)

where β̇i
d is obtained using Hamiltonian minimisation and φ̇i is related to the path curvature

calculated based on desired acceleration in path coordinates as:

φ̇i
d = −aXd sinφi + aYd cosφi√

vx2 + vy2
(A3)

where φi = ψi − βi is the path angle related to each unit and φ̇i
d is the desired path angle change

found from desired acceleration vector. Regarding the semitrailer, φ̇2
d is assumed to be zero because

the semitrailer’s primary goal is to follow the tractor’s motion rather than to follow a reference.
As a result, only the stabilisation term is considered when calculating the desired yaw rate for the
semitrailer. Comparing the desired yaw rate calculated from Equation (A2) to the actual yaw rate, a
corresponding desired yaw moment is found:

τ
dψ̇i

dt
= ψ̇d

i − ψ̇i (A4)

Md
z i = Izzi

τi

(
ψ̇d
i − ψ̇i

)
(A5)

where τ is a time constant and Izzi is the yaw moment of inertia of each unit.
The vehicle sideslip angle should also be modified to improve the slip angles for rear tyres as

there is no steering on the semitrailer and the rear wheels of the tractor. Therefore, in a similar way
to finding the desired steering angle we have,

Hβ =
2∑

i=1

6∑
j=1

∂Hij

∂βi
=

2∑
i=1

6∑
j=1

∂Hij

∂αij
· ∂αij
∂βi

≈
2∑

i=1

6∑
j=1

∂Hij

∂αij
(A6)

The desired side slip angle rate can be expressed as:

β̇d =

⎧⎪⎨
⎪⎩
Kβ1 sign(β) |β| > β2

0 |β| > β1 ∩ βHβ < 0
−Kβ2 tanh(Kβ2Hβ) otherwise

(A7)

where β1 and β2 are lower and upper thresholds for sideslip angle. The computed target sideslip
angle rate is used to determine the desired yaw rate in (A2).
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