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The Inverse Optimal Control (IOC) problem is a structured system identification problem that aims
to identify the underlying objective function based on observed optimal trajectories. This provides a
data-driven way to model experts’ behavior. In this paper, we consider the case of discrete-time finite-
horizon linear-quadratic problems where: the quadratic cost term in the objective is not necessarily
positive semi-definite; the planning horizon is a random variable; we have both process noise and
observation noise; the dynamics can have a drift term; and where we can have a linear cost term
in the objective. In this setting, we first formulate the necessary and sufficient conditions for when
the forward optimal control problem is solvable. Next, we show that the corresponding I0C problem
is identifiable. Using the conditions for existence of an optimum of the forward problem, we then
formulate an estimator for the parameters in the objective function of the forward problem as the
globally optimal solution to a convex optimization problem, and prove that the estimator is statistical
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consistent. Finally, the performance of the algorithm is demonstrated on two numerical examples.
© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Optimal control is a powerful framework in which control
decisions are performed in order to minimize some given ob-
jective function; see, e.g., one of the monographs (Anderson &
Moore, 2007; Bertsekas, 2000). In fact, many processes in na-
ture can be modeled as optimal control problems with respect
to some criteria (Alexander, 1996). However, in applications of
optimal control, a fundamental problem is to design an appropri-
ate objective function. In order to induce an appropriate control
response, the object function needs to be adapted to the con-
textual environment in which the system is operating. This is a
difficult task, which relies heavily on the designers’ experience
and imagination.

Instead of designing the cost criteria, one way to overcome
this difficulty would be to identify the cost function from the
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observations of an expert system that behaves “optimally” in
the environment and thus “imitating” the expert behavior. The
latter is known as Inverse Optimal Control (IOC) (Kalman, 1964),
and has received considerable attention. In particular, IOC recon-
structs the objective function of the expert system and hence
predicts the closed-loop system’s behavior using observed data
as well as the knowledge of underlying system dynamics.

As one of the most classical optimal controller designs, linear-
quadratic optimal regulators has been widely used in engineer-
ing. Though most of the literature considers the case when Q
(the penalty parameter for the states) is positive semi-definite,
indefinite linear-quadratic optimal control (Chen, Li, & Zhou,
1998; Ferrante & Ntogramatzidis, 2015, 2016; Rami, Chen, &
Zhou, 2002; Ran & Trentelman, 1993) has found applications
in, e.g., mathematical finance (Zhou & Li, 2000), crowd evacu-
ation (Toumi, Malhamé, & Le Ny, 2020, 2021), and controller
design for automatic steering of ships (Reid, Tugcu, & Mears,
1983). We are thus motivated to develop an IOC framework for
general indefinite linear-quadratic optimal control. The linear-
quadratic I0C problem has been studied under many different
settings, including the infinite-horizon case in both continuous
time (Anderson & Moore, 2007; Boyd, El Ghaoui, Feron, & Balakr-
ishnan, 1994) and discrete time (Priess, Conway, Choi, Popovich,
& Radcliffe, 2014), respectively, as well as the finite-horizon case
in both continuous time (Li, Yao, & Hu, 2020; Li, Zhang, Yao, &
Hu, 2018) and discrete time (Keshavarz, Wang, & Boyd, 2011;

0005-1098/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Yu, Li, Fang, & Chen, 2021; Zhang & Ringh, 2023; Zhang, Ringh,
Jiang, Li, & Hu, 2022; Zhang, Umenberger, & Hu, 2019), respec-
tively. 10C is also closely connected to inverse reinforcement
learning (Ng & Russell, 2000), and this perspective has been used
in Lian, Xue, Lewis, and Chai (2021), Xue, Kolaric et al. (2021)
and Xue, Lian et al. (2021) to consider infinite horizon discrete-
time and continuous-time linear—quadratic set-ups for regulation,
tracking, and adversary scenarios, respectively. However, to the
best of our knowledge, I0C frameworks for general indefinite
linear-quadratic optimal control has not been considered. There
are also other important aspects that have not been fully in-
vestigated in the aforementioned literature. More precisely, any
real-world data would inevitably contain noise: it can either
be process noise, observation noise, or both. Therefore, from
robustness and accuracy perspectives, it is important to have
a statistically consistent estimator, i.e., that converges to the
true underlying parameter values as the number of observation
grows. Moreover, many of the aforementioned I0C algorithms
that are based on optimization either suffer from the fact that the
estimation problems are nonconvex (Keshavarz et al,, 2011; Yu
etal,, 2021; Zhang et al., 2019), and can therefore have issues with
local minima, or suffer from the fact the estimation procedure
needs to know the control gain a priori (Anderson & Moore, 2007;
Boyd et al,, 1994; Li et al.,, 2020, 2018; Priess et al,, 2014). In
the latter case, the estimation normally needs to be done in a
two-stage procedure and the information is thus not used in
the most efficient way. Furthermore, most of the literature on
linear—quadratic I0C consider the regulation problem. However,
in many experimental set-ups, an expert agent may have more
complicated tasks than regulation, e.g., tracking a reference sig-
nal. Finally, real-world data can be of different time lengths, and
this needs to be handled in a systematic way in order not to
deteriorate the estimates.

In this work, we address these issues. More specifically, we
extend our previous work (Zhang & Ringh, 2023; Zhang et al,,
2022), and consider the generalized linear-quadratic, indefinite,
discrete-time I0C problem with both process noise and measure-
ment noise. The contribution of this work is three-fold:

(1) We give necessary and sufficient conditions for the well-
posedness of the generalized indefinite discrete-time
finite-horizon linear-quadratic optimal control problem.

(2) We prove the identifiability of the parameters in the objec-
tive function.

(3) We construct an I0C algorithm that works for both the
positive semi-definite and the indefinite case. The algo-
rithm is based on convex optimization, and we show that
the estimator is statistically consistent. In addition, the
convex optimization formulation guarantees that the sta-
tistically consistent estimate that corresponds to the global
optimum can actually be attained in practice.

Notation: For a matrix G, G' denotes the Moore-Penrose pseudo-

inverse. For a square matrix G = [g; g;; ] where Gy and G,
are square, we define the Schur complements G\Gy; = Gy; —
G21G;2612 and G\G1; = Gy —GuGLGm (see, e.g., Horn and Zhang
(2005, Sec. 1.6)). S" denotes the set of n x n symmetric matrices,
while S} denotes the set of n x n positive semi-definite matrices.

For G € §1, G? is the (unique) positive semi-definite matrix
square root. || - || denotes ,-norm and || - || denotes Frobenius
norm. #Zy(x) = {y € R" | lx —y|| < ¢}, and #}(x) denotes its
closure. Moreover, ' (¢) := {G € ST} | [|Gllr < ¢}.For Gy, G, € S",
G > G; means that G, —G; € S'}. For integers vy, v, we let vy : v,
denote vy, vy + 1,..., vy, and define the expression as empty if
v, < vq. By Im and ker we denote the image space and kernel,
respectively, and by + we denote the orthogonal complement.
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Finally, we use italic bold font to denote stochastic elements,
p . e

and use — to denote convergence in probability, i.e., for random

elements {a'}°, and @, @ 5 @ means that for all ¢ > 0,

limi_ . P(||la@ —a| > ¢)=0.

2. Problem formulation

In this section, we introduce the forward problem as well as
the inverse problem. To solve the inverse problem, we use mea-
sured (noisy) optimal trajectories from an expert that performs
the given task multiple times. This gives multiple demonstration
trajectories that can be used to learn the cost.

We start by introducing the mathematical formulation of the
forward optimal control problem. To this end, let (£2, 7, P) be a
probability space that carries a random vector X € R", stochastic
processes {w, € R"}2;, {v; € R"}2, (the measurement noise
to appear in (2)), and a random variable N € {2,3,...,v} C
Z.. It is assumed that for each realization (X, N) of the random
element (X, N) (corresponding to the initial position and planning
horizon length), the agent’s control decision u; is determined by a
stochastic generalized linear-quadratic control problem, namely,

: — 1 T A =T
min Jy := E x,0x, +q X,
):‘111}:)' Wy—N+1:v—1 2
v—1 1 1
+ Y M +ax+ EutTRut]] (1a)
t=v—N+1
S.t.xt+1=Ax[+Bu[+d+w[, t=v—-—N+1:v-—-1, (]b)
Xir1 = Xty t:l:v—N, (1C)
X =X, (1d)
u=---=u,_y=0, (1e)

where A € R"™" B e R™™ Q € S", R € S™, and g,d € R". More
specifically, the minimization in (1) is over admissible control
strategies with complete state information, i.e., u; is a function
that maps from R” to R™, u; : X, — u:(x;) (see, e.g., Astrom
(2006, Chp. 8)).

The formulation (1) is motivated by the fact that an agent
can have different time horizon lengths (and initial values) to
complete different tasks, while the underlying decision princi-
ple (i.e., running cost) remains unchanged since the principle is
connected to the agent’s characteristics. In particular, given a
realization of the time-horizon length N = N and initial value
X = X, the agent starts to apply its control from the initial
value X at the time instant t = v — N 4+ 1 and the agent
maintains the same running cost for each control execution. This
formulation gives a systematic way to handle real-world data
with different time lengths (see Zhang et al. (2022)). Moreover,
note that since the dynamics (1b) and the running cost in (1a)
are time-invariant, by Bellman'’s principle of optimality, (1) can be
reformulated to optimal control problems with planning horizon
length N and that start to control from an initial state at time
point t = 1. However, it turns out to be convenient to align
the optimal demonstration trajectories with different lengths at
the end time point, and view the demonstration trajectories as if
the expert starts to control the system at different time instants,
i.e., to formulate the problem as in (1).

Remark 2.1. The reason why we only consider a time-invariant
external forcing term d in (1b) is to simplify the presentation.
The results of the paper also hold for time-varying forcing terms
d;, provided that the agent knows all the future forcing terms
fort = v— N+ 1 : v — 1. Similarly, this formulation can be
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extended to tracking-problems by letting the linear cost term
be time-varying, q; = —Qx; where x{ is the reference signal,
and the results in the paper follows analogously (cf. Zhang et al.
(2022)). Notably, with time-varying d; or g;, the arguments in the
paragraph just before (using time-invariance of running cost and
dynamics) does not hold. Nevertheless, the formulation (1) is still
of interest in application such as the tracking in rehabilitation
trainings, see Zhang et al. (2022).

In the remainder of the paper, we make the following assump-
tions.

Assumption 2.2 (Controlability and Full Rank). The system (A, B)
is controllable, A is invertible, and B is of full-column rank.

Assumption 2.3 (Independent White Random Noise). The discrete
time stochastic processes {w.}2, and {v;}72, are independent
zero-mean white-noise processes. More specifically, this means
that E[w;] = 0, E[v;] = 0, Vt, and cov(w;, ws) = X, 6(t — s),
cov(ve, v;) = X,8(t — s), where §(t) is the Dirac-delta function,
and where X, > 0 and X, > 0 are a priori known. Moreover,
the random element (X, N) is independent of the two stochastic
processes.

Assumption 2.4 (Support of the Planning Horizon). The constant
v € Z, is known, and v > n + 1. Moreover, the probability
distribution for N satisfies P(N € [2,v]) =1, and P(N = v) > 0.

The rationale behind the first assumption is that we are con-
sidering a controllable discrete-time system that is not over-
actuated,! and that is sampled from a continuous-time system.
The third assumption means that the longest possible planning
horizon is known, that it is sufficiently long, and that the longest
horizon v can be realized, i.e., it has a nonzero probability.

Next, note that since Q might not be positive semi-definite,
(1) might not admit an optimal solution (see, e.g. Ferrante and
Ntogramatzidis (2015, 2016)). We analyze the well-posedness of
the forward problem (1) in depth in Section 3. However, before
that, we have the following proposition which illustrates the
reason why we emphasize the longest time-horizon length in
Assumption 2.4. The proof can be found in the Appendix.

Proposition 2.5. Under Assumptions 2.2 and 2.3, if the optimal
control problem (1) with the objective function given by (Q, q, R)
admits a solution for planning horizon N = v for any x € R", then
it admits a solution for all N = 2 : v for any x € R".

With Assumption 2.4 and Proposition 2.5 in mind, we are thus
interested in parameters that belong to the following set:

Z(R) = {(Q, q) € S* x R" | the optimal control problem

(1) with the objective function given by (Q, g, R) admits
solutions a.s. under the distribution of ¥ and for all

N e{2,3,...,v}}

More specifically, if (Q,G) € .#(R), then the forward problem
is well-posed for any N € {2,...,v} under the distribution of
x almost surely. In addition, for the inverse problem we assume

that the observation of the optimal states X;., are contaminated

by observation noise:
Ye=x+uv, t=1:v, (2)

and that we observe M trials of the agent. More precisely, let y!
have the same distribution as y,, foralli=1: M andallt =1 : v.

1 It means that, given the system state’s evolution from time step t to t + 1,
there is only one possible control input to realize that.
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Then the observed M trajectories of the agent’s trials, {yi}fi 1» are
just realizations of the LI.D. random vectors {yi}ﬁ‘i].

Before we formulate the I0C problem, we also make the fol-
lowing assumption.

Assumption 2.6 (Initial Value Distribution). The random element
(%, N) is such that E[||X]|?] < oo. Moreover, for all N € {2, ..., v}
such that P(N = N) > 0, it holds that for all x € R", there exists
ap > 0suchthat P(x € Z(px)| N =N)> 0 forall e > 0.

Intuitively speaking, the above assumption states that, for
each planning horizon length of interest, the initial value for the
forward problem can be in any “direction” from the origin. This
turns out to be important for both the forward and the inverse
problem. The latter will be discussed in Section 4.

With the setup presented in this section, we summarize the
I0C problem to be considered in this paper. For the sake of
simplicity, we consider the case R = I when designing the 10C
algorithm.

Problem 2.7 (General Stochastic Linear-Quadratic I0C). Suppose
the unknown (Q, q) € .#(I). Given the optimal state trajectory
observations {yi}t“:1 of the agent’s trials i = 1 : M that are gov-
erned by (1), estimate the corresponding (Q, §) in the objective

function (1a) that governs the agents’ motion.
3. Forward problem analysis

Before we present the I0C algorithm set-up, we first need
to analyze the forward problem. More precisely, we need to
characterize the set #(R) and find the necessary and sufficient
optimality conditions for the existence of such generalized indef-
inite linear-quadratic optimal control. This is not only because
we want to ensure that the forward-problem is well-behaved,
but also to construct the IOC algorithm based on the optimal-
ity conditions. Moreover, we also analyze the properties of the
time-varying closed-loop system matrices that will be useful in
developing the 10C algorithm. For the theoretical development in
this section, we do not assume that R = I.

3.1. Necessary and sufficient conditions for existence of optimal
control

To this end, we first derive the necessary and sufficient con-
ditions for existence of optimal control to (1). The results build
on Ferrante and Ntogramatzidis (2015); in particular, some of
the proof ideas are inspired by the proof in Ferrante and Ntogra-
matzidis (2015, Thm. 2.1). However, we not only extend the result
to a more general setting of stochastic linear—quadratic problems,
but also show that solvability of the forward problem, i.e., that
(Q,q) € Z(R), can be characterized in different, but equivalent,
ways. The main result of this section is the following.

Theorem 3.1 (Boundedness of Forward Problem). Under Assump-
tions 2.3 and 2.6, the following statements are equivalent:

(1) (Q.9) € Z(R).
(2) Let Py., and 1., be generated by the Riccati iterations

I-)v = Q, (33)
P =A"Pry1A+ Q — APy 1B(B"P1B + R)!

x BTP 1A, t=1:v—1; (3b)
Ny = (30)

g
ne = (A — B(B'Pry1B + R)TBTPtHA)T
x (7

i1+ Pd)+g t=1:v—1. (3d)
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Denote
&; = B'P, 1A, (4a)
R, .= B"P1B+R, (4b)
& = B" 1 + B'Pryqd. (4c)
Forallt =1:v — 1, it holds that
R > 0, (4d)
ker(R,) C [ker(éf) N ker(g! )]. (4e)
(3) There exists {1_)[ € S" =1, {1 € R'¢=1.y, and {ét € R}=1
such that
P,=Q., @ =4 (5a)
_ §%t _ ét _ _ gjt
H :=|6] AP,A+Q—P B | =0 (5b)
g Bl &
rank(H;) = rank(%;) (5¢)

where B, = q + ATPyid + ATijq — 7, and where &,
MR, and g; are as in (4a), (4b), and (4c), respectively, for all
t=1:v—1

(4) The Hamilton—-Jacobi-Bellman equation (HJBE)

1 .- _

Vi00) = 530 Q0 +3 1o, (62)
N I _ 1 ;-

Velxe) = min { 20/ Qe+ e + 5 iRt (6b)

+II‘,::[Vt+l(AXt+BMt+d+wt)] } t=1:v—-1
t

has a solution. More precisely, this means that Vi(x.) is

bounded from below for any x; € R", fort = 1 : v — 1.
Moreover, the solution has the form
1 Tp =T -
Ve(xe) = SXePxet i xe+. t=1:v, (7)
where Py., and 7;., are generated by (3) and
»w=0 (8a)
o 1 ;o 1 4= _
Ve =Vi+1 — ngmigr + idTPt‘F]d + figy,d
1 -
+£tr(Pt+12w)y t=1:v-1, (8b)

with $Ry.,_q as in (4b) and 1., as in (4c).

In addition, if any of the four above conditions hold, then the optimal
control signal u, for (1) is parametrized by any arbitrary vector
A¢ € R", and is given by

u = RS +5)+ P, t=v-N+1:v—1, (%)
=0, t=1:v—N, (9b)
where Pg(fr(ﬁ) = | —RIR, is the projection operator onto the kernel
space of R;.

Proof. First, assume that (4) holds. Note that for an agent with a
planning horizon realization N = v, by the principle of optimality
in dynamic programming (see, e.g., Bertsekas (2000, p. 18)), we
can easily show that (4) = (1) (cf. Bertsekas (2000, Prop. 1.3.1)).
For the case N < v, note that the HJBE is still valid for t =
v—N+1: v, and thus the agents behavior is still optimal in
t =v—N+1:v.Since the systems behavior fort =1:v—N is
completely determined by (1c), and (1e), by Bellman’s principle of

Automatica 166 (2024) 111705

optimality, the solution to the HJBE still gives the optimal control.
This implies (1), and hence shows that (4) = (1).
Before we proceed, first note that for any N € {2, ..., v},
v—1 1 1
0= Z { EX[T+1Pr+1Xr+1 + gy Xe1 — ExtTPtxt — X }
t=v—N+1
17 b =T 1 15 =T
+ ExV_N+1P1;7N+1Xv7N+1 + N1 ¥v—N+1 — EXVP\,XV — 1, Xy.
Taking expectation with respect to w,_y.1.,—1 on both sides of
the above equation, adding the latter expression to (1a), and using
(1b), (3a), (3c), and Assumption 2.3, we can write the objective
function as

In= E

Wy—N+1:v—1

1. - - .
[5%@ = P)x, +@ = i) x,
S——— ~———
=0 =0

v—1
1 -
+ E { E(Axt‘i‘B"t+d+wt)TPt+1(AXt+B"t+d+wt)
t=v—N+1

=T d _1 Tha _ =T 1 TA =T
+ Myyq1(A% + Buy +d + wy) ZXtPtXt N, X + th Qx: +q %

1 .- 1, - I
+ EutRut ] +§XU,N+1PV—N+1XV—N+1 + HU,NHXV—NH]

v—1 1 _ Uu;
= E [ > {— [ul x] 1]H | % }
Wy—N+1:v—1 v N+1 2 1
1 T 5 =T
+ sz7N+1Pv—N+1xv—N+l + Ny Np1¥v—N+1
=1 1 1
—d"Pry1d + = tr(Pe X)) + 1 d — =& 10
+ [:UZ[\;H 5@ Pe + 2 (Pey12y) + 1y 2& (10)

with H; in the form of (5b) and & = g/i/g in H,. Note that
the last row in the above equation is constant with respect to
the state and the control and hence can be discarded in the op-
timization problem. On the other hand, since {P;}/_, and {7}!_,
are generated by (3), H; can also be written as
Ry S & Ry
H=|6&] &®& &[%g |=|§
g gwe gwnle| L&
Next, we use the above trick to prove that (1) =— (2). This
is done by proving the contraposition of the statement. To this
end, suppose (4d) and (4e) cease to hold at the Nth backward
iteration (3), where N € ({2,...,v}. Namely, R,_n;: > O,
ker(R,_n4e) C [ker(&!_y,,)Nker(g_y. )] still holds for t =
2 : N but not for t = 1. We proceed by showing that this
implies that for this planning horizon length realization N, (1) is
not bounded from below. In particular, by (11) and ker(R, _y+:) C
[ker(&!_y. ) Nker(gT_y.,)]. V&t = 2 : N, it follows that H,_y.¢
can be written as in (11), which also implies that I:IV_NH > 0 for
t =2 : N. Hence, in view of (1d), (1c) and the fact that {w}{2, is
independent of other random elements from Assumption 2.3, for
the given “initial state” realization x,_n,1 = X € R" from which
the agent starts tracking, the objective function can be written as

KR & &) (11)

IN= E

Wy—_N+1:w—1
Uy _N+1 N-T g
- T l -
X |:XU—N+1:| + [ZZ: { EH(%"*N“)Z (mv—N+tuv—N+[

y

1 _
[5 ["LNH Xy 1] Hy N1

+ GroN+Ro—N+t +gU7N+[)
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1

+ - x;l;_N_H IsquJrl Xy_N+1 +7_73;-_N+1 xU7N+1i|- (]2)
pRa)

%7 X X
Notably, it holds that 3X" P,y 1X+7_y, X < Tomax(Pu—n41)lIX]?
+ 1nv—n+1ll - IX]] ;= t(x), where omax(-) is the largest eigenvalue

of a matrix. Also note that, for any u,_y41 and X,_yy 1 = X,

by the dynamics (1b) we get an X,_n4,. Selecting u,_n42 =

s < "~ ker(5t
R po(Suona2Xonia + Booni2) + Pversz)\v N42, for some

arbitrary A,_ny2 € R", this would give the next state x,_y.3.
Recursively selecting the other control signals fort = v —N+3:
v—1 accordingly, i.e., as u, = -9/ (&.x; —i—g[)—i-P}(er A¢, for some
arbitrary A; € R", then all terms in the summation in (12) would
become zero. Therefore, for the objective function Jy it holds that

In = E

1. < STET
*uv_ij_]mv—NwL]uv—NJr] + X 6v—N+l
Wy_N+1:w—1 2

X UWy_N+1 +g§—N+luu7N+1:| + ;‘TGI—N+15{1—N+1
X &y_npiX+ gI_N+19_%z—N+1éva+1’_‘ + (%), (13)

If Ry_nyy1 ¥ O, it is clear that we can choose u,_y;; =
av_(R,_n+1), where v_(R,_n41) is an eigenvector that corre-
sponds to a negative eigenvalue of 9R,_y,1. In this case, since
such choice of u,_y.1 does not depend on the random vectors
w,_n+1.0—1, the expectation would be marginalized out. Letting
o — 400 would make Jy tend to minus infinity. Thus, unless (4d)
holds, irrespective of the initial condition x there is a planning
horizon length realization N € {2,...,v} such that the cost
function is not bounded from below.

On the other hand, if (4d) holds but ker(R,_ni1) ¢
[ker(&T_y_ ;) Nker(g!_, )], then there exists a vector v €
R™ with norm one, such that %,_y;;v = 0, and such that
657N+]v # 0or g _y v # 0. Without loss of generality,
assume that g' v > 0; otherwise we instead consider —v.
By Assumption 2.6, it follows that we can find p > 0 such that
P (% € #(pS!_y,,v)) > 0,Ve > 0. Now, consider u,_y; = av
and X,_y11 =X = p&]_y, v+ U, where ¥ € % (0) and where
€1 > 0 will be determined shortly. Note that with such choice,
the expectation in (13) would be again marginalized out. Then it
holds for the objective function that

Iv < alpv'&,_ni16]_ N+1U +8 v+ 0T8]_yq]
+ (0v"Syns1 + TGy Ry 1 G
X (pGU_NHv +0)+ g‘)_N+1mU_N+16v—N+1
x (p&]_niqV + D)+ T(pS]_yy v + D).

Since pu7 Gy N416]_y 1V + & _yy1? = PIS) i vlIP + &)y, qv
> 0, we can always make €; > 0 small enough so that
,0||é5£_N+1v||2 +g‘f_N+1U + 5Té_5€_N+1v >0,Vv e %21(0). Letting
o — —oo would make Jy tend to minus infinity. Recalling that
P(x € B (pST_ N+1V)) > 0,Ve € (0, 1), this shows that there
exists a set of initial value realizations x with non-zero probability
such that the forward problem is ill-posed. This proves that
(1) = (2).

To prove that (2) = (4), we make an ansatz that the solution
to the HJBE (6) is Vi(x:) = 2)([ TPye + nlxt + & with terms
generated by (3) and (8), respectively. This ansatz fulfills (6a) and
(8), and plugging it into the left hand side of (6b) we get

. 1 ;5 =T 1 4 1
min { X Qxe+q xe + s Rpe + E [ =(Axe + Bue
Mt 2 2 we 2
+ d+ we) Pey1(Axe + Bue + d + wy)
+ ﬁrT+1(AXt +Bu: +d + we) + Ve ]},
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fort = 1 v — 1. By Assumption 2.3, we can expand the
expectation regarding w;, and removing constant terms that are
irrelevant to the optimization this gives

o1 g - _ -
H;En [ EM[T%‘tllr + (Sexe +8) e + (Axe + ) Peyq

1 .-
x (Axe +d)+ 0l (Axe +d) + Efoxf +3" xe } (14)

which is an unconstrained quadratic optimization problem with
respect to ;. By (4d) we know that it is a convex problem, and
hence it has an optimal solution if and only if the gradient is zero
in some point. To verify that it has a solution, and to work out
the optimal control, we take the derivative of (14) with respect
to u; and equate it to zero, which gives R, = —Six: — &
t = 1:v—1.Since (4e) holds, we have that &, x; +&; € Im(&;)®

Im(g) = [ker(é{) N ker(g" )] C ker(%t)

@ denotes the direct sum of the subspaces. Hence, the above
equation has a solution, and the control signal takes the form of
e = —R(Gexe +8)+ PE Vi e Rt = 1: v — 1, which
mimmlzes the right hand side of (14). Plug the aforementioned
equation into (14), use the property of (4e) and in view of (3),
(8), we have that the quadratic, first order and constant terms
regarding x; equates between the left and right hand sides. Thus
the ansatz is indeed a solution to the HJBE.

To complete the proof, we now show the equivalence between
(2) and (3). First, we prove (2) = (3), and start with notmg that
if (3) holds, then (5a) holds trivially. Next, with & = 8 S)%[gt, we
know from the above argument that due to the kernel contain-
ment (4e) H, can be expressed as in (11), fort = 1: v — 1. By
(4d), ERI > 0 and hence H; > 0, i.e,, (5b) holds. On the other hand,
by the rank property of Schur complement (Horn & Zhang, 2005,
p. 43), it holds that rank(H;) = rank(fR;) + rank(H;\%;). Now,

observe that
STRIS, &Rz T
Co —[_;}RI[& &) =0
8 R &t &

& SR[ &,
and hence rank(H;) = rank(%,), i.e., (5¢) holds.
_ Now we prove (3) = (2). If (5) holds, it follows that
PRr > 0, ie., (4d) holds. By properties of the generalized Schur
complement (Horn & Zhang, 2005, Thm. 1.20 and p. 43), it follows
that (I — %%])[&;  &] = 0, which implies (4e), that
o ATPA+Q—P P (1
CREN L [;} R[S &]=o,

ﬂt gt gt

and that rank(H,) = rank(%;) + rank(H;\%,). Since rank(H;) =
rank(R;), we must have that H;\?%; = 0, and hence (3) follows.
This finishes the proof of the entire theorem. O

= Im(%R;), where

H\ %, = {

Remark 3.2. Note that in the equivalence between point (2) and
(3) in Theorem 3.1, we have that (5a) and (5c) are equivalent
to that the Riccati recursions in (3) are satisfied, and that (5b),
i.e., that H; > 0 holds, is equivalent to (4d) and (4e).

Remark 3.3. By extending the state space to & = [x[, 1]” and
with state space matrices given by

p e i

we can indeed rewrite the forward problem (1) as a “standard”
LQ problem (albeit possibly indefinite). However, note that this
does not lead to a classic LQR in the sense that (A, B) is not con-
trollable. Moreover, ¥ = [x”, 1]7 does not satisfy Assumption 2.6.
Furthermore, extending such a rewriting to time-varying d; or the
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tracking problem, where q; = Qx] and x] is the reference signal, is
not possible without specifying the problem structure. Therefore,
existing 10C results cannot be directly applied to the rewritten
problem. Nevertheless, the form (15) is still useful in some of the
analysis.

3.2. Analysis of the closed-loop system matrices

In view of (9), it seems like there might be infinitely many
choices of control signals that are optimal. However, as we shall
see, under the assumptions we impose the optimal control signal
is unique for the considered forward problem (1).

Proposition 3.4. Let R > 0. Under Assumptions 2.2, 2.3 and 2.6,
(Q,q) € #(R) is equivalent to R > 0, t =1:v— 1.

Proof. The implication “<=" follows from Theorem 3.1. To
prove the implications “=": by Theorem 3.1, since (Q,q) €
Z(R), there exist matrices and vectors that fulfill (3) and (4). In
particular, since A is invertible, by (4a) and (4b) we have that
" = B'"P.,1B+R = B'"P,,1AA"'B+ R = S,A'B + R, for

t = 1:v— 1. Now, by (4e) we have that ker(%%;) C ker(étT)
holds for t = 1: v — 1. In particular, this means that
- Rz =0 ~&,A"'Bz =Rz
ker(R - -
z € ker(Ry) = {GITZ -0 {ZTG[ —o.

This in turn means that for any z € ker(%h,), it holds that zTRz =
—zT&,A"'Bz = 0, and since R > O this means that z = 0.
Therefore, the only vector in ker(R;) is the zero-vector, and since
R is positive semi-definite (see (4d)), this implies that &, is in
fact strictly positive definite fort =1:v—1. O

Corollary 3.5. Under the assumptions in Proposition 3.4, the
optimal control signal for problem (1) takes the form

u = —ﬁfl(ét*’t + &),
t=1:v—N.

t=v—-—N+1:v-1 (16a)

u =0, (16b)
Remark 3.6. Even if R is not strictly positive definite, by the proof
of Proposition 3.4 we can still partially characterize ker(R;). In
particular, z € ker(fR;) implies that z'Rz = 0. If R is full rank,
this is the neutral subspace in the indefinite inner product space
defined by R; see, e.g., Gohberg, Lancaster, and Rodman (2005,
Chp. 2).

By Corollary 3.5, under the conditions in Proposition 3.4 there
is a unique solution to the forward optimal control problem (1).
In this case, the system’s behavior (after it starts applying control)
is determined by X;,1 = Aq(t; Q, )% +iv;, fort =v—N+1:v,
where Aq(t; Q, q) is the closed-loop system matrix at time t for
the extended state-space model (see Remark 3.3). In particular,

n-1z n—1s

Ad(t: Q. 9) = [A PG AP gt} , (17)
with 9, &, and g as in (4), and hence it implicitly depends
on (Q, q) in the objective function (1a). This means that the
(conditional) distribution of the agent’s optimal trajectory P(x1., |
N = N,x = X) and optimal control P(uy.,_1 | N = N,X = X)
are implicitly given by solving (1). Moreover, under mild reg-
ularity conditions on the probability distribution of (x, N), the
formulation in (1) then defines joint probability distributions for
(%1.,, N, X) and (u1.,_1, N, X) (cf. Kallenberg (1997, Thm. 5.3)).
Before we continue analyzing the identifiability, we present the
following corollary that is useful in the analysis to come.
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Corollary 3.7. Under the assumptions in Proposition 3.4, given
any R > 0, for any (Q,q) € Z(R), let {P;};_, be the solution
to (3) that corresponds to Q. Accordingly, let )R, &; and g be
defined as in Theorem 3.1, for t = 1 : v — 1. Then the matrix
Aq(t;Q) =A— BERfG[, as well as the matrix Aq(t; Q, q) in (17),
are invertible forallt =1:v — 1.

Proof. The fact that the matrix Ay (t; Q) is invertible for t = 1 :
v — 1 follows by an argument similar to the proof of Zhang et al.
(2019, Thm. 2.1), since R > 0 and %, > O holds fort =1:v — 1.
To show that Ay(t; Q, q) has full rank, we simply note that it has
the upper block-triangular form (17), and since Aq(t; Q) has full
rank so does Aq(t; Q,q). O

4. Identifiability analysis and persistent excitation

Next, we investigate the inverse problem of recovering (Q, §)
from observations of optimal trajectories to problem (1).
Throughout the rest we will therefore, unless explicitly stated
otherwise, assume that R =1 and (Q, q) € .#(R = I). We start by
considering the identifiability of the problem.

To this end, first note that from the analysis in Section 3,
for any parameters (Q, q) € #(I), the agent’s behavior is com-
pletely determined by the time-varying closed-loop system ma-
trices Aq(t; Q, q) in (17). In the spirit of Ljung and Glad (1994,
Sec. 5.1), we can thus see the sequence of closed-loop system ma-

trices {/Z\d(t; Q, q)}t“;l1 as the model structure. Therefore, the fun-
damental question for identifiability is if there exist two different
sets of parameters (Q, q) and (Q’, q') such that Ay(t;Q,q) =
Aq(t; Qg )forallt =1:v—1.

Proposition 4.1 (Identifiability). Under Assumptions 2.2-2.4 and
2.6, given (Q, q), (Q', q') € Z(I), if Au(t; Q, q) = Au(t; Q', q') for
allt =1:v—1, then (Q,q)=(Q’,q).

Proof. Assume that Ay(t; Q,q) = Aq(t;: Q',q)fort =1:v — 1,
and let (P, 7k, S, R, 8y 1 A (P 0js S R SRy
be the solutions to (3) and (4) for (Q, q) and (Q’, q'), respectively.
Moreover, let Q" = Q + AQ, ¢ = q+ Aq, P, = P + AP,
n = ne+Ane, &; =6+A46,, R, = R+ AR, and g/ = g+ Ag:.
Since Aq(t; Q, q) = Aq(t; Q’,q), fort =1 : v — 1, it follows that
Aq(t; Q) = Aq(t; Q'), for t = 1: v — 1. Then following the line of
arguments in Zhang et al. (2019, Thm. 2.1), we can conclude that
AQ = 0. This in turn implies that AP;, AR, and AS; are all zero
(cf. (3) and (4))._ _

Next, since Aq(t;Q,q) = Aq(t;Q’,q') and AR, = 0, for

t = 1 : v —1,it follows that d — BR;'g, = d — BR; 'g]
for t = 1 : v — 1. Therefore, it holds that BR; 'Ag, = 0 for
t = 1:v— 1. Since B is full column rank by assumption, and

since m;l > 0 by Proposition 3.4, we must have that Ag; = 0 for
t =1:v— 1. In view of (4c), we therefore have that B An,,; =
Age =0, t=1:v— 1. Then, in view of (3c) and (3d), this
in turn implies that An, = Aq, An, = ATAnq + Aq, t =
1 : v — 1. Thus, we have that An, = Aq, which means that
B'An, = B"Aq = 0. Continuing, we have that B'An,_; =
B'(ATAn, + Aq) = B'ATAq + B"Aq = B'ATAq = 0. Then
following the line of arguments in Zhang et al. (2019, Thm. 2.1),
we can conclude that Aq = 0. The fact that AQ = 0,4q = 0
implies that Q =Q’,q=q. O

This means that the parameters (Q, q) that characterizes the
closed-loop system matrices are identifiable. Moreover, in view
of (1), we can see (x,N) as the “input” of the model and y;.,
as the “output”. To this end, in order to uniquely identify the
parameters (Q, q), the “input” (%, N) needs to be “persistently
exciting” (Ljung & Glad, 1994, Sec. 5.1). Notably, Assumption 2.4
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gives a persistent excitation condition regarding N. Moreover,
Assumption 2.6 turns out to give a persistent excitation condition
for the initial value x. In fact, we have the following result, the
proof of which we defer to the Appendix.

Lemma 4.2. Let (x,N) be as in Assumption 2.6. Then, for all
N € {2,...,v} such that P(N = N) > 0, covyn=n(X, X) > 0.

This result can now be used to prove the following Lemma,
which is useful in the 10C algorithm construction to come. Simi-
larly, the proof of this Lemma is also deferred to the Appendix.

Lemma 4.3 (Persistent Excitation). Suppose that (Q, §) € #(I) and
let X; := [, 1]17. Under Assumptions 2.2-2.4 and 2.6, it holds that

Eyn—[%:X; ] > 0, and E[||%,[|2] < oo forall t =1: v.
5. The 10C algorithm

In this section, we construct the I0C algorithm for general
linear-quadratic systems with different time-horizon lengths. In
particular, we show that the algorithm is statistically consis-
tent, i.e., that it converges in probability to the true underlying
parameter. For the sake of brevity, in some of the following
we sometimes use the notation (-) for the arguments of some
functions.

In order to construct the I0C algorithm, we further make the
following assumption.

Assumption 5.1 (Bounded Parameters). The parameter tuple (Q, §)
that governs the agents tracking behavior lies in the compact set

Glp) = {(Q €S geRN|| [2 g] e < ¢} :
for some (potentially unknown) 0 < ¢ < oo.

This assumption is mild, since when we solve the correspond-
ing inverse problem in practice, we can always set ¢ arbitrary
large if we have no prior knowledge on the norm bound of the
parameters.

5.1. Construction and empirical approximation

To this end, the algorithm is constructed based on the nec-
essary and sufficient optimality conditions in Theorem 3.1. More
precisely, the I0C algorithm will be built upon an optimization
problem which is constructed so that it has a unique optimal
solution (Q*, g*) which is the “true” (Q, q) € #(I).

First, we construct the objective function for the optimization
problem. Let (Q,q) € Z(I), and let i, be the optimal control
signal to (Q, §). Given a realization of the planning horizon N, it
holds for all state x; € R" that

s 1 T T 1 2
O=min | —x Qxe +q xc + = Il el
Lt 2 2

+ EVer(xe + Bute +d+ w0 | =Vilx)

1 1 _ _
< EXtTQXt +q"x + 5”#[”2 + E[VtH(AXt +Bpe +d
+ we)] — Ve(xe)s

where the inequality follows since ji; is not necessarily optimal
to (Q, g, R = I), and where V,(-) has the form (7), and Prty1, Net1s
and y;.r41 in Vi(-) are determined by (Q, q) via (3). Moreover, seen
intuitively from the other perspective, for given x; and [, we
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expect the inequality to hold unless we plug in (Q,q,R = I)
which renders the state x; and control i, optimal. We hence
define the “violation” of HJBE at each time stept =v — N+ 1:
v—1by

Yen(Q, 45 Xe, pe) = E[VtH(AXt + Bu +d + wy)]

1 T 1 2_y
+ Xt Qxe +9 xt + 2||Mt||2 t(Xe),

since we expect that ¥ n(Q, q; x¢, #r) > 0. The latter will be
formally proved in Theorem 5.2.
Plugging (7) and (8) in to the above equation, we have

1
Yen(Q, 45 Xe, ie) = E[E(AX[ +Bu, +d+ wt)TPt+1
x (Axe + Bue +d + we) + 0l 4(Axe +Bue +d + wt)]

1 1 1
+ EX[TQXt +q" x + 5”#«[”2 - EXrTPtXt - UrTXt
1 1 1
+ EngmIgt - EdTPt+1d - ﬂtTd ) tr(Peg1 Xw). (18)
Given a realization of the planning horizon N, let X, 1., and
u,_n+1.0—1 be the optimal trajectory and control. We let x; = x;
and u; = u,, and take the expectation of ¥ y(Q, q; X¢, u;) with
respect to X;|N = N. In view of (1b), this gives

E [ven(Q, q; X, u)] =

Xt [IN=N

1 T
I::IEI:E (AX; + Bu; + d + we) Peyq (A% + Bue +d + wy)
t

X IN=N
Xr+1 X1

+ i (AX; + Bu, +d + wt)]

Xt4+1
1. T 1 2 1y T
+ EfoXr‘i‘q Xr+5||ur|| _5xtptxt_77txt

1 Tt —ldT d— Td_l
+ zg[mtgt 2 Pt+1 Ne ztr(PH—]Ew)

1
= E [*XT Pei1Xes1 + 1) Xt+1]
xeoamn| 2% t+1

1 1 1
E I:EX[TQ& +q"% + 5||ut||2 - *XfTPrXt - Utht]

xt|N=N 2
1 1 1
+ 5g{ngt - EdTPH.]d - rier —3 tr(Pey1 Xy ). (19)

However, the above expression is constructed based on x;, while
the observations are in terms of y,. To rewrite it in terms of y,,
first we simply add and subtract some terms in the expression
above:

E [ven(Q, g X, u)l = E [V n(Q, q; X, 1g)]
Xt [IN=N xt|[IN=N

1 1 1
+ 5 tr(Pr1 X)) — 3 tr(Pe X)) + 3 tr(Q %)

P B+ 5 U(RE) — o QT (20)
On the other hand, by Assumption 2.3, {v:}{2, are independent of
any other stochastic elements. Using the cyclic permutation prop-
erty of the matrix trace operator, we know that E,, [vtTPtHvt] =
By [tr(v] Pry1)] = By [tr(Peyivv])] = tr(PryiX,). Similarly,
we also have E, [v] Pv;] = tr(P X,), By, [v{ Qo] = tr(QX,),
d"Pqd = tr(P1dd”). In view of (8), (2) and the fact that
Ey [w:] = 0, Ey[v;] = 0, using (19) and (20) we can rewrite
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Ex n=n[¥eN(Q, q; X;, u;)] as

1
E [ E [f X1 + V1)
.r1Lxe IN=NL2 M
ytT+1
X Peyq (Rep1 + vt+1)+7ltT+1 (Req1 + Ut+1)]
——— — ——

Ye+1 Ye+1

1
E I:*(xr+vt)TQ(Xt+vt)+qT(xt+vt)
xIN=NL2 o —— " — ——

y[T Yt Ve
1 T T
5 (X +ve) Pr(x + )=y

+ el - (x + v0)]
2 ———.

y;f Yt Yt
1

+ o8 Rig —

1 1
— —tr(Peyq Xy) + = trl
5 (Pry12y) >

1 1
> tr(Pry1dd") — nl'd — 5 tr(Pee1 Zw)

(Pi%,) - 5 (Q5)]

1 1
P + ]+ E [7 2]
yr+1|N:N|:2y[+l 1Y 1 Ve - [l ||

1 1
yth:NI:iytTQ-yr + qur - EerPtYr - UrTyt]
1
+ 8 Ne

1 1
— —tr(Peyq Xy) + = trl
5 (Pry12y) >

1 1
-5 tr(Pry1dd") — nl'd — 5 tr(Pee1 Zw)

(P Zy) — - tr(QXy)

U 1
= et L0 Perer e B Vel + B[ 2],
yf¢r+1|N=N[w[’N(Q 4, Pees1, e, &5 Y1) Xz\N:N[ZH 7]
where we introduce & = g/%lg. We construct the objec-

tive function ¥(Q, q, P1.,, 71y, £1.v—1) by summing up the above
equation from t = v — N 4+ 1 to v — 1, but excluding the terms
Ex[uvzzv[% lu; ||2] which are constants, and taking the expectation
over N. In particular,

)_Z]P’N N) E

.Vu N+1:vIN=N

[¥n()]. (21)

where
v—1
Y el
t=v—N+1

y,)vav +ny, — EyLNHPU_NHyv_NH

- nv—N+1yv—N+1 -3 tr(Py_n1Xy)

Py

t=v—N+1

1
tr(P, X, -
( )+ 2

1
(Pt+1dd ) — ThT+1d+ EyfTQJ’t

1
+Jm—5nmﬂzm—fmqaﬂ. (22)

The objective function (21) can be rewritten as a joint expectation
over y,., and N. However, we find the form in (21) more useful
both in analysis and in implementation.

The objectlve function (21) is constructed with the idea that

W(-) + Yt Ex.n [3llu]1?], where the latter is the discarded
constant, should be bounded from below by 0 for all (Q,q) €
Z(I). Therefore, ideally we would consider the problem of finding
the point (Q*, g*) that minimizes (21) subject to (3) and (4). From
Theorem 3 1, we know that (3) and (4) are equivalent to (5) and
& = g S)%tgt fort = 1 : v — 1. However, while (21) is linear
and hence a convex function, neither the constraint (5) nor the
constraint & = gtTSRIgt fort = 1:v—1 are convex. Even so, note
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that the only nonconvex part in (5) is (5¢). We therefore consider
the relaxed convex problem obtained by removing the constraints
(5c¢)and & = %tgt fort = 1:v — 1.2 In particular, let

= { (Q! q, P1Z\)v Ny, 51:\)71) | (Q7 q) € G(¢)a {Pt € S+(<ﬂ)}t=l:w
{77r € '—@;(O)h:l:\u {‘i:t € %;(O)L:l:v—l } .
The optimization problem for IOC reads

min lII(Q, q, P1: > NMows é:t 71)
(Q.4.P1:p,01:0-61:0-1)€D ! ! !

st. P,=Q,
H; >0,

(23a)
(23b)

where H; has the same form as (5b). In Section 5.2, we prove
that the unique optimal solution to this optimization problem is
indeed (Q, q).

Nevertheless, the distribution of X, {w,}, {v;} and N are usually
not a priori known in practice, and hence the distribution of y,
and N are not known. Therefore, it is not possible to calculate the
objective function (21) explicitly, and hence we cannot solve (23)
directly. But since we have the optimal state trajectory observa-
tions {y{}f=1 of the agent’s trials, i.e., realizations of LLD. random
processes {yi}tvzl fori = 1 : M, we can instead empirically
estimate the objective function. To this end, let My denote the
number of observations which has a planning horizon of N time
steps. Clearly, > y_, My = M. Then, for each value of N, the
expectation in (21) is approximated by the empirical mean as
Ey, nir. V‘NfN[IZN(-)] ~ ﬁ ZM” 1{ the expression in (22) with all

elements y, replaced by y,"}. On the other hand, approximating
the expectation over N is the same as estimating the probabilities
P(N = N) using the empirical estimates My /M. This, together
with the above expression, gives an approximation of (21) as

(Q, q, Prv, M1y E1:0—1) ~ 2 (Q, G, Prov, N1y E10—1)

v
1 7 '
v Z Z[ yINTP 1N - EYZV,N+1PV7N+LVZ\LN+1

N21N1

m =q
t=1:v—-1,

1
tr(Pvzv) + 5 tr(Pv—N+12v)

T in _ -
nv7N+1yv—N+1 2

v—1
+ tr(Pe1dd”) — o7, (d + y'”T Y +q'y
t=v—N+1
1
— S (P 5,) - S 1QE)) | (24)
We therefore consider the estimator
min (0, q, P1v, N1y E1v
(Q.4.P1.v,01:0,61:0-1)€2 E(Q G- Prav: v 120-1)
s.t.  (23a)-(23b) hold. (25)

In practice, an estimate is obtained by solving (25) for a given re-
alization {y},}¥, of {y. }*,. We will use the notation ¥ (-)|y,
to denote the objectlve function at the given realization.

5.2. Statistical consistency analysis

In this section, we analyze the statistical consistency of the I0C
algorithm. To proceed, we first show that the optimization prob-
lem (23) is well-posed, i.e., the objective function (21) is bounded
from below on its feasible domain (23a)-(23b). In addition, we
show the “true” (Q, q) is actually the unique global minimizer.
The proof of the theorem is deferred to the Appendix.

2 Note that substituting & = g,T ERI g into the matrix (5b), also gives a convex
problem; see Nordstrém (2011, 2018).
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Theorem 5.2. Let (Q,G) € .#(I) be the “true” parameters of
the stochastic linear-quadratic control problem (1) that governs
the agent, and let X;.,, uy., and y,., be distributed accordingly.
Under Assumptions 2.2-2.4, 2.6 and 5.1, for any feasible solution
(Q, q, P1.y, n1:v, E1.0—1) Of the optimization problem (23) the objec-
tive function (21) is bounded from below by — 3"~} Ex, n [ 5 Il 12].
Moreover, for ¢ that is large enough, Q. G, Py, Nvs 51 v—1) is the
unique globally optimal solution achieving the lower bound, where
Py.,, 111, are generated by (3) and & = gtTfR[gt, t=1:v—1.

Having shown that the optimization problem (23) has (Q, §) as
unique globally optimal solution, next we turn to the estimator
(25). We show that it is statistically consistent, but to this end we
first have the following Lemmas.

Lemma 5.3 (Boundedness of Estimator). The feasible region in prob-
lem (25) is compact. Moreover, for any realization, the cost function
ll/,;"(Q, q, P1.v, 110, §1.0-1)ly=y is bounded on the feasible region, and
the optimization problem (25) is convex and admits an optimal
solution.

Proof. The feasible region is convex and compact, and for any
realization, lI/Ey(-)|y:y is a linear function. This means that (25)
is a convex problem and by Weierstrass’ theorem, it admits an
optimal solution. O

Lemma 5.4 (Uniform Law of Large Numbers). For large enough ¢
and under Assumptions 2.2-2.4, 2.6 and 5.1, the optimal value of
the problem sup [ (-) — ¥(-)| subject to (Q, q, Pr.y, 1.0, E1:0-1) €
2 and (23a)-(23b), converges to 0 almost surely as M — oc.

Proof. The proof follows along the lines of Zhang and Ringh
(2023, Proof of Lem. 4.2), using bounds from Lemmas 4.3 and 5.3,
and is omitted for brevity. O

Theorem 5.5 (Statistical Consistency). For large enough ¢ and under
Assumptions 2.2-2.4, 2.6 and 5.1, given a realization of M tra-
jectories, let (QM, g™, PM | ’71 ' EM ) be a corresponding optimal

solution to (25). Then QM 2 Q and qv A qgasM — oco.

Proof. The result follows by verifying the conditions in van
der Vaart (1998, Thm. 5.7). In particular, since (25) is convex,
M, g, PY oY €Y 1) is a globally optimal solution. This
means that le(QM qM P] D 771 o S];V_1)|y:y = lI’éV(Q’ g, Py,
D10, éw_])ly:y Moreover, since convergence almost surely im-
plies convergence in probability (Kallenberg, 1997, Lem. 3.2),
Lemma 5.4 implies that the optimal value in the statement of
the Lemma converges to 0 in probability as M — oo. Finally,
the fact that the feasible region to (23) and (25) is compact (see
Lemma 5.3), and that (23) has a unique optimal solution (see
Theorem 5.2), by van der Vaart (1998, p. 46) the last condition
also holds. Hence, the result follows. O

5.3. On implementation and the computational complexity of the
estimator

To get a point estimate from the estimator (25), the data
(i.e., the observed trajectories) is used in the optimization prob-
lem (25). This problem can be solved using any appropriate
method for solving the convex optimization problem, in the form
of almost exactly as stated, by disciplined convex programming,
e.g. YALMIP (Lofberg, 2004). Nevertheless, the cost function can
be rewritten to make the solving process more efficient. To this
end, observe that for any Z € S" and any a € R", a'Za =
tr(Zaa"). This means that by definingy([N) = Zf\z”:] y and Y(tN) =
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Zw 1 yt ) the objective function (24) can be rewritten as in
terms of expre5510ns of the form

Z ytNTP zN =7

iN= 1
My
My
= WI.VE,N)’ Z & = 7&,

(Pin”’),

My
T5,in
2 my,

iy=1 iy=1

with analogous expressions of all other terms. Note that y(N)
and Y are collecting all the samples at time-point t from
trajectories with the same planning horizon length N, and that
these can be pre-computed from the data before assembling the
optimization problem (25). Moreover, the sizes of y([N) and Y([N
only depend on the dimension of the state space, n. It means
that the size of the optimization problem does not grow with the
amount of data collected. More specifically, since Q € S", g € R",
{P; € S} }e—1:00 {nr € R"};—10, and {§; € R};—1.,—1, the number of
variables in the problem is n(n+1)/2+n+vn(n+1)/2+vn+v.
Moreover, the LMI constraints in (23b) are v symmetric matrices
of size (m+n-+1)x(m+n+1). This means that, e.g.,n = 12, m = 4,
and v = 80 gives a problem with a total of 7370 scalar variables
and 80 LMI constraints of size 17 x 17. As we demonstrate in
Section 6.1, this can be handled by standard off-the-shelf convex
optimization solvers.

6. Numerical examples

In this section, we present two numerical examples. The
first example, in Section 6.1, illustrates that the problem (25)
can be solved efficiently with off-the-shelf convex optimization
solvers. The second example, in Section 6.2, applies the developed
methodology to a non-zero sum pursuit-evasion game, where the
pursuer models the evaders objective function using collected
data. In both examples, the problem is solved on a MacBook
Pro with Apple M1 eight-core CPU and 16 GB of RAM, and the
implementation is done using YALMIP (Lofberg, 2004) in Matlab
and solved by MOSEK (MOSEK ApS, 2019).

6.1. Demonstration of performance for a system with both moderate
size and moderate planning horizon

To illustrate the performance of the method, we generate
a system with moderate size and planning horizon length. In
particular, to ensure that Assumption 2.2 holds, we generate
continuous-time matrices A € R'>*12 and B € R!'?*4 in control-
lable canonical form

Is 04
A 14 D 04
A= Iy |’ B= 04
aly axly asly agly Iy

We sample the coefficients a;, i = 1 : 4 from a standard normal

distribution N(0, 1). Next, we discretize the system by letting
A=¢é*"andB = OAt eMdtB, using the sampling period At = 0.1.
We choose Q to be the Hermitian part of a randomly drawn
matrix with shifted eigenvalues so that the smallest eigenvalue is
—0.1.% We set v = 80, and verify that the conditions in point (2)
in Theorem 3.1 hold, i.e., that &, > O for t = 1 : 79. The process
noise w; and measurement noise v, are drawn from multi-variate

3 Namely, we let G’ = (G+G")/2 and Q = G —(6min(G')+0.1)I, where opin(-)
is the smallest eigenvalue of a matrix and where G € R'>*'2 and elements are
randomly drawn from A/(0, 1). We shift the eigenvalues in order to make sure
that we get (Q, q) € #(I).
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normal distribution N(0, X,,) and N(0, X,), respectively, with
covariance matrices that are randomly generated from a Wishart
distribution of degree 12, i.e., with the same degrees of freedom
as the dimension of the state. Moreover, the Wishart distribution
used to draw the covariance matrices has itself a random covari-
ance of 0.01GG", where each element in G € R2%1? was drawn
from a standard normal distribution. Finally, we generate M =
5 x 10* optimal trajectories, with the planning horizon lengths
N drawn uniformly from the integers in the interval [2, 80] and
with initial value x drawn from N0, 100I;,).

The time to solve the optimization problem (25), as reported
by MOSEK, is 4.85 s. Moreover, the relative error of the estimate
, defined as 7”%55‘2‘“ where Q is defined in (15) and Qe is

F
defined analogously, is 0.0347. This shows that the I0C problem

for systems of “moderate” size and planning horizon length can
be efficiently solved with off-the-shelf solvers.

6.2. Identification of cost in non-zero sum pursuit-evasion game

In this section, we demonstrate the performance of the pro-
posed 10C algorithm on a non-zero sum two-dimensional finite-
horizon linear-quadratic pursuit-evasion game, cf. Starr and Ho
(1969). For a more extensive treatment of pursuit-evasion games,
see, e.g., Basar and Olsder (1982). To this end, let ¥, € R? be the
distance between the pursuer and the evader, and let uf U € R?
be the control signal of the pursuer and the evader, respectively.
In particular, for each realization (x, N) of (x, N), we assume that
the evader solves the following problem

E

Wy—N+1:v—1

1 v—1 1 1
[Jxiac + X e S| 26a)

s.t. X1 = Ax; + Bu? + Buf + w,,
t=v—-—N+1:v-1, (26b)
Xey1=X, t=1:v—N (26¢)
X =X, (26d)
U= =u_y=0, (26e)

where (A, B) is discretized in the same way as in Section 6.1
from a continuous-time dynamics X = Ax + Bu® + BuP using the
sampling period At = 0.1, and where v = 20. Notably, Q¢ < 0. In
practice, as a pursuer, Q¢ is unknown. In order to gain advantages
over the evader and predict its future movements, a pursuer can
first use some “trivial dummy movements” u},_, ;.  that are easy
for the evader to predict (i.e., known by the evader) in the first
few rounds of the game. During these rounds, the pursuer collects
the evader’s behavior data and use the proposed I0C algorithm
to estimate Q°. In particular, here we assume the pursuer choose
control u} to be a constant during the data collection phase for
convenience. Consequently, the forcing term d = Buf would be
constant for the evader (cf. (1b)).# The pursuer observes the noisy
distance (see (2)) between the pursuer and evader, which is the
optimal solution to (26). . )

To simulate this, we choose A = 0,B = I, Q¢ = —0.1l,
and for each time step in the trajectories process noise w, and
measurement noise v; are drawn from multi-variate normal dis-
tribution A(0, X,) and N(O, X)), respectively, with covariance

matrices
—-2.25
2.18 |

1.04 0.68
0.68 1.00

2.33

~ -2
2w~ 10 [ ~2.25

] and ¥, ~ 1072 [

4y fact, it does not matter what kinds of strategy the pursuer uses in the
data collection phase, as long as the evader can foresee it, since, as mentioned
in Remark 2.1, the results still hold for time-varying d;.

10
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Relative Error ||Qes — Q||F/||QHF

——Mean of relative error
——Standard deviation of relative error

10°
M

Fig. 1. Log-log plot of the mean and standard deviation of the relative error of
Qs as a function of the number of trajectories.

The latter matrices were randomly generated by drawing two ele-
ments from a Wishart distribution of degree 2, i.e., with the same
degrees of freedom as the dimension of the state. The Wishart
distribution is itself generated analogously to the distribution in
Section 6.1. As “dummy” movements for the pursuer, we choose
' =[-1,-1]", t = v— N+ 1 : v, and hence the constant
forcing term in the dynamics is given by d = B[—1, —1]". Finally,
the random variable N is taken to be uniformly distributed on the
integers between 2 and v = 20.

To test the performance of the algorithm, we generate 100
batches of trajectories, where each batch consists of 50 000 tra-
jectories. For each batch, we divide the trajectories into groups
of size M 100 + 100(k — 1), for k = 1,...,500, where
each larger group contains all the trajectories of a smaller group.
For each such group of trajectories, we solve the I0C problem
(with ¢ set to 10°), and this procedure is repeated for all the
100 batches. This means that we obtain estimates Q5" for £ =
1,...,100 and M 100, 200, ...,50000. For each value of
M, the relative error ||Qfs'[M — Q°|lr/11Q¢||F is averaged over the
batches, and the resulting empirical mean and empirical stan-
dard deviation (as a function of M) is shown in Fig. 1. From
the figure we see that, in line with the statistical consistency
proved in Theorem 5.5, both the mean and the standard de-
viation decreases with increasing M. Moreover, in Fig. 1 the
logarithm of the mean and the logarithm of the standard de-
viation appears to be (approximately) affine in log(M). The fig-
ure also shows the corresponding lines obtained by fitting an
affine model to each of the two sets of logarithmic data. From
this fit, we see that Mean of relative error ~ O(M~%48)
and Standard deviation of relative error &~ O(M~%>%)
We hence suspect that the convergence rate is O(M~%3), and
that v/M(Qu — Q) is asymptotically normal, just like most M-
estimators such as maximum log-likelihood (van der Vaart, 1998,
p. 51). However, a theoretical analysis of this is left for future
work.

7. Conclusion

In this work, we have considered the inverse optimal con-
trol problem for discrete-time finite-horizon general indefinite
linear-quadratic problems with stochastic planning horizons. We
first investigate the necessary and sufficient conditions for when
the forward problem is solvable. The identifiability of the cor-
responding inverse optimal control problem is analyzed and
proved. Furthermore, based on the underlying necessary and
sufficient condition, we construct the estimator of the inverse
optimal control problem as the solution to a convex optimization
problem, and prove that the estimator is statistically consistent.
The performance of the estimator is illustrated on a numeri-
cal example of identifying the evaders cost in non-zero sum
pursuit-evasion game.
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Appendix. Deferred proofs

Proof of Proposition 2.5. We show the contraposition of the
statement, i.e., that if (Q, g, R) is such that there exists an initial
value X € R" and a time-horizon length N € {2,...,v} so
that the optimal control problem (1) is unbounded from below,
then there exists an initial value X' so that (1) is unbounded
from below for planning horizon length v. To this end, consider
planning horizon N v. By Theorem 3.1, if (Q,q) € Z(R)
then there exists an N such that (4d) or (4e) does not hold
for t = v — N + 1. Splitting the summation in the objective

function as J, = Ey,,_ 1[2 TQx, + 3% + Y1) v [3xTQx +
q" %+ JulRu ]+, 1[2 TQx +q xt+%utTRut]],and following

along the lines of the proof of “(1) = (2)” in Theorem 3.1,
similar to (13) we get the following inequality J, < E

W1iv—1
[ %u—‘C,N+1mv—N+luv—N+l +XE,N+1GI,N+1HU—N+1 +§3-7N+1uv—N+l
VIR CHINVIRLL UVIPTC HERVERE SERVERIE S O VAPTL A VIR R
Xy g1+ T(Rooni1)+ Doy (3% QX+ %+ Jul Ruc] ]
from the same proof we know that we can select x,_y1 in order
to make the terms outside of the last summation unbounded from
below. Now, by invertibility of A, we can select u; = 0 and
X = A Y(x41 —d—w;) fort = 1: v — N. For any value of
X,_n+1, this gives an initial condition and a sequence of states
and controls that fulfill the constraints (1b)-(1e) (note that (1c)
and (1e) are vacuous since N = v). Moreover it is easily seen
that J, is bounded from above by an expression similar to the
one in the previous proof, but containing an additional constant
T(x,_n+1)- Following a logic similar to the reminder of the proof
of “(1) = (2)” in Theorem 3.1, the result follows. O

. Moreover,

Proof of Lemma 4.2. LetN € {2, ..., v} besuchthatP(N = N) >
0, and let covyn=n(X,X) = Z};] Aiv; be an orthonormal eigen-
decomposition of the symmetric matrix. This means that we can
write X = Z?:l o;v; for some real-valued random variables «;,
i =1,...,n Assume that covyn=n(X, X) is not positive definite.
Then at least one eigenvalue is zero; without loss of generality,
let X, 0. Then we have that 0 = v! covgnn(X, X)v; =
ER\N:N(U{-’_‘?_‘TW) - Eﬁ\N:N(v{;‘)EﬂN:N(?_‘TUl) = Ei\N:N(“%) -
Exn—n(o1)Exn=n(a1), and thus that (Egn_n(et1))* = Egn_n(o?).
By Jensen’s inequality (Bauschke & Combettes, 2017, Prop. 9.24),
we know that (Egn—n(e1))* < Egn—n(e), and by following the
proof of Bauschke and Combettes (2017, Prop. 9.24), we see that
equality holds if and only if «; is constant a.s. To this end, let
o c a.s. for some constant c. If ¢ = 0, then for x v1,
Assumption 2.6 does not hold. If ¢ £ 0, then the probability mass
of x is located on a hyperplane defined by «; = ¢, which does not
pass through the origin. In this case, let x = v, and note that for
€ < ¢ we have that P(x € #7(pv;)) = 0 for all p, hence violating
Assumption 2.6. Therefore, we must have covgn=n(X,X) > 0. O

Proof of Lemma 4.3. Note that

__T -
_ - XX X
cov (x,x)= E _ 1.
i\N:N( ) x|N=N|:|:XT 1i|:|\
—_—
BN [%%" ]

Hence by Lemma 4.2 and Horn and Zhang (2005, Thm. 1.12), w
know that for all N such that (N = N) > 0, Egn= N[xxT] > 0. On
the other hand, by Assumption 2.3, w; is uncorrelated with the
noiseless z; := Ax; +Bu; +d,fort = v —-N+1:v —1, and for
such t it thus holds that
0
0 0

~ ~T
E [xtﬂx ]
£
Xes1IN=N +

1E [itif] +
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L . Z, 0
=Ad(t; Q, q)xtll{l;Z:N[xtxf]Ad(t; Q.4 + [ 0 o] ; (A1)

where Z, = [z] 1] In particular, note that this holds for t =
v — N + 1. By induction, since Ezn— N[xx ] > 0, since Ac,(t Q, q)
is invertible for all t = 1 : v—1, and since positive definiteness is
invariant under congruence, we thus have Ey, n=n [ititT] > 0 for
all N such that P(N = N) > 0, and in particular thus for N = v.
Now we show E[||X;||?] < oo. First, note that E[||X]?] =
E[||X]>] + 1 < oo by Assumption 2.6. Next, taking trace on both
sides of (A.1), moving the trace inside the expectation, rearrang-
ing terms, and using Cauchy-Schwarz inequality, we have that
Ex, o= [1&-n2]12] < ExnenlI®I%]- 1Aa(v—N+1: Q. )2+
tr(X,,). Using a similar induction argument, we thus have that
Exn=nll|Z]°] < oo forallt = v — N+ 1 : v andall N
such that P(N N) > 0. Finally, E[|&[°] = > y_P(N =
N)]E,qu:N[HitHz] < 00, which proves the lemma. O

Proof of Theorem 5.2. From the construction of the objective
function in Section 5.1, and in view of (le ) + Z“’] Ex N

[ [l | ] SN P(N=N)Y 7 N1 Exfw N[WtN(Q q; X, Ur)
2||ut|| 1). Now, by the definition of v n(Q, q; X¢, u;) in (18),

using Assumption 2.3 and computations analogous to those in

(19) we have that

II\[;:_N[‘/H,N(Q, q; X¢, ur)]

X IN=

E

1
iy N[E(Axt + Bu; + d)"Pei1(Ax; + Bu + d)
IN=

1 1
+ mTH(Axt + Bu; +d) — 5X[TPtxt - ntht + Egt

+ xt Qx: +q Xt]

u; 1 "
A H: | x| = Sl
1

where H; has the form (5b). On the other hand, since (Q, g, Py.,,
N1, E1.v—1) 1S feasible, by the constraint (23b) we have that H; >
0. Therefore, it holds that

v v—1
_ NX:;]P’(N =N Y x[“I\E;Z:N[

t=v—N+1

1 T T e 1 2
UL — 5 ll?]
v v—1 1
_ _ 2
>—-Y PIN=N) ) xt;@ZN[znutu}
N=2 t=v—N+1
v—1
1
-) E [znutnz}
-1 xt,N

This proves the first part of the theorem.

Next, we show that the lower bound is actually attained by
(Q, G, Pr.y, 1. l,,g?] v—1). By using Theorem 3.1 we have that the
true underlying Q and g, together with corresponding solution
{P; € S"—1, and {r][ e R™};_q., to the Riccati recursions
(3), and with & = g; i)%[gt fort = 1 : v — 1, is a feasible
solution to the optimization problem, if ¢ is large enough. For
this feasible solution (Q, q, P1.v, 1.0, £1:v—1), We can decompose
the corresponding H; as in (11) and in this case, together with
(16), and (A.2), Ex,n=n[V:n(Q, q; X¢, u;)] can be written as

= E [1 [uf

A2
x|N=NL2 (A2)

(A.3)

Lrr o1 ?_R; T 1.,

E [f u X 1| &7 | RI[%n &7 &[T | - <lu ]

xIN=N 2[ t t ] g% f[ t t gt] 1[ 2|| el
t
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1

1
(5 1ROH St + S+ 8 — ],

x[|N N

=0
This shows that the lower bound for the objective function ¥(-)
is attained by (Q, C_I, Pl:\n 77’1:1}, 51:\1—1)- _ _ _

Finally, we show that the “true” (Q, q, P1.., 1.0, E10—1) 1S
actually the unique global optimizer to (23). To this end, let
(Q*. q", Py, N> n7.ns §1.v—1) be an optimal solution to (23), and let
us also use * to denote other vectors and matrices obtained using
this optimal solution. Since the solution is optimal, it must be
feasible, which implies that Hf > 0,Vt = 1 : v — 1. Hence
it follows that %7 > 0, ker(%}) C [ker(&;T) Nker(g;")] and
HI\R} > 0, see Horn and Zhang (2005, Thm. 1.20, p. 43). In view
of the above “kernel containment”, (A.2), and (A.3), the optimal
value of By, n=n[v¥:n(Q", g*; X¢, u;)] can be further rewritten as

I
1
E |=[ul & 1 G*Tm* I
xth:N[z [ut X ]

g Topst I
RE
T px * *T o *t *T
X APt+1A+Q G R'6; Bl —6G; mtgt
_ge & -gn'g

[t g g

x I xe | = 5 llucl?].
I 1
Recalling the notation ¥, = [x], 1]” and the fact that %} > 0, we
in turn get
v v—1 1
()= P(N =N E J— 2
=Y BN=N) Y} & [—Clu
N=2 t=v—N+1

1
S U ACARARY b A

e ] u + R Six + R gy ]

* * X
Ht \m[ -lt

v—1 1 v v—1
= E|[|—— 2] — [

Yo B[l EN =N 3 =

t=1 N=2 t=v—N+1

] * 1 * * *| 5 1 * *\2

S IO+ R [& &) 12 +5 o (HA\RDRA] ) |-
Note that since H\R; > 0, all terms except er:_; Ex N[ —3
llu¢||?] are non-negative. Hence, in order for the lower bound
Z‘t;] Ex[,,v[—% lu||?] to be attained, we must have that for t =

v—N+1:v—-1

B [renia 4o e gt]xt)n] 0, (A4a)
oE [tr ((H;\m; )&t&f)] =tr (H;\9%) [xtxt] . (Adb)

for all N such that P(N = N) > 0.In particular, by Assumption 2.4
it must be true for N v. From Lemma 4.3, we know that
Ex[w:v[i'ti{] > 0. Thus it follows that, for N = v, (A.4b) implies
that Hf\%R} = 0 holds for t = 1: v — 1. By using the observation
in Remark 3.2, we therefore have that (Q*, g*, P.,, n}.,) satisfies
the generalized Riccati iterations (3).

Now, to show that the optimal solution to (23) is unique, first
assume that (Q*, g%, P, n7.,) is an optimal solution such that

Ry > 0,fort = 1 : v — 1. In this case, also (ER;)% > 0 for

t =1:v — 1. By (A4a), this means that, conditioned on N = v,
we have u; = -9} [&; gf]& as.fort = 1: v — 1 But
conditioned on N = v, we also have that u, = —R! [ &]%.

12
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Therefore R!' [e; g& = Rl [6: &]&, as,fort =1

v — 1. Multiplying from the right with irT and taking expectation
Ex, N—v 0N both sides, we have that R}' [er ] Fo v—[ReX] | =
R (6 &] Fan—v[:X] ], for t = 1: v — 1. Using Lemma 4.3,
we know that IEXHN:V[ititT] > 0 and hence the matrix is full
rank. Therefore, it must hold that %" [&7 g/] = %[ [&:  &],

t =1:v—1,and thus, by (17), that Aq(t; Q*, ¢*) = Aa(t; Q, §),
t =1 v — 1. By Proposition 4.1, we therefore have that
Q = Q* and that ¢ = ¢*. This implies that in the subset

of the feasible region (23a)-(23b) where R, > O, for t
1 : v — 1, it holds that (Q, G, Pi.v, 1.0, E1.v—1) is the unique
globally optimal solution to (23). Next, suppose that there exists
a minimizer (Q*, ¢*, PY.,, n7.,, &7.,_;) such that 5t > 0 but not
strictly positive definite for some t € {1, ..., v— 1}. In particular,
by Proposition 3.4 this means that (Q, q Py Ny ETu1) #
(Q, G, Py, 10, E1:0_1). Since (23) is a convex optimization prob-
lem that attains an optimal solution, the set of all optimal solu-
tions is a nonempty convex set (Rockafellar, 1970, Thm. 27.2).
This means that all points (Q%, ¢*, P{,, n%.,,&7,_1) = (¢Q +
(1 —a)Q* aq + (1 — a)q", {OtPr + (1 — )P}, {ome + (1 —
antti_y, {ag + (1 — a)§) 32 ) are optimal, for all « € [0, 1].
Since the eigenvalues of i)‘tt, t = 1: v — 1, depends smoothly
on P; (see (4)), we can select « close enough to 1 so that
(Q%, g%, P{,, n%.,, &,_1) will be such that ;¢ > 0 for all ¢
1 : v — 1. However, this contradicts the fact that (Q, (1,131;1,,
N1, E1.v—1) IS the unique globally optimal solution to (23) with
Re > 0,t = 1 : v — 1. Therefore, there can be no optimal
solution such that 9} is not (strictly) positive definite for all
t €{1,...,v—1},and hence (Q, g, P1.v, D1-v, £1.v_1) is the unique
globally optimal solution to (23). O
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