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For fibre-reinforced composites, most of their mechanical properties is tied to the fibre scale. Thus, imaging-
based characterisation demands resolving fibres to characterise these materials accurately. However, high
resolutions limit the field of view and lead to lengthy acquisition times. Emerging non-destructive imaging
technologies and algorithms now accurately provide fibre orientations without detecting individual fibres.
Studies show that voxel sizes up to fifteen times the fibre diameter are feasible, still allowing accurate tensile
modulus predictions. Our presented software incorporates sub-voxel fibre orientation distributions using ultra-

low-resolution three-dimensional X-ray tomography data in a numerical model, providing an effective method
for characterising these materials.
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1. High-level functionality

Non-destructive three-dimensional X-ray imaging of materials has
attracted widespread interest in industrial and research applications.
Fibre-reinforced composite materials play a crucial role in various
industries, necessitating realistic microstructure modelling for under-
standing mechanical properties. Existing work on imaging composite
materials, using X-ray micro-computed tomography, faces challenges
due to the need of resolving individual fibres. High-resolution scans
result in large data sets and prolonged acquisition times, imposing
limitations on the scanning field of view. Recent progress in image
acquisition [1], reconstruction [2] and analysis [3] enables significantly

lower image resolutions while retaining sub-voxel microstructure infor-
mation at a higher speed. This results in a notable decrease in both
data size and acquisition/reconstruction/analysis time [4,5]. However,
when dealing with voxel sizes three to fifteen times larger than the
investigated features (e.g., glass or carbon fibres), novel modelling
approaches are required to account for the sub-voxel microstructure.
The described software introduces a method, incorporating sub-voxel
fibre orientation distributions from orientation tensors for accurate
finite element modelling.

Small-angle X-ray scattering tensor tomography offers three-
dimensional directional information on microstructures in large vol-
umes, overcoming the limitation by accessing length scales significantly
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smaller than a voxel size [6]. With the presented software, we leverage
advances in image acquisition to transfer sufficiently accurate local
fibre orientations and volume fractions from low-resolution scattering
tomography data to a finite element model. Initial results demonstrate
significant improvements in the scanning field of interest, surpassing
state-of-the-art methodologies for detecting fibre orientations in scans
of fibre-reinforced composites by three to six orders of magnitude [7].

The trend towards low-resolution imaging enabled by advances in
imaging and image analysis poses challenges for numerical model pre-
dicting material properties based on image data. Overcoming this bar-
rier, our software [8] introduces material model construction based on
low-resolution imaging data, establishing a new research field denoted
as low-resolution image-based modelling. We anticipate significant in-
terest, particularly from industries desiring comprehensive component
analyses, making our software timely and impactful.

2. Detailed description of the functionalities

The core of the developed algorithm lies in the refinement of the
stiffness matrix based on the sub-voxel fibre orientation distribution.
The nominal fibre orientation provided by the scattering tensor for
each voxel serves as an approximation of the average fibre orientation
within that voxel. However, with a voxel size of 100 pm, roughly
fifteen times the diameter of a fibre, multiple fibres contribute to this
orientation. This leads to a discrepancy in representing the true me-
chanical properties due to the nonlinear relationship between stiffness
and fibre orientation [7]. Leveraging the information embedded in the
scattering tensors, which contain not only the nominal fibre orientation
but also details about fibre orientation scattering, enables adjustments
of the stiffness matrix at the sub-voxel level. Additionally, the stiffness
matrix is constructed based on the sub-voxel fibre volume fraction. The
comprehensive process is illustrated in Fig. 1. The individual steps of
the algorithm are described in detail in the following:

Ia Load Tensor Tomography data

The tensor tomography data is loaded from four Matlab data
files. The fifth order array ‘vec.mat’ contains the three eigenvec-
tors of the scattering tensor (3 x 3 matrix) for each voxel in the
three-dimensional grid. The third vector in the fifth dimension of
the array represents herein the dominant fibre orientation. The
forth order array ‘val mat’ contains the three eigenvalues corre-
sponding to the three eigenvectors of the scattering tensor for
each voxel in the three dimensional grid. The fourth order array
‘scatt.mat’ contains information about the scattering intensity for
each voxel in the three-dimensional grid. From the eigenvalues
the mean scattering intensity can be calculated (in [7] see Equa-
tion 5). The same applies for the fourth order array ‘val peek.mat’
which stems from the scan of a different sample, which did not
contain any fibres but only pure polyetheretherketone (PEEK).
The scattering intensity of pure polyetheretherketone (PEEK) is
essential to compute a local fibre volume fraction specific to
each integration point within the finite element model. This is
described in more detail in Step VI.

Ila Create finite element mesh
Hexahedral elements are created at positions in the scanned
volume where the scattering intensity is higher than 60% of
the mean scattering intensity of the composite. A result of a
generated mesh is depicted in Fig. 2. For this mesh, 64 voxels
are combined into one element, which contains eight Gauss
integration points each. The code further rotates the mesh so that
the longitudinal axis of the sample is aligned with the x-axis.

[Ila Compute integration point coordinates
Each hexahedral element contains eight Gauss integration
points. For each integration point an individual stiffness matrix
is then computed.

Ib

IIb

II1b

v
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Define material properties

The code requires the definition of the following material pa-
rameters: mean fibre volume fraction V ,,,,, matrix modulus
E™, matrix Poisson’s ratio v, longitudinal fibre modulus Ef s
transverse fibre moduli Ezf and E3f, the fibre shear moduli Gflz,
Glf3 and Gé, the fibre Poisson’s ratios v]fz, vlf3 and v2f3, and the
fibre half axes a,, a,, as.

Compute Eshelby tensor

In the current version of the code the stiffness matrices are com-
puted based on Eshelby’s tensor [9] to address the anisotropic
nature of carbon fibres and short fibre lengths. Alternative meth-
ods for computing the stiffness matrix can be easily integrated.
Further details about the computation of Eshelby’s tensor and
the Mori-Tanaka stiffness matrix [10] can be found in the Sup-
plementary Information of [7].

Compute stiffness matrix

The Eshelby tensor is applied across the entire sample, under
the assumption of consistent fibre dimensions throughout the
scanned area. For the mean fibre volume fraction V; ,,,,, and the
fibre and matrix material properties a nominal stiffness matrix
can be computed.

Compute Directional Anisotropy

The novel concept of the Directional Anisotropy (DA) allows to
correlate the fibre orientation spread within one voxel to the
ratios of the eigenvalues of the scattering tensor (see [7] for
more details about the concept and Equations 12 and 13 in [7]
for the definition).

Compute sub-voxel fibre orientation distribution

Based on the values of the Directional Anisotropies (DA) in both
xy and xz-plane a spread for the fibre orientation can be calcu-
lated. Therefore, the fibre orientation is represented by two fibre
orientation angles. These angles are defined as follows: the in-
plane angle between the x-axis and the xy-projection of the unit
vector, denoted as azimuth (¢), and the angle between the z-
axis and the unit vector, denoted as zenith (#). For each the two
angle, ten angles equally distributed around the nominal angles
are defined. The degree of spread around the nominal angles
increases with higher values of the Directional Anisotropies (see
Listing 1).

Listing 1: Computation of the Directional Anisotropy and the
fibre orientation angle spread

DA_xy = lambda3[gl,g2,g3]/lambdallgl,g2

,83]
if DA_xy > 0:
phi_intervall = DA_xy*np.pi/2

phi_scat=np.arange (phi_center-
phi_intervall/2, phi_center+
phi_intervall/2, phi_intervall
/10)
else:
phi_scat=np.array((phi_center,
phi_center))

DA_xz = lambda3([gl,g2,g3]/lambda2[gl,g2
,83]
if DA_xz > O:
theta_intervall = DA_xz*np.pi/2
theta_scat = np.arange(theta_center
-theta_intervall/2,
theta_center+theta_intervall/2,
theta_intervall/10)
else:
theta_scat = np.array((theta_center
, theta_center))
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/ Load Tensor Tomography data (Ia) /

Define material properties (Ib) /

v
[Compute Eshelby tensor (IIb)]

v
[Compute stiffness matrix (IIIb)J

[Create finite element mesh (IIa)}

[Compute integration point coordinates (IIIa)}

For each integration point

[Compute Directional Anisotropy (IV)}

V

[Compute sub-voxel fibre orientation distribution (V)]

[Compute sub-voxel fibre volume fraction (VI)]

[Update stiffness matrix for sub-voxel fibre volume fraction (VII)}

V

EUpdate stiffness matrix for sub-voxel fibre orientation distribution (VIII)J

v

[Compute mean stiffness matrix (IX)}

v
Output stiffness matrix as FORTAN data file (X) /

¢

Fig. 1. Flow chart illustrating the algorithm in [8].

VI Compute sub-voxel fibre volume fraction C_MT = computeMT_local(C_m9,
For each integration point a local fibre sub-voxel fibre volume C_f9, A_MT9, Vf)
fraction is calculated. It bases on the principle that a voxel which C_MT = np.asarray (C_MT)
contains more fibres leads to a higher scattering signal than a c_11 = C_MT[0,0]
voxel with only pure polyetheretherketone (PEEK). Details about C_22 = C_MTI[1,1]
. . . . - C_66 = C_MT[5,5]
the relation can be found in [7] (specifically Equation 16 in [7]) c 192 - CMT[0.1]
VII Update stiffness matrix for sub-voxel fibre volume fraction c 23 = C_MT[1 ’ 2]

Subsequently, the nominal stiffness matrix, defined in Step IIIb,
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is updated at each integration point according to the local sub-
voxel fibre volume fraction (see Listing 2).

Listing 2: Computation of the local fibre volume fraction of
the individual integration point and the update of the stiffness
matrix for the respective fibre volume fraction

if Vf_tomol([gl,g2,g3] < 0.1:
= 0.1

vt =
elif Vf_tomolgl,g2,g3] > 0.4:
vt = 0.4
else:
VE = Vf_tomo[gl,g2,g3]

VIII Update stiffness matrix for sub-voxel fibre orientation distribu-
tion
For every of the potential 100 angle combinations per integra-
tion point, the stiffness matrix based on the local fibre volume
fraction is updated according to the current fibre orientation
angles ¢ and 0 (see Listing 3), benefiting from substantial speed
enhancements provided by the Python Numba package.

Listing 3: For each combination of ¢ and 6 within the defined
angle range new stiffness matrices (36 x 36) are calculated

C = E__update(phi_scat,

theta_scat, C_11, C_22, C_66, C_12,
C_23)
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Fig. 2. Automatically generated mesh with hexahedral elements. In this example 64
voxels are combined to one element which contains eight integration points each. In
total 65531 elements are depicted.

IX Compute mean stiffness matrix
The process is finalised by computing the mean of all 100
updated stiffness matrices for each individual integration point.
X Output stiffness matrix as FORTAN data file
Finally, the components of the stiffness matrices are output in
a FORTRAN data file (Listing 4), readable by the subsequent
Abaqus subroutine for the user-defined material model (UMAT),
similar to the approach in [11]. Due to symmetry of the stiffness
matrix only 30 out of the 36 components are output.

Listing 4: An example of a created FORTRAN data file where
for each element the 30 independent stiffness matrix components
are stored for each of the eight integration points. In this exam-
ple the model consists of 8763 elements. Note that not all lines
are shown.

real*8 E11(8,8763)
real*8 E12(8,8763)
real*8 E13(8,8763)
real*8 E14(8,8763)
real*8 E15(8,8763)
real*8 E16(8,8763)

real*8 E61(8,8763)
real*8 E62(8,8763)
real*8 E63(8,8763)
real*8 E66(8,8763)
integer :: I
DATA (E11(I,1), I=1,8)/ 8841.0,
40228.2, 8689.2, 40228.2, &
40228.2, 40228.2, 8772.3,
40228.2/
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DATA (E66(I,8763), I=1,8)/ 2684.5,
2684.5, 2684.5, 2684.5, &
2684.5, 2684.5, 2684.5, 2684.5/

3. Impact overview

Demonstrating accurate tensile modulus modelling from low-
resolution images (voxel size: 100 pm) of 7 pm diameter carbon fibre-
reinforced composites has opened the possibility to increase the
scanned volume by three to six orders of magnitude. However, cre-
ating an image-based model of this enlarged volumetric size presents
novel challenges in image acquisition, data handling, and homogeni-
sation/mapping. While the homogenisation/mapping challenges have
been discussed in [12], it is essential to note that the scanned volume
remained relatively small in those studies [7,12].

Conventional micro X-ray computed tomography of carbon fibre
composites typically necessitates voxel sizes ranging from 1 to 5 pm
[13-15]. The data size scales cubed with the voxel size. Opting for a
voxel size of 100 pm instead of 1 pm provides a field of view six orders
of magnitude larger while keeping the data size constant. Notably, the
scanned sample volume (14 x 14 x 19 mm?) in [7] surpasses that of
other studies, offering insights into the microstructure without the need
to individually resolve each fibre.

The utilisation of X-ray small-angle scattering tensor tomography for
numerical modelling, as highlighted in previous studies [16,17], is an
emerging field, and the proposed software can significantly contribute
to the rapid, precise, and automated generation of models from such
image data. Furthermore, the software’s applicability extends to the
commonly used structure tensor method [18-20] in image analysis,
which provides a second-order tensor for changes in grey-scale values
in conventional micro X-ray computed tomography images. The versa-
tility of our software allows for potential updates, enabling the stiffness
matrix to be updated based on the structure tensor instead.

4. Limitations and future improvements/applications

The software is presently tailored for a 100 pm voxel size, set
by the X-ray optical element during the initial TOMCAT beamline
experiment [7] at the Swiss Light Source. Ongoing efforts focus on
refining X-ray optical elements to customise voxel sizes for various
micro-structures, potentially necessitating software adjustments. Simul-
taneously, imaging technology transitions to both a lab-based sys-
tem and a commercial prototype, expected to produce comparable
results [21]. This shift facilitates easier experimental access, meeting a
growing demand for subsequent image-based modelling supported by
this software.

The presented method of recalculating the stiffness matrix, based
on the scattering tensor’s shape, relies on an assumed linear correlation
between the sub-voxel fibre angle spread and the directional anisotropy
derived from the scattering tensor. While the results have proven
accurate, alternative correlations, beyond the assumed linear ones, are
plausible. A Gaussian weighting has also been tested, assigning higher
weights to fibre orientation angles closer to the nominal fibre orien-
tation within the possible fibre angle spread. In the studied case, the
difference between a linear correlation and a weighted correlation was
negligible. Nevertheless, it is crucial to conduct further investigations
to fully comprehend the relationship between sub-voxel fibre angle
spread, sub-voxel fibre volume fraction, and directional anisotropy.
This understanding is essential for applying the developed approach to
various material systems and loading situations.

Despite a successful stiffness matrix update based sub-voxel data for
fibre orientation and volume fraction, limitations arise from the large
voxel size. While it is feasible to accurately predict tensile modulus and
stress distributions, fibrous composites often fail at the fibre level. For
instance, carbon fibre-reinforced composites under compression may
fail due to a small group of misaligned fibres. Detecting these critical
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sub-voxel fibre misalignments requires new strategies. Currently, the
software only locally updates the stiffness tensor based on sub-voxel
fibre characteristics; however, ongoing exploration aims to include
sub-voxel characteristics for material failure criteria. Additionally, a
sub-voxel strength update, similar to the stiffness matrix update, can
be computed, leading to a recalculation of the ultimate strength (¢~
or €M),
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