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For p € [1, 00), we show that every unital LP-operator algebra
contains a unique maximal C*-subalgebra, which is always
abelian if p # 2. Using this, we canonically associate to
every unital LP-operator algebra A an étale groupoid G4,
which in many cases of interest is a complete invariant for
A. By identifying this groupoid for large classes of examples,
we obtain a number of rigidity results that display a stark
contrast with the case p = 2; the most striking one being that
of crossed products by topologically free actions.

Our rigidity results give answers to questions concerning the
existence of isomorphisms between different algebras. Among
others, we show that for the LP-analog Of of the Cuntz
algebra, there is no isometric isomorphism between OF and
O @7 OF, when p # 2. In particular, we deduce that there
is no LP-version of Kirchberg’s absorption theorem, and that
there is no K-theoretic classification of purely infinite simple
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amenable LP-operator algebras for p # 2. Our methods also
allow us to recover a folklore fact in the case of C*-algebras
(p = 2), namely that no isomorphism Oy = O3 ® Oy preserves
the canonical Cartan subalgebras.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

Given p € [1,00), we say that a Banach algebra is an LP-operator algebra if it admits
an isometric representation on an LP-space. The case p = 2 has been intensively studied
and a rich theory has been developed; for p € [1,00) \ {2}, new challenges arise, and
much less is known.

Historically, one important strand arises from Herz’s influential works in the 1970s
on harmonic analysis on LP-spaces, unifying results of previous authors for abelian or
compact groups. Given a locally compact group G, Herz studied the Banach algebra
PF,(G) C B(LP(G)) generated by the left regular representation, as well as the com-
mutant CV,(G) C B(LP(G)) of the right translation operators. For p = 2, these are
respectively the reduced group C*-algebra and group von Neumann algebra of G. Both
PF,(G) and CV,(G) have attracted the attention of a number of people during the last
two decades [12,46,9,16]; an overview of the classical results can be found in [17] and a
more recent survey can be found in [21].

Many basic tools available in the C*-algebraic setting may fail to hold for operators
on general LP-spaces, making their study very challenging. Nevertheless, LP-operator
algebras have recently seen renewed interest, thanks to the infusion of ideas, examples
and techniques from operator algebras, particularly in the works of Phillips [39,40].
There, he introduced and studied the LP-analogs OF of the Cuntz algebras O,, from [14]
(which are the case p = 2). These Banach algebras behave in many ways very similarly to
the corresponding C*-algebras: among others, they are simple, purely infinite, amenable,
and their K-theory is independent of p. However, the proofs for p = 2 and p # 2 differ
drastically for most of these.

The work of Phillips has motivated other authors to study LP-analogs of well-studied
families of C*-algebras, including group algebras [40,27,28]; groupoid algebras [25];
crossed products by topological systems [40]; AF-algebras [41,24]; Roe algebras [10,8];
and graph algebras [11]. In these works, an LP-operator algebra is obtained from com-
binatorial or dynamical data, and properties of the underlying data (such as hereditary
saturation of a graph, or minimality of an action) are related to properties of the algebra
(such as simplicity). More recent works have approached the study of LP-operator alge-
bras in a more abstract and systematic way [26,29,6], showing that there is an interesting
theory waiting to be unveiled.
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The present paper takes a further step in this direction, by studying the internal
structure of LP-operator algebras and their abelian subalgebras, specifically for p # 2.
Our first main result is as follows:

Theorem A (See Theorem 2.9). Let p € [1,00), and let A be a unital LP-operator algebra.
Then there is a unique mazimal unital C*-subalgebra core(A) of A, called the C*-core
of A. If p # 2, then core(A) is abelian.

Theorem A can be interpreted as follows: while a given unital LP-operator algebra
(p # 2) in general has many non-isomorphic maximal abelian subalgebras, it has a unique
one that is isometrically of the form C'(X). In particular, any isometric isomorphism must
preserve the C*-cores. This is a dramatic difference with C*-algebras, where even Cartan
subalgebras are not unique. On the downside, the C*-core can sometimes be too small
to be of any use (see Example 3.6). For an LP-operator algebra obtained from either
a combinatorial object or a dynamical system, the C*-core can often be computed in
terms of the underlying data (see Theorem 5.5). This is a very useful tool that allows us
to retrieve information about the combinatorics/dynamics from the associated algebra,
which is best seen in the case of topologically free actions:

Theorem B (See Theorem 6.7). Let p € [1,00) \ {2}, let G and H be discrete groups, let
X andY be compact Hausdorff spaces, and let G ~ X and H 'Y be topologically free
actions. Then G ~ X and H ~Y are continuously orbit equivalent if and only if there
is an isometric isomorphism FY(G,X) = FY(H,Y).

In other words, for p # 2, the LP-crossed product of a topologically free action re-
members the continuous orbit equivalence class of the given action, and hence also the
quasi-isometry class of the acting group. Again, this shows how much more rigid the case
p # 2 is in comparison with p = 2. For the sake of comparison, other rigidity phenom-
ena, this time in the context of coarse geometry and uniform Roe algebras, have been
obtained in [10,8].

As a further application of our methods, we show that there is no LP-analog of Elliott’s
isomorphism theorem Oy ® Oy = O5. More concretely:

Theorem C (See Theorem 8.11). Let p € [1,00) \ {2}, and let m,n € N. Then there is
an isometric isomorphism

@g®p...®Poggog®P...®pog

m n

if and only if m =n.

As a consequence, we answer a question of Phillips: there is no isometric isomor-
phism between OF and OF @P OF for p # 2, although they are both simple, purely
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infinite, amenable LP-operator algebras with identical K-theory (see Proposition 8.15).
In particular, K-theory is not a fine enough invariant to distinguish between simple,
purely infinite, amenable LP-operator algebras, when p # 2, in contrast to the celebrated
Kirchberg—Phillips classification of simple, purely infinite, amenable C*-algebras [38].

Our methods are very general and thus ought to provide useful information in many
other contexts, since the existence of C*-cores does not assume that the LP-operator
algebra is constructed from any combinatorial object.

Acknowledgments

This paper grew out of discussions held during a visit of the first named author to the
other two at the Mathematical Institute at the University of Miinster in April 2018. He
thanks the members of the Institute for their hospitality during this visit. The second
named author wishes to thank Michal Doucha for very valuable email correspondence
on some topics of geometric group theory, and David Kerr for pointing out the reference
[42] to us.

2. C*-cores in LP-operator algebras

Let A be a unital Banach algebra. (We only consider complex Banach algebras.) Recall
that an element a in A is said to be hermitian if ||e!*®|| = 1 for all t € R. We use A} to
denote the set of hermitian elements in A, which is a closed, real linear subspace of A
satisfying Ay, N Ay = {0}; see [7, Section 5] for details.

If A is a unital C*-algebra, then Aj consists precisely of the self-adjoint elements
in A. It follows that A = A}, +iAy. The Vidav—Palmer theorem, [7, Theorem 6.9], shows
that the converse also holds. More precisely, if A is a unital Banach algebra satisfying
A = Ap+iAy, then the real-linear involution given by x+iy — x—iy for x,y € Ay, is both
isometric and an algebra involution which satisfies the C*-identity (namely |la*a|| = ||a||?
for all a € A). These observations justify the following terminology.

Definition 2.1. Let A be a unital Banach algebra, and let B C A be a unital, closed
subalgebra. We say that B is a unital C*-subalgebra of A if B = By + iBy,.

The following result is standard, and will be needed later.

Lemma 2.2. Let A be a unital Banach algebra, and let B C A be a unital, closed subal-
gebra. Then By, = BN Ay. In particular, if Ay is closed under multiplication, then so
8 Bh.

Let A be a unital Banach algebra. In general, Ay, +iAy, is not a subalgebra, since it is
not necessarily closed under multiplication. However, if this is the case, then it follows
from Lemma 2.2 that it is the largest unital C*-subalgebra of A. When Ay, is itself closed
under multiplication, we can say even more.
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Proposition 2.3. Let A be a unital Banach algebra. Assume that Ay is closed under
multiplication. Then Ay + 1Ay is a commutative, unital C*-subalgebra of A. Moreover,
if C C A is a unital C*-subalgebra, then C' C Ay, + iAy,.

Proof. Since Ay, is closed under multiplication, elementary algebra shows that the sub-
space D = Ay, + iAy, is also closed under multiplication, and is thus a subalgebra of A.
Hence D is the largest unital C*-subalgebra of B.

We now show that D is commutative. Given a,b € Ay, the element i(ab — ba) is also
hermitian by Lemma 5.4 in [7]. Therefore, since Ay is a R-linear subspace and is closed
under multiplication, ab — ba belongs to A, NiAy = {0}. Thus ab = ba for all a,b € Ay,
and the result follows. O

It is well-known that hermitian elements are preserved by unital, contractive homo-
morphisms. The next result, which is probably well-known but which we could not find
in the literature, shows that multiplicativity of the map is not needed. It shows in partic-
ular that conditional expectations onto unital subalgebras preserve hermitian elements;
see Proposition 2.16.

Lemma 2.4. Let A be a unital Banach algebra, let B be a unital Banach algebra, and let
p: A — B be a unital, contractive linear map. Then ¢(Ay) C By.

Proof. Given a unital Banach algebra C' and x € C, recall that the numerical range of
x with respect to C' is defined as

V(C,x) = {f(x): feC" f(lc)=1=|fll}.

We will use the standard fact that x € C' is hermitian if and only if V/(C,z) C R.
Let a € Ay,. Let f € B* satisfy f(1p) =1 = ||f||, and set f = f o . Since ¢ is unital,
we have f(14) = 1. Since ¢ is contractive, we have ||f|| < 1 and thus || f|| = 1. Then

f(p(a)) = fla) € V(A,a) C R,
and consequently V (B, ¢(a)) C R, which implies that ¢(a) is hermitian. O

Our next step is to describe all hermitian operators on an LP-space for p # 2;
see Proposition 2.7. Although it would suffice for many concrete examples to only con-
sider ¢P and LP[0,1], the proofs are no harder for general LP-spaces, and the extra
generality may be useful for future work, as ultraproduct arguments often lead to rep-
resentations on “large” LP-spaces.

To formulate the precise result, we first recall some notions from measure theory.
Recall that a measure algebra (2, p) is a o-complete Boolean algebra 2 together with
a o-additive map p: A — [0, 00] that satisfies 4=1(0) = {0}; see [19, Definition 321A,
p. 68]. Given a measure space (X, X, 1), the family of null-sets N' = {E € ¥: u(F) = 0}
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is a g-ideal in ¥, and 2 = ¥/N is a o-complete Boolean algebra. Further, the measure
w induces a map fi: 2 — [0,00] given by u(E + N) = u(E) for all E € X. Moreover,
(A, ) is a measure algebra, called the measure algebra associated to (X, 3, u); see [19,
321H, p. 691].

There are natural notions of measurable and integrable functions on a measure algebra
(A, ), and one obtains LP-spaces LP(2, p) for every p € [1,00]. If (2, it) is the measure
algebra associated to a measure space (X, X, 1), then there are natural isometric isomor-
phisms LP (2, i) = LP(X, %, u) for each p € [1, 00]; see Corollary 3631 and Theorem 366B
in [20].

A measure algebra (2, p) is said to be semi-finite if for every E € 2 with u(E) = oo
there exists a nonzero E/ < E with pu(E’) < oo. It is said to be localizable if it is
semi-finite and 2 is a complete lattice; see [19, Definitions 322A].

Remark 2.5. Localizable measure algebras form the largest class of measure algebras
where the Radon-Nikodym theorem is applicable. Importantly for us, Lamperti’s de-
scription of the invertible isometries of an LP-space for p # 2 from [33], which was
originally proved only for o-finite spaces, remains valid in the more general context of
localizable measure algebras; see Section 3 in [30].

Given a measure algebra (2, i), there is a canonical way to associate to it a semi-
finite measure algebra, which can then be Dedekind-completed to obtain a localizable
measure algebra. Both operations identify the associated LP-spaces for p € [1,00) (but
not necessarily for p = 00); see [19, 322P, 322X(a), p. 78f] and [20, 365X (0), 366X(e),
p. 129, p. 139]. In particular, we deduce the following:

Proposition 2.6. Let (X, 1) be a measure space. Then there is a (naturally associated)
localizable measure algebra (2, @) such that LP(X, %, u) is isometrically isomorphic to
LP (A, i) for every p € [1,00).

By [19, Theorem 322B, p. 72], the measure algebra associated to a measure space is
localizable if and only if the measure space is localizable (in the sense of [18, Defini-
tion 211G, p. 13]). Since every measure algebra is realized by some measure space, we
also deduce that for every measure space p there exists a localizable measure space i
such that LP(u) = LP(j1) for every p € [1,00).

The following result is probably known, but we could only locate it in the literature for
the case that the measure space is atomic ([48, Theorem 2]), or o-finite (see for example
[29, Lemma 5.2]). We include here a proof in the general case for the convenience of the
reader.

Proposition 2.7. Let p € [1,00) \ {2}, let (A, ) be a localizable measure algebra, and let
a € B(LP(p)). Then a is hermitian if and only if there exists h € Ly (i) such that a is
the multiplication operator associated to h.
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Proof. Given f € L*>(u), let my € B(L”(u)) denote the associated multiplication op-
erator. The resulting map m: L>(u) — B(LP(u)) is unital and contractive (and in fact
isometric, since (2, ) is localizable), which implies that it preserves hermitian elements;
see Lemma 2.4. We have L>(u)n, = Lg (1), and thus every function f € Lg’(u) defines
a hermitian multiplication operator m.

Conversely, assume that a is hermitian. We may assume that a # 0; by rescaling if
necessary, we may also assume that [|a|| < Z. Then, for t € R, set u; = e"® € B(LP(u)).
Then ||u¢]] < 1, since a is hermitian. Moreover, uiu_; = u_u; = idz» (), which implies
that uy: LP(u) — LP(u) is a surjective isometry. Moreover, the resulting map [0,1] —
Isom(LP (1)) into the group of surjective isometries, given by ¢ — w4, is norm-continuous.

By Lamperti’s theorem (in the form given in Theorem 3.7 in [30]; see [33] for the
original statement), for every ¢ € [0,1] there exist a unique h; in the unitary group
U(L>®(p)) of L*°(u), and a unique Boolean automorphism ®; of 2 such that, in the
notation of Lemma 3.3 of [30], we have u; = my, o ve,. By the norm computation in
equation (6) of [30], for s,t € [0,1] we have

[ — sl = max {{[7e — hslloo, 2(1 = 00,.4.) }-

Since t — wy is norm-continuous, it follows that ®; = ®, for all t,s € [0,1]. Since
®g is the identity automorphism, we deduce that ®; = idy for all ¢ € [0,1]. Hence,
exp(ia) = u; = myp, . Set

T={it: t€[-%,%]} and P = {z€ S": Re(z) > 0},

and note that the exponential map induces a bijection from 7 to P. We let log: P — T
denote the inverse of this map, which is analytic on a neighborhood of P.

Since ||la|]| < 7, the spectrum of ia is contained in T". Consequently, the spectrum of
uy is contained in P. Applying analytic functional calculus to u; we get ia = log(uy).
Since m: L (u) — B(LP(u)) is a unital homomorphism, we obtain

a = —ilog(ui) = —ilog(mn,) = M_jiog(h,)-
Note that —ilog(h1) belongs to L’ (i), which finishes the proof. O

Corollary 2.8. Let p € [1,00) \ {2}, and let (X, %, 1) be any measure space. Then
B(LP(u))n is closed under multiplication.

Proof. Apply Proposition 2.6 to obtain a localizable measure algebra (2, 1) such that
LP(u) = LP(p). Then B(LP(u)) and B(LP(u)) are isometrically isomorphic as Banach
algebras, and the result follows from Proposition 2.7. 0O

We have arrived at one of the main results of this section: every unital LP-operator
algebra contains a largest C*-subalgebra.
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Theorem 2.9. Let p € [1,00), and let A be a unital LP-operator algebra. Set core(A) :=
Ay + iAy. Then core(A) is the largest unital C*-subalgebra of A. If p # 2, then core(A)
is commutative.

Proof. Let ¢: A — B(LP(u)) be an isometric representation of A on some LP-space
LP(u). Since (1) is a contractive idempotent on LP(u), its image is isometrically iso-
morphic to an LP-space by Theorem 6 in [49]. Thus, upon replacing LP(u) with the
image of ¢(1), we may assume that A is a unital, closed subalgebra of B(L”(1)).

For p # 2, the result follows by combining Lemma 2.2, Proposition 2.3 and
Corollary 2.8. On the other hand, the result is standard for p = 2, and we include
the short argument. If A C B(L?(y))) is unital, then core(A) is a subset of the intersec-
tion AN A* C B(L?*(11)). On the other hand, AN A* is a unital C*-subalgebra of A, and
hence

ANA* = (A N A*)h + ’L(A N A*)h C Ay +i4A, = core(A).
Thus, core(A) = AN A*, which is therefore the largest unital C*-subalgebra of A. O

Definition 2.10. Let p € [1,00), and let A be a unital LP-operator algebra. We call the
algebra core(A) := Ay + i Ay the C*-core of A.

Example 2.11. Let (X, 1) be a localizable measure space and let p € [1,00) \ {2}. Then
core(B(LP(p))) = {my: f € L>(u)} = L>(p), the algebra of multiplication operators.

Remark 2.12. Let (X, u) be a localizable measure space, let p € [1,00) \ {2}, and let
A C B(LP(u)) be a closed subalgebra. Then A, = AN Ly (1), and thus

core(A) = (AN LY (1) +i(AN LR (1)),

which can be strictly smaller than AN L>°(u). This is the case, for example, for the disc
algebra

AD) ={f e C(D): f|po is holomorphic}.

Indeed, since A(D) is a Banach subalgebra of L>°(D), it is in particular an LP-operator
algebra for every p € [1,00). On the other hand, A(D) N Lg(D) = {0}, and thus
core(A(D)) = {0}, although A(D) N L>*°(D) = A(D).

The next result follows directly from Lemma 2.4.

Proposition 2.13. Let p,q € [1,00), let A be a unital LP-operator algebra, let B be a
unital L9-operator algebra, and let p: A — B be a unital, contractive, linear map. Then
(core(A)) C core(B), and ¢: core(A) — core(B) is a x-homomorphism.
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Remark 2.14. Proposition 2.13 does not generalize to non-unital maps, even if they
are multiplicative: for p # 2, consider the homomorphism C — M, = B(¢?({0,1})
determined by sending the unit to a contractive, non-hermitian idempotent, such as
e=1 (} }) Indeed, since the idempotent e has the form e = (I + U), where I is
the unit in My and U is the invertible isometry U = ((1J (1)), it follows from the triangle
inequality that e is contractive. Moreover, e is not hermitian for p # 2, since it does not

belong to ¢>°({0,1}).

Definition 2.15. Given a unital Banach algebra A and a unital, closed subalgebra B C A,
a conditional expectation from A onto B is a unital, contractive, linear map E: A — B
satisfying F(bjaby) = by E(a)bs for all a € A and by,by € B. (In particular, E(b) = b for
all b€ B.)

The notion of a conditional expectation is well-established for C*-algebras, and gen-
eralizations to Banach algebras such as the one above (but also variations thereof) have
been considered in several places; see for example [34].

We record the following fact for future use. It is an immediate consequence of
Proposition 2.13, since conditional expectations are unital and contractive.

Proposition 2.16. Let A be a unital LP-operator algebra, let B C A be a unital, closed
subalgebra, and let E: A — B be a conditional expectation. Then E(core(A)) = core(B),
and thus E restricts to a conditional expectation between the respective C*-cores.

We end this section by exploring C*-cores in reduced crossed products. First, we recall
some elementary facts from [40], whose notation we follow.

2.17. Let G be a discrete group, let A be a unital Banach algebra, and let oc: G — Aut(A)
be an action by isometric isomorphisms. We use C.(G, A, «) to denote the complex
algebra of functions G — A with finite support. Given a € A and g € G, we let
aug € C.(G, A, @) be the function that maps g to a and everything else to 0. We write
uy for lug, and observe that any element in C.(G, A, «) can be written uniquely as
deG agug, where all but finitely many a4, € A are zero.

The product in C.(G, A, ) is determined by the (formal) rules ugup = ugp and
ugaug-1 = ag(a), for g,h € G and a € A. In particular, u; is the unit of C.(G, A, «).
Moreover, we have canonical unital homomorphisms C.(G) — C.(G,A,a) and A —
C.(G, A, o) given by ug — ugy and a — au,.

A representation of (G, A, «) on an LP-space E is a pair (7, v) where m: A — B(E) is
a unital, contractive homomorphism and v: G — Isom(F) is an isometric representation
of G, satisfying vym(a)vg—1 = m(ay(a)) for all g € G and a € A. We write Rep,,(G, A, a)
for the class of representations of (G, A, ) on LP-spaces. Given (7,v) € Rep,(G, A, a)
as above, there is a unital homomorphism 7 x v: C.(G, A,a) — B(E) given by (7 x
v)(aug) = w(a)vy for a € Aand g € G.
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Next, we recall the construction of regular representations of (G, A, «). Let mp: A —
B(LP(u)) be a unital, contractive representation on an LP-space LP (). Let cg denote the
counting measure on G. As in [40, Lemma 2.10], we identify LP(cg x p) with ¢2(G, LP (u)).
By [40, Lemma 2.11], the representation \* of G on £7(G, LP (1)) given by M = A®@idz» (.
is isometric. Further, there is a unital, contractive representation = of A on (G, LP(u))
given by

for g€ G, a € Aand £ € ¢P(G,LP(u)). Then (m, \*) is a covariant representation, and
m X A is called the regular representation induced by my. We write RegRepp(G, A )
for the class of regular representations of (G, A, «) on LP-spaces.

Definition 2.18. Given f € C.(G, A, «), set

£l = sup {[[(w x v)(£)l|: (w,v) € Rep, (G, A, @)}, and
1£11x = sup {(m x X)(f)]: (7, \*) € RegRep, (G, A, a)}.

The full LP-operator crossed product of (G, A, «), denoted by FP(G, A, «a), is the com-
pletion of C.(G, A, @) in the norm || - ||, while the reduced L?-operator crossed product of
(G, A, ), denoted by FY (G, A, a), is the completion of C.(G, A, «) in the norm || - ||x.

By [40, Remark 4.6], the identity on A induces a unital, isometric homomorphism A —
F(G, A, a), which we use to identify A with a unital subalgebra of F} (G, A, o). We let
E: F{(G, A, o) — A be the standard conditional expectation as in [40, Definition 4.11],
which satisfies E(auy) = a if g = 1, and zero else.

Theorem 2.19. Let p € [1,00) \ {2}, let G be a discrete group, let A be a unital
LP-operator algebra, and let a: G — Aut(A) be an action. Then the canonical em-
bedding A C FY(G, A, o) identifies the C*-core of FY(G, A, ) with that of A, that is,
core(FY (G, A, o)) = core(A).

Proof. Use [40, Lemma 3.19] to find an isometric, unital representation mp: A —
B(LP(y)) such that 7 x A induces the norm of F} (G, A,«a). By Proposition 2.6 and
without loss of generality, we assume that p is localizable. Given g € G and & € LP(u),
we let 6, ®¢ denote the element in P(G, LP(u)) that maps g to £ and every other element
in G to zero. Then

Ni(Oh ©€) = 0gn @&, and  m(a)(6p ® &) = 0 @ 7o(0y, (a))(£),

for g,h € G,a € Aand £ € LP(u). Define F': B(¢P(G, LP(u))) — B(LP(u)) by
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F(a)(§) = (x(61 ® ) (1),

for x € B(P(G, LP(p)) and £ € LP(p).
Claim 1: We have F o (m X A*) = mg o E, that is, the following diagram commutes:

TXAH

FP(G, A, ) B(¢P(G, LP (1))

A B(LP (11)).

Since all the maps involved are continuous, it is enough to verify the equality on

Ce(G A ). Let a =3 agug € Cc(G, A, ), and let § € LP(). Then

(mo 0 E)(a)§ = mo(a1)€.

On the other hand, we have

(F o (mx X)) (@)é = (mx M)(a) (61 @ €)(1) = ( 3 mwlag)X ) (61 @ )(1)

geG

= (Y8, @molay (@))(©) (1) = mo(ar),

geG

as desired.

For the next two claims, we fix g € G\ {1}.

Claim 2: If n: G — L*(u) is a bounded function with associated multiplication op-
erator my € B(P(G, LP(1)), then F(myAy) = 0. To prove the claim, let § € LP(p).
Then

E(mpAg)(€) = (myAg (01 © €))(1) = (my(dy @ €))(1)
= (0 ® (my(g)€))(1) = 0.

Claim 3: Let a € core(FY (G, A, @)). Then E(auy) = 0. Note that (7 xv)(a) belongs to
the C*-core of B(¢?(G, LP(u)), since m X v is a contractive, unital map. By Example 2.11,
and since p is localizable, there exists a bounded function n: G — L (u) such that
my = (7 x v)(a). Using Claim 1 at the first step, and using Claim 2 at the last step, we
get

mo(E(aug)) = F((m xv)(aug)) = F((m v)(a))\;‘) = F(m,,/\’;) =0.

Since g is isometric, the claim follows.
Let a € core(F} (G, A, a)). We want to show that a = E(a). By Proposition 2.16, we
have E(a) € core(A) C core(F} (G, A, a)). Thus, for each g € G \ {1}, we have
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E(auy) = 0= E(E(a)ug).

For g = 1, we have E(au;) = E(a) = E(E(a)uy). Since E is faithful (see [40, Proposi-
tion 4.9]), it follows that a = E(a), as desired. O

Corollary 2.20. Let G ~ X be a topological action of a discrete group G on a compact,
Hausdorff space X. Then core(F} (G, X)) = C(X).

Given a discrete group G, we use F} (G) to denote its reduced group LP-operator alge-
bra ([40]), which was originally introduced by Herz as the ‘algebra of p-pseudofunctions’
(see also [27, Definition 3.1]). We have F¥(G) = F} (G, {x}).

Corollary 2.21. Let G be a discrete group. Then core(F}(G)) = C.

Problem 2.22. Given a countable, discrete group G, determine the C*-core of its full
group LP-operator algebra. Can one give an explicit description for G =F,?

Another fundamental tool for the computation of C*-cores will be given in Proposi-
tion 5.1. We postpone the discussion of further examples until then.

3. The Weyl groupoid of an LP-operator algebra

From now on and until the end of this section, we fix p € [1, 00)\{2}. Thus, given a uni-
tal LP-operator algebra A, its core is a commutative, unital C*-algebra by Theorem 2.9,
and we write X4 for its spectrum, which is a compact Hausdorff space. Under this
identification, we will regard C(X 4) as a unital subalgebra of A.

In this section, we first construct a canonical inverse semigroup of partial homeomor-
phisms on X 4; see Corollary 3.3. The associated groupoid of germs, which we denote by
G4, is a topologically principal, étale groupoid with unit space X 4, which we call the
Weyl groupoid of A; see Definition 3.5. The Weyl groupoid contains information about
the internal dynamics of the algebra A. This can be best seen in the case of crossed prod-
ucts: we will show that for topologically free actions, the Weyl groupoid of the crossed
product can be naturally identified with the transformation groupoid (see Theorem 5.5
and the remarks at the beginning of Section 6 for the details).

For the next definition, we use C(X4)+ to denote the set of continuous functions
X4 — [0,00). Note that C(X 4)+ is the set of positive hermitian elements in A.

Definition 3.1. Let A be a unital LP-operator algebra. Given open subsets U,V C X4
and a homeomorphism «: U — V, we say that « is realizable (within A) if there exist
a,b € A satisfying the following conditions.

(1) For all f € C(Xa)4, we have afb,bfa € C(X4)+.
(2) We have U = {x € X4: ba(z) >0} and V = {z € X4: ab(x) > 0}.
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(3) Forallz e U,ally € V, all f € Cyp(V) and all g € Cy(U), we have
fla(@))ba(z) = bfa(z) and g(a™'(y))ab(y) = agb(y).

In this case, we say that s = (a,b) is an admissible pair which realizes «, and we write
a=as;, U=Us;and V =V,.

Realizable pairs as in the definition above will play the role of the normalizers used by
Renault in [44]. Indeed, a pair (a,b) replaces what in Renault’s context would be a pair
of the form (a,a*) where a is a normalizer. In our setting, however, there are a number
of difficulties arising from the absence of a canonical involution on a general LP-operator
algebra.

Proposition 3.2. Let A be a unital LP-operator algebra, and let s = (a,b) and t = (¢, d)
be admissible pairs in A.

(a) The inverse of ay is realized by the reverse of s, which is defined to be the admissible
pair s* = (b,a).
(b) The product st = (ac, db) realizes the composition

Qg 0 at|U,ﬂa[1(Us): U:N at_l(US) = Vs Nag(Vy).
(c) For every f € C(Xa), the pair sy = (f, f) is admissible and oy, = idy, . In
particular, the identity map on every open subset of X a is realizable.

Proof. Part (a) is immediate from the definition, so we check (b). Condition (1) in
Definition 3.1 is readily verified for the pair (ac, db). Set

Ug = Utﬂa;l(Us) and Vi :‘/smas(v;)a
which are open subsets of X 4. We claim that
Ug = {ac € X4 : dbac(x) > 0} and Vi = {CL‘ € X4 : dbac(x) > 0},

which is Condition (2) in Definition 3.1. We prove the first equality, since the other one
is obtained by considering the reverses of s and t. Set f = ba, which is a strictly positive
function on Us = {x € X4: ba(x) > 0}. Using Condition (3) in Definition 3.1 for the
pair (¢, d), we get

dbac(x) = df e(z) = f(as(x))de(x) = ba(a(z))de(x)

for all z € X 4. Note that the composition foq; is a strictly positive function in Cy(Us;).
In particular, the expression above is positive if and only if ba(a;(x)) > 0 and de(x) > 0,
which is equivalent to x € U;. This proves the claim.
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It remains to verify Condition (3) in Definition 3.1; we will only do the first half, since
the other one is analogous. Let « € Uy and let f € Cy(Vy). In the following computation,
we use the identity dbac(x) = ba(ay(x))de(x) at the first step; the fact that (a,b) realizes
as at the second step; and the fact that (¢, d) realizes ay at the third step (applied to
bfa in place of f), to get

flas(ai(z)))dbac(z) = f(as(a(x)))baley(2))de(z)
=bfa(ay(z))de(x) = dbfac(z).

This completes the proof.
Finally, part (c) is immediately checked, using that C(X4) is commutative. O

For the reader’s convenience, and to fix notation and terminology, we include some
standard background on inverse semigroups and étale groupoids. Recall that an inverse
semigroup is a semigroup S together with an involution f: S — S satisfying ssfs = s
for all s € S. A inverse subsemigroup of S is a subsemigroup that is closed under the
involution. A typical example of an inverse semigroup is Homeopa, (X), the set of partial
homeomorphisms of a compact Hausdorff space X.

Corollary 3.3. Let A be a unital LP-operator algebra. Then the set of realizable partial
homeomorphisms on X 4 is an inverse subsemigroup of Homeopar(Xa).

Proof. This follows immediately from Proposition 3.2. 0O

We now use the inverse semigroup of realizable partial homeomorphisms on X4 to
construct an étale groupoid with unit space X 4.

Definition 3.4 (see [/3]). A topological groupoid is a topological space G, endowed with
a distinguished subset G2 C G xgG of composable arrows and continuous operations
G®? — G (composition, denoted (v,8) + ~d) and (-)~': G — G (inversion, denoted
v — v~ 1) satisfying

(1) If (v,n) and (1, €) belong to G, then so do (yn, £) and (7, n¢) and we have (yn)-& =
v - (ng)-

(2) For all v € G we have (y~1)71 =+.

(3) For all v € G we have (y,7~!) € G*?.

(4) For every (v,1) € G we have v~ (y) = n and (yp)n~' = 7.

The set GO := {y € G: v = v~! =42} is called the unit space of G. The domain and
range maps dom,ran: G — G(©) are given by

dom(y) :=~"'y, and ran(y):=~4y""
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for all v € G. The groupoid G is étale if the (automatically continuous) domain and range
maps are local homeomorphisms, and Hausdorff if G is Hausdorff as a topological space.

Let X be a compact Hausdorff space, and let .S C Homeop,,(X) be an inverse sub-
semigroup. The groupoid of germs G(S) of S is defined as follows. On the set

{(s,2) € Sx X:s€S,xedom(s)},

define an equivalence relation by setting (s, x) ~ (t,y) whenever x = y and there exists
a neighborhood U of x in X such that s|y = t|y. We write [s, z] for the equivalence class
of (s,x). Then the quotient G(S) by this equivalence relation has a natural groupoid
structure with ran([s, z]) = s(x) and dom([s, z]) = x, and operations given by

[s,t-y]lt,y] = [st,y], and [s,2]7" = [s*, s(2)]
for all s,t € S and all x,y € X. With the topology defined by the basic open sets
Uusy = {[s,z] :z € U,s(z) eV},

for U,V C X open and s € S, the groupoid G(.9) is étale. The unit space of G(.5) can be
canonically identified with X, and is therefore compact and Hausdorff. For details, we
refer to [44, Section 3.

The next definition follows Renault’s terminology from [44, Definition 4.11]:

Definition 3.5. Let A be a unital LP-operator algebra. We define the Weyl groupoid of A,
denoted by G4, to be the groupoid of germs of the inverse subsemigroup of realizable
partial homeomorphisms of X 4.

The Weyl groupoid of an LP-operator algebra is sometimes too small to carry any
useful information.

Example 3.6. Let G be a discrete group, and let F} (G) be its reduced group LP-operator
algebra. Then Xpr(q) = {*} by Corollary 2.21, and thus G F?(c) is the trivial groupoid,
regardless of G.

The reason why G4 remembers so little about A in Example 3.6 is that the group G,
when regarded as a groupoid (with G(®) = {x}), has very large stabilizers (or isotropy
groups). The case we will be interested in, namely that of “small” stabilizers, is formal-
ized in the following notion. Given a groupoid G and z € G| the set 2Gx = {y €
G: ran(y) = dom(y) = z} is a group, called the isotropy group at x. One says that z has
trivial isotropy if xGx contains only x itself. The set G’ := {y € G: dom(y) = ran(y)} is
also called the isotropy bundle.
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Definition 3.7 ([/4, Definitions 3.4, 3.5]). An étale groupoid G is said to be topologically
principal if the set of points in G(9) with trivial isotropy is dense in G(9); it is said to be
effective if the interior of G’ is G,

Let G be an étale groupoid. If G is topologically principal and Hausdorff, then G is
effective, and the converse holds under suitable assumptions; see [44, Proposition 3.6].
The prototypical example of a topologically principal groupoid is the transformation
groupoid of a topologically free action' of a discrete group.

Remark 3.8. (See the beginning of Section 3 of [44].) Let G be an étale groupoid, and
denote by S(G) the inverse semigroup of its open bisections.? Recall that any S € S(G)
defines a homeomorphism Bg: dom(S) — ran(S) that satisfies 8s(x) = ran(Sz) for
all z € dom(S). Moreover, the induced map 3: S(G) — Homeo,,,(G(?) is an inverse
semigroup homomorphism. We let P(G) denote the image of 5. By Corollary 3.3 in [44],
the groupoid of germs of P(G) is isomorphic to G if and only if G is effective. Moreover,
if this is the case, then § identifies S(G) bijectively with P(G).

Being a groupoid of germs, G4 is always effective and étale. For later reference, we
record this and other properties of G4 in the following proposition.

Proposition 3.9. Let A be a unital LP-operator algebra. Then Ga is a locally compact
(not necessarily Hausdorff), effective, étale groupoid, and gf) is naturally homeomorphic
to XA.

Proof. It remains to show that G4 is locally compact. This follows using that the range
map is a local homeomorphism onto the compact, Hausdorff space gg‘” =Xa. O

In contrast to Example 3.6, we will show later that when A is the reduced LP-
groupoid algebra of a topologically principal, Hausdorff groupoid (in the sense of [25];
see Definition 4.3 below), then G4 is a complete invariant for A.

4. Reduced groupoid LP-operator algebras

Throughout this section, G denotes a locally compact, Hausdorff, étale groupoid, and
G denotes its unit space. In this section we recall the construction of the reduced
LP-operator algebra of G from [25], and we prove the basic properties that will be used
later on. Given the absence of C*-algebraic tools such as polar decomposition or contin-
uous functional calculus, we spend some time on technical details. Our approach here

L Recall that an action G ~ X of a discrete group on a topological space X is said to be topologically
free if for every g € G \ {1}, the interior of the set {x € X: g -z = x} is empty.

2 Recall that a subset S C G is said to be an open bisection if it is open and the restrictions of the source
and range maps to S are injective.
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is different from that in [25], and is inspired by the notes of Sims [47]; see in particular
Section 3.3 there.
We adopt the following notational conventions: for z € G0, we set

Gr={y€G: dom(y) =z} and zG={y€G: ran(y) =x}.

(Often these sets are denoted in the literature by G, and G, respectively.)
The first step is to define the appropriate convolution algebra.

Definition 4.1. We denote by C.(G) the space of compactly supported, continuous func-
tions G — C. For f,g € C.(G), their convolution f * g: G — C is defined by

(fxg)n) =Y. flrohglo)= > fr)gr1)

oceG dom(y) T€ran(y)g

for all v € G. Together with pointwise addition and scalar multiplication, this makes
C.(G) into a complex algebra. Given f € C,(G) and v € G, we define 0 f, fxd,: G — C
by

f(y7to), ifran(o) = ran(y)
0, otherwise,
floy™Y), ifdom(o) = dom(vy)

0, otherwise,
for o € G.

Given z € G| since G is étale, the relative topology on Gz is discrete. Therefore,
elements in C.(Gx) are finite linear combinations of §, for v € Gx. Using this, in the
following proposition we show that one can define convolution between elements in C.(G)
and ¢P(Gz). Recall that the I-norm of f € C.(G) is given by

St s ST If@)l}

ocxG z€G© ceGx

Il = max {

sup
z€G(©)

Proposition 4.2. Fiz z € GO, Let f € C.(G) and let £ € C.(Gx). Then f % € belongs to
C.(Gx), and

I1f = Ellp < 1218

for every p € [1,00]. It follows that there exists a unique contractive representation

Aot Co(G) — B((Ga)) satisfying Ao(f)(€) = [ & for | € Co(G) and € € Co(Ga).
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Proof. Note that f x £ belongs to C.(Gx). Moreover, we have

1feeli= 3| 3 fao e < 3 1e@) Y 1o < 1F g,

yeGx o€Gx o€z yeEGT

and

[[f *&lloc = sup
YyEGT

> FmE)

T€ran(y)g

<sup Y f@ sup TN AE] o
xTEran(’y)g T€ran(y)g

Thus, the operator C.(Gz) — C.(Gz) given by left convolution by f is bounded, and has
norm at most || f||; for the 1- and co-norm on C.(Gz). Hence, the norm inequality in the
statement follows from the Riesz-Thorin interpolation theorem. The second assertion in
the statement is immediate. O

For z € G, we call the representation ), constructed in the proposition above, the
left reqular representation of G associated to z. From now on, we fix p € [1, 00).

Definition 4.3. The reduced groupoid LP-operator algebra of G, denoted F}(G), is the
completion of C.(G) in the norm which for f € C.(G) is given by

£l = sup {[IXa(f)ll: 2 € GO}

Although there is a potential conflict of notation with the norm introduced in
Definition 2.18, the notation || - ||x is standard in the field. Since the norms from
Definition 4.3 and Definition 2.18 are defined on different objects, it should always be
clear which one we refer to.

The definition above agrees with the one given in Definition 6.12 of [25]; see Corol-
lary 6.15 in [25] (observing that what we here call ), is denoted Ind(x) in [25]). Note
that @, g Az is an isometric representation of FY (G) on an LP-space, and thus FY (G)
is an LP-operator algebra. Moreover, F}(G) is unital if G(¥) is compact.®

Let p' € (1,00] be the dual Holder exponent of p, which satisfies % + 1% = 1. For
z € GO, we identify ¢¢' (Gz) with the dual of £2(Gz), and for £ € £?(Gz) and 1 € £*'(Gz)
we write (£,7) for the pairing given by (£,7) = >_ 5, §(v)n(7)-

Lemma 4.4. Let a € F{(G), let z € GO, and let o, € Gx. Then

</\w (@) (60)7 5V> = <)‘ran(ﬂ) (a’) <6ran(0))’ 5’70’1> :

3 The converse is likely to be true, but to the best of our knowledge this is not known.
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Proof. Set y :=ran(o). To verify the formula for C.(G), let f € C.(G). Then

N ()(00),05) = (% 05,05) = (f *05)(7) = f(vo™ ") = Ay ()(8y), 501 -

For general elements in F}(G), the formula follows since both sides of the equation are
continuous in the norm of F{(G). O

Lemma 4.5. Given f € C.(G), we have

[fllse < I1FlIx < £l

Further, we have ||f||x = ||flloo for all f € C.(GD).

Proof. Let f € C.(G). Since |[A.(f)| < ||f|lr for all z € G by Proposition 4.2, the
second inequality follows. To show the first inequality, let v € G. We need to verify that
[F()] < I flla- Set x := dom(y). Then

118 2 (O 21X ()Gl = [| D Fo D], = 1F ().

oceGr

Lastly, if f € C.(G(?)), then ||f|lc = ||f]l7 and the statement follows. O

Notation 4.6. By the first inequality in Lemma 4.5, the identity on C.(G) extends to a
contractive linear map j: FY(G) — Cy(G). We abbreviate j(a) to j, for a € FY(G).

Proposition 4.7. The map j: F}(G) — Co(G) is injective and we have

ja('Y) = <)\dom(~/) (a) (6dom(‘y))75’y>
for every a € FY(G) and v € G.

Proof. The proof is based on the proof of [47, Proposition 3.3.3]. To verify the displayed
formula for j, let f € C.(G) and let v € G. Set x := dom(y). Then

(Aa(f)(02), 6) = (f * 6z, 07) = f(7) = 35 (),

as desired. Since both sides of the equation are continuous with respect to the norm in
F?(G), we obtain the same formula for all elements in F¥ (G).

To show injectivity of j, let a € F}(G) with a # 0. Choose z € G© such that
Az(a) # 0. Then choose 0,7 € Gz such that (A\;(a)ds,d,) # 0. Set y := ran(o). Using
Lemma 4.4 at the second step, we obtain

Ja(r0™1) = Ay (a)(8y), 0re-1) = (Aa(a) (85), 67) # 0

and thus j is injective. O
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Lemma 4.8. Let p' € (1,00] be the Hélder exponent that is dual to p, and let x € G,
For a € FY(G), we write \z(a)' : £7(Gx) — (P(Gzx)" for the transpose of A\;(a). Define
contractive linear maps £y: FY(G) — 7(Gz) and 1 FP(G) — €7 (Gx) by

lp(a) == Ne(a)(8z), and ry(a):= As(a) (0),

for a € FE(G). Then €,(a)(v) = ja(7) and ry(a)(y) = ja(v™1), for all a € FY(G) and
v € Gx.

Proof. Let a € FY(G) and v € Gz. Using Proposition 4.7 at the last step, we get

le(a)(7) = (Ae(a)(02),6+) = ja(7)-
Using Lemma 4.4 at the third step and Proposition 4.7 at the last one, we also get
(@) = Ael@)(6:),8,) = (hala)(6,),8:)
= (Adom(1) (@) (aom(y), 05-1) = Ja(y™1). O

Given f € C.(G) and v € G, it is easy to check that ||, * f|[x < || f]|x and [[f*d4|x <
|| f]|x- In particular, it follows that left and right convolution by ¢., extend to contractive,
linear maps F}(G) — F}(G).

Proposition 4.9. Let a,b € FY(G) and v € G. Set x := dom(y). Then

Jaxb(7) = <7’x(5w*1 * a)aéx(b» = Z ja(’yail)jb(o')a

cEGx

and the sum is absolutely convergent.

Proof. The proof is based on the proof of [43, Proposition III.4.2]. Fix o € Gz.
Claim 1: We have 14(6,-1 * a)(0) = jo(yo ™). For f € C.(G), we get

o (8y-1 % [)(0) = (Ao (8y-1 % ) (02), 65 ) = (62, A (84-1 % [)(65))
= (04,041 % fx05) = f(yo ') = js(yo ™).
Now the claim follows since C,(G) is dense in F¥(G).

Claim 2: We have A\, (a)' (6,)(0) = ja(yo ™). Using Lemma 4.4 at the third step, we
get

Aa(a)'(05)(0) = (Aa(a)'(05), 00) = (05, Az(a) (o))
= <)‘ran(a') (a) (6ran(a))a 670*1> = Ja (70-_1)'
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It follows from Claims 1 and 2 that A;(a)' (dy) = 74(d,-1 * a), and therefore

Y

Jas(7) = (Az(a)[Ae (0) (02)], 6+)
= (Az(a)'(05), Aa(b)(d2))
= <rx(6771 * a),Em(b)> ,

which proves the first equality. Now the second equality follows from Claim 1 and
Lemma 4.8. Moreover, the sum is absolutely convergent since it is given by the pair-
ing between (#(Gz) and its dual ' (Gz). O

Notation 4.10. The inclusion C.(G(®)) C C.(G) extends to an isometric, multiplicative
map Co(GV) — FP(G), which we use to identify Co(G®)) with a closed subalgebra
of FY(G). We let E: FY(G) — Co(G®) denote the composition of j followed by the
restriction Cp(G) — Co(G().

Proposition 4.11. The map E defined above is contractive and satisfies E(f) = f and
E(fag) = fE(a)g for all f,g € Co(G) and a € FL(G). In particular, if G©) is compact,
then E is a conditional expectation in the sense of Definition 2.15.

Proof. We have E(f) = f for every f € C.(G), which implies the same for elements in
Co(G?). Now, let f,g € Co(G), let a € FY(G), and let x € G(¥). Using Proposition 4.9
at the second and fourth step, and using at the third and fifth step that j,(c) = 0 and
jr(c™1) =0 unless o = dom(c) = ran(o), we get

E(fag)(x) = jrag(®) = Y dralc™)jg(0)

oceGx

=jra(@)g(z) = > jrlo™jalo)g()

cEGx

= f(@)ja(2)g9(z) = [fE(a)g](x),

as desired. Since E(1) = 1 when G(9) is compact, the last assertion follows. O
5. LP-rigidity of reduced groupoid algebras

The main result of this section, Theorem 5.5, asserts that if G is a topologically prin-
cipal, Hausdorff, étale groupoid with compact unit space and p € [1,00) \ {2}, then the
Weyl groupoid of its reduced LP-operator algebra is naturally isomorphic to G. This
reveals a stark contrast with the case of C*-algebras, and further implications of this
rigidity phenomenon will be given in Sections 6 and 8.

It should be noted that virtually all concrete families of LP-operator algebras that
have been systematically studied so far can be realized as the LP-operator algebras of
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étale groupoids; see [25]. Thus, adopting the groupoid perspective allows one to prove
results about vast classes of algebras with a unified argument.

Proposition 5.1. Let G be a Hausdorff, étale groupoid with compact unit space, and let
p € [1,00) \ {2}. Then core(FY(G)) = C(G®).

Proof. Let a € core(F}(G)). With j: FY(G) — Co(G) defined as in Notation 4.6, we will
show that the support of j, is contained in G(?). Once this is accomplished, it follows
that j, belongs to C(G). Moreover, a and j, are two elements in F}(G) whose images
under j agree. Since j is injective by Proposition 4.7, it follows that a = j, and hence a
belongs to C(G©).

Given z € G, the homomorphism A, : Ff(g) — B(¢?(G,)) from Proposition 4.2 is
unital and contractive. It follows from Proposition 2.13 (and Example 2.11) that A\, (a) is
the multiplication operator in B(¢*(G,)) given by some element in ¢>°(G,). In particular,
we have \;(a)d, = ¢d, for some ¢ € C.

Let v € G\ G, so that v # dom(y). Using this at the last step, and using
Proposition 4.7 at the first step, we obtain (for some ¢ € C) that

.7(1(7) = <)‘dom('y) (a)édom('y)a 5’y> = <C(5dom("/)a 5’y> =0. O

The computation of the following C*-cores is an immediate consequence of Proposi-
tion 5.1. We refer the reader to [40] for the definition of the spatial LP-UHF-algebras,
and to [11] for the definition of LP-graph algebras.

Examples 5.2. Fix p € [1,00) \ {2}.

(1) For n € N, we have core(MP) = C", identified as the diagonal matrices. More
generally, if D is the LP UHF-algebra of type 2"13"3...¢"¢... then core(D)
can be canonically identified with the continuous functions on the Cantor space
1, prime H}Zl{l, ...,q}. A similar description can be obtained for AF-algebras in
terms of their Bratteli diagrams.

(2) If @ is a finite directed graph, then core(OP(Q)) can be canonically identified
with span{s,s;,: ¢ path in Q}. In particular, for the LP-Cuntz algebra O} (see
Definition 8.2 and the comments after it), the spectrum of core(OZ), for n > 2,
can be canonically identified with the Cantor space.

We now proceed to relate two classes of partial homeomorphisms on G(9: the ones
that are realized by admissible pairs in F}(G) (Definition 3.1), and the ones that are
induced by open bisections of G (Remark 3.8).

Given a topological space X and a continuous function h: X — R, we use supp(h) to
denote the open support of h, that is, supp(h) = {z € h: f(x) # 0}. An open subset
U C X is called a cozero set if there exists a continuous function h: X — R such that
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U = supp(h). If X is normal (meaning that disjoint closed subsets can be separated with
disjoint open sets), then an open set is cozero if and only if it is F,,. In particular, every
open set in a compact, metric space is cozero. In general, every open set in a normal
space contains a cozero open subset.

Proposition 5.3. Let G be a Hausdorff, étale groupoid with compact unit space, let p €
[1,00) \ {2}, and let S be an open bisection of G with associated partial homeomorphism
Bs: dom(S) — ran(S). Let U € G be a cozero set. Then the restriction of 3s to U is
realizable by an admissible pair in F}(G).

Proof. Replacing S by {v € S : dom(y) € U}, we may assume that dom(S) = U. Choose
h e C(G®), with U = supp(h) and define a,b: G — C by

a(y) =

0, otherwise

h(dom(v)), ifyeS h(ran(y)), ify~teS
and b(y) =
0, otherwise

for all v € G. Then a and b belong to FY(G), since they are I-norm limits of elements in
C.(9).

We show that s = (a,b) is an admissible pair that realizes 8g: dom(S) — ran(S). To
simplify the notation, we will omit the map j from Notation 4.6 and identify elements
in F¥(G) with their images in Cy(G). To check the first condition in Definition 3.1, let
fe C(g(o))+ and let v € G. Then

bfa(v)= Y b(yo ') f(ran(o))a(o).

oc€G dom(y)

If bfa(7y) # 0, then there is o € G with b(yo~!) f(ran(c))a(c) # 0, which implies that
o€ Sand oy ! = (yo1)7! € S, and since S is a bisection we get y~! = dom(o),
that is, v € G(©. Thus, the support of bfa is contained in G(©, and it follows that
bfa € C(G?), as desired. Analogously, one obtains afb € C(G®),.

Now we check the second condition. The first condition implies that ba and ab belong
to C(G©),. Given x € dom(S), let op € S be the unique element satisfying dom(og) =
z. Then

ba(x) = Z blo™Ha(o) = bloy Haloy) = h(z)*

oceGx
If z € G\ dom(S), then ba(z) = 0. Thus ba = h?, which implies that
dom(S) = supp(h) = supp(h?) = supp(ba).

Similarly one shows that ab(Bs(z)) = h(x)? for x € dom(S) and ab(Bs(z)) = 0 for
z € GO\ dom(S), and thus
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ran(S) = fs(dom(S)) = supp(ab).

To check the third condition, let x € Us = dom(S) and f € Cy(Vs) = Co(ran(S)). Let
oo € S be the unique element with dom(og) = x. Then ran(og) = Bs(x), so

bfa(x) = Y blo™")f(ran(o))a(o) = b(og ') f(ran(ao))a(oo)

ocEGT

= h(z)*f(Bs(x)) = f(Bs(x))ba(x).

Analogously, one shows that agh(y) = g(B5"(y))ab(y) for y € Vy and g € Co(Us). It
follows that s = (a,b) is an admissible pair that realizes 8s. O

Next, we show that for a groupoid as in the previous lemma, which is moreover
topologically principal (Definition 3.7), any admissible pair naturally determines an open
bisection such that the respective induced partial homeomorphisms on G(©) agree.

Proposition 5.4. Let G be a topologically principal, Hausdorff, étale groupoid with compact
unit space, let p € [1,00) \ {2}, and let s = (a,b) be an admissible pair in F}(G). Set

S:={yeg:a(),b(r") #0}.
Then S is an open bisection in G such that Bs = .

Proof. To simplify the notation, we will omit the map j from Notation 4.6 and identify
elements in F¥(G) with their images in Cy(G).

Claim 1: Let v € G. Then a(y)b(y~!) > 0. Arguing by contradiction, assume that
a(y)b(y~!) < 0. Since a and b are continuous (when viewed as functions on G), we
can choose an open neighborhood U of « such that a(c)b(c=!) < 0 for all ¢ € U. Set
V := dom(U), which is an open subset of G(?). Since G is topologically principal, there
is ¢y € V with trivial isotropy. Fix o9 € U with dom(cg) = xo and set yg := ran(oy).
Since xg has trivial isotropy, og is the unique element in Gz with range 1. Since

ba(x) = Z b(ocY)a(o)

oeGxo

converges absolutely, the set {0 € Gzg: b(c~1)a(o) # 0} is at most countable. Set
t :=b(oy 1)a(op) < 0. Choose a neighborhood W of yo in G(¥) such that

3 (e~ YYa(o)| < [t| = —t.

o€Gzo,ran(c)eW\{yo}

Choose f € Cy(G©) with 0 < f < 1, with f(yo) = 1, and such that the support of f is
contained in W. Then
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bfa(ee) = Y b(o~)f(ran())a(o)

o€Gxo

= b(0y ') f(ran(oo))a(oo) + > b(o™") f(ran(o))a(o)
oceGzo,ran(o)eW\{yo}

<t+ > b(o™Ha(o)] <0,

oc€Gzg,ran(o)eW\{yo}

which contradicts condition (1) in Definition 3.1.
Claim 2: Let v € S. Then dom(y) € U, and ran(y) € Vs. Set x := dom(y) and
y :=ran(y). Applying Claim 1 at the second step, we get

ba(x) = Y blo" a(o) = b(y V() >0,

cEGT

which by condition (2) in Definition 3.1 implies that 2 € U;. Analogously, we have

ab(y) = Y a(0)b(o™") > a(y)b(y") >0,

oceyg

which implies that y € V.

Claim 3: Let v € S, and set © := dom(vy). Then ran(y) = as(x). Assume that
ran(y) # as(z). Choose f € Co(Vs)4 with f(as(z)) = 0 and f(ran(y)) = 1. Using the
third condition in Definition 3.1 at the second step, we get

b(y~Ha(v)
ba(x)

b(o~1) f(ran(0))a(o)
ba(z)

0= flas(o) = S = 3

cEGx

> 0.

>

This contradiction proves the claim.
Consider the set

T :={ne€§G: dom(n) € U, and ran(n) = as(dom(n))}.
We have shown that S C T, and hence
sstcrrtcg = {y € G: ran(y) = dom(y)}.

Denote by ¢t: G — G the inversion map, which is continuous. Since a and b o ¢ are
continuous (as functions on G), their supports are open subsets, and hence S = supp(a)N
supp(b o ) is also open in G. Therefore the open set SS~! is contained in the interior
of G’, which equals G(©) since G is topologically principal and thus effective; see [44,
Proposition 3.6]. An analogous reasoning implies that S~1S is contained in G and so
S is an open bisection.



26 Y. Choi et al. / Advances in Mathematics 452 (2024) 109747

Claim 4: Let « € Us. Then there exists v € S with dom(y) = x. We have

0 <ba(z)= > blo a(o)

cEGr

which implies that there is v € Gz with b(y~1)a(y) > 0. Then dom(y) = z and v € S,
as desired.

It follows from Claim 4 that dom(S) = Us, and it remains to verify Ss = «g. Let
x € Us and let v € S be the unique element with dom(vy) = z. By Claim 3, we have
Bs(x) = ran(y) = as(z), as desired. O

The following is the main result of this section. It shows that a large class of groupoids
can be recovered from their reduced groupoid LP-operator algebras.

Theorem 5.5. Let G be a topologically principal, Hausdorff, étale groupoid with compact
unit space, and let p € [1,00) \ {2}. Then there is a natural identification

Grrg) =9

Proof. We identify C(G(®) with the C*-core of F}(G) as in Proposition 5.1. Let A be
the set of partial homeomorphisms of G(9) realized by admissible pairs in F ?(G). Further,
let B be the family of partial homeomorphisms of G(?) induced by open bisections of G.

By Proposition 5.4, we have A C B. Applying Proposition 5.3, the converse inclusion
holds if every open subset of G(©) is a cozero set (for example, if G(9) is metrizable), and
in general it holds locally, that is, for every § € B and = € G(©) there exists an open
neighborhood U of z such that 8|y € A. Tt follows that the groupoids of germs of A and
B are naturally isomorphic.

By definition, gF;(g) is the groupoid of germs of A. Since G is isomorphic to the
groupoid of germs of B (by Remark 3.8), the result follows. O

Corollary 5.6. Let G and H be topologically principal, Hausdorff, étale groupoids with
compact unit spaces, and let p € [1,00) \ {2}. Then there is an isometric isomorphism
FY(G) = FY (M) if and only if there is a groupoid isomorphism G = H.

6. LP-rigidity of dynamical systems
We now specialize to transformation groupoids.
6.1. Let G be a discrete group, and let X be a compact Hausdorff space. Given an action

G ~ X of G on X, written (g, x) — g -z, the transformation groupoid G x X is defined
as the product space G X X endowed with the operations

(9. h-2)(h,x) = (gh,z), and (g,2)"' = (97" 9 )
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for all g,h € G and all x € X.

The groupoid G x X is étale when equipped with the natural product topology, and
its unit space is {1} x X, which we identify with X. This also identifies C'(X) with a
subalgebra of C.(G x X). Let a: G — Aut(C(X)) denote the associated action, given
by ay(f)(z) = f(g~'x) for g € G, f € C(X) and z € X. For g € G, we let u, denote
the characteristic function of {g} x X in C.(G x X). Then ugyfug-—1 = ay(f) for g € G
and f € C(X), with the product in C.(G x X) as in Definition 4.1.

Let ¢: C.(G,C(X)) — C.(G x X) denote the map given by

f(Si), if s = g;

p(fug)(s,x) = {07 s,

for f € C(X) and g € G. It follows from the above discussion that ¢ is an algebra
isomorphism, where C.(G x X) is given the algebra structure from Paragraph 2.17.
We let ¢ denote the counting measure on G. Given a Borel probability measure p on
X, we use the notation Ind(u): Co(G x X) — B(L?(G x X, c¢ x 1)) from Section 6.3 of
[25], and recall that Ind(g) is induced by convolution in C.(G x X). More specifically, we
have Ind(u)(a)é = ax foralla € C.(Gx X) and all{ € C.(Gx X) C LP(Gx X, cq X ).

Lemma 6.2. Let G ~ X be an action of a discrete group G on a compact, Hausdorff
space X. Let pu be a Borel probability measure on X, let m,o: C(X) — B(LP(X,p)) be
the associated unital representation by multiplication operators, and let m, x A\ be the
induced regular representation as in Paragraph 2.17. Let ¢ be the natural identification
described in Paragraph 6.1.

Then, using the natural identification ¢?(G, LP(X, u)) = LP(G x X, cq X 1), we have
T XA =1Ind(u) o . This means that the following diagram commutes:

m
T XA

Ce(G,C(X)) B(tP(G, LP (X, p)))

l l”

C.(Gx X) B(LP(G x X,cq X ).

Ind()
Proof. Recall (see Paragraph 2.17) that m,: C(X) — B((P(G, LP(u)) is given by

Tu(f)(€)(9) = mu0(ag-1(£))(E(9)) = ag-1(F)E(9)

for all f € C(X), all £ € #(G, LP(p)) and all g € G. By linearity, it is enough to verify
(7 X M) (fug) = Ind(p)(p(fug)) for f € C(X) and g € G. In this case, we have

(X N (fug) () (s, 2) = mu(£)[Ag ()] (s, 7)
= muo(as (F))(@) - X (€)(s,2) = f(s2)(g™"s, )
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for s € G and z € X. On the other hand,

Ind(2) (p(fug))(€)(s, ) = (o(fug) *&)(s, )
= > elfug)(st )t y)

(ty)eGr X (1,z)

=Y e fug) (st ta)é(t,2) = f(s2)é(g"s, ),

teG

as desired. O

It will be convenient for us to know that, when considering all regular covariant
representations of a dynamical system G ~ X, it suffices to consider representations of
C(X) on LP(X, 1) by multiplication operators, for Borel measures p on X. The following
lemma is the case of probability measures, while the general case can be reduced to it
by considering separable subsystems (see the proof of Proposition 6.4).

Lemma 6.3. Let G ~ X be an action of a discrete group on a compact, Hausdorff
space. Let (Y,v) be a standard Borel probability space. Let mo: C(X) — B(LP(Y,v))
be a unital representation, and let w x \¥ be the induced regular representation as in
Paragraph 2.17. Let ¢: C.(G,C(X)) — C.(G x X) be the natural identification described
in Paragraph 6.1. Then

I A (@)l < lle(a)ll ppanx)

for every a € C.(G,C(X)).

Proof. By Proposition 2.13, the range of 7y is contained in the C*-core of B(LP(v)),
which by Example 2.11 coincides with the algebra of multiplication operators by
functions in L*°(r). We thus regard my as a unital, contractive *-homomorphism
C(X) — L*°(v). Integration against v defines a tracial state 7,: L*°(rv) — C. Hence,
T, 0m: C(X) — C is also a tracial state, and thus there is a unique Borel probability
measure i on X such that 7, = 7, o mg. To lighten the notation, write

p=mx\:C(G,C(X))— B(P(G,LP(Y,v)))
for the induced regular representation of mg, and similarly write
pu =T ¥ M Co(G,C(X)) = B(LP(G, LP(Y, p)))

for the induced regular representation of 7,. Fix a € C(X) for the rest of this proof.
Using Lemma 6.3 at the first step and Corollary 6.15 in [25] at the last step, we get

lou(@)ll = [md(u)(p(@)] < sup [Ind(u")(p(a))]| = lle(@)ll Franx)-
W eM:(X)
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It thus suffices to show that ||p(a)| = ||pu(a)||-

Denote by 7o: L (X, u) — L (Y, v) the unique extension of 7y to a unital, injective,
normal and trace-preserving *-homomorphism. Then 7, induces* a measurable, measure-
preserving, essentially surjective map k: (Y,v) — (X, u) such that 7o (f) = for for every
f e L=(X, p).

Under the map k, we regard Y as fibered over X, and for x € X we write Y, for the
standard Borel space Y, = x~1(x). The disintegration theorem (see, for example, the
first paragraph on page 316 of [42]) gives, for every € X, a Borel probability measure
v, on Y, whose support is contained in Y, satisfying:

o for every Borel subset B C Y, the assignment x — v, (B) is Borel;
o for every Borel function f: Y — R, we have

Y/fdz///fdyzdu.

X Y,

Following Ramsay’s terminology at the top of page 338 of [42], for n € {1,2,...,00}
we say that a probability space is of type n if it is atomic and has exactly n atoms. For
n=0,—-1,—2,...,—00, we say that a probability space is of type n if it is not atomic
and has exactly —n atoms. It is well-known that the type of a standard Borel probability
spaces determines its isomorphism class. Write Z for Z U {—o0, 00}. Given n € Z, we fix
a standard Borel probability space (Z,,d,) of type n.

For n € Z, set

X, = {x € X : (Yo, vy) is of type n} and Y, =r1(X,) CY,

and write u,, for the restriction of u to X,, and similarly write v, for the restriction of
v to Y,. By Lemma 6.4 in [42], X,, is a Borel subset of X, and hence so is ¥;, C Y, for
each n € Z. Further, X decomposes as a disjoint union X = LI,z Xn, and similarly
Y= I—lnez Y.

With respect to the natural decomposition LP(Y,v) = @, .7 L* (Y, vn), every opera-
tor mo(f) € B(LP(Y,v)) for f € C(X) is block-diagonal. For the induced decomposition

(G, LP(Y,v)) = P (G, LP (Yo, 1)),

neZ

4 Since we could not find a reference for this folklore result, we sketch the argument. Denote by (A, u)
the measure algebra of p, namely the quotient of the o-algebra of u by the ideal N of sets of u-measure
zero; and similarly for (B,v). It is well-known that the set of projections in L°°(X, u) is isomorphic to
A via identifying a class e = E + N € A with the indicator function xg; this correspondence identifies
T, with p. We define K: (A, u) — (B,v) by letting K(e) € B be the class associated to the projection
p(xg) € L=(Y,v), for e = E + N € A. Finally, [20, Theorem 343B] implies that & can be lifted to a
measurable map k: Y — X, which is then immediately seen to be measure-preserving (because so is k) and
essentially surjective (because K is injective).
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it follows that p(a) is block-diagonal, with blocks p(a),, € B(¢?(G, LP(Y,,vy,))) for n € Z.
Similarly, with respect to the natural decomposition

(G, LP(X, 1) = P (G, LP (X, 1))
nez

the operator p,(a) is block-diagonal, with blocks p,(a), € B(?(G, L (X, pn))) for
n € Z. In particular, we have

()]l = sup [lp(a)nll and |lpu(a)] = sup |pu(a)nl]-
nez nez

Fix n € Z. Since (Y,,v,) is isomorphic to (Z,,6,) for all z € X,,, the existence of
a measurable section for x implies that there is an isomorphism (Y;,,v,) & (Xn, fin) X
(Zn,0n), such that the restriction |y, : ¥;, — X,, is identified with the projection onto
the first coordinate. We thus obtain an isometric isomorphism

(G, LP (Y, vm)) = LP(G, L2 (X, pin)) @F LP(Zn, 0)
that identifies p(a), with p,(a), ® idrr(z, s,). It follows that

lp(@)nll = llpu(a)n ©@idrs(z, 5.l = llou(@)nll

Using that this holds for every n € Z, we conclude that

()| = sup [lp(a)n| = sup [lpu(a)nll = [pu(a)ll. O
ne nez

Proposition 6.4. Let p € [1,00), and let G ~ X be an action of a discrete group on a
compact, Hausdorff space. Then the natural identification ¢: C.(G,C(X)) = C.(G x X)
described in Paragraph 6.1 extends to an isometric isomorphism

FP(G,C(X)) = FY(G x X).

Proof. Fixa € C.(G,C(X)) We will show that [|a|| pr(c.c(x)) = [l¢(a)| Fr(axx), starting
with the inequality ‘>’

Let M7 (X) denote the space of all Borel probability measures on X, and let R(G, X)
denote the set of all integrated forms of regular covariant representations of C.(G, C(X))
on LP-spaces, in the sense of the discussion before Definition 2.18. Given u € M;(X), let
0t C(X) — B(LP(X, 1)) be the associated unital representation by multiplication op-
erators, and let p,, := m, x A" be the induced regular representation as in Paragraph 2.17.
Note that p, belongs to R(G, X).

Using Corollary 6.15 in [25] at the first step (see also the second paragraph after
Definition 4.3), and using Lemma 6.2 at the second step, we obtain
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le(@)lrraxxy = sup |Ind(u)(p(a))ll= sup |pu(a)l (6.1)
peEM; (X) HEDM; (X)
< sup |p(a)|l = llallrpa,cx))-
PER(G,X)

We now turn to the converse inequality ‘<’ Let € > 0. Using the definition of
the norm on F}(G,C(X)), choose a measure space (Y,v), a unital representation
mo: C(X) — B(LP(Y,v)), and § € (P(G,LP(Y,v)) with [|{||, = 1 such that, with
p=mxAN:C.(G x X) = B({P(G,LP(Y,v)) denoting the induced regular represen-
tation as in Paragraph 2.17, we have

lallpra.cx)y —€ < llp(@)éllp

For g € G, set §; = &(g9) € LP(Y,v) and set ay = a(g) € C(X). Then at most
countably many &, are nonzero (because (||} = 3_ ¢ €[5 < 00), and at most finitely
many ag are nonzero (because the support of a is finite). Let G’ denote the (countable)
subgroup of G generated by supp(§). Denoting by a: G — Aut(C(X)) the induced
action, it follows that the set

{lex) Ufag(an): g€ G' h e G}

is a countable and G’-invariant subset of C'(X). Denote by X’ the spectrum of the C*-
algebra it generates. Then G’ acts on X', and the canonical quotient map X — X’ is
G’-equivariant. By construction, a belongs to C.(G’,C(X")) C C.(G,C(X)).

Choose a separable LP-space LP(Y’,v') C LP(Y,v) that contains {{,: ¢ € G} and
satisfies mo(b)n € LP(Y', V') for all n € LP(Y',v'); see Proposition 1.25 (and its proof) in
[40]. By construction, £ belongs to ¢7(G’, LP(Y',v")) C ¢P(G, LP(Y,v)).

It is well-known that every separable LP-space can be realized by a o-finite measure,
and thus by a probability measure; see for example the corollary to Theorem 3 in Sec-
tion 15 of [32]. Thus, we may assume that v/ is a probability measure and that Y is a
standard Borel space, which will allow us to apply Lemma 6.3.

Now 7 induces a unital representation 7jy: C'(X’) — B(LP(Y',v")). Let

p=n A ClG,C(X)) = BUP(G, LP(Y' V)

denote the induced regular representation with respect to G’ ~ X’'. We have p(a)§ =
p'(a)€ by construction. Let

0 C(G,C(X") = Co(G'x X)) and  ¢: C.(G,C(X)) = Co(G x X)

denote the natural identifications described in Paragraph 6.1. Using Lemma 6.3 at the
last step, we get

lallrzc.ox) — € < llp(a)élly = 10" (@)lly < llo (@)l < ll¢"(a)l rp(aruxn,
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Since by definition, we have
e (@)l rp(ruxry = sup A (¢’ (@),
z'eX’
we may find ' € X’ such that

||a||Ff\’(G’,C(X’)) —e < A (¢'(a))]-

Choose a preimage x € X of 2’ under the quotient map X — X’. One verifies that
[Aar (" (a))]| = [[Az(#(a))[, and consequently

lallrz.ocx)) =& < IAar (@' (@)l = Az (a))]
< sup [|Ay (@(a)ll = lle(@)ll pp(exx)-
yeX

Since € > 0 is arbitrary, we conclude that [la[|rr(q,c(x)) < le(a)llFraxx)- O

Proposition 6.5. Let p € [1,00), and let G ~ X be an action of a discrete group on a
compact, Hausdorff space. Then the natural identification ¢: C.(G,C(X)) = C.(G x X)
extends to a unital, contractive homomorphism

FP(G,C(X)) — FP(G x X).

Proof. As in Paragraph 2.17, we denote the elements in C.(G,C(X)) by finite linear
combinations 3 o aguy with ag € C(X). Given a LP-space E, it is straightforward to
check that a unital homomorphism 7: C.(G,C(X)) — B(E) is induced from a covariant
representation of (G,C(X)) if and only if |7(3_,cqagug)ll < X eq llaglleo for every
>_geq gty € Ce(G,C(X)). We have

| 37 agug|, =max { sup 3" lag @)l sup 3 lag(g™ ")} < 37 llagll
ged IGXgEG meXgeG

geG

for all > g aguy € Ce(G,C(X)). We conclude that every I-norm contractive, unital

representation of C.(G,C(X)) is induced from a covariant representation. 0O

In Proposition 6.5, we do not claim that the map FP(G,C(X),a) — FP(G x X)
is isometric, since we do not know that a covariant representation is contractive with
respect to the I-norm. This is also a delicate point in the C*-algebra setting; see [47,
Lemma 3.2.3].

Recall that an action of a discrete group G on a compact Hausdorff space X is said to
be topologically free if {x € X: g+ = x implies g = 1} is dense in X. Equivalently, the
transformation groupoid Gx X is topologically principal; see for example [47, Section 4.2].
For such transformation groupoids, groupoid isomorphism can be rephrased in terms of
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the underlying dynamics, via the notion of continuous orbit equivalence, which we recall
below (see Definition 2.5 in [35]).

Definition 6.6. Let G and H be discrete groups, let X and Y be compact Hausdorff
spaces, and let G ~7 X and H ~" Y be actions. One says that ¢ and p are continuously
orbit equivalent if there exist a homeomorphism #: X — Y and continuous cocycle maps
cg: Gx X — H and c¢g: H XY — G satisfying

0(0g(2)) = Pey(g0)(0(x)), and 07 (pr(y)) = T (ny) (07 (1))

forallz € X,yeY,ge Gand h € H.

We are now ready to present our main application to isomorphisms of LP-crossed
products by topologically free actions.

Theorem 6.7. Let p € [1,00) \ {2}, let G and H be discrete groups, let X and Y be
compact Hausdorff spaces, and let G ~ X and H ~ Y be topologically free actions.
Then the following are equivalent:

(1) There is an isometric isomorphism FY (G, X) = F{(H,Y);
(2) There exists an isomorphism G x X = H X Y of topological groupoids;
(3) G X and H~Y are continuously orbit equivalent.
Proof. By Proposition 6.4, there are canonical isometric identifications F} (G, X) =
FY(Gx X) and FY(H,Y) = F}(H x Y). Since the groupoids G x X and H x Y are
topologically principal, Theorem 5.5 implies that (1) and (2) are equivalent.

The equivalence between (2) and (3) has been noted several times in the literature;
see, for example, Theorem 1.2 of [35]. O

7. Tensor products of LP-operator algebras

In this section, we discuss the maximal and spatial tensor products of LP-operator
algebras. Spatial tensor products have been briefly discussed in Remark 1.14 and Ex-
ample 1.15 of [40], and we expand on it here. It is not clear whether the spatial tensor
product norm is the minimal LP-operator algebra tensor norm (as is the case for C*-
algebras), and in fact we suspect that this may be false in general. Maximal tensor
products are defined in analogy with the case of C*-algebras (see Definition 7.2), and
their norm is the largest of all LP-operator algebra tensor norms.

Given actions G ~ X and H ~ Y, we relate the spatial (maximal) tensor product of
the reduced (full) LP-operator crossed products to the reduced (full) LP-operator crossed
product of the product action (G x H) ~ (X X Y'); see Proposition 7.4. If both actions
are amenable, then FP(G,X) = FY(G,X) and FP(H,Y) = F}(H,Y) and the reduced
and maximal tensor products of F¥(G, X) and F} (H,Y') agree; see Theorem 7.6.
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7.1.Let p € [1,00), and let A be a Banach algebra. An LP-representation of A is
a measure space p together with a contractive homomorphism 7: A — B(LP(u)).
(The measure p can, without loss of generality, always be assumed to be localizable;
see Proposition 2.6.) The representation is nondegenerate if the closed linear span of
{m(a)f: a € A,§ € LP(u)} is LP(u). We use Rep,(A) to denote the class of all nonde-
generate LP-representations of A. Define a seminorm on A by setting

lall e := sup {[[w(a)[| : = € Rep,(A4)},

for a € A. (Note that the supremum makes sense, even though Rep,(A) is not a set.)
The enveloping LP-operator algebra of A, denoted by FP(A), is the Hausdorff completion
of A with respect to || - ||z»-

The Banach algebra FP(A) is an LP-operator algebra with the universal property that
every nondegenerate LP-representation of A factors through the natural map A — FP(A).
In particular, we have a natural bijection Rep,(F?(A)) = Rep,(A).

Let A and B be Banach algebras. We use A® B to denote the algebraic tensor product
of A and B, and A®B to denote their projective tensor product. The multiplication on
A ® B, given on simple tensors by (a; ® b1)(az ® b2) := aras ® b1be, extends uniquely
to a multiplication on A®B giving it the structure of a Banach algebra. Given LP-
representations m4: A — B(LP(u1)) and wg: B — B(LP(u2)), we obtain a natural
homomorphism 4 ®@7p: A®B — B(LP (1 X p2)) satistying || (ra®@75)(a®b)| < ||lall]b]|
for a € A and b € B. In particular, 74 ® 7 extends to an LP-representation of A®B.

Definition 7.2. Let p € [1,00), and let A and B be LP-operator algebras. The spatial
norm and the mazimal norm on A ® B are respectively given by

[tllsp :=sup {|(ma @ 75)(t)|| : ma € Rep,(A), 75 € Rep,(B)},
I/l max := sup {\|7r(t)|| ‘T E Repp(A@@B)},

for t € A® B. The corresponding completions of A® B are respectively called the spatial
LP-operator algebra tensor product (or just spatial tensor product), denoted by A ®L, B,
and the mazimal LP-operator algebra tensor product (or just maximal tensor product),
denoted by A ®?2 .. B. By construction, there is a canonical contractive homomorphism
mh gt A®%. B — A®L B with dense range.

Lemma 7.3. Let p € [1,00), and let X and Y be compact, Hausdorff spaces. Then the
natural map C(X) © C(Y) = C(X xY) induces isometric isomorphisms

C(X) @ C(Y) = C(X) 25, C(Y)=CO(X xY).

Proof. We only need to show that the norm in C(X) ®2 . C(Y) is dominated by the
norm in C(X xY). Let i be a localizable measure, and let 7: C(X)®C(Y) — B(LP(u))
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be a unital representation. Assume that 7 factors through a unital, contractive homo-
morphism p: C(X) @2 . C(Y) — A for some C*-algebra A. Then p(C(X) ® 1) and
p(1® C(Y)) are commuting, commutative, unital sub-C*-algebras of A, which then im-
plies that p factors through C(X x Y).

Thus, we need to show that 7 factors through a C*-algebra. This is clear for p = 2.
For p # 2, if f € C(X) is hermitian, then so is 7(f ® 1) by Lemma 2.4, and hence
m(f®1) belongs to L>° (1) by Proposition 2.7. Hence, 7(C(X)®1) C L°°(u). Analogously,
m(1® C(Y)) C L>®(u). We deduce that 7 factors through L (u). O

Proposition 7.4. Let p € [1,00), and let G and H be Hausdorff, étale groupoids with
compact unit spaces. Then the natural map C.(G) ® Co(H) — C.(G x H) induces a
unital, contractive homomorphism

oX: FR(G) @F, FR(H) — FY(G x H),
and an isometric isomorphism
@": FP(G) @fax FP(H) = FP(G x H).

Proof. Let a: Co(G) ® Co(H) — C.(G x H) denote the natural map. Set X = G(*) and
Y =HO Letz € X and y € Y, and let

Azt Ce(G) = B(P(Gx)), and Ay: Co(H) — B(P(Hy))
be the associated left regular representations as in Proposition 4.2. We have
(G x H)(z,y) = (Gz) x (Hy),

as subsets of G x H. Given e € C.(G), f € C.(H), & € Cc(Gx), and n € Co(Hy), it is
straightforward to check that a sends (e x &) @ (f x 1) to (e ® f) x (£ ® ). Hence, after
identifying (7 (Gz) @ (P(Hy) with (7 ((Gz) x (Hy)), we have

(e @ 2)(e @ f) = Ay (e ® f) € B(((G) x (My))).

Note that A, extends to a unital contractive representation A, : F¥(G) — B(¢P(Gz)), and
similarly for A,. It follows that

1t 72 (0y02, 7 ()
=sup {[(m @ m2)(t)|| : 1 € Rep,(FY(G)), m2 € Rep, (F}(H))}
> sup {||(As @A) ()] :z € X,y €Y}
= sup {[[Azy) (D] : (2,y) € X X Y} = [[t]l pr(gx2)

for every t € C.(G) ® C.(H), which proves the first statement.
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The statement about the maximal tensor product of full groupoid LP-operator al-
gebras follows easily using the universal properties of the objects involved: unital rep-
resentations of FP(G)®FP(H) correspond to pairs consisting of commuting groupoid
representations of G and H, which are easily seen to correspond to groupoid representa-
tions of G x H. We omit the straightforward details. 0O

In the context of the proposition above, it is not clear if ¢f is isometric, except for the
situations covered by Theorem 7.6. In particular, given nonamenable groups G and H,
it is not clear if F}(G) ®@%, F}(H) is isometrically isomorphic to F} (G x H).

We record here the following useful fact, which is the crossed product analog of a
similar result for étale groupoids, namely Theorem 6.19 in [25]. (Observe that the lemma
below does not directly follow from Theorem 6.19 in [25], since we do not know in general
whether FP(G, X) is isometrically isomorphic to FP(G x X).)

Lemma 7.5. Let p € [1,00), and let G ~ X be an amenable action of a discrete group
G on a compact, Hausdorff space X. Then the canonical contractive homomorphism
n](”G x): FP(G,X) — FY(G, X) is an isometric isomorphism.

Proof. This is proved identically to the implication (1) = (2) of Theorem 5.3 in [1]. We
omit the details. O

We conclude this section with the following result on tensor products of amenable
groupoids.

Theorem 7.6. Let p € [1,00), and let G and H be amenable, étale, Hausdorff groupoids
with compact unit spaces. There are natural isometric isomorphisms

FY(9) @hax FX(H) = FY(9) @4, FY(H) = FY(G x H).

Proof. We write xg, 1%, and kg, 4, for the canonical unital, contractive homomorphisms
with dense range from the full to the reduced groupoid LP-operator algebras of the
groupoids in question. We write 75 5,1 FY (G) ®h,. FY(H) — FY(G) ®%, FY(H) for the
canonical map. Using the maps ¢} and ¢P from Proposition 7.4, we obtain the following
commutative diagram:

)

FP(G) @Fax FP(H) FP(G x H)
KB @RS,
KGxn
FY(G) @ ax FX(H) FY(G) ®%, FY(H) — IY(G x H).

TG, H Px
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Observe that ng ® Ky, P and ngxﬂ are isometric isomorphisms (see Lemma 7.5 and
Proposition 7.4). Thus, the identity

-1
KGxp © PP 0 (kG @ Ky) ™ =@ o7h 4

implies that ¢} o Tg 4 18 an isometric isomorphism. Since Tg 4 and ¢} are contractive,

we deduce that they must be isometric, and hence also isomorphisms (since their ranges

are dense). This finishes the proof. O

8. Tensor products of LP-Cuntz algebras

Tensor products of Cuntz algebras have played a pivotal role in the study of the
structure and classification of simple, purely infinite, nuclear C*-algebras (also known
as Kirchberg algebras). A particularly remarkable result in this direction, which was
instrumental in the classification results of Kirchberg and Phillips, is Elliott’s theorem
that Oz = Oz ® Og; see [45] for a self-contained account.

In [39], Phillips introduced LP-analogs OF of the Cuntz algebras, and proved that
these LP-operator algebras share many remarkable properties with their C*-versions.
It is then natural to explore the extent to which the K-theoretic classification theory
for Kirchberg algebras can be extended to the LP-setting; in particular, it becomes in-
dispensable to know whether O} is isometrically isomorphic to its tensor square (with
respect to either @4 or ®L). In this section, we show that this is not the case, and
deduce that purely infinite, simple, amenable LP-operator algebras are not classified by
K-theory. This answers several questions of Phillips.

We begin by recasting Phillips’ construction of OF.

8.1. Let A be a unital Banach algebra. Recall that Ay denotes the set of hermitian
elements in A (see the beginning of Section 2 for the definition). Let a € A. An element
b € Ais called a Moore-Penrose inverse of a if a = aba and b = bab, and if ab, ba € Ay,. It
is well-known that a has at most one Moore-Penrose inverse, which allows us to denote
it by at (if it exists).

Following Mbekhta, [36], we say that a € A is a MP-partial isometry if a is contractive
and has a contractive Moore-Penrose inverse. If a is a MP-partial isometry, then so is a',
and we have (a')" = a. (If A is a C*-algebra and a € A, then a is a MP-partial isometry
if and only if a*a is a projection, in which case af = a*.)

Let p € [1,00), let p be a (o-finite) measure space. Then a € B(LP(u)) is a MP-partial
isometry if and only if a is a spatial partial isometry in the sense of Definition 6.4 in [39].

Let us recall the necessary notions from Definition 7.4(2) in [39].

Definition 8.2. Let n € N with n > 1. The Leavitt algebra L,, is the universal unital
complex algebra generated by elements s1, ..., Sy, t1,...,t, satisfying
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n
tjsp = 0%, and Zsjtj =1,
=1

for j,k =1,...,n. Let p € [1,00), and let E be an LP-space. A spatial representation
of L, on E is a unital homomorphism p: L, — B(E) such that p(s;) is a MP-partial
isometry with p(s;)T = p(t;), for all j =1,...,n.

Examples of spatial representations are easy to construct using shift operators on
¢?(N). By Theorem 8.7 in [39], if p; and py are spatial representations of L, on LP-
spaces, then ||p1(z)|| = ||p2(x)]| for all z € L,. The LP-Cuntz algebra OF is then defined

as OP = p(L,) for any spatial representation p. For p = 2, one gets the usual Cuntz
C*-algebra O,, from [14].

It was observed in [25] that OP is the groupoid algebra associated to the groupoid
of a graph. We will need to realize OF as the algebra associated to a transformation
groupoid, and we begin by introducing some notation.

8.3. A directed graph E = (E°,E',r,s) is a set E? of vertices and a set E' of edges
together with source and range maps s,7: E' — E°. We assume that E° and E' are
finite and that E has no sinks, that is s7!(v) # () for all v € E°. Set

E™ = {(z1,22,...): 2k € E',r(z)) = s(wp41) for all k > 1}.

We equip E* with the topology inherited from the product topology on (EM)N, which
turns it into a totally disconnected, compact, Hausdorff space. Define the shift map
og: E® — E® by og(z1,22,...) = (22,23, ...) for all (x1,xzs,...) € E*.

The graph groupoid Gg associated to E is defined as

there are m,n > 0 satisfying
Gr =1 (z,k,y) € E* X Z x E*:

k=m—nand of (z) = op(y)

together with range and source maps given by r(x,k,y) = (x,0,z) and s(z,k,y) =
(y,0,y), and composition and inversion given by

(z,k,y)(y,l,2) = (z,k+1,2), and (z,k,y)"" = (y,—k,2).

We equip Gg with the topology inherited from the product topology on E* X Z X
E°°. Then G is a locally compact, Hausdorff, étale groupoid. Its unit space is QEEO) =
{(z,0,2) : « € E*}, which we identify with E°°; see also Example 2.4.7 in [47] (but
note the subtle difference in the definition of E°° with the direction of arrows in a path
reversed).

Definition 8.4. Given n > 2, let E,, be the graph with one vertex and n edges (loops at
the vertex). We define the Cuntz groupoid O,, to be the groupoid associated to E,, as in
the paragraph above.
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Next, we realize O as a transformation groupoid. The identification is probably known
to the experts, but we were not able to find a suitable reference.

Proposition 8.5. There exists an amenable, topologically free action of Zs x Z3 on the
Cantor space X such that Oy = (Zo x Z3) X X as topological groupoids.

Proof. Consider the following directed graphs:
1
F: o e Ey : Q
7

Claim 1: We have Gp = Gg,. Define ¢: F>° — E$° and ¢: F* — {1,2} by

1 ifx, =e,

QO(ZL']_,J)Q,J??,,. ..
2 ifx F#e.

)Z{(fl,fﬁg,fl,':g,...) if.fl:e,

(an:I"lazQ,-..) ifxl#@. 5(3’:1,1‘2’...):{

Then ¢ is a homeomorphism. Further, note that UEE(;)(gp(x)) = op(z) for every z € F*>°.

Finally, define ®: Gr — Gg, by

O(z, k,y) = (p(2), k —e(z) +(y), ¢(y))-

The map is well-defined since if m,n > 0 satisfy &k = m —n and o (z) = o}%(y), then
k—e(x)+e(y) =m+e(y)] —[n+e(z)] and

am N p(2) = 0B (@) = o y) = o Y ().

It is straightforward to check that ® is surjective and compatible with the range and
source maps and with composition. This proves the claim.

Claim 2: there is an action ZoxZs ~ F*° satisfying Gp = (Zo*xZ3) x F*. Let a € Zs
and b € Z3 denote generators. Set:

(e,x1,22,23,...) ifx1 #e,

(x2,3,...) ifzg =e.

a-(x1,x9,3,...) :{

(€,f1,$1,$2,$3,...) ifl‘l 756,
b'($17x27x37“~>: (e,f2,$3,...) ifaclze,:vg:fl,
(.’tg, .. ) if 1 =€,y = f2.

It is straightforward to verify that @ and b define homeomorphisms on F**° of order two
and three, respectively. We thus obtain an action Zs % Z3 ~ F>°.
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We identify ES° with a subset of F'*°. Further, we let e E5°, e f1 ES° and e fo ES° denote
the clopen subsets of F'*° consisting of sequences starting with e, with e f;, and with efs,
respectively. Define g,,¢,: F>° — Z by

1 it 5 +2 ifz e E5°,
+1 ifxe B,
gq(z) = { > ep(x) =<0 if v €efi ES°,

-1 ifx €ek5°,
—2 ifxeefaES°.
For g = g192...9n € Zy % L3, with g; € {a,b}, we let e,: F>° — Z be given by

€g192...9n(T) = €9, (g2 Gn - T) + €4, (g3 gn - T) + ... + &4, (7).

One checks that ¢, is well-defined, and that the conditions ¢g-z = z and €,4(z) = 0 imply
g=1. Given g € Zy * Z3, we define ¥,: Gr — G by

Uy (x,k,y) = (9o, k +e4(x),y).

Then ¥, is a well-defined bijection and g, = ¥, 0 Wy, for g, h € Zo * Z3. Define a map
Q: (ZoxZs3) x F* — G by

Q(g,.]f) = \Ijg(x’o"%‘) = (g:v,sg(x),m).

We want to show that € is an isomorphism of topological groupoids. To check that
preserves composition of arrows, let g, h € Zg * Z3 and € F*°. Then

Qg, ha)Q(h, ) = (ghx, e4(hx), ha)(he, ep(x), x)
= (ghx,eq4(hx) + ep(x), z)
= (ghz,egn(z),2) = Qgh, z),

as desired. Moreover, () is injective since Q(g, ) = Q(h,y) implies x =y, (gh™1) -2 = x,
and €4,-1(z) = 0 (the last two together imply g = h). Surjectivity is proved using similar
arguments, and is left to the reader. This proves the claim.

It follows from Claims 1 and 2 that O = G, = (Z2 * Z3) x X. Finally, the facts that
the action Zs % Z3 ~ X is amenable and topologically free follow, respectively, from the
facts that Oq is amenable and effective (see Theorem 3.8 and Example 4.4 in [1] and
Theorem 4.3.6 in [47]). O

Remark 8.6. We mention without proof that the construction above can be generalized
to show that for every k € N and every n > 2, the groupoid My(O,,) can be realized
as the transformation groupoid of an amenable, topologically free action of Zj * Z ;11
on the Cantor space. (Implicit in the proof above is the fact that M3(O2) and Oy are
isomorphic as groupoids.)
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Combining Proposition 8.5, Lemma 7.5 and Theorem 7.6, we deduce that when taking
tensor products of OS with itself, we may choose either ®g, or @max:

Corollary 8.7. There exists an amenable, topologically free action of ZoxZs on the Cantor
space X such that, for every p € [1,00), there are isometric isomorphisms

OF 2 FP(Zy %73, X) = F}(Zo*Z3,X).
Furthermore, for n > 1 we have

n n

Since the choice of tensor product is irrelevant when taking tensor products of O}
with itself, we will from now on just write OF @? --- @P OF.

We make a small digression to establish some facts from geometric group theory that
will be needed. In [37, Theorem 3.2] it is shown that finitely generated groups are bi-
Lipschitz equivalent (see Definition 2.6 in [37]) if and only if they admit free actions on
the Cantor set that are continuously orbit equivalent. An inspection of their proof shows
that it suffices to assume topological freeness of the actions in order to conclude that the
groups are bi-Lipschitz equivalent,” and that the spaces are compact and Hausdorff. We
may thus restate their result as follows:

Theorem 8.8 (Medynets-Sauer-Thom). Let G and H be finitely generated groups. Then
G and H are bi-Lipschitz equivalent if and only if there are continuously orbit equivalent,
topologically free actions of G and H on compact Hausdorff spaces.

We use asdim(G) to denote the asymptotic dimension of a group G; we refer to [5]
for the definition and the basic properties of this dimension theory. It is well-known
that if two finitely generated groups G and H are bi-Lipschitz equivalent, then they are
coarsely equivalent and therefore asdim(G) = asdim(H). Thus, combining Theorem 6.7
and Theorem 8.8, we obtain:

Corollary 8.9. Let p € [1,00) \ {2}, let G and H be finitely generated groups, let X
and Y be compact Hausdorff spaces, and let G ~ X and H ~ Y be topologically free
actions such that F} (G, X) and FY(H,Y) are isometrically isomorphic. Then G and H
are bi-Lipschitz equivalent. In particular, asdim(G) = asdim(H).

The following result is well-known to experts.

5 When defining the map between groups, just pick a point with trivial stabilizer. This is possible whenever
the space is Baire; see, for example, the proof of Proposition 4.6 in [22].
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Lemma 8.10. Let n € N. Then asdim((Zz2 * Z3)"™) = n.

Proof. Let Gy,...,G, be finitely generated groups satisfying asdim(Gy) = 1 for k =
1,...,n. We claim that asdim([]}_, Gx) = n.

By Theorem 32 in [5], we have asdim(H; x Hs) < asdim(H;) + asdim(H3) for all
(finitely generated) groups H; and H,. We deduce asdim([],_; Gx) < n. The con-
verse inequality follows from Theorem 1 in [4]. Now the statement follows from the fact
asdim(Zs * Zs3) = 1; see, for instance, Section 17 of [5]. O

We have arrived at the main result of this section.

Theorem 8.11. Let p € [1,00) \ {2}, and let m,n € N. Then there is an isometric
isomorphism

0129®P...®Poggog®?...®p@g

m n

if and only if m = n. In particular, OY is not isometrically isomorphic to Of @P OF.

Proof. We need to show the forward implication. Assume that there is an isometric
isomorphism as in the statement. Let Zs *x Z3 ~ X be the topologically free action
on the Cantor space X as in Corollary 8.7. It follows that the m-fold and the n-fold
power of this action have isometrically isomorphic reduced crossed products. Applying
Lemma 8.10 and Corollary 8.9, we obtain

m = asdim((Zs * Zs)™) = asdim((Zs * Zo)") = n. O

For p = 2, it is known that Oy ® --- ® Oy = Oy as C*-algebras, by iterating the
theorem of Elliott mentioned at the beginning of this section. However, the isomorphism
is produced very indirectly, and there is no known explicit formula for it (for example,
in terms of the canonical generators). Further, it is a folklore result, which is implicitly
contained in early work of Cuntz [13], that there is no isomorphism between O2®- - -® 04
and O, that preserves the canonical Cartan subalgebras. We sketch a proof based on the
results in [13], and we also include Theorem 8.12 below with a proof based on geometric
group theory.

We abbreviate the n-fold tensor product of Oy with itself by O5™. By [13, Proposi-
tion 3.1], a pure state on the canonical Cartan subalgebra Do in O9 either has a unique
extension to a pure state on O, or the family of extensions to pure states on O is
homeomorphic to T, and both cases occur. It follows that there are pure states on the
canonical Cartan subalgebra DY™ in O™ whose set of extensions to a pure state on 03"
contains a subset homeomorphic to T™. Since this is not the case for any pure state of
the Cartan subalgebra Dy in O, this shows that there is no isomorphism between (’)59"
and O, that preserves the canonical Cartan subalgebras.
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Theorem 8.12. No C*-algebraic isomorphism between OS™ and OF™ preserves the
canonical Cartan subalgebras if m # n.

Proof. This is essentially the same proof as for Theorem 8.11; there, the property cor-
responding to preservation of the Cartan subalgebras (preservation of the C*-cores) is
automatic, since p # 2. Instead of applying Corollary 8.9, one uses Theorem 1.2 in [35]
to deduce that the systems (Zs * Z3)™ ~ X™ and (Zs * Z3)™ ~ X™ provided by
Corollary 8.7 are continuously orbit equivalent. The result is then obtained by applying
Lemma 8.10 and Corollary 8.9. O

For comparison, we mention that Ara and Cortinas have shown in [2] that Lo® Lo is not
isomorphic to Ly. Their methods are quite different from ours; in fact, the invariant they
used to distinguish Ly ® Lo and Lo, Hochschild homology, cannot distinguish between
08 @P OF and OF. We do not know any homotopy-invariant functor that is able to
distinguish between OF @P OF and OF when p # 2. In particular, these algebras are not
distinguishable by K-theory, as we show in Proposition 8.15 below. As a preparatory
result, we show that M5 @P OF is isometrically isomorphic to OF. Since the proof is the
same, we do it in greater generality. Recall that if ¢q is any spatial representation of a
Leavitt path algebra L,, on an LP-space, then ¢ extends to an isometric representation

of OF.

Proposition 8.13. Let k,r € N with k > 1, and let p € [1,00). Then M. @P O, is
isometrically isomorphic to O, .

Proof. By finite induction, it is clearly enough to prove the result for » = 1. For j =

1,...,k, we define
Si  Sit1 0 0
Toj_1 = <Oj jar ), and zo; = (Sj Sj+1>7

_( t; O (0 ¢
y2j—1 - (t]-‘rl O) 9 and y2j—1 — (O tj+1> .

One checks that these are spatial partial isometries satisfying the relations in the def-

and their reverses

inition of OF,. By the universal property of Loy, there is a unital homomorphism
0o Lox — MY ®@P OF, defined by po(s;) = z; and ¢g(t;) = y; for all j =1,...,2k. One
easily checks that ¢ is spatial (in the sense of the comments after Definition 8.2), and
hence it extends to an isometric homomorphism

0: O — MY QP OF, .

Since the elements x1, ..., %ok, Y1, . . ., Y2i generate all of MY @P OF, | we deduce that ¢
has dense range and hence is an isometric isomorphism. 0O
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For p € [1,00), we set

MY, = | B(er({1,...,n})) € B(P(N)).

neN

For p > 1, it is known that M"_ agrees with (£?(N)), but this fails for p = 1 (see Exam-
ple 1.10 in [40]). Regardless of p, matrix stability of K-theory together with continuity
with respect to inductive limits shows that K.(A ®F, M?,) is isomorphic to K, (A) for
any algebra A. We will need the following observation.

Remark 8.14. If D is a direct limit of algebras of the form B(¢?({1,...,n})), for n € N,
then A®?

max

D and A®E, D are canonically isometrically isomorphic for every LP-operator
algebra A. This is essentially immediate for the matrix algebra B(¢?({1,...,n})), and
the result for D is obtained by taking direct limits. In particular, this applies to MZO as
well as to any spatial UHF-algebra ([40]).

Proposition 8.15. Let p € [1,00), let n € N, and let A,, denote the n-fold tensor product
of OF with itself. Then A, is simple, purely infinite, and amenable, with

Ko(A,) = K1(A,) = {0}.
Moreover, A, is isometrically isomorphic to A, if and only if n = m.

Proof. Since OF is amenable, so is the n-fold projective tensor product O®...R0%.
The natural homomorphism from this Banach algebra to A, is continuous with dense
range, so A,, is amenable. Simplicity and pure infiniteness follow from Theorem 7.9 in [3],
since the combination of simplicity and pure infiniteness passes from a dense subring to
the containing Banach algebra.

It remains to compute the K-theory of A,, which we do by induction on n. For n =1,
this was shown by Phillips in Theorem 7.19 of [40]. Assume that we have proved the
result for A, and let us show it for A,,1; = A,, @ OF.

Denote by B the tensor product of the spatial LP-UHF algebra of type 2°° with
M?,, identified with the tensor product ®pez M3 as in Section 7 of [40], and let
B:Z — Aut(B) denote the bilateral shift. By Theorem 7.17 in [40], there is an iso-
metric isomorphism O% @ M- = FP?(Z, B, 3), and thus

(08 @P MY) ®@F, A, = FP(Z, B, 3) @, An,

so in particular these two algebras have isomorphic K-theory. An argument identical to
the one given in the second part of Theorem 7.6, using universal properties, shows that
the right-hand side can be canonically identified with the full crossed product of the
action S ®1ida, : Z — Aut(B @P A,).
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We claim that B ®” A,, has trivial K-theory. Since B = MJ.. ®@P MZO,

show that MZ., ®P A,, has trivial K-theory. Moreover, since said algebra is a direct limit
of My, ®%, An, for k € N, it is enough to show that M, ®F, A, has trivial K-theory.
Now, Mé’k ®P A,, is isomorphic to A,, by Proposition 8.13, so the claim follows from the

it suffices to

inductive step.

Finally, the K-theory of FP(Z,B ®P A, ® ida, ) can be computed using the LP-
analog of Pimsner—Voiculescu’s 6-term exact sequence (Theorem 6.15 in [40]), which
yields

Ko(FP(Z,B®P A,,B®ida,)) = Ki(FP(Z,B &P A,,B®ida,)) = {0},
as desired. The last assertion in the statement is Theorem 8.11. O

As remarked in the introduction, this result stands in stark contrast with the
Kirchberg—Phillips classification of simple, purely infinite, amenable C*-algebras by K-
theory. The following is inspired by Kirchberg’s Os-embedding theorem [31].

Question 8.16. Let p € [1,00) \ {2}. Does every simple, separable, unital, amenable LP-
operator algebra embed unitally and contractively into O5?

We suspect that this question has a negative answer, and that OF @7 O} is a coun-
terexample. However, the techniques developed in this paper seem to be insufficient to
rule out the existence of a unital, contractive map 05 @ OF — OF. This question is
explored in [23].

Another interesting Banach-algebra completion of the Leavitt path algebra Lo has
been constructed in [15]; see Section 3 there and specifically Remark 3.11. In the light
of Theorem 8.11, it is a natural problem to determine whether the Banach algebra con-
structed there is self-absorbing in a suitable sense.
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