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A PULLBACK OPERATION ON A CLASS OF
CURRENTS

by Hakan SAMUELSSON KALM

ABSTRACT. — For any holomorphic mapping f: X — Y between a complex
manifold X and a complex Hermitian manifold Y we extend the pullback f* from
smooth forms to a class of currents. We provide a basic calculus for this pullback
and show under quite mild assumptions that it is cohomologically sound. The class
of currents we consider contains in particular the Lelong current of any analytic cy-
cle. Our pullback depends in general on the Hermitian structure of Y but coincides
with the usual pullback of currents in case f is a submersion. The construction is
based on the Gysin mapping in algebraic geometry.

RESUME. — Pour toute application holomorphe f: X — Y entre une variété
complexe X et une variété hermitienne complexe Y nous étendons le tiré en ar-
riere f* des formes lisses a une classe de courants. Nous fournissons un calcul de
base pour ce tiré en arriére et montrons sous des hypothéses assez faibles qu’il est
cohomologiquement correct. La classe de courants que nous considérons contient
en particulier le courant de Lelong de tout cycle analytique. Notre tiré en arriére
dépend en général de la structure hermitienne de Y mais coincide avec le tiré en
arriere habituel des courants a cas ol f est une submersion. La construction est
basée sur le morphisme de Gysin dans le géométrie algébrique.

1. Introduction

Calculus of currents is central in complex geometry. One example is the
celebrated Monge—Ampere product. Closely related to current products is
pullback of currents. The purpose of this paper is to introduce a pullback
operation on a class of currents and establish basic properties.

We say that a current p on a complex manifold Y is a PS-current (a
pseudosmooth current), p € PS(Y), if it locally is a finite sum of direct
images g.a where « is a smooth compactly supported form and g is a
holomorphic mapping. For instance, Lelong currents of analytic cycles are

Keywords: Pullback, current, holomorphic mapping.
2020 Mathematics Subject Classification: 32U40, 14C17, 32H02, 32C30, 32A27.



1110 Hakan SAMUELSSON KALM

PS-currents since if i: V' — Y is a subvariety, then [V] = i.1, where [V]
is the Lelong current of integration over Viee, and by a partition of unity
on V it follows that [V] is a PS-current. The class of PS-currents is closed
under exterior products with smooth forms and under d, 9, and 9.

THEOREM 1.1. — Let X be a complex manifold and let Y be a complex
Hermitian manifold. For any holomorphic mapping f: X — Y there is a
linear mapping f*: PS(Y) — PS(X) with the following properties: If ¢
is a smooth form on Y, then f*y is the usual pullback. If additionally
we PS(Y), then

(1.1) flonp) =fronfu
(1.2) frdup=df*p, fOu=0f"n [f*Ou=0fp.

Let U C X be an open set. Then (f*u)lv = f|j;u. Assume that f(U)
is a complex manifold and that the mapping f: U — f(U) induced by f
is a submersion. Let v: f(U) — Y be the inclusion so that fly = o f.

Then flp = f**u, where f* is the usual pullback of currents under a
submersion.

Notice in view of (1.1) that supp f*u C f~(supp u). Notice also that if
f is a submersion, then by the last part of Theorem 1.1, our f* coincides
with the usual pullback of currents under a submersion.

For our second main result we will assume that Y has an additional
property. We say that a complex manifold Y is good if there is a holomor-
phic section ® of a holomorphic vector bundle F — Y X Y such that ®
defines the diagonal in Y X Y, i.e., ® vanishes to first order precisely on the
diagonal. Many complex manifolds are good. For instance, all projective
manifold are good, and any submanifold of a good manifold is good.

THEOREM 1.2. — Let Y be a good compact complex Hermitian mani-
fold, X a compact complex manifold, and f: X — Y a holomorphic map-
ping. If p € PS(Y) is closed, then for any Hermitian metric on 'Y,

(1.3) [f*ular = f*[ular,

where [|aqr means de Rham cohomology class and f* in the right-hand
side is the usual pullback of cohomology classes. In particular, [f*plar is
independent of the Hermitian structure on Y .

The assumption that Y is good is for proof-technical reasons and we
believe that it is not essential for the conclusion of Theorem 1.2 to hold.

Theorem 1.2 implies that our pullback on closed PS-currents is functo-
rial on cohomology level. By this we mean that if f in Theorem 1.2 can be
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A PULLBACK OPERATION ON A CLASS OF CURRENTS 1111

factorized as f = fo o f1, where fi: X — X’ and fo: X’ — Y are holo-
morphic mappings and X is a good compact complex Hermitian manifold,
then

[f*ular = [f1 f5 plar-

This follows indeed by Theorem 1.2 since f*[plar = fi f5[1]ar. However,
in general fyf5p depends on a choice of Hermitian structure on X’ and
therefore one cannot expect f*u = f{ f5u to hold in general. Example 7.1
below shows that in general f*u # f7 f5p.

A standard approach to pullback of currents is the following. Let X, Y,
and f be as in Theorem 1.1, let m1: X XY — X and m3: X XY — Y be
the standard projections, and let :: X — X X Y be the graph embedding
defined by i(z) = («, f(x)). If p is a current in Y, then 7} u is well-defined
since 7y is a projection; in fact, 75p = 1 ® p. The main step is to give a
reasonable meaning to the current product

(1.4) (X)) A 7o,

where [i(X)] is the current of integration over i(X). Then the pullback of
w1 under f is defined as

(1.5) (1)« ([((X)] A o).

If p is a smooth form, then (1.4) is canonically defined and (1.5) is the
usual pullback.

We follow this approach and the novelty is our definition of (1.4). The
definition is modeled on the Gysin mapping introduced in [2]. If 75pu is a
(generalized) cycle and i(X) can be defined by a global holomorphic section
of some vector bundle over X x Y, then (1.4) indeed is the image of 75 u
under the Gysin mapping in [2] associated to the embedding .

In case Y is good (1.4) can be defined as follows. Let ® be a global holo-
morphic section of F' — Y XY defining the diagonal. Then ¥ := (f xidy )*®
is a holomorphic section of E := (f x idy)*® over X x Y defining i(X).
Let Nx — i(X) be the normal bundle of i(X) in X x Y. It is well-known
that there is a canonical isomorphism Nx ~ 73TY[; x). This isomorphism
induces a Hermitian metric on Nx since TY is equipped with a Hermitian
metric; by Y being Hermitian, or having a Hermitian structure, we mean
that TY is equipped with a Hermitian metric. Moreover, ¥ induces an em-
bedding Nx — E|;x) (see, e.g., [2, Lemma 7.3] or Section 2.1 below) and
we equip E with a Hermitian metric so that this embedding is Hermitian,
i.e., is an embedding of Hermitian vector bundles. It then follows from [2,
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1112 Hakan SAMUELSSON KALM

Proposition 1.5], see Example 2.8 and (2.11) below, that we have
(1.6) [#(X)] = &(Nx) A MY,

where ¢(Nx) is the full Chern form of Nx and MY is a certain current
introduced by Andersson in [1]. The current MY is the sum of currents
M,? that can be defined as(!)

Olog | |
2w
if x is a smooth regularization of the characteristic function of [1,00) C R.
These currents are in fact the restriction to #(X) of Monge-Ampére prod-
ucts (dd®log |¥|?)*, where (dd®log |¥|?)* are the Monge-Ampére products
of Bedford—Taylor and Demailly if ¥ < codim¢(X) = dimY, and were
introduced in [1] if £ > codim ¢(X).
A basic observation now is that if 4 € PS(Y"), then one can give a natural
meaning to the products M ,;I’ A 5. Indeed, if x is as above, then it turns
out that the limits

M;! = lim Ox(|¥[*/e) A (dd”log [@[*)* !

log | 0|2
80g|_| A

1.7) ME A= lim 9y (||
(1.7) ke NTop Eg%@x(l 1°/€) A i

(dd®log [U[*)* =1 A s,
k=1,2,...

exist, are independent of the choice of x, and are in PS(X x Y). Clearly,
MY A 7% u have support in i(X). The limit

(1.8) MY Amsp =l (1= ([ 92/e))msp

also turns out to exist and to have the properties just mentioned for the
limit (1.7). We then define (1.4) to be the component of ¢(Nx) A MY A
75 p of the “expected bidegree” (dimY,dimY’) + bidegree(u). In general,
¢(Nx) A MY Am3p has components of various different bidegrees, but if
is a smooth form, then in view of (1.6), ¢(Nx) A MY A 73 p is the canonical
product [i(X)] Amsu, which has bidegree (dimY, dim Y') 4 bidegree(y). We
can now define f*u by (1.5). Since we are taking the component of the
expected bidegree in the definition of (1.4), it follows that f*u has the
same bidegree as p. After a simplification (using (5.6) below) we get the
formula

n

(L9) Fri=3" F e i(TY) A (m). (MY Amip).
k=0

(D1In this paper d° = (8 — 8)/4mi so that if z is the complex coordinate in C then
dd¢log|z|? = [0].

ANNALES DE L’INSTITUT FOURIER
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As an illustration, let f: BlyC? — C? be the blowup of the origin in C?
and let p be the Dirac measure at 0 € C2. With the standard Hermitian
structure on C2 we have f*u = w A [D], where D ~ P! is the exceptional
divisor and w is the standard Fubini-Study metric form on that P!, see
Example 5.3 below.

In this example so-called dimensional excess occurs; 75 and the graph
of f do not intersect properly. In such situations it is reasonable that f*pu
has to depend on some additional structure, e.g., a Hermitian metric as in
our case. This can be compared to the intersection theory in [15] where the
intersection of two cycles, which do not intersect properly, is determined
only up to rational equivalence.

As already mentioned, Lelong currents of analytic cycles are PS-currents
but PS-currents also appear naturally in the study of Monge—Ampere prod-
ucts associated to holomorphic sections of Hermitian vector bundles. For
instance, in that setting the so-called non-pluripolar part is a PS-current.
Moreover, the pullback of a smooth form under a meromorphic mapping is
usually not smooth but only a PS-current. Therefore our class of currents
may have relevance in the study of the dynamics of such mappings. We
believe that the complete generality of the mapping f: X — Y and the
properties of our f* described in Theorems 1.1 and 1.2 can complement
and provide a new viewpoint on existing works on pullback of currents. Let
us mention a few such works.

The intersection theory in [15] contains in particular a quite general
theory of pullback of cycles such that if Z is a cycle in Y then f*(Z2) is
a rational equivalence class in X. This is extended to pullback of Green
currents in the context of arithmetic intersection theory by Gillet—Soulé
in [16]. In complex geometry mainly pullback of positive closed currents has
been considered. A positive closed (1, 1)-current locally has a dd°-potential,
which is a plurisubharmonic function. By using (quasi-)plurisubharmonic
dd®-potentials one can define the pullback of such currents under surjec-
tive mappings, see Méo [21]. Dinh and Sibony have considered pullback
of positive closed (p, p)-currents in several papers. In [11] is defined an es-
sentially canonical pullback, with good continuity and cohomological prop-
erties, of such currents under holomorphic mappings with constant fiber
dimension, cf. Example 5.7 below. In [12] and [13] a general theory of
super-potentials is developed on compact Kédhler manifolds generalizing
the case of (1,1)-currents. Building on some works by Dinh and Sibony,
Truong defines a pullback under dominant meromorphic mappings [23].
Rather recently, in [14], on K&hler manifolds was introduced the notions

TOME 74 (2024), FASCICULE 3



1114 Hakan SAMUELSSON KALM

of density currents and tangent currents to a positive closed current along
a submanifold. We believe that the tangent currents to m3u, where as be-
fore my: X X Y — Y is the natural projection, along the graph of f is
closely connected to our approach; cf. [19] where Kaufmann and Vu com-
pare density currents to Monge—Ampeére-type products. We also mention
the recent paper [9] by Barlet; on any reduced pure-dimensional analytic
space is introduced a sheaf of d-closed (p,0)-currents, closed under wedge
products and the de Rham differential, so that the pullback under a holo-
morphic mapping, whose image is not contained in the singular locus, is
well-defined and functorial.

The plan of the paper is as follows. Preliminaries and some basic facts
about PS-currents are collected in Section 2. Even though we are primarily
interested in currents on complex manifolds, it is convenient and natural
in our context to recall some basic facts about differential forms and cur-
rents on (reduced) analytic spaces. In Section 3 we consider the operator
p— MY A pon PS-currents. This operator is used in Section 4 to adapt
the Gysin mapping in [2] to our setting. Using this Gysin mapping the
pullback operation is introduced in Section 5 and Theorem 1.1 is proved.
In Section 5.2 we give an alternative definition of our pullback that can be
generalized to give a definition of a pullback under meromorphic mappings
and meromorphic correspondences. Theorem 1.2 is proved in Section 6 and
functoriality is discussed in Section 7.

Acknowledgment

I would like to thank Mats Andersson and Nessim Sibony for valuable
comments. I would also like to thank the anonymous referee for careful
reading and important comments and suggestions.

2. Preliminaries and PS-currents

Let Z be a (reduced) analytic space of pure dimension. Locally Z can be
embedded as an analytic subset of an open set Q of some CV. A smooth
differential form ¢ in Z,, is smooth in Z, ¢ € £(Z), if there is a local
embedding ¢: Z —  and a smooth form @ in €2 such that ¢ = ¢*¢ on Zeg.
It is well-known that this notion of smooth forms in Z is independent of
the choice of local embedding. It follows that d, 0, and 0 are well-defined
on £(Z).

ANNALES DE L’INSTITUT FOURIER
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The space of currents, C(Z), in Z is the dual of the space of test forms,
i.e., compactly supported smooth forms in Z. More concretely, if v: Z — Q
is a local embedding, then the currents in Z can be identified with the
currents in €2 vanishing on test forms & with ¢ = 0 in Z,¢,. By duality, d,
0, and 9 are well-defined on C(Z). As usual we also have £(Z) C C(Z) and
that C(Z) is a module over £(Z).

Let V be an analytic space and g: V — Z a holomorphic mapping.
By [10, Corollary 3.2.21] there is a mnatural pullback mapping
g*: E(Z) = E(V). If g is proper it follows that there is a pushforward
mapping g.: C(V) — C(Z) defined by (g.p, &) = (u, g*&). If p € C(V') and
¢ € £(Z), then we have the following projection formula

(2.1) O A gupt = g(g 0 A p).

If p € C(V) has compact support, then g,u is defined (in the same way)
also if g is not proper, and (2.1) holds.

If 7: V — Z is a submersion, so that m, of test forms in V are test
forms in Z, and pu € C(Z), then n*u is defined by (7%, &) 1= (u, 7). In
particular, m,u is defined if m: W x Z — Z is the standard projection. In
this case we have

(2.2) u=1® u.

DEFINITION 2.1. — A current p in Z is in PS(Z) if in a neighborhood
of each point, p is a finite sum of currents g.«, where g: V — Z is a
holomorphic mapping from a connected complex manifold V and « is a
smooth form with compact support in V.

It is clear from the definition that PS-currents have order 0, and by (2.1)
it is clear that PS(Z) is an £(Z)-module. Since & is smooth if « is smooth,

and g,a = g.a it follows that
(2.3) PS(Z) =PS(2).

Moreover, it is clear that if Zis a pure dimensional analytic space and
h: Z — Z is a proper holomorphic mapping, then

(2.4) h.: PS(Z) — PS(2).

One can let V' in Definition 2.1 be an analytic space without changing
PS(Z). In fact, if V is an analytic space and « is a smooth form in V|
then one can first assume that V is irreducible by restricting o to each
irreducible component. By Hironaka’s theorem then there is a modification

TOME 74 (2024), FASCICULE 3



1116 Hakan SAMUELSSON KALM

7: V — V such that V is a connected manifold. Since 7 is a modification,
(2.5) a=ma'a

as currents, and so g.« = g.m. 7 a. Hence, one can replace V by V and a
by g*«a. By this observation we get

Example 2.2. — Let V C Z be an analytic subset and i: V — Z the
inclusion. By Lelong’s theorem there is a closed current [V] in Z defined as
integration over Vieg. The function 1 on V' is smooth and i,1 = [V]. Thus,
by a smooth partition of unity on V, we see that [V] € PS(Z).

It follows that if v =) ;a;Vj is an analytic cycle in Z, then the Lelong
current [v] = 37 a;[V;] is in PS(Z). Notice also that there is a u € PS(|v|)
such that [v] = j.u, where j: |v| = Z is the inclusion of the support of v.

Generalized cycles, as introduced in [2], are in PS(Z) as well.

We are primarily interested in PS-currents on manifolds. We will see that
on a manifold, PS-currents are pseudomeromorphic, so we recall the defi-
nition and some properties that we will use. Pseudomeromorphic currents
were introduced in [7] and further developed in [4].

In C we have the principal value currents 1/z¢ and the associated residue
currents 9(1/z%). An elementary pseudomeromorphic current is a current
in an open set U C CV of the form

1 1 -1 =1
aN O A N0y
le er Zr’l‘:»ll ZSS
where « is a smooth form with compact support in U, (z1,...,2x) are

coordinates in U, and the current products are tensor products. A germ of
a current 7 at a point in Z is pseudomeromorphic if it is a finite sum of
currents of the form

wln?...xky

where each 77 : Vj; — Vj_1 is either a modification, a simple projection
Vi x W — Vj, or the inclusion of an open subset, and v is an elementary
pseudomeromorphic current in Vi, € CV. The set of such germs turns out
to be a sheaf, the sheaf PMy of pseudomeromorphic currents in Z. We
refer to [8] for properties of pseudomeromorphic currents.

The sheaf P M y is closed under 9, 9, and under multiplication by smooth
forms. Moreover, we have the

Dimension principle. — If 7 € PM(Z) has bidegree (x,q) and support
in an analytic subset with codimension > ¢, then 7 = 0.

ANNALES DE L’INSTITUT FOURIER
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Example 2.3. — Let o be a holomorphic section of a line bundle L and
let a be a smooth form with values in L. Then the semi-meromorphic form
a/o has a canonical extension across {¢ = 0} as a pseudomeromorphic
current; it can be obtained for instance as a principal value.

If r € PM(Z) and V C Z is a subvariety, then the restriction of 7 to the
open set Z \ V has an extension to a pseudomeromorphic current 1z\y 7
in Z such that

. 2
(2.6) Lz = lim x(|h[*0/e)T

if x is a smooth approximation of the characteristic function of [1,00) C R,
h is a holomorphic tuple with {h = 0} = V, and v is a smooth positive
function. It follows that

(27) 1vT =T — 12\\/7'
is pseudomeromorphic with support in V. If « is a smooth form, then

1y (aAT) =aAlyTr. It g: Z — Z proper, v € PM(Z), and g.v € PM(Z),
then

(2.8) lyg.v = g.(14-1yv).
If v has compact support, then the same holds for any holomorphic map-
ping g.

A current a on Z is almost semi-meromorphic, a € ASM(Z), if a =
7.(av/o), where m: Z — Z is a modification, o is a holomorphic section of
a line bundle L — Z, and « is a smooth form with values in L; see, e.g., [8,
Section 4]. We have that ASM(Z) C PM(Z). If a € ASM(Z), then the
smallest Zariski closed set outside which a is smooth is called the Zariski
singular support of a.

LEMMA 2.4 ([8, Theorem 4.8]). — If a € ASM(Z) has Zariski singular
support V and 7 € PM(Z), then there is a unique T € PM(Z) such that
T=aATinZ\V and 1yT = 0.

We will denote the current T by a A 7. In view of (2.6) and (2.7), since
1y (a A7) =0 we have
— 1 2
(2.9) a/\7-lgr(1)x(|h| v/e)a AT
if x, h, and v are as above.

LEMMA 2.5 ([8, Theorem 2.25)). — If Z is a complex manifold, then a
germ of a current p at a point in Z is pseudomeromorphic if and only if it is
a finite sum of currents of the form h,7, where h: U — Z is a holomorphic
mapping and T is elementary.

TOME 74 (2024), FASCICULE 3
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In view of this lemma and Definition 2.1 it is clear that if Z is a man-
ifold, then PS(Z) € PM(Z). On a manifold thus PS-currents have the
properties of pseudomeromorphic currents. In particular, restrictions as
in (2.6) and (2.7) are defined on PS-currents. Let us check that such re-
strictions preserve PS(Z). It suffices to see that if V' C Z is a subvariety and
w € PS(Z), then 1y € PS(Z). To see this we can assume that u = g.«a,
where g and « are as in Definition 2.1. By (2.8) thus 1yp = g.(1,-1ya).
Since « is smooth we have 1,-1ya = 0 if ¢~V is a proper subvariety, and
1,-1ya = a otherwise. Hence, if p1 = g.«, then either 1y-p is 0 or u, both
of which are in PS(Z2).

2.1. Segre forms, Chern forms, and normal bundles

We first give a brief presentation of Segre forms and Chern forms based
on the presentation in [2, Section 2].

Recall that if L — Z is a Hermitian line bundle, then there is the as-
sociated first Chern form ¢ (L), which is a smooth closed (1,1)-form. The
first Chern class, ¢ (L), of L is the de Rham cohomology class of ¢1(L) and
is independent of the Hermitian metric on L. Let £ — Z be a Hermitian
vector bundle. Over the projectivization 7: P(E) — Z of E (the projective
bundle of lines through the zero section of E) we have the tautological line
bundle L = Og(—1) C #*E and we equip it with the induced Hermitian
metric. The total Segre form, S(E) = 1+351(F) +$2(E) + - - -, is defined by

8(E) = m(1/(1+a(L))) = m(1/(1 = &1 (L7)))-
If rank £ = n it follows that
(2.10) 50(E) = mey (LY
If n =1, then P(E) = Z so that 7 = idx, and hence (1+¢; (L)) AS(E) = 1.
In the general case we define the total Chern form, ¢(E) = 1+ ¢1(E) +
Cc2(E)+ -+, of E by
(2.11) c(E)NS(E) =1.
It is proved in [22] that this definition coincides with the differential geomet-
ric definition. It is well-known that ¢,(E) = 0if £ > n, and thatif h: Z — Z
is a holomorphic mapping, then h*¢(E) = ¢(h*E) and h*s(F) = s(h*E).
The Chern classes ¢;(E) are the de Rham cohomology classes of ¢;(E) and
they are independent of the Hermitian metric on FE.

We will primarily consider Chern and Segre forms of normal bundles of
submanifolds, and some times also of locally complete intersections, so we

ANNALES DE L’INSTITUT FOURIER
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recall a few things that we need about normal bundles. Let J C Oy be a
locally complete intersection ideal sheaf of codimension n and zero set X.
We will use the following ad hoc definition of the normal bundle N7 — X,
cf. [2, Section 7]. A section ¢ of N7 is a choice of holomorphic n-tuple ¢(s)
locally in X for each local minimal set s = (s1,...,s,) of generators for J
such that A¢(s) = ¢(As) on X for any locally defined holomorphic matrix
A that is invertible in a neighborhood of X. Thus, each local minimal set
of generators for J gives a local trivialization of N .

Assume now that J is generated by a holomorphic section ¥ of a vector
bundle £ — Z. Then we have an induced embedding

(212) NJ‘—>E|X

defined as follows, see, e.g., [2, Section 7]. Let s be a local minimal set of
generators for 7. Since ¥ generates J there is a local holomorphic section
B of Hom(C", E) such that ¥ = Bs and Bl|x is unique and pointwise
injective; here C™ is the trivial vector bundle of rank n over Z. The em-
bedding (2.12) then is given by

(2.13) ¢ = Blxo(s).

If J is principal, then J defines a divisor, D, and ¥ = WU’  where
U0 is a holomorphic section of the line bundle L corresponding to D such
that div ¥% = D and ¥ is a holomorphic section of L* ® E. In this case
Nz = L||p| and the embedding (2.12) extends to an embedding

(2.14) L E, ool

For the induced metric |- |z, on L thus [¥°|;, = |¥| and so, by the Poincaré-
Lelong formula,

(2.15) dd®log |¥|* = [D] — & (L).

If Z is a complex manifold and X C Z is a submanifold we let Jx C Oz
be the sheaf of holomorphic functions vanishing on X and we write Ny
instead of N7, .

Ifth: Z — Zisa holomorphic mapping and J C Oz, then we let h*J C
O be the sheaf generated by h* of the generators of J. The following
functorial property should be well-known but for the reader’s convenience
we supply a proof.

LEMMA 2.6. — Let Z and Z be complex manifolds and X C Z a com-
plex submanifold. Assume that h: Z — Z is a holomorphic mapping such
that J := h*Jx is a locally complete intersection with zero set X C Z.
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(a) There is a natural embedding Nz < h|;?NX,' it is an equality if
codim X = codim X

(b) Assume that Jx is generated by a holomorphic section ¥ of a vector
bundle E — Z, so that we have an induced embedding Nx — E|x.
Then the composition of the embeddings

(2.16) N3<_> h|§(va‘—>h|§(vE‘X,

where the first one is the embedding in (a) and the second one is the
pullback of Nx < E|x, is the embedding Nz (h*E)
by h*W.

(c) Assume that Jx is generated by a holomorphic section ¥ of E as
in (b). If E, Nx, and Nj are equipped with Hermitian metrics
such that the embeddings Nx — E|x and Nz — (h"E)|5 are
Hermitian, then the embeddings in (2.16) are Hermitian.

|5 induced

Proof. — Let 5 = (51,...,35.) be a local minimal set of generators of J
and s = (s1,...,8,) a local minimal set of generators of Jx.
(a). — Since by assumption h*s generates J it follows that k < n

and that there is a local holomorphic matrix A such that h*s = As and
rank A|; = k. We define the embedding Nz — h|§(vNX by the local em-
beddings

(2.17) ¢ = Alz9(5),
where ¢ is a local section of N~. The right-hand side is independent of
the local trivialization of N K given by s and transforms as a section of
h|}N x - Thus, the local embeddings (2.17) indeed give a global embedding
N:’f — h|)~(NX B

Since n = codim X and x = codim X it follows that if codim X =
codim X, then (2.17) is an isomorphism.

(b). — We have that s gives a local trivialization of Nx and hence of
h|§(vNX. Moreover, ¥ = Bs for a local holomorphic section B of Hom(C™, E).
In view of (2.13), the second embedding in (2.16) is defined by

(2.18) £(s) = h"B|3&(s),

where £(s) is a local section of h|}N x in the trivialization given by s.

We also have that h*¥U = C5s for a local holomorphic section C' of
Hom(C”, h*E) such that C|z is unique. The embedding Nz — (h*E)|5
is given by

(2.19) 6 Clz6(3).
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Since ¥ = Bs and h*s = As we have h*U = h*Bh*s = h*BAs. By
uniqueness thus

(2.20) Cly =W BlzAl3
and it follows that (2.19) is the composition of (2.17) and (2.18).
(c). — If the embedding Nx — E|x is Hermitian, then it is clear that

the second embedding in (2.16), which is given by (2.18), is Hermitian. If
the embedding Nz — (h*E)|5 is Hermitian it thus follows from (2.19),
(2.20), and (2.18) that

2 . 2
|¢|%V; = [Cl59G)|,. p = [V Bl AlzG)|,. p = |Alz0()
By (2.17) thus the first embedding in (2.16) is Hermitian. O

2
h*Nx"®

2.2. The M-operator on pseudomeromorphic currents

Let ¥ be a holomorphic section of a Hermitian vector bundle £ — Z
with zero set X. We recall the following lemma from [6, Section 2].

LEMMA 2.7. — There are unique almost semi-meromorphic currents
my, k=1,2,...,in Z that coincide with (2mi) ~*0log |¥|?A(dd® log | ¥|?)*~1
in Z\ X and such that 1xm} = 0.

In view of Lemma 2.4, for 7 € PM(Z) we have my A7 € PM(Z) and
we let

(2.21) MY AT:=1x7, MY AT:=1x0(m} AT), k=1,2,....

Since restriction and d preserve PM we have MY A7 € PM(Z). Let
Xe = X(|¥]?/¢€), where  is as in (2.6). In view of (2.6), (2.7), and (2.9),

1x0(my A7) = H_I}(l](l —X)O(my AT)
= 1ir% (1 = x)my A1) 4 Oxe A(mf AT)
e—
=0(1xm{ AT) + lin}J xe A (m AT).
€E—r

By Lemmas 2.4 and 2.7 we have 1xm} A7 = 0 and so we get, cf. (1.7)
and (1.8),
(2.22) MY AT = lirr(l)(l—x(\\ll|2/e))7, MP AT = liH(l) Ox(|¥?/e) Am} AT
€— e—
Let MY A7 = My A7+ MY A7+ ---. If p is a smooth form in Z it
follows by (2.22) that
(2.23) MYAN(AT)=pAMY AT.
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If g: Z — Z is a holomorphic mapping and x € PM(Z) are such that g,
is defined and in PM(Z), then by (2.22) and (2.1),

(2.24) MY A g = g (M9 A p).

We will write MY instead of MY A 1. Notice that if ¥ is generically
non-vanishing, then MY = 0.

Example 2.8. — Assume that ¥ defines a locally complete intersection
ideal sheaf 7. Then by (2.12) there is an embedding Ny — E|x and we
equip N7 with the induced metric. By [2, Proposition 1.5],

MY =3(Ng) N [2g],

where Z 7 is the fundamental cycle of the locally complete intersection J;
see, e.g., [15, Chapter 1.5]. We note two special cases:

(1) If J is the ideal sheaf of a submanifold X, then Z; = X and so
MY =3(N7) A[X].

(2) If J is principal so that it defines a divisor D, then Z7 = D. In
view of (2.10) thus MY = ¢ (L*)*=1 A [D] if L is the line bundle
associated with D equipped with the metric induced by (2.14).

In the following, if ¥ generates the ideal sheaf of a submanifold X, then
we will usually simply say that U defines X. Similarly, if ¥ generates the
principal ideal sheaf of a divisor D we say that ¥ defines D.

3. The M-operator on PS-currents

Let Z be a complex manifold. Then PS(Z) C PM(Z) by Lemma 2.5.
Hence, if 4 € PS(Z) and ¥ is a holomorphic section of a Hermitian vector
bundle, then MY A p is defined and has the properties in Section 2.2. In
this section we will see that MY A u has some additional properties when
i € PS(Z). Lemmas 3.1 and 3.2 below are straightforward adaptions of
parts of [2, Theorem 5.2] to PS-currents.

LEMMA 3.1. — Let ¥ be a holomorphic section of a Hermitian vector
bundle E — Z. Let X = {¥ =0}, let i: X — Z be the inclusion, and let
codim X = n. If u € PS(Z), then there are unique Sx_n, (¥, 1) € PS(X)
such that

MY Ay =08, (U, 1), k=0,1,2,....
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Proof. — The uniqueness is clear since i, is injective. It therefore suffices
to show the lemma locally in Z. We can thus assume that y = g.«, where
a and ¢g: V — Z are as in Definition 2.1. By Hironaka’s theorem, after
a modification we can assume that the ideal sheaf generated by ¢*V is
principal, cf. (2.5). Let D be the divisor defined by ¢*¥ and let L be the
associated line bundle equipped with the metric induced by the embedding
L — g*E, cf. (2.14). Then by (2.24), (2.23), and Example 2.8,

(3.1 MY Ap=MYAga=g (MY Na)=g(an M)
= g. (@ AT(L)* P A[D]).

Let W = |D|, let j: W — V be the inclusion, and consider the fiber
diagram

J

(3.2) w2y
"
X -2z

By Example 2.2 there is a up € PS(W) such that [D] = j.up. Hence,
by (3.1), (2.1), and commutativity of (3.2),
(3.3) Mlgj /\N:g*j*(j*a/\j*/c\l(-[/*)kil /\/JD)
= ihi (§ A 7 (L) A up).
Since the class of PS-currents is closed under multiplication by smooth

forms and under direct images of proper holomorphic mappings it follows
that

Shen(W, 1) 1= ha (P A G e (L)1 A pp)
is in PS(X). The lemma thus follows by (3.3). O
It follows from Lemma 3.1 and (2.4) that MY Ap € PS(Z) if u € PS(Z).
LEMMA 3.2. — Let ¥ be a holomorphic section of a Hermitian vector

bundle E — Z. If up € PS(Z), then d(MY Ap) = MY Adp. The same holds
with d replaced by 0 or 0.

Proof. — This is a local statement so we can assume that u = g.«, where
a and g: V — Z are as in Definition 2.1. By Hironaka’s theorem, in view
of (2.5), we can also assume that g*U defines a principal ideal sheaf. By
Example 2.8 thus M9 ¥ is d-, -, and d-closed. In view of (2.24) and (2.23),
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using that d and ¢, commute and that M9 Y is closed, we get
d(MY A p) =d(MY A gea) = g d(MI Y Aa) = g (MI Y A da)
= MY A g.dao= MY Adp.

The same calculation can be done with d replaced by 0 or 0. 0

In general, if X C Z is a complex submanifold one cannot expect there
to be a global holomorphic section ¥ of a vector bundle £ — Z defining
X. However, for any complex submanifold X C Z the next result allows us
to define global PS-currents 5;(Nx,p) in X for p € PS(Z) generalizing
5;(¥, ) in Lemma 3.1 as soon as the normal bundle Nx of X is equipped
with a Hermitian metric. This generalizes [2, Definition 5.5] to the setting
of PS-currents and when there is no global holomorphic section defining X .

PRrROPOSITION 3.3. — Let Z be a complex manifold, X C Z a complex
submanifold of codimension n, and i: X — Z the inclusion. Assume that
the normal bundle Nx — X of X is equipped with a Hermitian metric. If
i € PS(Z), then there are unique s, (Nx, ) € PS(X) with the following
property: If there is a holomorphic section ¥ of a Hermitian vector bundle E
in an open U C Z such that ¥ defines X in U, and the induced embedding
Nx < E|x is Hermitian, then in U

(3.4) iwShn(Nx,p) = MY Ap, k=0,1,2....

Proof. — Locally in Z there are ¥ and F such that ¥ defines X and
Nx < E|x is Hermitian. For instance, take local coordinates z such that
X ={xn = -+ = z, = 0}, let E be the trivial rank n-bundle, let ¥ =
(#1,...,2n), and choose a Hermitian metric on E appropriately. Since i, is
injective on currents it follows that Sx_,(Nx, ) must be unique.

To show the existence of S_,,(Nx, u) it thus suffices to show it locally.
Locally in Z we can assume that y = g.a, where a and g: V — Z are as in
Definition 2.1. We can also assume, by Hironaka’s theorem and (2.5), that
g*Jx is principal. Let D be the divisor defined by ¢*J7x and let L be the
associated line bundle. Recall that L] p| is the normal bundle of g*Jx. By
Lemma 2.6(a) we have an embedding

(3.5) L|ip| = 9" Nx

and we equip L with a Hermitian metric so that (3.5) is Hermitian. Consider
the fiber diagram (3.2) with W = |D|. By Example 2.2 there is a up €
PS(|D|) such that j.up = [D], and we let

(3.6) Sh—n(Nx, 1) = hu(up A FE (L)1 A 57 a).
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Since up € PS(|D|), j*e1(L*)*~1 A j*a is smooth, and h: |D| — X is a
proper holomorphic mapping it follows that s;_,(Nx, u) € PS(X).

It remains to check that S;_,(Nx,u), as defined in (3.6), have the
claimed property. Assume therefore that ¥ is a holomorphic section of
a Hermitian vector bundle F that defines X in U and such that the in-
duced embedding Nx — E|x is Hermitian. In view of (2.24), (2.23), and
Example 2.8,

37 M Ap=g.(M" Na) = g.([DIAG(L) T Aa),

where ¢;(L*) here is with respect to the metric on L induced by the em-
bedding L — ¢*FE given by ¢*V; cf. (2.14). By Lemma 2.6, on W this
metric is the same as the one induced by (3.5). Since [D] = j.up, by (3.7),
commutativity of (3.2), and (3.6), thus

MY A p=gejulpp A J e (L) A ja) = ivgi(up A F*E (L) A j*a)
= i*gk_n(Nx, p,).

This concludes the proof. O
Example 3.4. — In the situation of Proposition 3.3, if y is a smooth form,

then

(3.8) Sken(Nx,pt) = Sp—n(Nx) Ai*p.

In particular, if X is a hypersurface with associated line bundle L, then
Sk (Nx, ) = @ (LI%) A

since then Nx = L|x. The equality (3.8) follows from (3.4), (2.23), and
Example 2.8 since locally there always are ¥ and E as in Proposition 3.3.

PROPOSITION 3.5. — Let Z be a complex manifold and ¥ a holomor-
phic section of a Hermitian vector bundle E — Z. Assume that ¥ defines
a divisor D and let L be the associated line bundle equipped with the Her-
mitian metric induced by (2.14). If u € PS(Z) is closed and of positive
degree, then for k > 1, there are currents vy in Z such that

M];II A= —/C\l(L*)k A 1z\|D|M+dl/;€.
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Proof. — Let x. = x(|¥|?/¢). By (2.22), a straightforward calculation,

and using that du = 0, we get

01 2
og|¥] |
2mi

= lim dx, A dlog | T2 A (dd€log |T[2)* 1 A p
e—

MY Ap= lirr(l)gxe/\ (dd“log |[¥|>) =1 A p
€E—>
— i c 2\k
= lim —x(dd"log [W[")" A p
+ d(xedlog ||* A (ddlog [T*)* 1 A p).
Using (2.15) and (2.6) thus
M,:Ij Ap= liH(lJ fXE(—El(L))k A+ d(XEdC log |\I/\2 A (fgl(L))kfl A u)
e—
_ = *\ k . c 2 A0 *\k—1
= —c(LY) /\]'Z\‘D‘p‘—'_ll_l;r(l)d(XEd log [U[* AL (L") 71 A p).
We claim that there are current v in Z such that
xed®log [U2 A (LYY Ap — v, €= 0.

Taking the claim for granted the proposition immediately follows. To show
the claim, since ¢; (L*) is smooth it suffices to see that lim,_,q xd® log |¥|?A
w exists. By Lemma 2.5, since Z is a manifold, p is pseudomeromorphic. It
therefore follows by Lemma 2.7, Lemma 2.4, and (2.9) that

lim y.0log |[¥|* A p
e—0

exists and is a pseudomeromorphic current. By (2.3) and Lemma 2.5 also
It is pseudomeromorphic, and so

lim x.Olog |¥|* A p = lim x.Olog |[U]2 A Tz
e—0 e—0
exists and is the conjugate of a pseudomeromorphic current. Since d¢ =

(0 — 0)/4mi it follows that lim, o x.d°log |¥|? A i exists, which shows the
claim. O

4. Gysin mappings

Let i: X — Z be an embedding of a complex m-dimensional manifold X
into an m + n-dimensional complex manifold Z. Suppose that the normal
bundle Nx — i(X) of the submanifold i(X) is equipped with a Hermitian
metric. Notice that rank Nx = codim i(X) = n.

Associated with the embedding i: X — Z there is a Gysin mapping
Ar(Z) = Ap—n(X), where Ay, is the Chow group of k-cycles modulo ratio-
nal equivalence; see, e.g., [15, Section 6]. In [2] are introduced generalized
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cycles, GZ, which are PS-currents, and a certain quotient group B of GZ,
which can be thought of as an analogue of the Chow group. If ¢(X) can be
defined by a global holomorphic section of some vector bundle, then there
are also Gysin mappings GZi(Z) — GZi_n(X) and Br(Z) — Br_n(X)
analogous to the one in [15].

Let u € PS(Z). Recall from Proposition 3.3 that there are 5,_,,(Nx, 1) €
PS(X) since Nx is equipped with a Hermitian metric. We define Gysin
mappings i': PS(Z) — PS(X) and i*': PS(Z) — PS(X) by

n

(4.1) it = Zi*gn—k(NX) A Sk—n(Nx, 1),
k=0
(4.2) i'u=i"¢(Nx) ANS(Nx, ).

The mapping (4.1) preserves bidegree and is the basis of our pullback. It
is straightforward to check that (4.1) is the component of the “full” Gysin
mapping (4.2) of the same bidegree as p; this makes (4.2) useful in some
calculations.

Example 4.1. — Suppose that there is a global holomorphic section ¥
of a Hermitian vector bundle F — Z defining ¢(X) and that the induced
embedding Nx — E|;x) (cf. (2.12)) is Hermitian. Then in view of Propo-
sition 3.3 and (2.1),

(4.3) bt =Y G k(Nx) A MY Ap,
k=0
(4.4) ivi'p=¢(Nx) A MY A p.

It follows that the restriction of i' to GZ(Z) is the Gysin mapping in [2,
Equation (1.9)].

Recall from the proof of Proposition 3.3 above that locally in Z there
always are ¥ and F with ¥ defining ¢(X).

Example 4.2. — Let p € PS(Z) and assume that supp 1 C (X ). Then
(4.5) p=1.5_n(Nx,p) and i'p=14"C,(Nx)AS_(Nx,p).

These are local statements so we can assume that there are ¥ and FE as in
Example 4.1. Since supp & C i(X) it follows by (2.21) and (2.22) that

MSPAuzlxuzu, M,;P/\u:O,kZL

Thus (4.5) follows in view of (4.1) and Proposition 3.3.
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PROPOSITION 4.3. — The Gysin mappingsi' and i are linear mappings
PS(Z) — PS(X) and commute with d, 9, and 9. If ¢ is a smooth form in
Z, then i'p = i*p = i*p and if u € PS(Z), then

(4.6) Honp) =i"pnitp, e Ap) =itpni'u

Proof. — By Proposition 3.3, p — 8;—n(Nx, pt) are mappings PS(Z) —
PS(X). By (4.1) and (4.2), since PS(X) is closed under multiplication by
smooth forms, i and " are mappings PS(Z) — PS(X) as well.

Locally in Z there are ¥ and E as in Example 4.1; we will use this to show
the rest of the statements of the proposition. Since y — MY A u are linear
it follows from Proposition 3.3 that p + 8g_,(Nx, ) are linear. Thus '
and " are linear. Moreover, using (4.4), that Chern forms are closed, and
Lemma 3.2 we have

ipdi' = diyi' = d(E@(Nx) AMY Ap) =(Nx) AMY Adp = i," dp.

Since i, is injective it follows that di"'y = i"'dy. Then di'y = i'du follows
by taking the component of the right bidegree. The same calculations can
be done with d replaced by 0 and .

Let ¢ be a smooth form in Z. Then by (2.23), Example 2.8, and (2.1)

MYNp = pAMY AL = @AS(Nx)A[X] = @AS(Nx)Ai 1 = 5(Nx)Aiyi*g.
By (4.4) and (2.11) thus,

ii"o =(Nx) AMY A p=2Nx) AS(Nx) Aiyi*o = iyi*e.
Since i, is injective it follows that i"'¢ = i*p and so, by taking the compo-
nent of the right bidegree, i'p = i*@. If u € PS(Z), by (2.23) and (2.1) we

have

ivi' (P Ap) =(Nx) AMYA(pAp) =9 AE(Nx) AMY A =@ ANiyi'u
=i (i*p ANi'p).

It follows that 3" (p A p) = i*o A" and so ' (o A p) = i*@ Ai'p as before.
This completes the proof. O

Since by this proposition i'p = i*p if ¢ is a smooth form in Z, it follows
that i.i'p = [i(X)] A ¢. For a general u € PS(Z) we define

(4.7) [1(X)] A = isi' .
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5. The pullback operation

Throughout this section we use the following notation and setup. Let X
be a complex m-dimensional manifold, Y a complex n-dimensional Hermit-
ian manifold, and f: X — Y a holomorphic mapping. We let Z = X x Y
and m: Z — X and me: Z — Y are the natural projections. Let also
i: X = Z,i(x) = (z, f(z)), be the graph embedding. The normal bundle
Nx — i(X) of i(X) in Z is naturally isomorphic with TY via

(51) NX :FSTYIi(X).

Since Y is Hermitian, TY has a Hermitian metric and we equip Nx with
the metric induced by (5.1).

5.1. Definition and basic properties

Let p € PS(Y). Since 72 is a projection, myp = 1 ® p is a well-defined
current in Z; cf. (2.2). Let us check that 75u € PS(Z). This is a local
statement so we can assume that p = g.«, where g: V — Y and « are as
in Definition 2.1. Let {p;} be a locally finite partition of unity on X with
p; smooth and compactly supported. Then

(5.2) W§u=1®u=ij®u=Z(idx x9)«(pj ® @),

J J

which shows that 75u € PS(Z). We thus have the product [i(X)] A 75 pu.
Since m o ¢ = idx it follows from (4.7) that

(m)« ([(X)] Am3p) = (m1)uisi'mip = i'msp.
We use the last expression as the definition of f*, cf. (1.5).

DEFINITION 5.1. — For u € PS(Y) we let f*u = i'mhu, where i' is the
Gysin mapping (4.1).

We also introduce a “full” pullback mapping, f°, using the full Gysin
mapping (4.2) by

(5.3) fou=i"m5p.

Since i'75 1 is the component of i*'75 i of the same bidegree as 73 it follows
that f*u is the component of f°u of the same bidegree as p. This makes
f¢ convenient to use in some calculations.
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PROPOSITION 5.2. — The operation f* is a linear mapping PS(Y) —
PS(X) and commutes with d, 0, and 0. If ¢ is a smooth form in Y and
w € PS(Y), then f*p is the usual pullback and

(5.4) frlenm)=fonfu

Proof. — In view of (2.2), 75 is a linear mapping PS(Y) — PS(Z) and
so it follows from Proposition 4.3 that f* is a linear mapping PS(Y) —
PS(X). Moreover, midu = drjp and similarly for d and 9. By Proposi-
tion 4.3 thus f* commutes with d, 9, and 9.

Let ¢ be a smooth form in Y. Then 7j¢ is smooth in Z and so, by
Proposition 4.3,

i = "o = (T 01) p.
Since my 04 = f thus i'mjp = f* is the usual pullback. In view of (2.2)
we have 75 (¢ A u) = w5 A w5u. Hence, (5.4) follows from (4.6). O

We will now see that if Y is good, then (1.9) holds. Recall that Y is good
means that there is a holomorphic section ® of a holomorphic vector bundle
F — Y x Y defining the diagonal A CY x Y. Then ¥ := (f xidy)*® is a
holomorphic section of E := (f x idy )*F defining ¢(X) in Z. We choose a
Hermitian metric on £ such that the induced embedding Nx — El;(x), is
a Hermitian. Hence, when Y is good we are in the setting of Example 4.1.
Using that idx = m o4 it thus follows from (4.3) that

(5.5) fru=i'msp = (idx)ei'msp = (m)iei' T

n

Vs D> Cuk(Nx) A MY Ay,
k=0

Now, m2i(x) = f om1]i(x) so we can replace 73 in (5.1) by 77 f*. Since the
Hermitian metric on Ny is induced by (5.1) it follows by functoriality of
Chern forms that

(5.6) c(Nx) = m f7e(TY)|icx)-

Replacing ¢,_;(Nx) in (5.5) by 7} f*¢,—,(TY) and using (2.1) thus (1.9)
follows. In the same way one can check that

(5.7) fou=fFATY) A (m) (MY A5 p).

Example 5.3. — Let Y = C2, with TY equipped with the standard Her-
mitian metric, and let f: X — Y be the blowup of 0. Let us show that if
p is the Dirac mass at 0 (considered as a (2,2)-current), then

(5.8) fru=wAD,  fou=wA[D]+[D],
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where D ~ P! is the exceptional divisor of the blowup and w is the standard
Fubini-Study metric form on that P'.

Notice first that m3u = ¢.1, where g: X — X x Y is the mapping
g(x) = (x,0). We consider the tuple ¥ = f(x) —y as a section of the trivial
rank-2 bundle £ — X X Y and equip E with the standard Hermitian
metric. Clearly, ¥ defines the graph of f in X x Y. One can check that the
metric induced on Nx by the embedding Nx < E|;(x) is the same as the
one induced by Nx = m3TY |;(x). We can thus use (5.7) to calculate f°pu.
Notice that ¢(TY) = 1 since TY has the standard metric. By (5.7) thus

(5.9) fou = (m)u (MY Am3p).

Since w5 = g.l, ¢*¥ = f(z), and f defines D it follows from (2.1) and
Example 2.8 that

(5100 () (MY A73u) = (7190 (MY A1) = (m1)ge MT )
= (m1)x9«([D] + [D] A&1(LY)),

where L is the line bundle corresponding to D equipped with the metric
induced by L — ¢*E. The embedding L|p — ¢*E|p is the standard
embedding of O(—1) into P! x C? and so ¢;(L*)|p = w. Since 71 0g = idx,
the second equality in (5.8) thus follows from (5.9) and (5.10). The first
equality in (5.8) then follows by taking the right bidegree.

Remark 5.4. — Let f: X — Y be the blowup of 0 € C?> = Y and pu
the Dirac mass at 0 as in Example 5.3. Then no reasonable pullback of
currents under f can be continuous. To see this, let a; be a sequence in
Y such that a; — 0. If 4% is the Dirac measure at a;, then u% — u as
currents. Since f is a biholomorphism outside f~!(0) we have that f*u%
is the Dirac mass at f~!(a;) if f* is a reasonable pullback. If a; and b; are
sequences going to 0 along different lines in Y, then f~!(a;) and f~1(b;)
have different limits in X. Hence, % — g and pb — u, but f*u% and
f*ubi have different limits.

Example 5.5. — Let f: X — Y be the inclusion of an open set X C Y.
Then, for any u € PS(Y) we have f*u = fu = p|x. To see this, we will
show that

(5.11) in o1 = i (plx);

recall that i: X — Z is the graph embedding, which in this case is i(z) =
(x,x). Since i, is injective we get f°u = p|x from (5.11). Then f*u = p|x
follows by taking the right bidegree.
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It suffices to verify (5.11) in a neighborhood of a point i(x) = (z,z) € Z,
xz € X. To this end we can assume that X = Y. We can also assume
that there is a holomorphic section ¥ of a Hermitian vector bundle £ — Z
defining i(X) such that the induced embedding Nx — E|; x) is Hermitian;
cf. Example 4.1. By (5.3) and (4.4) thus

(5.12) i fou="2(Nx) AN MY A7hu.

Our considerations are local so we can assume that y = g.a, where
g: V — Y and « are as in Definition 2.1. Then

(5.13) map = (idx X¢)«(1 ® a);

cf. (5.2). Recalling that X =Y, let j: V — X x V be the mapping j(v) =
(g9(v),v). Since ¥ defines i(X), which is the diagonal in X x Y, we have that
(idx xg)*¥ defines j(V). Let Ny — j(V) be the normal bundle of j(V)
equipped with the Hermitian metric induced by the embedding Ny —
(idx xg)*E|j(vy. Since codimj(V) = dimX = dimY = codimi(X), it
follows from Lemma 2.6 that Ny = (idx xg)*Nx as Hermitian bundles.
By functoriality of Chern forms thus ¢(Ny ) = (idx xg)*¢(Nx). Hence, in
view of (5.12), (5.13), and (2.24),

i fon = (idx xg).((idx xg)*ENx) A MO XDV A (10 a))
= (idx xg)« (6(Ny) A MUEx D™ A (1 ® a)).
By (4.4) and Proposition 4.3 thus
i fp = (idx x9).jui" (1@ a) = (idx xg).j.j*(1© @)
since 1® « is smooth. It is straightforward to check that (idx xg)oj =iog
and that 7*(1 ® o) = a. Hence, 4, fu = ixgscx = 5, which shows (5.11).
PROPOSITION 5.6. — Let X be a complex manifold, Y a complex Her-

mitian manifold, and f: X — Y a holomorphic mapping.

(a) If U C X is an open subset and p € PS(Y), then (f*u)luv = flju.
(b) Assume that f(X) is a complex submanifold of Y and that the
induced mapping fv: X — f(X) is a submersion. Let ¢: f(X) =Y
be the inclusion. If y € PS(Y), then f*u = f*u*u, where f* is the

standard pullback of currents under the submersion f.

Proof.

(a). — Recall that Nx is the normal bundle of i(X) in Z = X x Y
equipped with the metric induced by (5.1). If Ny is the normal bundle of
i(U) in U x Y, then Ny = (Nx)|iw), and we equip Ny with the induced
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metric. In view of Proposition 3.3, we have 5;(Nx,m3u)|v = 5;(Ny, m5pu).
It thus follows from Definition 5.1 and (4.1) that (f*u)|v = fl5we.

(b). — We can localize in both X and Y; the statement is local in X
by part (a), and in view of Proposition 5.2, by a partition of unity in Y we
can assume that p has support in any given open subset of Y. Since fis
a submersion, after localization in X, we can assume that X = X’ x X",
where X’ is an open set in some C™ and X" is an open subset of f(X),
such that f: X’ x X" — X" is the projection on the second factor. Thus,
the inclusion ¢: f(X) =Y now is X" < Y.

We will first give an expression for t°u. Since we can localize in Y we can
assume that Y is good and let ¥ be a holomorphic section of a vector bundle
E — Y xY such that ¥ defines the diagonal A C Y xY. We equip F with
a Hermitian metric so that TY |n = Na < F|a is Hermitian. Let p; and
po be the natural projections X" xY — X" and X" xY — Y, respectively,
and let j: X" — X" x Y be the embedding j(z") = (2, (z")). We equip
the normal bundle Nx» — j(X"”) of j(X") in X"’ x Y with the metric
induced by Nx» = p3TY|;x»). The section (v x idy)*¥ defines j(X")
and in view of Lemma 2.6, the induced embedding Nx» — (v x idy )*E is
Hermitian. By (5.7) we now have

(5.14) Cp=CUATY) A (pr)« (MDA pip).

We have a similar expression for f°u: The section (f x idy)*¥ defines
i(X) in X x Y, and again in view of Lemma 2.6, the induced embedding
Nx < (f x idy)*E is Hermitian. By (5.7) thus

(5.15) Fou= FEATY) A () (MUY .
Now, since (f x idy)*T =1® (¢ X idy )*¥ and 75 = 1 ® pip we have
(5.16) MUY A xyy = 1@ (MDY A p2yy).

Moreover, since f: X’ x X" — X" is the standard projection, frery) =
freTyY) = 1@ ¢(TY); cf. (2.2). It thus follows by (5.15), (5.16),
and (5.14) that

for= (1@ rATY)) A (). (1@ (MO Aps)
=1® .

Taking the component of the same bidegree as u we get f*u = 1®:*u. The
right-hand side here is the standard pullback of the current :*x under the
projection f: X' x X" — X" Part(b) of the proposition thus follows. O
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Proof of Theorem 1.1. — Theorem 1.1 follows from Propositions 5.2
and 5.6. g

Example 5.7. — Let f: X — Y be surjective with constant fiber dimen-
sion m —n; recall that m = dim X and n = dim Y. We claim that f* then is
independent of the Hermitian structure on Y and that f*u = 50(Nx, w5 u)
for any p € PS(Y); recall here the currents s;(Nx,m5p) from Proposi-
tion 3.3.

To see this, we can localize in both X and Y’; cf. the proof of Proposi-
tion 5.6. We can thus assume that there are ¥ and F as in Example 4.1. We
can also assume that 1 = §.a, where §: V — Y is a holomorphic mapping,
V a connected complex manifold, and « a smooth compactly supported
form in V. Consider the fiber diagram (3.2) with V, g, and W defined to
be X x V, idx xg, and {g*¥ = 0}, respectively. Since f is surjective with
constant fiber dimension m — n it follows that codimy W = n. Thus, since
W = {g*¥ = 0}, it follows from [2, Theorems 1.1, 1.2] that M,f*‘l/ =0if
k < n and that Mg ¥ is independent of the metric. Since w5 = g.(1® a),
in view of (2.23) and (2.24) we get

MY Amip=g.(MI Y AN1®a) =g (1®a) A M Y).

Hence, MY A m3p vanishes if k& < n and is independent of the metric if
k = n. It thus follows by (1.9) and Proposition 3.3 that f* is independent
of the Hermitian structure on Y and that f*u = So(Nx, m5u).

5.2. An alternative approach

We recall the setup; X is a complex manifold, Y a complex Hermitian
manifold, f: X — Y a holomorphic mapping, Z =X xY,and ny: Z — X
and 7 : Z — Y the natural projections. In this subsection we will also as-
sume that X is Hermitian and let Z have the induced Hermitian structure.

Let v: Z — Z x Z be the diagonal embedding and Nz — +(Z) the normal
bundle of «(Z) in Z x Z. Then Ny is naturally isomorphic with T'Z and
thus Nz gets an induced Hermitian metric. The Gysin mappings ¢' and ¢
are thus defined.

Recall from the introduction that the main step when defining f*u is
to give a reasonable meaning to the product [i(X)] A 75 u, where i(X) as
before is the graph of f in Z. We have done this by applying the (local)
operator(s) MY to m5u, where ¥ is a (local) holomorphic section of some
Hermitian bundle defining i(X) (locally) in Z, and then multiplying by
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Chern forms. This definition of the product [¢(X)] A 734 is not symmetric
in [i(X)] and 75 u. The objective of this section is to provide an alternative
definition that puts [(X)] and 75 on an equal footing. The alternative
definition coincides with the product introduced in [3, Definition 5.3] if 75 u
is a (generalized) cycle and ¢(Z) can be defined by a global holomorphic
section of some vector bundle over Z x Z.

Before stating the main result of this subsection we notice that if T' C
Z is a submanifold, or merely an analytic subset, and u € PS(Y), then
C)®@msp € PS(Z x Z). In fact, if = g.a, where g: V — Y and « are as
in Definition 2.1, then

(5.17) Meomu=(101®«a)
where T: T X X XV = Z x Z, 7(v,z,v) = (v, z, g(v)).

THEOREM 5.8. — Let X and Y be complex Hermitian manifolds and
let Z = X x Y with the induced Hermitian structure. Let v: Z — Z X Z
be the diagonal embedding and equip the normal bundle Nz of «(Z) with
the Hermitian metric induced by Nz ~ TZ. Assume that T' C Z is a
submanifold such that dimT" = dim X and m|r is proper, wheremy: Z — X
is the natural projection. Then, with wo: Z — Y the natural projection,

(5.18) (1)<t (] @ myp2) = (|« (male) "

Notice that (m2|r)* depends on the Hermitian structure on Y but not
on the one on X. The left-hand side of (5.18), which a priori depends on
the Hermitian structures on both X and Y, is thus independent of the
Hermitian structure on X.

Let us see what Theorem 5.8 means if I' = 4(X) is the graph of the
mapping f: X — Y. After identification of ¢(X) and X we have mo|pr = f
and m|r = idx, and so (5.18) becomes

(5.19) (m) et (((X)] ®@ T3p) = f*p.

The left-hand side thus is an alternative definition of f*u. The product
[i(X)] A m5p in this setting is ¢!([i(X)] ® 75u), which clearly puts [i(X)]
and 734 on an equal footing.

To prove Theorem 5.8 we will use the following technical lemma.

LEMMA 5.9. — Let ¥ and Q be complex manifolds and q: ¥ — Q a
holomorphic mapping. Let j: 3 — ¥ x § be the graph embedding, Ny
the normal bundle of j(X), and p: ¥ x Q — X the natural projection.
Let ®1 be a holomorphic section of a Hermitian vector bundle F} — X
and assume that there is a holomorphic section ®5 of a Hermitian vector
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bundle F5 — ¥ x Q defining j(X) in ¥ x Q. If Ny, is equipped with the
Hermitian metric induced by Nx. < F3|;(x), then for any y € PS(X),

Go(M®YA ) = &(Ng) A MP 2182 A ey

Proof. — Assume first that p is a smooth form and that ®; defines a
divisor D. Then p*®; defines the divisor D x ). The section @5 defines j(X),
which is a locally complete intersection of codimension dim ). It is clear
that D x {2 and j(X) intersect properly and it follows that p*®; + ®2 defines
a locally complete intersection of codimension dim €2 4 1. The conditions
in [2, Proposition 7.6] are then satisfied and the conclusion is that

(5.20) MP Pit®e — TP A ppPe

Since ®, defines j(X), in view of Example 2.8 we have M®2 = 5(Nx) A j,1.
Hence, by (5.20),

(5.21) MP" 1Pz — NPT A SN A 1.
Multiplying by ¢(Nx) A p*p and using (2.23), (2.11), and (2.24) we get
E(Ng) A MP 1422 A p* 1 — &(Ny) A p* i A S(Ng) A MP P A1
=p A MY PN G = G (T pT e A M),
Since j*p* = (p o j)* = id§; the lemma thus follows in the case when pu is
smooth and ®; defines a divisor.

We now consider the general case. The statement is local in ¥ x £ so we
can assume that p = g.a, where g: V' — ¥ and « are as in Definition 2.1.
Possibly after a modification of V, by Hironaka’s theorem we can also
assume that ¢g*®; defines a divisor.

Let j: V < V x  be the embedding j(v) = (v,qo g(v)) and let p: V x
Q — V be the natural projection. Notice that (g x idg)*®o defines j(V') in
V x Q. By the first part of the proof thus

(5.22) ;* (Mg*<1>1 A a) =2(Ny) A M;"g*@ﬁ-(gxidg)*% AMa®1),

where Ny is the normal bundle of ;(V) equipped with the metric induced
by Ny < (g x idq)*Fy vy The lemma will follow by applying (g x idg).
to (5.22). _

Since (g x idg) 0oj = jog, in view of (2.24) we have
(5.23) (g x ida)sjs (M P A Q) = juge (MT P Na) = . (M A p).

To calculate (g x idg)s of the right-hand side of (5.22), notice first that
by Lemma 2.6 we have an isometry Ny = (g x idg)*Ny. We can thus
replace ¢(Ny ) in the right-hand side of (5.22) by (g x idg)*¢(Nx). Since
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gop=po(gxidg) we can also replace p*g*®; by (g x id)*p*®;. After
doing this, using (2.1) and (2.24) we get
(5.24) (g x idq)« (E(NV) A NP 9T ®1H(gxida)" ®s Ala® 1))

= &(Nx) A MP 21%%2 A (g 5 idg) . (a®1).
Since (g X idg)«(a@®1) = p® 1 = p*p the lemma follows by (5.22), (5.23),

and (5.24). O
Proof of Theorem 5.8. — We will show that
(5.25) (1)t (U] @ w5 p0) = (m1|p)u(m2lr)® o

The theorem then follows by taking the component of the same bidegree
as u. Let

T := (m2|r)°p.
Then (m1|r).T is the right-hand side of (5.25). On the other hand, we can
factorize 71 |r as follows

PNy 2 xXxY 2 Zx X xY 5 X,

() =), 207.y) = (v m(),y),
Js(y,z,y) = (m(y), m(V)i2,y), w(z,y) =
We thus have that (m1|r)«T = 7«(J3)«(j2)«(j1)+«T and we claim that

(5.26) T (J3)x (J2)« (1) T = (Wl)*b!l([m ® T3 H),

which then proves (5.25).

It remains to show (5.26). The claimed identity (5.26) can be checked
locally in X and by a partition of unity we can assume that u has compact
support in any given open subset of Y. We can thus assume that both Y and
X are good and let ¥; and ¥y be holomorphic sections of vector bundles
FE;y - Y xY and F; — X x X defining the diagonals Ay C Y x Y and
Ax C X x X, respectively. We equip F; and FEs with Hermitian metrics
such that TY ~ Na, < E1|a, and TX ~ Na, < Es|a, are Hermitian
embeddings.

Let (I)l = (7T2|1" X ldy)*‘l’l and F1 = (7T2|1" X ldy)*El Then ‘1)1 defines
j1(T) in T' x Y and we let Np be the normal bundle equipped with the
metric induced by Np — F1|j1([‘). In view of Lemma 2.6, this is the same
as the metric induced by Nr ~ TY. Hence, ¢(Nr) = (1 ® ¢(TY))|;, 1)
Now, in view of (5.3) and (2.2) we have T' = (m2|r)°u = ji (1®p). By (4.4)
thus

(5.27) (j1)«T = (1RETY)) AM® A(1® p).
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Let Fy and ®5 be the pullback of Fs and Ws, respectively, under the
mapping ' x X xY — X x X, (y,z,y) — (7m1(7),z). Then ®5 defines
j2(T' x Y), which is the graph of the mapping I' x Y — X, (v,y) — 71 (7).
Let p: I' x X xY — T" x Y be the natural projection. Since 1 ® ¢(TY) =
Ja(1®1®¢(TY)) it follows by (5.27), (2.1), and Lemma 5.9 that

(j2)«(j1)«T = (1 ® L@ E(TY)) AE(Nrxy ) A MP 21H%2 A p*(1® p0),

where the normal bundle Npyy of jo(I' x Y) is equipped with the metric
induced by Nrxy — Fs|j,(rxy). In view of Lemma 2.6, ¢(Nrxy) = (1 ®
c(TX)®1)]j,rxy)- Thus, since p* (1@ pu) =1® 1@ p,

(5.28)  (j2)«(j1)T = A @ETX) @ ETY)) A MP 172 A (101 @ p).

From the definitions of ®;, ®5, p, and j3 it is straightforward to check
that

(5.29) POy + Oy = 3 (I, + I1*0,),

where II: ZxZ — Y xY and II: ZxZ — X x X are the natural projections.
Moreover, since TZ = TX®TY we have ¢(TZ) = e(TX)®c(TY). It follows
that

(5.30) 1e(TX)c¢TY)=j;1ec¢TZ)).

Replacing p*®; + @2 and 1 @ ¢(TX) @ ¢(TY) in (5.28) by the right-hand
sides of (5.29) and (5.30), respectively, it follows by (2.1) and (2.24) that
(ja)+(j2) ()T = (L@ ATZ)) A M Y02 4 () (1@ 1 @ p).
Since (1 ®@¢(T'Z))|,(z) = ¢(Nz) and (j3):(1 ® 1 ® p) = [ ® 754 we have

(5.31) (ja)+(j2)+ (12)sT = &NZ) A M0 5 (1] @ ).

Now, IT* Wy + I[T* U, defines «(Z) in Z x Z and the corresponding embed-
ding Nz — (II*Ey @ II*Ey)|,(z) is Hermitian. In view of (5.31) and (4.4)
thus

(j3)« (J2)« (1)« T = tut” ([T @ 75 p1).

By applying 7., using that 7.t = (m2). since mor = ma, thus (5.26) follows.
This completes the proof. O

Remark 5.10. — As mentioned in the introduction, the alternative defini-
tion (5.19) of f* can be generalized to define a pullback under meromorphic
mappings and meromorphic correspondences:

If h: X --» Y is a meromorphic mapping, then the closure of the graph
of h is an analytic subset of Z, and we let I' be this analytic subset. If
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€ PS(Y), then Il @miu € PS(Z x Z) and we can define h*: PS(Y) —
PS(X) by letting

(5.32) B = () (0] @ ).

If I instead is a meromorphic correspondence, i.e., X and Y have the
same dimension m and I' is an effective m-cycle such that m; and 7o re-
stricted to each irreducible component of |I'| are surjective and proper, then
the right-hand side of (5.32) makes sense and is a reasonable definition of
a pullback of p under the correspondence I'.

6. Compatibility with cohomology

The objective of this section is to prove Theorem 1.2. We need a few
preliminary results. For a complex manifold Z we let H*(Z) be the de
Rham cohomology groups. Recall that H*(Z) can be defined using either
closed smooth forms or closed currents. If p is a closed smooth form or
a closed current we let [u]qr be the corresponding cohomology class. If
w = [W] is the current of integration along W C Z, then we write [W]ar
instead of [[W]]4r.-

If g: Z — Z is a holomorphic mapping, then the pullback of smooth
forms induces a mapping g*: H*(Z) — H*(Z). It h: W — Z is a proper
holomorphic mapping, then the pushforward of currents induces a mapping
hi: H*(W) — H**24(Z), where d = dim¢ Z —dimc W. The wedge product
on smooth forms induces the cup product in H*(Z); we will write A for
the cup product of cohomology classes. Notice that if £ is a smooth closed

form and p is a closed current, then

(€A plar = [Elar A [1]ar-

We will also use that the projection formula (2.1), with ¢ and p denoting
cohomology classes, holds.

LEMMA 6.1. — Let Z be a complex manifold and let W C Z be an
analytic subset. If u € PS(Z), then

(6.1) dlwp =1wdp, dlzg\wp=1zwdu.
If1wp =0 and 17\wdp = 0, then dp = 0.

Proof. — Since Z is a manifold, p is pseudomeromorphic and so by [8,
Proposition 3.8] we have 01y = 1w du. Since PS(Z) is closed under
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conjugation, cf. (2.3), and the operator 1y is real we get 1y u = Ly Ou.
The first equality in (6.1) thus follows. We now get

dlpwp =d(p — lwp) =dp — lwdp = 17 wdgu,

which proves the second equality in (6.1). Moreover, if 1y = 0 = 15\ du,
then
dp = 1wdp + 175 wdp = dlyp = 0.

The last statement in the lemma is thus also proved. O

PROPOSITION 6.2. — Let X and Z be complex manifolds andi: X — Z
an embedding. Let w: Blx — Z be the blowup along i(X), let D C Blx
be the exceptional divisor, and L — Blx the associated line bundle.

(a) If p € PS(Z) and 1;xyp = 0, then there is a unique v € PS(Blx)
such that m,v = p and 1pr = 0. If du = 0, then dv = 0.

(b) Assume that the normal bundle Nx — i(X) is equipped with a
Hermitian metric and equip L with a Hermitian metric such that
L|p — 7|5 Nx (cf. Lemma 2.6) is a Hermitian embedding. If v €
PS(Blx), 1pv =0, and n = codimi(X), then

(6.2) i'm =Y i"Cnk(Nx) A (7] D)+Sk-1(Ll D, v).
k=1

Recall that L|p is the normal bundle of D in Blx; see Proposition 3.3

for the currents s;_1(L|p,v).

Proof.

(a). — The uniqueness of such a v is clear since 7 is a biholomorphism
outside D and 1pv = 0. To show the existence it thus suffices to see that
if U C Z is open, then there is such a v in 7= 1(U).

In U we can assume that u = g,«, where g: V — U and « are as
in Definition 2.1. Since 1;x)u = 0 we can assume that g~ 'i(X) # V;
otherwise ;1 = 0 in view of (2.8). After a modification of V', by Hironaka’s
theorem we can then assume that g='i(X) is a hypersurface. Thus, by the
defining property of Bly there is a holomorphic mapping g: V — 7= 1(U)
such that g = 7 0 g. Then v := g,a € PS(7~1(U)) and

plu = get = Tugur = T
Moreover, by (2.8),
1Dl/ = g*(]_'gvil(D)Ot) =0

since g~1(D) = g7'i(X) # V. Thus v has the required properties in
7 1(U).
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If dp = 0, then clearly 1p), \pdv = 0, and so dv = 0 by Lemma 6.1.
Part (a) is thus proved.

(b). — We have the commutative diagram

(6.3) D—'-Bl,
\LﬂD iﬂ'
X —'-2z
Locally in Z we can assume that we have a holomorphic section ¥ of a
Hermitian vector bundle E such that ¥ defines i(X) and the embedding
Nx — El|jx) is Hermitian; cf. Example 4.1. Then 7*V¥ defines D and
since L|p is the normal bundle of D it follows by Lemma 2.6 that the
metric induced on L|p by L|p < 7*E|p is the same as the one induced
by L|p < 7|5 Nx. By Proposition 3.3, (2.24) and commutativity of (6.3)
thus

(6.4)  iSp_n(Nx,mv) = MY Amov = m (MT Y A V)
= MjsSk—1(L|p,v) = ix(7|D)«Sk-1(L|D, V)
locally in Z. Since 8g—,(Nx,m.v) and 5;_1(L|p, v) are globally defined in
X and D, respectively, (6.4) holds in Z.
Since 1pr = 0 it follows by (2.8) and (2.21) that MY A m.v = 0.

By Proposition 3.3 and injectivity of ¢, thus s_,,(Nx,mv) = 0. Hence,
(6.2) follows by (4.1), (6.4), and injectivity of i,. O

In the remaining part of this section we let f: X — Y be a holomorphic
mapping between compact complex manifolds X and Y of dimensions m
and n, respectively. Welet Z =X xY and m: Z — X and mp: Z — Y be
the natural projection. We also let i: X — Z be the embedding defined by

i(z) = (z, f(2))-

LEMMA 6.3. — Assume that T and v are closed currents in X and Z,
respectively. Then [T]ar = ¢*[v]|qr if and only if i,[T]ar = [{(X)]ar A [V]ar-

Proof. — Let ¢ be a smooth representative of [v]qr. Then, by definition,
i [V]dR = [i*tp]dR. Therefore, if [T]dR = i*[V]dR we have

i [T]lar = i [i"@lar = [ix1"@lar = [{(X)] A @lar = [i(X)]ar A [@]ar
= [i(X)]ar A [V]ar.

Conversely, assume that i.[7]qr = [{(X)]ar A [V]ar. Since, by the pre-
ceding calculation, [¢(X)]ar A [V]ar = i«[i*¢]ar it follows that

ix[T — " ¢lar = 0.
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This precisely means that for any smooth closed form £ in Z we have
(t—1i*p)-i*¢ = 0. Let & be a smooth closed form in X. Since 7 04 = idx
and ¢’ is closed in Z we get

(r—i"p)- & =(r—i"p)-i'm¢ =
Hence, [T —i*plar = 0, and thus [7]qr = i*[¢]ar = i*[V]ar- O

LEMMA 6.4. — Suppose that Y is good and Hermitian. Equip the nor-
mal bundle Nx of i(X) with the Hermitian metric induced by (5.1). Let
7: Blx — Z be the blowup along i(X) and let D C Bly be the exceptional
divisor. If v,v" € PS(Blx) are closed and such that 1pv = 1pv' = 0 and
[V]dR = [V/]dR7 then

i* [i!W*V]dR = i*[i!’fr*l/l]dR.

Proof. — Let L be the line bundle associated with D and equip L|p
with the Hermitian metric induced by the embedding L|p — 7|}, Nx;
cf. Lemma 2.6. We claim that

(6.5)  iu(7[p)<[Sk-1(Llp, V)]ar = ix(7[p)<[Sk-1(Llp, ¥ )]ar, k> 1.

Taking the claim for granted the lemma follows by applying . to (6.2),
use (2.1), and take the cohomology class.

It remains to show the claim. Since Y is good there is a holomorphic
section ® of a holomorphic vector bundle F' defining the diagonal in Y x Y.
Then ¥ := (f x idy)*® is a holomorphic section of E := (f X idy)*F
defining ¢(X). We equip E with a Hermitian metric so that the embedding
Nx — El;(x) is Hermitian.

Now, 7*W defines D and by (2.14) there is an induced Hermitian metric
on L. By Lemma 2.6, on L|p this metric is the same as the one induced by
the embedding L|p < 7|5 Nx. Let j: D — Blx be the inclusion. In view
of Propositions 3.3 and 3.5, since 1pv = 1pv/ =0, for k > 1 we have

JxSk—1(L|p,v) = Mg*qj/\y = —E(L*)k/\lBIX \pV+dy; = —(L*)* Av+duy

for some currents v, in Blx. For some currents V,’c the same formula with
v and vy, replaced by v/ and v, respectively, holds. Hence, since [v]qr =

[V']ar,
(6.6) ju[Sk—1(L|p,v)]ar = —c(L*)* A[V]ar = j«[Sk—1(L|p, v )]ar, k> 1.

By applying 7. to (6.6) and using that m.j. = i (7|p)«, cf. (6.3), then (6.5)
follows. The claim is thus proved and the lemma follows. O
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We will use the following well-known facts about the blowup 7: Blx — Z
along i(X), see, e.g., [17, Chapter 4.6]. See (6.3) for the notation we will
use. There is an exact sequence of de Rham cohomology groups

(6.7) 0 — H*(Z) — H*Blx)® H*(X) — H*(D) — 0;

the mapping H*(Z) — H*(Blyx) ® H*(X) is given by a + (7*a,i*a) and
the mapping H*(Blx) @ H*(X) — H¥(D) is given by (a,b) — j*a —
(7|p)*b. Moreover, H*(D) is an H*(X)-algebra via (7|p)* and as such it
is generated by j*c¢q1(L*), where L is the line bundle corresponding to D.
This means that if 5 is a smooth closed r-form in D, then there are smooth
closed ¢-forms Sy on X such that
(6.8) [Blar = Y _[(x[p)*Belar A j*er(L*)" .
=0
In the H*(X)-algebra H*(D) there is the relation
(6.9) > (wp) it en—r(Nx) A jer(L*)* = 0.
k=0

THEOREM 6.5. — Let X be a compact complex manifold, Y a good
compact complex Hermitian manifold, and f: X — Y a holomorphic map-
ping. Let Z = X XY and i: X — Z the embedding i(x) = (z, f(z)). Equip
the normal bundle Nx of i(X) with the Hermitian metric induced by (5.1).
If y € PS(Z) is closed, then

(6.10) [i'plar = i*[Wlar,  dufi'plar = [((X)]ar A [ular.

Proof. — To begin with, notice that the two identities in (6.10) are equiv-
alent by Lemma 6.3. We have p = 1;x)p + 12\;(x)p and by Lemma 6.1
both 1; x)p and 1\;(x)p are closed. Thus, since supp(1;(x)p) C i(X) and
Lix)lzvixyp = 0, cf. (2.6) and (2.7), it suffices to show the theorem for a
p such that either supp u C i(X) or 1; x)u = 0.

We first assume that suppp C 4(X). Then, by Example 4.2, i'y =
i*Co(Nx) N 5_pn(Nx,p1) and 48—, (Nx,pu) = p. It is well-known that
i*cn(Nx) = 1*[i(X)]qr and so, in view of (2.1),

ix[i'plar = ix (i"cn(Nx) A [S—n(Nx, 1)]dr)
= 1w ("[i(X)]ar A [5—n(Nx, 1)]ar)
= [i(X)]ar AN ix[5_n(Nx, p)]ar = [i(X)]ar A [p)ar-

The theorem thus follows in case supp p C i(X).
It remains to prove the theorem in case 1;x)u = 0. Let m: Blx — Z
be the blowup along i(X), D the exceptional divisor, and L the associated
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line bundle. Equip L with a Hermitian metric such that L|p < 7|}, Nx is
Hermitian, cf. Lemma 2.6.

Assume first that g = m.¢1(L*)". It is clear that the first identity in (6.10)
holds if » = 0 since in that case p = 1. For r > 1 and k > 1, in view of
Example 3.4,

Se1(Llp, (L)) = (L) AJa(L) = j e (L),

where j: D — Blx is the inclusion. Hence, if p = m.¢1(L*)", in view of
Proposition 6.2(b), (2.1), and (6.9) we get

(i plar = [Z Tk (Nx) A (WD)*j*El(L*)T+k_1]
k=1 dR

(D)« (Z(WID)*i*an(Nx) Njte (L) Aj*cl(L*)T_l>

k=1
— (7| p)« (7] D) i* en(Nx) A j¥er (LF) 1),

Since i*c,, (Nx) = i*[i(X)]ar, by (2.1), and commutativity of (6.3) thus

(6.11) ieli'plar = —ix (e (Nx) A (| p)eg er (LF)"1)
= —[i(X)]ar Aix(7|p)ej er (L)
= —[i(X)]qr A Tajug*cr (LF)" L.

However, by (2.15),
(6.12) mjj er(L) ™ = m(er(L) T A[Dlar) = —mecr (L) = ~[plar.

By (6.11) and (6.12) thus p satisfies the second identity in (6.10) in case
= mycr(L*)".

Next, in view of Proposition 4.3 we notice that the theorem now follows
if 4= ay Am.cy(L*)"*, where ay is a smooth closed form in Z and ¢ is an
integer, 0 < £ < 7.

Let us now show the theorem for a general p such that 1;xyu = 0. In
view of Proposition 6.2(a) there is a closed v € PS(Blx) such that 1pv =0
and m.v = u. Let r be the degree of v. We claim that there are smooth
closed ¢-forms ay, £ =0,...,r, in Z such that

(6.13) [V]ar = [Z T ap A a(L*)M}
£=0

dR
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Taking the claim for granted for the moment we can finish the proof: By
Lemma 6.4 and (2.1) we then have

T
Q[ TV ar = is lilﬂ* Z ™y N ¢y (L*)TE]
£=0 dRr
T
= i, [fz (o m*a(L*y‘—f)] :
=0 dR

Hence, since (6.10) holds for each ay A m.ci(L*)" ¢, in view of (2.1)
and (6.13),

in[i' p)ar = x[i'Tev]ar = [((X)]ar A [Z g AN (LF) "
(=0

dR

[i(X)]ar A 7. [Z Ty A El(L*)TZ]
£=0 dR
= [Z(X)]dR N Tr*[l/]dR = [Z(X)]dR A [I“L}dRy

which shows (6.10).

It remains to prove the claim. Let a be a smooth closed r-form on Bly
such that [a]ar = [V]ar. Let S = j*«, and take smooth closed ¢-forms /3,
on X such that (6.8) holds. Letting ay = 7} 8, where m1: Z — X is the
projection on the first factor, we get 5y = i*«y since m o = idx. Since
iomlp = moj thus (7|p)*fe = j*m*ay; cf. (6.3). It thus follows by (6.8)
that

T
" [a =Y mragne (L)
=0

_[52(@)%%3‘*61@*)”1 0.
dR =0 dR
Hence, since (6.7) is exact we can add a smooth closed r-form in Z to

and get

la — Z oy Ay (LF) = 0.
=0 drR

Since [a]ar = [V]ar this proves the claim and concludes the proof. O

Proof of Theorem 1.2. — If € PS(Y) is closed, then nju =1® p €
PS(Z) is closed; recall that mo: Z — Y is the projection on the second
factor. Using 75 as p in Theorem 6.5 we get

[i'm3plar = 7" [m3plar.

The left-hand side is [f*u]qr by Definition 5.1. Since 75 is a simple projec-
tion and since f = g o4, the right-hand side is i*73[u]ar = f*[plar. O
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Remark 6.6. — If there where a Poincaré lemma for PS-currents on
a complex manifold Z, then H*(Z) could be defined using closed PS-
currents. Theorem 1.2 would then follow by (1.2).

7. The obstruction to functoriality

We begin with an example showing that our pullback is not functorial in
general.

Example 7.1. — Let g: C? — C2, g(vi,v2) = (vive,v3), and let a be a
smooth function with compact support in C2. Then u := g.a € PS(C?)
and has bidegree (0,0). Let

fi{pt} = C*  f(pt) =0,

be inclusion of a point. The mapping f can be factorized as f = f2 o fi,
where

fi: {pt} = C, fi(pt) =0, and fo: C— C? fo(w)= (w,w?).

We claim that if C? and C are equipped with their standard Hermitian
structures, then

(T.1) fu=fu=2a(0,0) and f{fiu=f{fsu=a(1,0)+a(-1,0),

which shows that f*u # fffip and fou # f7fsp if 2a(0,0) # «(1,0) +
a(—1,0).

To begin with, notice that f*u = f°u for degree reasons. Let us calculate
feu. We consider z = (21, 22) as a section of the trivial Hermitian rank-2
bundle over {pt} x C2. This section defines the graph of f in {pt} x C2. Let
71t {pt} x C? — {pt} and m2: {pt} x C? — C? be the standard projections.
We will make the identification {pt} x C2 ~ C? and then these projections
are identified with C? — {pt} and idcz, respectively. In particular, 75u = pu.
Moreover, in view of (2.21) and the Dimension principle, M§ Ay =0 =
MF A p. Since ¢(TC?) = 1, it now follows by (5.7) that

(12)  [ou=FUATC?) A (r0)o(M* Amsu) = (m1)u(M5 A p).

To compute the right-hand side, notice that © = g.a = g.p«p*a, where
p: BlyC? — C? is the blowup of 0. The section p*g*z defines the divisor
2D + H, where D C Bly C? is the exceptional divisor and H is the strict
transform of {vy = 0}. If L is the line bundle associated with 2D + H, then
L — BlpC? x C?, cf. (2.14), and we equip L with the induced Hermitian
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metric. In view of (2.24) and Example 2.8(2), since p*« is smooth, it follows
that

(7.3) M3 Ap = gupu(ME 72 Ap*a) = gup. (é1(L7) A (2[D] + [H]) Ap*a).
A direct calculation in the standard local coordinates on Bly C2 shows that
c1(L*) AN [H] =0 and ¢, (L*) A [D] = w A [D], where w is the Fubini-Study
form on D ~ P!. By (7.2) and (7.3) thus
fO/J = (Wl)*g*p* (2w A [D} /\p*a) = (771)*9*(2[0] : O‘(O))
= 2a(0)(71)4[0] = 2c(0).

The first two equalities in (7.1) now follow.

Let us now calculate f5u. Let p; and ps be the standard projections from
C, x C2 to the first and second factor, respectively. We consider fa(w) — 2
as a section of the trivial Hermitian rank-2 bundle over C,, x C2. Then

f2(w) — z defines the graph of fy in C,, x C2. In a similar way as above,
since p3p = (idc xg)«(1 ® ),

(7.4) o= (p1)« (M) 72 Apbp) = (p1). (ide xg)« (M2 79 A (10a)).

We have that fa(w) — g(v) = (w — viv2, w? — v3), which defines a locally
complete intersection ideal 7 in C,, x (C%. The fundamental cycle Z7 of J
is the proper intersection of the divisors div(w — vjvs) and div(w? —v3). A
standard calculation gives
div(w? — v3) - div(w — v1v)
=2[w =v9y = 0]+ [w = vo,v1 = 1] + [w = —vy,v; = —1].

Thus, in view of (7.4), (2.23), and Example 2.8,
fsw=p1(ide xg)«
(1®a)A Q2w =1vy=0]+ [w=vo,v1 = 1] + [w = —va,v1 = —1])).
Since p; o (ide xg) is the natural projection C,, x C2 — C,, it follows that
fop=a(l,w) + a(-1, —w).

For degree reasons we have fSu = fu.

Since a(1,w)+a(—1, —w) is smooth we have f7(a(l,w)+a(-1,—w)) =
fi(e(l,w)+a(—1, —w)) = a(1,0)+a(—1,0). Hence, the last two equalities
in (7.1) follow.

Next we give a sufficient condition in terms of M-operators for func-
toriality of the o-pullback. On can formulate a similar condition for our
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s-pullback but it becomes a bit more technical so we omit giving the de-
tails.

Recall that we say that a complex manifold X is good if there is a
holomorphic section ® of a vector bundle F' — X x X defining the diagonal
A in X x X. If in addition X is Hermitian we say that such a ® is a
Hermitian defining section of the diagonal if F' is equipped with a Hermitian
metric such that the induced embedding TX = Na < F|a, where Na is
the normal bundle of A, is Hermitian.

PROPOSITION 7.2. — Let f1: X1 — X5 and fo: Xo — Y be holomor-
phic mappings between complex manifolds. Assume that Xo and Y are
good and Hermitian. Let ® and ¥ be Hermitian defining sections of the
diagonals in Xy x Xo and Y x Y, respectively. If u € PS(Y) and if

MESi(@)x2) A pr¥(fa(z2),y) A 11 N)
= MEUi(@1),22)+¥(f20f1(21),y) A (1 R1® M)
in Xy x Xo XY, then f{fSu = (fa20 f1)°u.

Proof. — Let 8 = fi¢(TX3) ® f3¢(TY) ® 1, which is a smooth form in
X1 x XoxY. Let II: X7 x Xo xY — X; be the natural projection. We
will show

(7.5) T, (ﬂ A MEUrL(@)z2) A pr¥(fa(z2)y) A 121 /L)) = fLfsu,
(7.6) 11, (5 A M<1>(f1(x1)7w2)+\11(f20f1(m),y) A (1 R1® N)) — (f2 o fl)oli'

From (7.6) and (7.5) the proposition immediatly follows.
To prove (7.5) we factorize II as

X x Xox YV 22 x, X, I x.

Notice that IIy = idx, X2, where my: X9 X Y — X is the natural projec-
tion. For notational convenience, let

T = M@0 g V) A (1016 ).
By a small abuse of notation we have ®(f1(x1),z2) = I5P(f1(x1), 22) and
$0
BAT = IIT; f{E(TX2) A MM2®(r(zn).w2)
A (L@ (75 f32(TY) A MY A (1@ p))).

By applying (II3). and using (2.1), (2.24), and that (Il). = (idx, X72),
in view of (5.7) we get

(I2)« (B AT) =10} f7E(T Xa) A MPUr(E)w2) A (1® fsp).
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Since I, = (I1}).(I12)., by applying (II; ). now (7.5) follows in view of (5.7)

and (2.1).

Let us now show (7.6). Let f = fo o f1. We first check that
(7.7) JB=7((feTY)®1®1) AEN)),
where

Jr Xi XY = X1 x Xo XY, j(z,y) = (21, fi(z1),9)
and N — j(X; x Y) is the normal bundle of j(X; X Y) in X7 x Xo xY
equipped with the metric induced by the natural isomorphism N ~ T X5.
Then j*¢(N) = j*(1 ® ¢(TX2) ® 1). From the special form of j we have
J*(a®@b®c) = (aN fib)@cif a, b, and ¢ are smooth forms on X, X5, and
Y, respectively. Thus,
(7.8) j*(fe(TX2)®1®1) = fie(TX2)®1 = j"(1e(TX2)®1) = j*¢(N).
Moreover,
(7.9) JFARfeTY)®1) = fifcTY)®1=fceTY)®1

=7 (f"(TY)®1®1).

Now (7.7) follows from (7.8) and (7.9).

Let
T = M2U1()z2)+¥(f(21).y) A (1®1® p).

By our assumption in the proposition of course T = T, but (7.6) holds
without this assumption so we here distinguish between 7" and T'. In view
of Lemma 3.1, T = j,v for some (PS-)current v. By (7.7) and (2.1) thus

BAT = (f*a(TY)21@1) A&N)AT.

Hence, since ®(f1(x1),z2) defines j(X; X Y) in X; x X3 x Y it follows by
Lemma 5.9 and (2.1) that

(7.10) BAT = j.(*(FATY) @10 1) A MYUEIY A (1@ pu);

Lemma 5.9 is indeed applicable since, in view of Lemma 2.6, the metric
we have on N is the same as the one induced by the embedding N —
h*Fl;x,xv), where h(z1,22,y) = (fi(71),22) and F' — Xo x X, is the
Hermitian vector bundle of which ® is a section. Let P: X; xY — X3
be the natural projection. Then P, = Il.j. and moreover P*f*¢(TY) =
J*(f*e(TY)®1®1). Hence, by applying IL, to (7.10), in view of (5.7) we get
IL(BAT) = L. (P*fATY) A MYFED A (10 p))
—P, (P*f*E(TY) A M‘Il(f(Il)JJ) A (1 ®,U)) — fo;u-

This proves (7.6) and the proposition follows. O
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Whether the assumed M-identity in Proposition 7.2 holds depends on
how singular p is compared to the composition fs o f;. To illustrate this,
assume that p = g.a, where g: V' — Y and « are as in Definition 2.1. Then
one can show that if the fiber product V'’ := X5 xy V is a locally complete
intersection in X5 x V' and the fiber product X; X x, V"’ is a locally complete
intersection in X; x V’, then the assumed identity in Proposition 7.2 holds.
From this it follows in particular that if p in Proposition 7.2 is a smooth
form, so that we can take V =Y, then the M-identity in the proposition
holds.

We conclude by a comment about the assumption in Proposition 7.2 that
X, and Y are good. The conclusion f7 f$u = (fa0 f1)°p of Proposition 7.2
is a local statement in X so we can replace X by a small neighborhood of a
given & € X. In view of Proposition 5.6(a) one can then replace X5 and Y in
Proposition 7.2 by small neighborhoods of f;(z) and fo(f1(z)), respectively.
Locally any complex manifold is good, cf. the proof of Proposition 3.3. The
assumption that X5 and Y are good thus becomes superfluous after these
localizations.
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