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Abstract

We consider a model initial- and Dirichlet boundary-
value problem for a nonlinear Schrédinger equation in
two and three space dimensions. The solution to the
problem is approximated by a conservative numerical
method consisting of a standard conforming finite ele-
ment space discretization and a second-order, linearly
implicit time stepping, yielding approximations at the
nodes and at the midpoints of a nonuniform partition
of the time interval. We investigate the convergence of
the method by deriving optimal-order error estimates
in the L? and the H'! norm, under certain assumptions
on the partition of the time interval and avoiding the
enforcement of a courant-friedrichs-lewy (CFL) condi-
tion between the space mesh size and the time step
sizes.
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1 | INTRODUCTION
1.1 | Formulation of the problem
Let T > 0 be a final time and D c R? be a bounded convex domain with smooth boundary 9D,

where d € {2, 3}. Then, we consider the following initial- and Dirichlet boundary-value problem
for a nonlinear Schrédinger (NLS) equation: Find a function u : [0,T] X D — C such that

u =idu+if(lul*)u V(,x)e(©,T]xD, €))
u(t,)|;p =0 Vte (0,T], (2)
u(0, x) = ug(x) Vx €D, 3)

where f : [0,+00) - R is a real-valued smooth function and u, : D — C is a complex-valued
smooth function with ug|;, = 0.

Equation (1) is a well-known mathematical model in several areas of physics such as nonlinear
optics, nonlinear water waves, plasma physics, and Bose-Einstein condensates (see, e.g., Refs.
[11, 13, 16, 21, 25, 33-35, 38, 45]). The general formulation above includes the cubic and the cubic-
quintic (NLS) equation under the choice f(x) = a x + 8 x?, where «a and §3 are real constants, and
the saturated focusing nonlinearity f(x) = Hix For a sample of mathematical results related to
the problem above, we refer the reader to Refs. [8, 12, 38] and [20], and the references therein.

Hereafter, we assume that the problem above has a unique solution, which is regular enough
on [0,T] x D for our purposes, and hence the case of a solution that blows-up in finite time
is excluded.

1.2 | Notation and preliminaries

Let L?(D) be the space of all Lebesgue measurable complex-valued functions, which have the
second power of their absolute value integrable on D with respect to Lebesgue’s measure dx,
provided with the standard norm [[v]| := (/] [v(x)I? dx)"” for v € L3(D), induced by the stan-
dard, nonsymmetric, inner product (v, w) := fD v(x) w(x)dx for v, w € L*(D). To simplify the
notation, we extend the norm || - || and the inner product (-, -) on vectors of L?(D)-functions, by set-
ting ||F|| := || |F|a || for F € (L>(D))¢, and (V, W) := zle(vj,wj)for V,W € (L*(D))%, where
| - |ca is the usual Euclidean norm on C¢.

Let N, be the set of all nonnegative integers. For x € N, we denote by H*(D) the Sobolev space
of all complex-valued functions which belong, along with their generalized derivatives up to order
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x, to L*(D) (see, e.g., Ref. [1]). Then, we denote by || - ||, its usual norm, that is,

1/2
lolle :=| Y, 18%l> | Vv e H D),
aeNg, || <x
and by | - |, the corresponding seminorm, that is,
1/2
ol = D, lI8%l>| Vve HXD),
oceNg, |a|=x
where |a| :=a; + -+ + g for a = (ay,...,a9)" € Ng. Thus, we have the identical notation || -
llo=1l-Il-Also,by H é (D), we denote the subspace of H' (D) consisting of all functions that vanish
at the boundary 6D of D in the sense of trace. To simplify the notation, we set H*(D) := H*(D) N

HY(D).

0We denote by L (D) the space of all Lebesgue measurable functions, which have their essential
supremum bounded on D, equipped with the standard norm |v|, := esssup,|v| for v € L®(D).
Further, for ¥ € N, we denote by W**°(D) the Sobolev space of complex-valued functions, which
belong, along with their generalized derivatives up to order x, to L*(D), provided with the norm

V]l := max [0%], YUvEWS®(D)
aeNg,lods;c
and hence we have the identical notation || - [[p :=| - |- Since d € {2, 3}, we recall (see, e.g.,

Ref. [1]) that H*(D) c C*~2(D) for x > 2, and there exists a positive constant Csvx such that
[Vlk—2,00 < Csyp IVl Vv € HY(D). 4

For x € Ny withx > 2,let T : H*"2(D) — H*(D) be the solution operator of the elliptic bound-
ary value problem, that is, for given w € H*2(D) find Tw € H*(D) such that A(Tw) = w on D
(see, e.g., Ref. [18]). According to the well-known elliptic regularity result (see, e.g., Ref. [18]),
there exists a positive constant Cr; such that

ITwll, < Cig lwll—> Yw € H* (D), (5)
and, hence, it follows that
ITT@)ll2e < Cop T2z < Cop Cor 2 wllog—s  Yw € H* (D). (6)

Remark 1. Let v € H*(D) and w = Av € H*"2(D) on D. Obviously, we have T(w) = v and (5)
yields [[v]l, < CE; [|Av]l,_,. Also, let v € H*(D) with Av € H*~2(D), and w = A%v € H*~*(D).

Then, T(w) = Av and T(T(w)) = v and, thus, (6) yields [|v]|,, < C25 CZE72 [|A%0]| 35—y

1.3 | The finite element spaces framework

Let S;L c H'(D) n C(D) be a finite element space consisting of functions, which are continuous
on D and piecewise polynomials of degree at most r > 1 over a shape regular partition of D in
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triangles or polyhedrals with maximum diameter h (see, e.g., Refs. [7, 14]). Then, we introduce a
discrete Laplace operator A;, : HY(D) — S, by

Apw, x) =(Vw,Vy) Vy €S, YweH\(D),
the L*(D)-projection operator P, : L*(D) — S| by
(Puw,x) = (w,x) Vyx€S,, VYweL*D),
and the elliptic projection operator R, : H'(D) — S| by
(VR,w,Vy)=(Vw,Vy) Vye€Ss, YweH\D).

It is well known (see, e.g., Ref. [7]) that for the usual Lagrange interpolant 7, : C(D) — Sy
there exist positive constants Crp; and Crpy, independent of the partition of D, such that

d
|Tyw—w|e < Crp B 2 lwlly, YweH®D), s=2,..,r+1, (7
and
Zyw —w| + || Thw —w]|; £ Cipp RS |lw]y Ywe H(D), s=2,..,r+1. (8)

Following Ref. [40] and using (8), we conclude that there exists a positive constant Cgpq,
independent of the partition of D, such that

IRyw —wl|| + A ||Ryw —w]|l; £ Cgpy A W]y YweHD), s=2,..,r+1. 9

Also, we assume that the triangulation of D is quasiuniform and thus (see, e.g., Ref. [7]) there exist
positive constants Cryy; and Cryyo, independent of the partition of D, such that

d
Xl < Covvih 2 lIxIl VX €S, (10)

and

Xl < Cowz M llxIl Yx €S} 1)

Finally, we combine the estimates above to conclude the following maximum norm error estimate
for the elliptic projection (see, e.g., Ref. [23]).

Lemma 1. Assuming that the triangulation of D is quasiuniform, there exists a positive constant
Crgpo, independent of the partition of D, such that

d
IRWU = Ul < Cepa 272 vl Vv € HA(D). (12)
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Proof. Letv € H*(D). Using (10), (7), (9), and (8), we obtain
|th - Uloo < |RhU - Zhvloo + |IhU - Uloo

d d
_a -2
<Cnwih 2 |IRpo = Typv|l + Crpr B~ 2 V|l

d d
-2 2-2
<Clh 2 (IR =l + llv = Zpol) + A7 2 o]l

5 d
<Ch” z|vl,.

1.4 | Fully discrete approximations

Let N € N and P be a partition of the time interval [0, T] in subintervals with nodes (tn)Z:O, that
is,ty =0,ty =T,andt, <t,,;forn=0,..,N — 1. Then, wesetk, :=t, —t,_;forn=1,..,N,
and proceed as the following steps (see Ref. [5]):

Step FD1. Set

U® = Ry,up. 13)

1
Step FD2. Forn = 1,..., N, first we define Uz e S;l by

1

1 1
ouriileg, (u"—z ; u"—1> =itp, [f( Ut U U”*)] (14)

n

u

and then we find U" € SZ such that
1
U — Ut i A, (U + U =i 2P, [f( |u”‘5|2> (U + u"—l)]. (15)

Remark 2. The method produces in total 2N approximations of the solution at the nodes and at
the midpoints of the partition 7. The computation of each of those approximations requires the
numerical solution of a linear system of algebraic equations, the matrix of which depends on the
basis of the finite element space S involved.

1
Remark 3. Taking the L2(D)-inner product of (14) by U" "2 4+ U"~! and of (15) by U" + U"~!, and
1
then taking the real parts of the equalities obtained, it follows that [|U"|| = [|U"~|| and [[U" 2| =
1

|U"Y| for n = 1,...,N. By a simple induction argument, we conclude that ||U"|| = [U" 2| =
[[U°|| for n = 1, ..., N. Thus, the numerical method (13)-(15) conserves the L?(D) norm.

1
Remark 4. The existence and uniqueness of (U")}_; and (U"_E)j;’:1 follows, unconditionally,

by observing that the operator T, : S} — S defined by T,y = y +ic4,x for y €S, ande > 0
is invertible.
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1.5 | Motivation, main results, and bibliography

The application of implicit time-stepping methods for the numerical approximation of the solu-
tion to the (NLS) equation gives birth to nonlinear systems of algebraic equations that one has to
solve numerically by applying an iterative method (see, e.g., Refs. [2-4, 17, 24, 26-28, 36, 41, 43,
441]). Alternatively, the use of an explicit time-stepping method is not attractive because stability is
guaranteed only if a rather restrictive CFL condition is satisfied (see, e.g., Ref. [36]). Another way
is the development of unconditionally stable, linearly implicit time-stepping methods, where, at
every time level, only the solution of a linear system of algebraic equations is required (see, e.g.,
Refs. [6, 9, 10, 19, 39, 42, 46]). Nevertheless, it is easily observed that the second order, linearly
implicit methods proposed in the literature have been constructed and analyzed over a uniform
partition of the time interval, mainly because the linearization of the nonlinear term is achieved
by using approximations already computed at the previous time nodes (see, e.g., Refs. [6, 10, 19,
39, 42, 46]). Even though a reformulation of the aforementioned methods is possible in order to
achieve a second-order consistency error over a nonuniform time partition (see, e.g., Ref. [29]), it
seems that the existing convergence theories are not directly applicable.

Here, we focus on an alternative second-order, linearly implicit time discretization of the (NLS)
equation (see Ref. [5]) that is far from the idea of using approximations computed at the previous
time nodes and close to the idea of computing extra intermediate approximations within each
partition interval [t,_1,t,] (cf., e.g., Ref. [37]). Indeed, the method performs a linearly implicit

1

half time-step from ¢,_; to t,_; + k?" by constructing an approximation U"” 2 of the solution u

at the midpoint t,_; + 7" (see (14)), which then is used to linearize the usual Crank-Nicolson

method from ¢,_; to t, (see (15)) and thus there is no contribution of the previous time levels

in the linearization process. However, there is an additional computational cost, which is finally
1

acceptable because the extra intermediate approximations U" ™ 2 are second-order approximations
of the solution u at the midpoints, something that is not standard among the Runge-Kutta meth-
ods, where intermediate approximations are also used. Here, investigating the aforementioned
method, we focus on how to provide an L* bound for the fully discrete approximations, on how
the nonuniform partition of the time interval influences the error estimation in the L? and H'
norm, and on how to avoid the enforcement of CFL conditions, which appear frequently in the
bibliography (see, e.g., Refs. [2, 3, 22, 26-28, 36, 41, 46]).

Since f is a locally Lipschitz function on [0, +o0), we build up a convergence analysis of the
numerical method under investigation through the derivation of an L* bound for the numerical
approximations, which is independent of the discretization parameters. Moving to this direction,
we begin by formulating a modified time discrete (MTD) method, which is based on a proper mol-
lification of the nonlinear term (cf. Ref. [46]) and has the following property: When the (MTD)
approximations are close to the solution u to the problem in the W% norm, then the mollifier
acts as an identity (see (39)—(41)). Analyzing the convergence of the (MTD) method, we provide
optimal, second-order in time error estimates in the H' and H? norm, without imposing condi-
tions on the variable time stepping (see (43) and (44)). In addition, we obtain an error bound in
the H* norm (see (45)), assuming that there exists a constant 61, independent of the partition P,
such that

K(P) := Z(N+1 —Ok < C, (16)
t=1
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which can be viewed, conditionally, as a suboptimal, first-order in time error estimate (see
Remark 5).

Our next step is the formulation of a modified fully discrete (MFD) method, which is based on
the mollification of the nonlinear term by a special cut-off function (cf. Ref. [46]) and is charac-
terized by the following property: When the (MFD) approximations are close to the solution u to
the problem in the L* norm, then they are identical to the fully discrete approximations defined
by (13)-(15) (see (104)—(106)). Developing a convergence analysis for the (MFD) method, we focus
on the estimation of the error between the (MFD) approximations and the elliptic projection of the
(MTD) approximations in the L? norm. In particular, for that error, we derive an O(h?) estimate
when r > 1 and (16) holds (see (129)), and a higher order O(hmin{r+1.4} estimate when r > 2 and
the partition P satisfies

ke < € min o @
(see (130)), which is stronger than (16) (see Remark 5). In light of all available error estimates
and of the finite element properties, we apply an argument proposed in Ref. [31] (see also Refs.
[23, 42]) to conclude the desired L*® boundedness of the fully discrete approximations, without
the enforcement of a CFL condition. Using the latter result, we derive an O(z? + h'*!) error esti-
mate in the L? norm and an O(r? + h) error estimate in the H' norm when (16) holds, where
T !=max, <,y k¢. Also, assuming that (17) holds, we arrive at a higher order O(z? + pin{r.3}y
error estimate in the H' norm, which is optimal for r € {2, 3}. The latter limitation in the order
of convergence in the H! norm is due to the, by construction, limited regularity of the (MTD)
approximations.

In the convergence analysis we develop here, we use results from the convergence analysis of
the corresponding time discrete approximations as a tool to avoid the enforcement of CFL con-
ditions. This technique has been used in the error estimation: of a linearized semi-implicit finite
element method for a nonlinear parabolic problem,?' of a two-step linearly implicit finite element
method approximation for an (NLS) equation over a uniform partition of the time interval,*?
and, in a different setting, of a Backward Euler finite element method for a linear stochastic
parabolic problem.’* Within this framework, in order to arrive at an optimal-order error esti-
mate in the L2 norm, it is sufficient to derive a first-order error estimate in the H2 norm for the
time discrete approximations. However, since the partition P is not uniform, such an H? error
estimate leads to the enforcement of the mesh condition (17) in order to bound, in the H? norm,
the discrete time derivative of the time discrete approximations that appears in the analysis of
the fully discrete approximations. This restriction motivated us to push the error analysis up to
the H* norm by introducing a properly defined modified version of the time discrete method,
and thus arriving at the milder and less restrictive mesh condition (16) in light of which we are
able to derive an optimal-order error estimate in the L? norm, for all r, and in the H' norm,
forr =1.

Let us close this section by giving an overview of the paper. In Section 2, we define and estimate
the consistency error of the time discretization to which our convergence analysis heavily relies.
Section 3 concerns time approximations to the solution, where employing a parameter-dependent
mollifier, we construct time discrete approximations and investigate their convergence in higher
Sobolev norms. Section 4 is devoted to fully discrete approximations, where following the path in
Section 3 (now relying on a parameter dependent smooth cut-off function), we construct (MFD)
approximations and prove optimal-order convergence, in the L? and H! norms, of the whole,
combined, approximations introduced by (13)-(15). Finally, we summarize our results in Section 5.
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2 | CONSISTENCY OF THE TIME DISCRETIZATION

1
Letu”" :=u(tn,-)forn=0,...,N,tn_l = %forn: 1,..,N,andu" 2 :=u(tn_l,-)f0rn=
2 2

1
1,..,N.Then, for n = 1, ..., N, we define the consistency errors 7" 2 and #" by

1 1 1
Wzl u" T2 un? . ne1y2y 4 2+utt n—1
[ L - - - 2
2 14( 2 >+1fWi ) ———+n (18)
and
n_,n-1 n n—1 _l n n—1
= k“ = iA(“ +;‘ )+if<|u" z|2> 2 ’j‘ +7" (19)

1
Below we derive some estimates of "~ 2 and %" in terms of k,,, which we will use later in the

convergence analysis of the numerical method.

Proposition 1. We assume that f € C*([0, +0), R) and

u e C3([0,T], H2(D)) n C%([0, T], H*(D)). (20)
Then, it holds that
u(t,), f(lut,)1?) € cAD) Veelo,T], (1)
Au(t,-) e H¥(D) Vtelo,T], (22)
n”‘é, n" e H¥(D), n=1,..,N, (23)

and, there exist positive constants Cor1, Coro, Cers, Corar Cers, and Cegg, independent of (kn)ﬁ=1 and
N, such that

1
P
2|| € Capt k,, | max ||6%u|| + max ul? max ||0;u|| + max [|0;u , 24
”77 ” = LCE1Rn [ (07 ” t ” 1071 |f(| | )loo (071 ” t ” 107 ” t ”2 ( )
| € Cogs k2 | max ||63u|| + max ul? max ||0%u|| + max ||0%ul|, |, 25
”77 ” = “CE2 ®n 107 ” t ” (011 |f(| | )Ioo [0 ” t “ (011 ” t ”2 ( )

1
Vn""2|| <Cepa k, | max ||0%u max | f(|u|?) |, max ||8,u max ||8,u
IV 2|l <Ccrsky, [ nay 107 ull; + na 1f (1u1?) | na 10:ull; + na 10, ull;
(26)

2
+ max u max ||6,u
1] |f(| | )ll,oo (011 ” t “] s

Vnn <C k2 max 6311 + max u 2 max 62u + max 52u
“ ” —= “CE4 ®n o] ” t ”1 [o7] |f(| | )loo (0.1 “ t ”1 (0.1 ” t ”3

2 2
+ max u max ||07ul||,
nax | (|u?) 1.0 max 5 ||]
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1
A" 72| < Ceps k, | max ||6%u max ul? max ||6,u max ||0,u
140" 21| < Cogs kn | max 187ull + max 1f (1ul?) oo max 1d;ully + max 6;ully

(28)
2 2
max u max ||0,u max u max ||0,ul|{],
+ max | (1ul?) .e0 max 16ull + max | (1ul?) I1.c0 max l6ully
and
An"|| € Copg k2 | max ||83u||, + max | f(|u|? max ||8%u||, + max ||6%u
l4n" | < Cogs i, | max 16ullz + max | (1ul?) oo max 137ull, + max 137uls
(29)
2 2 2 2
+ max u max ||07ul|| + max u max ||07u
nax | (1) oo max 167ull + max | (ul?) |10 max 167ully
forn=1,..,N.

Proof. Since f € C*([0,+0),R) and (20) holds, we have d,u(t,-) € H(D) c C*(D), u(t,-) €
H*(D) c C?(D), Au(t,-) € H*(D), and f(|u(t,-)|*) € C*(D) for t € [0, T], which, along with (1),
yield (21) and

Au(t, ) =0 Vtel[o,T], (30)

and thus, Au(t,-) € H?>(D) for t € [0, T]. Finally, combining (30) with (18) and (19), we obtain
1
7" 2,n" e HX(D) forn = 1,...,N.
Let n € {1, ..., N}. Now, we subtract the (NLS) equation (1) at time ¢ = t,_1 from (19) and at
2

time t = t,_; from (18) to get

1 1 1
1 n—- n—- n—-
n—= . . . .
n =8 2-if *-i8 ? and 7"=8'-ig)-ig], (31)
where
n—: un_%—u"_1 n—> Aun_%+Au"_1
Q 2= ——ut, q,- Q =" Ay*!
1 kn/2 t( n—1» )7 2 B s
n L "‘1 n—1
T2 ._ n-1p2\ [ ¥_2tu" n-1
& = () (),
ut—yn-1 Au+ Ay n—t
Q= —ut 1,0, Q0= AT AT,
kn n—s 2

_l n n—1 _l
bUl :=f<|u" 2|2> (u +; —u" 2).
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10 of 34 | ASADZADEH and ZOURARIS

Next, we Taylor expand u” and u"~! about t, 1 toarrive at
2

n—t 1
g Z:k—”/(l—t)dtzu<tn_1+k7"t,-> dt,
0

2
e [ ke
g =7 /O atAu<tn_1 + ) dt, (32)
n_l k ! k
g, =2 f(lu"P?) / 6tu<t,,_1 + = t,~> dt,
2 . 2
and
n k%l ! 233 Ky ! 213 ky,
gr =t t 6tu<tn——t,->dt+ t 6[u(tn_1+—t,-) dr |,
8 0 2 0 2
n k%l ' 2 kn ! 2 kn
gr =t ta,Au(tn——z,-)dH tatAu<tn_1+—t,->dt , (33)
8 0 2 0 2

) , 1 1
2§=f<|u”_3|2>% l/ t@fu(tn—%"t,-) dt+/ tafu(tn_1+%"t,-)dt].
0 0

Finally, we use (31), (33), and (32), to obtain the consistency error bounds (24) and (25). The esti-
mates (26)-(29) follow by a similar manipulation after applying the operators V and A to both
sides of (31). O
3 | TIME DISCRETE APPROXIMATIONS

3.1 | Constructing a mollifier

Let £ : (0,+00) X R = [0, 1] be defined by

1, if x <A,
£, x) 1= “A‘x, if xe(@,21], VxeR, Vi>o0. (34)
0, if x>24,

Then, for A > 0 and t € [0, T], we define (cf. Ref. [46]) a mollifier M/zl’oo(t) : HY(D) - H*(D) by
M/zl,oo(t)v =v g(/lallv_u(t’ ')”2,00) +u(t’ ) [l_g(l’ ||v—u(t, ')”2,00)] Vv EH4(D)a (35)

provided that the solution u to the problem (1)-(3) satisfies u(t,-) € H*(D) for t € [0, T].
In the lemma below, we present some basic properties of the mollifier M’2I (.
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Lemma2. Let A > 0, B;(v) := {w € H*D) : [[v—wlly <} forv € H*D), ¥ be a seminorm
on H*(D)and u := I{laf( lluell2,00- Then, fort € [0,T], it holds that
0,7

M) (Dv=v  YveBu-), Y1>0, (36)
||M’21,00(t)v||2,00 <31 Vv e H*D), Vix>uy, (37)
77( M2 (v - u(t, .)) < Wv-ut,)) YveH'D), VYi>o. (38)

Proof. Equality (36) is a simple outcome of the definition (34). The proofs for (37) and (38) follow
easily, by proceeding along the lines of the proof of Lemmata 3.1 and 3.2 in [47], and thus are
omitted. ]

3.2 | The (MTD) approximations

Let 1 >0, f € C%*([0,40),R), u, € H*(D), and Au, € H>(D). Then, we construct (MTD)
approximations of u following the steps below:
Step MID1. Set

YY), 1=uy € HY(D). (39)

1

ml
Step MDT2. Form = 1,...,N, firstseek Y, , * € H*(D) such that

1
m—

1 1
Y, -Y" = ik—"u\(Ym_E +Ym—1> w2 f(mpL]?) <Ym_E +Y'”‘1> (40)
4,1 a2 Ty 4,1 4,1 4 2,00,4 4,1 4,1

with M;"‘;h 1= M/zl,oo(tm—l)Yf&_ 1 and then seek Yy € H*(D) such that

1
m—-—

m m—1 _ : km m m—1 : km 2 |? m m=1
Yoa—Yor =177 A(Y4,/1 +Y,4 > Ty f<|M2,°°,/1| ) (Y‘M T Yad > @

m—1 m—1
: 2 . _ A 2
with M, o7 i = MZ,m(tm_%)Y4,/1 .
Below, we discuss the existence and uniqueness of the (MTD) approximations defined above.

Lemma 3. Let 1> 0, f € C%([0,+),R), uy € H*(D), and Au, € H*(D). Then, the (MTD)
1

m

approximations (Y, YW and Y

2 Im=a f&)‘;;zl are well defined in H*(D) by (40) and (41), and

1
el
AY,, %, AY), e WD) form =1,...,N.

Proof. The proof is based on an induction argument. First, we observe that, by our assumptions,
we have Yg/1 € H*(D) and AYE/1 € H?(D). Now, let us assume that for a given ¢ € {1,..., N}, the

(MTD) approximation Y. " is well defined in H*(D) ¢ C*(D) and satisfies AY. ;' € H*(D). Then,
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12 of 34 | ASADZADEH and ZOURARIS

we define a linear elliptic operator A : H*(D) — L*(D) by
. : k ‘-
Av.—v—ifAv— (|M ! |> Yo € H*(D)
and the corresponding bilinear form B : H!(D) x H!(D) — C by

B, w) := (v, w)+1—‘)(Vv Vw)—1—<f(|Mg,‘oj’l|2>v,w> Vv, w € HY(D).

1

f—-
According to (40), we are looking fora’Y 4 2 € H*(D) such that

-1 1
2 _aol s
AY, " =D 2, (42)

where

b—> =1, s ke £=1 4 jke -1 2
O =Y it AYI f<|M2°M )YM € H2(D).

Since Re[B(v,v)] = ||v]|? for v € HY(D), the Fredholm Alternative Theorem (see, e.g., Ref. [18])

yields existence and uniqueness of a weak solution Y 2 e HY(D). Since o i eH 2(D), the stan-
1

f—-

dard theory of elliptic regularity yields, in addition, that Y, 2 € H*(D), and hence it is the solution
l

of (42). Since ®' 2 € HA(D), Y 2 € H*(D), and f <|M2 o 2) € C%(D), it follows easily from

1L
(42) that AY 2 € H?*(D). Proceeding in an analogous manner, we show, also, that there exists

unique Yf; 3 € H*(D) solving (41) and satisfying AYf 3 € H2(D). O

3.3 | Convergence of the (MTD) approximations
Here, we investigate convergence properties of the (MTD) approximations in various norms.

Theorem 1. Let us assume that f € C3([0, +0), R), u, € H*(D), Au, € H*(D),
u € C3([0,T],H*(D)) n C*([0, T], H*(D)),

A>1+3 max||ull, e and T := max k,,. Then, there exist positive constants C1, C/]II, and leﬂ,
[0,T] i 1<m<N
independent of (k) _, and N, such that

1

1 m—-
2
(2, I =Yg T+ e I =Y < € “
max [|Au"™"2 —AY 2||+ max ||Au —AY)L I < cilt?, (44)
1<m<N
and
l
max ||A%u™ 2 —AZY 2|| + max ||A2 — A% < Cl T +K®P), (45)

1<m<N
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where
N m N
KP) =) k=Y N+1-0)k. (46)
m=1¢=1 =1
L mt -3
Proof. We simplify notation by setting E* 2 :=u" 2 -Y,,* € H*(D) for m =1,...,N, and

E™ ::u’”—YZ’/1 € H*(D) for m = 0,...,N. Also, we set ¢; , :=m —1, ¢, . ::m—g, f1,m =

m— %,and Com :=mform=1,... N.

In the sequel, we will use the symbol C to denote a generic constant that is independent of
(km)m 1» N and 4, and may be different at different appearances. Also, we will use the symbol
C, (with or without additional indexes) to denote a generic constant that depends on 4 but is
independent of (km)’jn _, and N, not necessarily the same at each occurrence. We note that the
constants C and C; may depend on the solution u and its derivatives.

Part 1: Subtracting (40) from (18) and (41) from (19), we arrive at the following error equations:

) 1
M5 _pm-l g mA(Em 3 4 Em- 1>+ - (A1m+Blm) %ﬂy}m_i’ 47)

B — Bl = § 5 A(E™ 4 EMT) 4 S (AR 4 B K (48)

where
o= [ F () = (1M 2)] @i 4 umt) € D),
BIm = FOM 1) (ECim + B ) € WD),

form=1,..,Nand j =1,2.

Part 2: Here, we deal with the L?(D)-estimation of the terms A" and A*>™, appearing on the
right-hand side of (47) and (48). First, using the mean value theorem and (37), we obtain

AR < (Tl + e ) 1 (i 2) = £ (M52 2

<C (il + = ) [ () = £ (IM52 2|

1
=€ /f’(plqu’m|2+(1—p)|M”"Alz)dp (1 = M2 12 )
0

1
: m . M 49
<c| [ f(enemp+a-p MR do| e - e )
0 [se]
Cm . Cm
<C max [f' (o i P+ (1= ) M7 1) |l = M2 P
[Se]
<C max X2 || [uSim |2 = MP™ 2
max PG [l = MG |
m|2 _ M2 — -
<Cy || luSim| 2100/1| |, m=1,..,N, j=1,2.
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Next, we apply (37) and (38) to get
2 = M2 P < b+ M2 T =2
. Cim . m
< (] + M2 ) i = M2
<G Jusir =My |l (50)
<Gy llusim = Y|
<C,|ESm||, m=1,..,N, j=1,2.

Thus, from (49) and (50), it follows that

|AJ™|| < Cy ||IES||, m=1,..,N, j=1,2. (51)

1
Part 3: Taking the L?(D)-inner product of both sides of (47) and (48), with E™ "2 + E”~! and
E™ + E™~!, respectively, and then integrating by parts, taking real parts, applying the Cauchy-
Schwarz inequality, and using (51), we obtain

m—

1 1 1 1
JE™ 2 I = JIE 1 = 5 Re(y™ 2, E™ 2 + B — &2 im(AL™ ET T 4 B

<kp, <||n'”“||+ca |Em= 1||> <||E'”“||+||E’" 1||>

“Emllz _ ”Em—l“2 - km Re(nm, EM + Em—l) _ kTm Im(AZ,m’ Em + Em—l)

and

m <|In'"|| +Cy ||E’”‘E||> (IE™ [ + [IE™1))

form = 1, ..., N (where we have used that (B/'", E/'™ + E™~1) is real), which, along with (24) and
(25), yields

1
IE™ 2] < (1 + Crkp) IE™ | + Chiy, (52)
IE™ | < IE™H| + Cp kpy IIEm__ 2|| + Cky, (53)
for m =1, ..., N. Next, we combine (52) and (53), to conclude
IE™ < A+ Cakp) [E™ | +Cakp, m=1,..,N. (54)

In view of E? = 0, we apply a standard discrete Gronwall argument on (54), to arrive at

m
IE™]| < C; ( Y ) m=1,..,N, (55)
=1
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which, along with (52), yields

. m—1
IE™" 2| < C; (kfn + Z ki), m=1,..,N. (56)

t=1

1
Part 4: First, we take the L2(D)-inner product of both sides of (47) by A(E™ 2 + E™1), and of
(48) by A(E™ + E™~1). Then, in light of (23), we integrate by parts to get

(V(ECm —Em 1), V(EGm +Em1)) = =120k 1A (E i + ET )2

252k (Vi V(ECm 4 BT
(57)
+i2i73k, (VAJ'J", V(Eé’fwm + Em—1>>

+i2i73k,, (VBJ””, V(Efﬁm + Em-1)>

for m =1,...,N and j = 1, 2. Taking the real parts of (57), and then using (26), (27), and the
Cauchy-Schwarz inequality, we obtain

1 1
[E™72 12 — [EMm12 <C (K2, + kyn IVAL™])) ( [E™7 2] + [E™1] )
(58)

1

_ kT'" Im(VBL™, V(E™ 2 + Em-1))

and

[E™ [} = [E™ 713 <C (ko + ko IVAZ™]1) (IE™]y + [E™711)
km 2,m m m—1 (59)
- Im(VB=™,V(E™ + E™ ™))

form = 1,...,N. Using (37), we have

’ Cim 2 Cjm Cjm
f (lMZ,oo,/ll ) Re( axKMZ,oo,l M2,cx>,l >

o (ramiz, )| =2

(e8]

3, M

Cim
<2 max |f’(x2)||M2”;)o,/1|00 2,00’/1’00 (60)

x€[0,31]

Cjm

1 (2 2
<2 nax L ORIV

<Cp, x=1,..,d, m=1,..,N, j=12,
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which is used to obtain

(905,420 = e+ 1) WL .9 (€ 4 €0))|

<[[(E7m + B ) VORGP ES + B,

<C max |6, (f(|MC"'” |2)>|oo [ECim + Em=1|| [ECim 4+ EM1),

1SKSd Z,Do,ﬂ.

<C; (I i+ NE™11) ) (1E 1y + 1E™ )
(61

for m=1,..,N and j=1,2 (where we have used that Im(f(|M;j:Z/l|2)V(Efj’m +
E™-1), V(E/™ + E™1)) = 0). Observing that

VAT = (i ) (f (jusin P) = 7 (IMG2 1) ) Vlucin?
+@lim um ) (MY P) 9 (s = M )
[ r(ueim2) = (M52 2 )| Dt 4wy
and moving along the lines of (49) and (50), we obtain
IVAI™I <Cy IES )+ C 1 (IMS2 1) ¥ (i = M52 2|

. Cim . Cjm
S CLIE 1+ CLI (M2 P ) IV (1 = 1M 2 )|

(62)
<SG +C max SO (= M2
<Gy [ e+ 19 (i = M52 2]
form=1,..,N and j = 1, 2. In light of Lemma 2 and of the following relation
V(i = M5 1) = Re[( M)V (u ”f’""\"z’o@)]
(63)
J.m m Cjm
+Re[< MZOM)V(uCJ +M, /1)]
we get
: Cjm : m m
IV (i = MG P )< (15 + IMG o ) 1V G = MG D)
m Cjm m Cjm
+C max 10, (9 + M7 Dl s =M1 (64)

< Cp CIESm ]| + [ESm ]y )
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form=1,..,Nand j = 1,2. Thus, (62) and (64) yield
VAP < Cu(IES™ || + [ESm]y), m=1,..,N, j=1,2. (65)
Now, we use (58), (59), (61), (65), and (52), to conclude
721 < 1+ Calen) [E771]y + € (12, + e [E71) (66)
and
[E™11 < [E™ My + Crkm <||Em|| +E™ )+ |Em__|1 +k2> (67)
for m = 1, ..., N. Finally, (66) and (67) yield

[E™ly < 1+ Ca k) [E™ My + Crky (ki + IE™ I+ IEH), m=1,..,N. (68)

In light of E® = 0, we apply a standard discrete Gronwall argument on (68) and use (55), to arrive
at

m m
[E™|; <C; < Z k; +0r<r;a<x ||Ef||> < Cy ( Z k; ), m=1,..,N, (69)
=1 stsm ¢=1

which, along with (66) and (55), yields

m—1
" < c1<k2 + 2k3> m=1,..,N. (70)
=1

Thus, (43) follows as a simple outcome of (55), (56), (69), and (70).

1 1
Part 5: Here, for simplicity, we set Z""2 := AE""2 e H3(D) for m=1,..,N, and Z™ :=
AE™ € H3(D) for m = 0, ..., N (see Lemma 3 and (22)). Then, from (47) and (48), we obtain

1

1
7" _zm-1 — ikTmA(z p + zm1y ik Z K™ + ] Anm_E, (71)

Zm—7ml = i A(ZM 2 + ZK2m+k Ap™ (72)
form =1,...,N, where
K™ = al f (e 2) = F (M2 )] (w4 wnt),
K™ o= (i) = p(IMG2 12 ) | At 4 um),
K

K™ = (7 () = (MG ) ) [VIMGZ 12 - Vi 4 umh),

" =2 f'(Jufim)?) [V(|uci,M|2 |M /1| ). V(ubim +um= 1)]
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and
j,m Cjm . — jm Cjm i -
Ké, c= j(f(lej’, ,/llz)) (Et’j,m Em 1>, Ké c= 2V(f(|M2}’ ’/1|2))'V<E€N" Em 1>’
j,m Cim . _
K;’ = f(lej, ’A|2)(Z€1,m zm 1).

m__

Part 6: Taking the L?(D)-inner product of both sides of (71) by Z" 2 4+ Z™~! and of both sides
of (72) by Z™ + 2™~ integrating by parts, taking real parts, observing that

Im[(K;"'", Z0im 4 zm—l)] =0, m=1,..,N, j=1,2,

using (28) and (29), and applying the Cauchy-Schwarz inequality, we get

6
. _ j+1 i, .
Iz = 1z 1||sc<kin +km2||l<;’”||>, m=1,..N, j=12. (1)
=1

In view of Lemma 2, we have

Cim Cjm Cjm
JAGFAMS 1) < |f"(|Mf AP (8 M5 m) + MY )82 MY P
d
<4 max |f"(2)||MI" 3, M
Jmax (fGANMYC Kgl' WM
(74)
+2 max |f’(x2)|z |63 M M |Mcj’m + |0 M P
Ix1€[0,31] 2,00,A 100 2,00,A oo X" 2,00, oo
<Co [ IMS M + M2 2 o+ IS 2.
<C;
and
Cm . _ Cm
|vimg [P v (w4 umt )| < ZI%IM’ APl 18 lim um |
d
Cj,m ij
SC|M2,00,A 0 Z |ax7<M200/1 (75)
x=1
Cj,m
<C ||M2,oo,/1||1,00
<C;
form =1,..,N and j = 1, 2. Using (74) and (60), we have
IKE™ < [a( (1M 1) ) NES +E)
(76)

<C; (IED 1+ 1E™1),
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IS < (IMG 12 )] 1200+ 2
< max x2)| |zlim 4 zm-1
Jmax e I 77)
< (Nzom i+ 1z,
and
j Cjm . _
kg™ <€ max [, (£ (M2 ,12) )] 19 (E% +Em1 )
(78)
<C; (1D +[E™ )
form =1,..,N and j = 1, 2. Using (49), (50), (63), (64), and (75), we obtain
j . _ ) Cim
1K™ I < [A@ m +um=D)| AfQusm2) = FAM,)7 P
S e P e PO N = (79)
<Gy [[ESm ],
IKI™I <C max |f/(3)| max |6y, u' s +um )| [IV(usin > = M7 )|
|x|€[0,31] 1<k<d 7%
<C ( ulimls + ! ) ESim|| + [ESim
<Gy (Mufimlls + w1l ) (NESm || + |E%m]y) (80)
<Gy IEm ]|y,
and
j Cjm . _ . Cjm
IKG™ < VIMZ 12 V@l im 4+ um=D)| L Qs 2) = f1OMS P
. Cim
<C I (usim ) = F1AM,2 L P (81)
<Cy [[ESm |
form=1,..,N and j = 1, 2. To estimate K{’m, we observe that
4
K™ ) < Juf s+ w2y DK < € ZMK m=1,.,N, j=12, (82)
=1
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where
i . Cim . 2
K s [ ) = g (M2 ) |19 s ) P
j Cim . Cjm . Cim
K5 = (ML) [ (e o ML ) 9 (i = 2P ]
i . . Cim
= () [ £/ ) - £ (M22,7) |
j Cm ) C',m
KU = (MG ) A 2 = Mg ).

Moving along the lines of (49) and (50), and using (37) and (64), we have

d
“K] o ” <z |axklucj’m|2|io> ||f”(|uci~m|2) _fll(lMij/1|2)||
x=1

3 (83)
<C s usin |2 [ (1 2) = (MG )|
<CyIIESm ],
<L (MG Y 19 (i 2 MG 12 ) -9 (i = MG 2 )
<C max PO (I o + MG I )19 (e 2= M2 12| .
< [V (i P = M52 1 )]
<Cy IIES )y,
and
d
KT < | Y 0% i 2| I (i ) = £ (M52 )1
x=1
) (85)

) ) ) ) cj,
<C ([uim oo il + s 12) 1 (i 2) = £ (M2 1)

<C; [Em|

form=1,..,N and j = 1, 2. Observing that

im|2 Cim 12\ _ m m _ \im m_ Jjsm Cjm
A(|u% | —|M2’OM|> 2Re [Au/ (uf M2M)+A(u: Mzm)Mzm’l]

Cim Cjm . Cim _ NfOIm
#2Re |V (wim + M2 ) 9 (w0 - M)
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and using Lemma 2, we obtain

KL< max | 1F G A (i 2 = MG )|

< [l = = M2 1+ M2 | A (e = M52 )|

(86)

a0, 4 ML OI 9 (e = wiZ2 )|

<Gy CNES Iy + N1Zm]1)

form =1,...,N and j = 1, 2. Thus, from the inequalities (82), (83), (84), (85), (86), (79), (80), (81),
(76), and (78), it follows that

6
DKL < € (Nl + IE™ + IES y + 12571), m=1,.,N, j=1,2. (&)
=1

Combining (73), (87), (52), and (66), we arrive at
1z" 2II < A+ Crkn) 1277 + Cr ki (IIEm_5|I1 + IIEm_1II1> + C ks (88)
m—1 3
IZ™ < 1Z™ M + Cakim <IIE’"II1 +[[E™ |y + IE™ 2I|1 + 11z 2|I> + Cky, (89)
form =1, ..., N. Now, using (88), (89), (52), and (66), we get

1
127720 < @+ Cpkp) 1IZ™ 7] + C ko IE™ ML + Cy K2, (90)
1Z"0 < @+ Ca k) 1IZ™7H] + Cr ki (IE™ 1 + NE™ 2] + Co k3, (91)

form =1,...,N. Since Z° = 0, after applying a standard discrete Gronwall argument on (91) and
then using (55) and (69), we arrive at

m m
" < k3 E? < k3 =1,.. 2
I ||_cu(;=1  + max || ||1>_CA<Z 3), m=1..N, (92)

=1

which, along with (90), (55), and (69), yields

1 m—1
12721 < ¢, <k§n + k?), m=1,..,N. (93)
=1
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220f34 | ASADZADEH and ZOURARIS

Hence, (44) follows, easily, from (92) and (93).

1
Part 7: Taking the L3(D)-inner product of both sides of (71) by A(Z™ 2 — z~1), and of (72) by
A(Z™ — E™~1), and then integrating by parts, we have

—|V(Zlim — |12 =123 k,, (A(sz:m + zm=1) A(ZCim — zm—l))
7 .
+127 Kk, Y (Ki;'”,A(z"m - zm-l))
t=1

+ 202k, (Anff’V",A(Zfi’m - zm—l))

for m =1,...,N and j = 1,2, which, after taking their imaginary parts, applying the Cauchy-
Schwarz inequality, and using (28) and (29) yields

7

1Az |2 = |4z = = 3 Re(K[", A2 0 — 277
=1
— 2 Im(anfin, AZ0m — 27 1)) (94)
. 7 .
<c ( ko + 3 K™ ) (1aztimp+ azm=1y )
=1

form =1,..,N and j = 1, 2. Using (87), (77), (52), (66), (90), (55), (69), and (92), it follows that

1 1 1
1AZ™ 72| — lazm 1| SC/1<km+||Em 2l + 12" z||+||Em-1||1+||zm-1||)

(95)

<Ci (ky + IE™ M1 + 112m71))
and
ml ml
||AZM||—||Azm—1||scl<k%n+||E 2l + 02772+ IE™ L + 12
HIE™ ] + 1Zm))
(96)

<Ca (K5 + ™l + 127+ E™ -+ 1127 1)
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form =1,...,N.In light of AZ% = 0, we sum with respect to m both sides of (96), to obtain

[ m i
3
lazm<c| YK+ Y DK
| £'=1 £/=1¢=1
Nt o7
3
<G Z kZ, + Z Z ke
| £'=1 £'=1¢=1
<Cy[t+K®P)], m=1,..,N.
Also, we use (95) along with (97), (92), (55), and (69), to get
1
max [|[AZ" 72| < Cy 1 + K(P)]. (98)
1<m<N
Thus, (45) follows, easily, from (97) and (98). O

Remark 5. The error bound (45) turns into a first-order error estimate, when there exists a constant
C, independent of N and the partition P of the time interval, such that

ke < C k 99
e S C i ke >
or
max [ky (N +1-£)] < (100)
1<

which are both valid when the partition P is uniform. Indeed, using (99) and (46), we obtain
N
_ 3 2
K(P)— ZZ'( Zkglzkﬂ <C Zklek <CT2I5/kw<CT
£'=1¢=1 ¢'=1 = o'=1 (=1 ¢'=1
and (100) along with (46) yields
N N
K(P) = ZZW Z(N+1 ki, <C Y K, <CTr
¢'=1¢=1 =1 =1

We note that if (99) holds, then (100) is satisfied because n}fin ke < % and
1<t<N

max [ke ( N+1-¢)]< N max ke < CN min k, < C.

1<t< <t< 1<¢<N

However, (99) and (100) are not equivalent, and we can verify it by an counterexample. Let us

choose k, = ;f sl for¢ =1,...,N, where S, = Z];:l %. Then, we conclude that (100) holds
- N
because
T T
ke (N+1—-9¢)]= — <
1?53'5)(1\7[ f( + )] Sy~ In(N+1)

and that (99) does not hold since maxiceanke _ N,
minj<¢<n ke
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4 | CONVERGENCE OF THE FULLY DISCRETE APPROXIMATIONS
4.1 | A smooth cut-off function

Let § > 0 and y5 € C'(R, R) (see, e.g, Ref. [46]) be an odd auxiliary function defined by

s, if s €[0,d],
y5(s) :=144q(s), if s€(8,28], Vs=>0, (101)
296, if s> 26,

where g € P3[6,2 8] is a polynomial satisfying: q(8) = &, ¢’(8) = 1, q(28) = 28, and q'(25) = 0.
Obviously it holds that ys(s) = s when |s| < §, and we can show (see, e.g., Ref. [32]) that

Wl

sup |ys| = 2, sgplygl < (102)

We extend ys on C, by setting gs(z) := ys( Re(z)) + iys(Im(z)) for z € C. Then, in view of (101)
and (102), it holds that

gs(z)=z VzeC with |z]| <,
lgs(2)| <38 VzeC, (103)

4
1g5(z) — gs(w)] <3 lz—w| Vz,wecC.

4.2 | The (MFD) approximations

To investigate the convergence of the fully discrete approximations defined in Section 1.4, we intro-
duce the (MFD) approximations of u, which are defined, for given § > 0, in the following way (cf.
Ref. [46]):

Step MFD1. Set

Uj =" (104)

1
nl
Step MFD2. Forn =1, ..., N, first we define U5 2 e S}: such that

n—

3 k n—1 k 2 n—:
U, *-uy! +iI"Ah<U5 24 Ug—1> =i Py lf( |lgs(U™D)] )(U5 2 4 Ug*)] (105)
and then we find Ug € SZ such that
n n—1 , : kn n n—1 : kn n—% 2 n n—1
Uy —Ug™ '+ 4,(Us +US) =i 2Py | f| [8s(U; I | (U5 + U D (106)

Remark 6. The existence and uniqueness of the (MFD) approximations follows, unconditionally,
according to Remark 4.
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4.3 | Convergence of the fully discrete approximations

Theorem 2. Let A, :=1+3 r{la{< lutll2,000 T := max ky,, Cgyy4 be the constant in (4) for x =
0,7 1<m<N ?

4, CéR and C‘E‘R be the constant in (5) for x = 2,4, respectively, C/]ljf be the constant in (45) for

1
A =2y, and (U™)) _ and (Um_i)fjn=1 be the finite element approximations defined by (13)-(15).
Also, let us assume that f € C3([0,+),R), u, € H*(D), Au, € H*(D), u € C3([0, T], H*(D)) N
C([o,T], HY(D)),

A
Csva Cap Con c]jf [t +KP)< (107)

Then, there exists a constant h, > 0 such that:

(i) ifh € (0,h,] and u € C3([0, T], H*(D)) n C%([0, T], H*(D)) n C*([0, T], H'*1(D)), then

1 1
max ||U™72 —u™ 72| + max U™ —u™| < C(z2 + A, (108)
1<m<N 0<m<N

(ii) ifh € (0, hy], then

1 1
max ||U™72 - um_5||1 + max ||U™ —u™||; < C(z? + h); (109)
1<m<N 0<m<N

(iii) if h € (0, hy], r > 2, and there exists a constant Cyg > 0, independent of N and (k,,,)Y _., such

m=1’
that
max k, < Cye min kg, 110
1<¢<N €=M 1<¢<N ¢ (110)
then
1 1
max |[|[U" 2 =42 max ||[U™ —u™|, < C (72 + hmin3r}), 111
1<m<N ” ||1+0§mSN I lh < ( + ) (111)

m=1

1
m—l
Proof. Let &y :=1+32,, (UJ ), _,and (U; *)} | be the (MFD) approximations specified by
* - *
1

(104)-(106)for & = &, (YZ&* ) —oand (YZA_* 2 » -, be the (MTD) approximations specified by (39)-
1 1

m—> m=3 "y e m—> m-> MY e ar
(4)forA=A1,,6" 2 :=Rh(Y4,/1*)—U5* €S, andA\" 2 =Ry(u 2)—U5* GShformz

1,..,N,and 8" :=Ry(Y], )= UY €S, and A" :=R,(u™) - U €S form =0,...,N. Also,

. . . . 1
we recall the previously introduced index notationc¢, ,, :=m—1,¢;,, :=m— > Cim =M —

El

N =

and¢,,, :=mform=1,..,N.

In the sequel, we will use the symbol C to denote a generic constant that is independent of
(km)y,1» N and h, and may change values from one place to the other. We note that the constant
C may depend on the solution u and its derivatives.
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Round I: Using (4), Remark 1, (45), and (107), we have

max ||YZ,,1* - u#”z,oo <Cgys max ||Yf:’/l* _
ue{m—z,m} ,ue{m—z,m}

uﬂ“4

<Cgv4Chy Cip max ||A2Yf’/1* — A%uH||
ue{m—;,m}

A
<Cgv4Ciy Cip cﬁ[ [z +KP) < =

and

max }||YZ/I*||2,00< max [[u¥|le + max }IIYZA*—M“IILOO

uEim—=.m uEim—=,m} uElm—=.m
A 22
<=+ max ||Y“ —uk||, < ==
1 4,/1* 2,00
3 3
ME{M—EJH}

form =1, ..., N. Observing that ||Y2’/1* ||2’oo = |lupllz,c0 < A%, We use (113) to conclude that

ml
max{ max |V}l .. max ||Y;'7M||z,w} <d. <6,

1<m<N 0<m<N

which, along with (103), yields
1 1
g Y. 2 ) =Y ? and gs. (Ym 1) =ym-L
S\ T4, 4.0, S\ T4, a1,

form =1,...,N. Also, from (112) and (36), we conclude that

m
2 2 m—1 _ yvmn—1
Mz,oo,l* - Y4,/1* and M2,oo,/1* - Y4,/1*

form=1,..,N.

a12)

(113)

(114)

(115)

(116)

Round II: Inlightof (116)and (115), we combine (105) and (106) (with 6 = &), with (40) and (41)

(with 1 = 1,,), respectively, to get
4 .
(6%3m —6m 1, x) +i2/ 7k, (V@i +0 ), Vi) =k Y, (617, %) Vx €S
¢=1

form =1,...,N and j = 1,2, where
€ €
J.m -1 J.m -1
@j’m ‘=R, Yai, _YZ[A* _ Yad, _Yf&*
L )
¢

i i Cim Cjm j,m _
6" =127 | £ (185, (COP) = 1 (15, W3R ) | (Yoir +Y0),

jm .. 5i=3 Cjmy 2 fj,m m—1 fjxm m—1
¢ =i f<|g5*(U5* N )[(Y% +Y4’/1*>—Rh<Y4’/l* Y7 )]

6" =127 f(1gs, W) (85im +6m1).

117)
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Keep the real parts of (117) after setting y = 6%im + 6™~ to have

3
6752 = 6™ 1> =k, ) Re [((s:;"”,effvm + em—l)], m=1,...N, j=12 (18

where we have used that Re [((Si’m, glim 4 em—l)] =0.
Now, we use (118) and the Cauchy-Schwarz inequality, to obtain

3
1
16721l < 116"l + ke D IE,™ I, (19)
t=1
3
16711 < 181 + Ky D ICT™ (120)
t=1

form=1,..,N
Round III: Using (9)(with s = 2), Remark 1, Lemma 3, (40), (41), (45), and (107), we have
fj,m m—1 f}ym m—1
”(gj,m” <Ch? Yo7, Yaz, <cntlla lY4,A* Y ]
i = k = k
2
<Ch? [

Cim Cim ?;
a(y, i+ ) ‘ H (M5 ) (o + ) H] (121)

3
50h2<c+ > IIEé’mll), m=1,..,N, j=12,

t=1

where

[I]

Cjm jm m—1 =Jm . Cjm ¢ m 1

1 emar(Ivgn, ) (Y i), BT = r(IMen, ) a(val ).
Cim -1
*+Yj&*).

_Vf(||v|ij |) (YM

Combining, (121), (74), (37), (44), (60), and (43), we arrive at

[I]

”G{’m” < Chz, m = 1,...,N, J = 1’ 2. (122)
Using (9), Lemma 3, Remark 1, (45) (with 1 = 1,.), (107), and (103), we have

16} <Ch® max |f(x2)|||Y“”+Ym s

|x|€[0,35% ]

<Chs Y Jm Ym 1
|| i )

SCR A2V, + 22y )|

<Ch®%, s=2,..,min{f4,r+1}, m=1,.,N, j=1,2.
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Also, in light of (114), (103), (9), Remark 1, (45), and (107), we get
1631 < (1250 + 1Y) 1 (18, 0051 = £ (1gs, 5P|
<cf (g, (Y )P) = £ (18, W52 )]
<c max |7 (e lgs, (Yo7 )"+ 0 =015, WP g, (Y,17) —ge. (U571

Cj Cij
<C max "G IY " —ud™
X L CeDNIY, 5, s, |

<C (Y5 = RuCYOI+ 1161

IA

C (R IYS" s + Nlesim )
<C (R 12X + e

<C(h*+16%m]), s=2,..,min{4,r+1}, m=1,..,N, j=1,2.
(124)

Assuming in addition that (110) holds, we can obtain a higher order, with respect to h, estimate of
(S{’m by using Lemma 3, (9), Remark 1, (45) (with 4 = 1), and Remark 5, as follows:

Y Jm _ym-1 ﬁj’m_ m—1

. “hm _m—1
”(S:J»m ” <C hs 4% 4% <C hs Y4,/l* 4% <C hs A2 Y4,/l* Y4,/l*
1 Ky Ky Ky

s 4

e fm o, | _
<0 (a2 —ufm + la2tm w4+ a2 =YD ) o)

<C. hs kp+7
—_ * km

<C,h® s=2,.,min{4,r+1}, m=1,..,N, j=1,2

Round IV: Using (119), (120), (121), (123), (124), and (125), we obtain

1
16"721 < A+ Chyp) 16| + Ckpy 1, (126)

1
16" < 18"l + Ckpy <II9m_5II + h”) (127)

form =1,...,N, where v = 2, or, v = min{4, r + 1} under the assumption (110). Combining (126)
and (127), we obtain

6™ < (1 +Cky) 16" Y + Ckyh”, m=1,..,N. (128)
In light of 6° = 0, we apply a standard Gronwall argument on (128) to get

max ||6m|| < Ch’,
0<m
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which, along with (126), yields

max ||6" 2|| <Ch.

1<m<N
Thus, we conclude that there exists a constant C; > 0, independent of N, &, and (k) _,, such
that
1
max [|6™| + max [|8" 2| < C, h2. (129)
0<m<N 1<m<N
Also, for r > 2, assuming that (110) holds, the error estimate (129) is improved as
1
max [|6™|| + max |8 2|| < Cg h™min{4r+1} (130)
0<m<N 1<m<N

where Cg > 0 is a constant independent of N,  and (k) _,

Round V: Letm € {1,...,N}tand u € {m — % m, 0}. Also, we recall that there exists positive con-

stant C, , such that |||, £ C; o IV]l2,e for v € H*(D). Then, we use (10), (12), (114), and (129),
to get
u u u
1Us, leo s|U5*—Rh(YM*)|OO+|Rh( -y +|Y

MJ ia o

d
<Cmvi h 2 ||UM — Ru(Y} al, )l + Cpp B2 || a2+ 2x

] (131)
2—=
<Cryi Cah™ 2 + A4 + Cepy Cy o B2 || a2, 2,00
, d
<Ax + (Crnvi Ca + Cooo Cpo) B 2 4y
Now, from (131), we conclude that there exists h, > 0 such thatif h € (0, h, ], then
_1
2 m
max |U | + Jmax |UY | < 2, <64, (132)
which, along with (103), yields that
m—2
gg*(U 2) = 2 and ga*(Ug'i_l) = Ug'i_l, m=1,..,N. (133)
Thus, if h € (0, h,], in light of (133), (13)-(15), and (104)—(106), we conclude that
1 1
m_i m—- m m
Ua* =U" 2 and U5*=U , m=1,..,N. (134)

Round VI: Let us assume that u € C3([0,T], H?(D)) n C%([0,T],H*(D)) n C'([0, T], H'*(D)).
Using (105) and (106) (with § = §,) along with (18) and (19), we have

Do (w(Afim 4 AT, V) = Z(aef X)) Vxyes,  (135)

Cim m—1
(/\ Jmo_ N\ sX) 23]
t=1
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form =1,..,N and j = 1,2, where

x{,m - Rh (ufi"" _ um—l) _ (ufj’m _ um—1>’

" =i 2 [ (e ) - 1 (1gs, WP )| @i 4 umh,
17325 s ) (1m0 < )
X" =125 1 (15, SR ) (A7 +A™7),

x{.jm :=i¥ nlim.

Setting y = Alim 4 N1 in (135), and then taking real parts, we get

5

1 1

INTTEP = AT = Y Re [(ae;”",/\’”‘z +/\m—1)], (136)

t=1

5
IATIZ = AT = Y Re|(R)L AT+ AT (137)

t=1

for m =1, ..., N. First, we observe that

Re[(%i’m,/\f~"’m + A’"‘l)] =0, m=1,..,N, j=1,2. (138)

Then, we use (9) and (103), to have

and

”xi,m” Sthr'+1 ”uf]’m _ um—l”

r+1 (139)
<C hr+1 kWI,’
I <Chy W max [FOA] ulim + w1,
[x|€[0,384]
(140)

< C* km hr+1’

12" <C o 1 (1) = (g, U5 )|

’ cimy|? _ Cjmyi2 CjimY _ Cjm
<Ckpm [max, |f (p 185, W™)|" + A = p)Igs, (Ug, 1P| _llgs, ) ga*<U5* )II

.
<Ck max__|f'(x?)| [uSim —U "
™ 1x1€00,35,] 4 Ox

< C ko (luim =Ry im)|| + IA™])

< Cky, (R + A7)
(141)
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for m=1,..,N and j =1,2. (We note that to obtain (141), we have used that, in light of

max |l < A4 < J, and (103), we have gs (um) = uim.)
‘Combining (136)-(141), (24), and (25), we obtain

1
IA" 73 < (14 Chp) IN™H 4+ C (2, + ki RTHD), (142)

IA™ < A" + C (II/\m__II +R T+ kG > (143)

form =1,...,N. Now, from (142) and (143), it follows that
IA™] < (1+ Chy) IN" 7 + Ckop (R +K2), m=1,..,N. (144)

Applying a discrete Gronwall argument on (144) and using that A’ = 0, we obtain

[max. A" < C (W +12), (145)
which, along with (142), yields

max [|A" 2 || < C(h ! +12). (146)

1<m<N

Thus, (108) follows, in a standard way, from (145), (146), (9), and (134).

Round VII: Letm €{l,...,N}andu € {m,n — %}. Using (134), (43), (9), (11), Remark 1, (45), and
(107), we obtain

“
lluk = UE|ly = lluk = Us Iy
u__ M o KM I 70
< ”U. Y4,/1*”1 + ”Y4,/1* RhY4,/1* ”1 + ”RhY4’/1* U5*||1

<c (72 RO IYY ninga41y ) + 1651
(147)
R NN PR XY

IA

c (1'2 e Vo A R AT
<C (% + hminBr 4 p=1j6#))).

Thus, (109) follows, easily, as an outcome of (147) and (129). When r > 2 and (110) holds, we obtain
(111) by applying (147) and (130). O

Remark 7. We would like to mention that the error estimate (108) is, also, concluded in Ref. [5],
by developing a different stability argument requiring a restriction of the size of the time steps,
under the assumption that an L* bound for the fully discrete approximations is available without
addressing its derivation. Moreover, the H' error estimate presented in Ref. [5] is suboptimal and
follows by imposing a CFL condition.
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Remark 8. Assuming further that there exists a constant C such that ||P,v||; < Cljv]||; for v €
H'(D) (see, e.g. Ref. [15]), and starting from the error equations (135), we can derive, easily, an
optimal-order error estimate in the H! norm under condition (107) (cf. Refs. [23, 27]).

5 | CONCLUSIONS

We consider the approximation of the solution to the (NLS) equation by an L?-conservative,
second-order in time, linearly implicit finite element method that constructs approximations at
the nodes of a nonuniform partition of the time interval along with their midpoints formulated
in Ref. [5]. In its error analysis, we heavily employ (MTD) approximations and (MFD) approxima-
tions (cf. Ref. [46]) as a standby for the efficient treatment of the nonlinear term in order to arrive
at an L* bound of the fully discrete approximations (see (132) and (134)). In the light of (16), we
derive an optimal, O(t? + h'*1), error estimate in the L? norm and an optimal, O(t? + h), error
estimate in the H! norm for linear finite elements, without imposing CFL conditions (cf. Refs.
[31, 42]). Also, assuming that (17) holds, we conclude an optimal, O(z? + h"), error estimate in
the H! norm for higher order finite elements with r € {2, 3}, avoiding again the enforcement of
CFL conditions. However, the latter result can be improved by connecting the construction of the
(MTD) approximations to a properly chosen higher order Sobolev norm. Future research includes
the investigation of the convergence of numerical methods for partial differential equations with
more complex nonlinearities.
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