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Two-level system (TLS) loss typically limits the coherence of superconducting quantum circuits. The
loss induced by TLS defects is nonlinear, resulting in quality factors with a strong dependence on the cir-
culating microwave power. We observe frequency mixing due to this nonlinearity by applying a two-tone
drive to a coplanar waveguide resonator and measuring the intermodulation products using a multifre-
quency lock-in technique. This intermodulation spectroscopy method provides an efficient approach to
characterizing TLS loss in superconducting circuits. Using harmonic balance reconstruction, we recover
the nonlinear parameters of the device-TLS interaction, which are in good agreement with the standard
tunneling model for TLSs.

DOI: 10.1103/PhysRevApplied.22.014063

I. INTRODUCTION

Superconducting quantum computing is facing a chal-
lenge in the relatively short coherent lifetimes of state-of-
the-art qubits, currently in the submillisecond range [1–5].
A significant source of decoherence for these qubits is
dielectric loss caused by parasitic two-level system (TLS)
defects [6–8], whose microscopic origin is a topic of ongo-
ing active research [9–11]. These TLSs can couple to
qubits, providing a source of energy loss and parameter
fluctuations, and therefore decoherence. In this paper we
introduce a method for the measurement and analysis of
the inherent nonlinearity of these TLSs in superconducting
resonators.

Superconducting resonators are essential components of
quantum processors and a good testbed for characterizing
dielectric loss. In circuit quantum electrodynamics res-
onators are treated as linear elements, typically modeled as
lumped-element LC oscillators. The resonator’s coupling
to TLS defects gives rise to a characteristic dependence
of the internal quality factor Qi on circulating power,
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with a drop in Qi at low powers where the TLS bath is
not driven to saturation [12,13]. This power-dependent
response makes resonators ideal for probing TLSs in a
qubit’s environment.

In this work we explore how the power-dependent
behavior of Qi translates to a low-power nonlinear
response of the resonator. We measure this nonlinearity
in a high-quality-factor coplanar waveguide (CPW) res-
onator, showing that it gives rise to frequency mixing,
or intermodulation—a characteristic feature of nonlin-
ear response which has been observed for TLS-induced
[14] and other nonlinearities in superconducting circuits
[15–17]. Intermodulation results in response at integer
combinations of the applied drive frequencies, fIMP =∑

i kifi, where fi are drive frequencies and ki integers. The
amplitude and phase of these intermodulation products
(IMPs) can be measured with large signal-to-noise ratios
(SNRs) using lock-in techniques. Modeling the system as
a driven harmonic oscillator with nonlinear damping due
to parasitic TLSs, we reconstruct the nonlinear response of
the device as a function of drive amplitude and frequency
using harmonic balance analysis.

II. EXPERIMENTAL METHODS

We perform all measurements on a superconducting alu-
minium λ/4 CPW resonator with a resonance frequency
of 4.11 GHz, capacitively coupled to a transmission line
in a notch configuration. The width of the CPW center
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conductor is 20 µm, and the gap to ground is 10 µm.
The device has no engineered nonlinear elements. All
microwave measurements presented here were carried out
inside a dilution refrigerator at about 10 mK using the setup
outlined in Appendix B.

For the initial characterization of the resonator, we mea-
sure the S21 scattering parameter in transmission using a
vector network analyzer and extract the relevant param-
eters such as Qi and the resonance frequency fr using
the circle-fitting method [18], as detailed in Appendix D.
We characterize Qi for excitation powers ranging from
the single photon level, relevant for quantum computing
applications, up to 108 photons where we observe other,
non-TLS-related loss and nonlinear mechanisms.

The average number of photons 〈n〉 circulating in the
resonator is estimated using the relation [19]

〈n〉 = Z0

Zr

Q2
l

|Qc|
2Pin

�(2π fr)2 , (1)

where Z0 and Zr are the characteristic impedances of
the transmission line and the resonator, respectively. The
power at the device input Pin is calculated by subtracting
the input line attenuation from the measurement instrument
output power. The input line attenuation was obtained via
an ac-Stark shift measurement of a qubit device [20,21] in
a separate experiment.

To probe nonlinearities in the device through intermodu-
lation distortion we use a multifrequency lock-in amplifier

platform [22], where we output two drive tones separated
by � = 100 Hz [see Fig. 1(a)]. We choose this drive spac-
ing to be significantly smaller than the power-dependent
linewidth of the resonator (8–11 kHz). This choice guaran-
tees that both the drives and the lowest-order IMPs remain
well within the resonance linewidth.

We measure the response of the device to these two drive
tones using a detection frequency comb demodulating the
in-phase and quadrature components at frequencies spaced
by �/2. Consequently, intermodulation produces a signal
at every other frequency in this comb, and the remaining
detection frequencies sample the noise background. The
generation of drive tones and digitization of the response
are performed in the second Nyquist zone, without the
use of analog mixers for frequency conversion. Odd-order
IMPs (i.e., when |k1| + |k2| is an odd number) appear as a
comb of frequencies when fc coincides with the resonance
frequency fr, as shown in Fig. 1(b). Even-order IMPs fall
far outside of the resonance linewidth.

We perform intermodulation spectroscopy, stepping the
detection frequency comb with the two drives in the center
across a frequency range. This frequency range is cen-
tered around fr, with a span well outside the resonance
linewidth. As shown in Fig. 1(c), we detect no IMPs when
the center of the comb is off-resonant. As the two drives
approach fr, we measure a clear signal at the IMP frequen-
cies, peaking at fc = fr. The decay of the measured IMPs
outside of resonance shows that the IMPs are generated
in the device and are not artifacts of nonlinearities present
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FIG. 1. Intermodulation measurements at drive powers corresponding to 〈n〉 = 103 when on resonance. (a) A schematic of the tones
generated at the output of the measurement instrumentation (MI) and the output of the device under test (DUT). (b) Intermodulation
products (IMPs) measured when two drive tones are applied at resonance. The abscissa shows the detection comb frequencies f relative
to the center of the detection comb fc = (f1 + f2)/2. IMPs are detected at frequencies fulfilling the fIMP = k1f1 + k2f2 condition, which
falls on every other tone in this detection comb. (c) IMP power spectroscopy performed by sweeping the frequency comb depicted in
(a) across a frequency spectrum centered around the resonance frequency fr. (d) Vertical linecuts of the IMP spectroscopy data shown
in (c): the device resonance is shown as a dip in the transmission of drive tone f1, the third IMP f3 presents as a peak at 2f2 − f1, and
the background noise is shown at a frequency fBG that does not correspond to any IMP. The phase response is shown in Appendix C.
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elsewhere in the measurement system. Thus, we can use
this intermodulation spectroscopy method to characterize
nonlinearities native to our CPW resonator.

III. RESULTS

The standard resonator characterization shows the
expected trend where Qi is suppressed at low 〈n〉 due to
interaction with parasitic TLSs. This observation fits the
so-called standard tunneling model [23]

1
Qi

= Fδ0
TLS

tanh (hfr/2kBT)

(1 + 〈n〉/nc)
β

+ δ0, (2)

where Fδ0
TLS describes the power-dependent loss due to

parasitic TLSs, with F quantifying the TLS filling factor,
and δ0

TLS being the dielectric loss tangent, dependent on the
density of the TLSs. The parameter nc is the critical photon
number for the saturation of the TLS bath, and the power-
independent term δ0 quantifies the other, non-TLS-related
sources of loss, such as radiation or resistive losses due to
quasiparticles. T, h, and kB denote temperature, the Planck
constant, and the Boltzmann constant, respectively.

In the standard tunneling model, the parameter β = 0.5
characterizes the change of Qi with photon number. This
value often fits data poorly, especially for high-quality
resonators, which show a weaker power dependence [24–
26]. We treat β as a fitting parameter, finding a best-fit
value β = 0.3 [see Fig. 2(a)]. These deviations in β have
been attributed to the spectral instability of the device-
TLS system, and the interactions between different TLSs
themselves, not just interactions between a TLS and the
quantum circuit [27–29].

Having performed standard resonator characteriza-
tion measurements, we proceed to intermodulation spec-
troscopy as a function of applied drive power. Figure 2(b)
shows a clear signal at IMP frequencies across the entire
measured power range, with a power-dependent amplitude
of the measured IMPs. We identify three separate regions
with different power-dependent characteristics, consistent
with the observations from Fig. 2(a).

The drive powers used in this measurement exceed the
critical photon number nc. In the low-power regime where
〈n〉 < 200, TLSs dominate the total loss of the resonator,
and the dependence of the IMPs on power is strong with
a variable slope. In the intermediate drive power regime
where 〈n〉 � nc, the four strongest IMPs show a power-law
behavior, scaling with drive power as 〈n〉k. The fit param-
eters k are laid out in Table I, alongside the parameters
predicted by the model in Sec. IV. We note that due to
the saturation of the TLS bath, the IMPs increase more
slowly than the drive amplitude (i.e., k < 1). The oppo-
site is typically the case for intermodulation distortion in
electronic devices [30]. At drive powers exceeding about
5 × 105 photons, the nonlinearity increases sharply, which
relates to the onset of kinetic inductance effects at high
input power [31,32].

These trends are consistent with the Qi vs 〈n〉 curve
shown in Fig. 2(a). Here, TLSs contribute significantly to
the loss at low excitation numbers and become saturated
with stronger probes. At high power, current-induced pair
breaking changes the kinetic inductance and the frequency
of the resonator shifts, as shown in Appendix D.

The coupling between quantum circuits and TLSs tends
to fluctuate on slow timescales [29,33]. We study this effect
on the measured IMPs in Fig. 3, where we repeat the same
IMP spectroscopy measurement at a fixed drive power
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FIG. 2. (a) Internal quality factor Qi as a function of applied power 〈n〉, fitted to Eq. (2). The high-power data plotted in blue were
discarded in the fit. (b) The power of the four strongest IMPs, as well as the background noise at non-IMP frequencies, plotted as a
function of applied drive power, for the case when the drive tones are applied at resonance. In the entirety of the measured power span,
the signal corresponding to the two strongest IMPs measured is well above the noise floor. At drive powers exceeding about 5 × 105

photons, the dominant nonlinearity is due to kinetic inductance, and the strength of the IMPs increases rapidly. The slope of the power
dependence of the data plotted on a logarithmic scale is fitted for 〈n〉 between 200 and 2 × 105 photons.
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TABLE I. Power dependence of the measured IMPs in
Fig. 2(d), and of the modeled IMPs in Fig. 4, fitted to 〈n〉k · 10y0 ,
where y0 is the y-axis offset.

IMP order Experimental fit k Model fit k

3 0.41 ± 0.05 0.42
5 0.38 ± 0.04 0.43
7 0.42 ± 0.04 0.44
9 0.48 ± 0.05 0.45

level of about 103 photons for 25 h. Each of the individual
measurements is averaged for about 5 min. We do observe
seemingly random fluctuations of the measured IMPs over
time in this measurement, correlated between the differ-
ent orders of IMPs. The fluctuations do not extend to the
measured amplitudes of the drive tones, which are sta-
ble in comparison, nor to the measured background noise.
A prominent example of these fluctuations can be seen
around the 7–8-h mark in Fig. 3. From this we conclude
that the fluctuations are native to the nonlinearity in the
device, and do not originate in the measurement setup from
sources such as drifts in room-temperature electronics. The
fluctuations observed Fig. 2(b) may be in part explained
by the instability of the TLS spectrum that gives rise to
the temporal variations shown in Fig. 3. A changing cou-
pling between the TLS and the device over time is a typical
feature of TLS interaction [34].

IV. NONLINEAR PARAMETER
RECONSTRUCTION

In this section, we detail the modeling and reconstruc-
tion of the nonlinear loss due to parasitic TLSs. Our
reconstruction algorithm is based on fitting the linear and
nonlinear oscillator parameters to a single intermodulation
spectrum by harmonic balance [35,36]. This spectrum is

)

)

) )

FIG. 3. IMPs measured repeatedly for 25 h, in 5-min intervals,
at a constant drive power level of about 103 photons.

measured on resonance, with the drive power correspond-
ing to 〈n〉 about 103 photons and averaged over 10 h, such
as is the case in Fig. 1(a). This drive power is selected from
the region of Fig. 2(a) where the power dependence of Qi
due to TLS is steep. This is so that the SNR is more favor-
able than the fully TLS-limited single-photon regime, but
we still observe a power-dependent Qi where the TLS bath
is not fully saturated.

We model our resonator as a driven harmonic oscil-
lator with nonlinear damping caused by parasitic TLSs.
The Heisenberg-Langevin equation of motion describ-
ing the dynamics of the resonator in the rotating-wave
approximation is then

˙̂a = −iω0â − κ0 + κext

2
â − κTLS(|a|)

2
â − √

κextain, (3)

where â and ain are the time-dependent intracavity modes
and the input drives respectively, ω0 the resonant fre-
quency, κ0 the internal linear loss rate, κext the external
coupling to the transmission line, and κTLS(|a|) the power-
dependent loss due to parasitic TLSs. We consider a
power-dependent damping of the standard form of Eq. (2),
giving

κTLS(|a|)a = κTLS
[
1 + (|a|/ac)

2]β
, (4)

where κTLS = frFδ0
TLS represents the TLS loss rate, and

a2
c = nc the critical photon number.

We drive the system with two tones, separated by �,
such that the IMPs created are within the resonator’s
linewidth, where the sensitivity is enhanced. When the
drive frequencies are periodic in some measurement time
T = 2π/�, and the nonlinearities and drives are suffi-
ciently weak to avoid period doubling or chaotic behavior,
the system’s response is a discrete spectrum at frequencies
that correspond to integer multiples of �. We confirm this
by analyzing the system over several periods in the steady
state to ensure the response remains at integer multiples
of �.

We first solve the forward problem by numerically inte-
grating Eq. (3) using scipy.integrate.ode from the
SciPy library [37] to obtain the time-dependent intracavity
field. The output field is then obtained using the input-
output relation âout = √

κextâ + ain. Figure 4 shows the
four strongest IMPs as a function of drive power simu-
lated with experimentally relevant parameters. For strong
drives 〈n〉 � 1, the IMP power shows a power-law scal-
ing proportional to 〈n〉k, with parameters k laid out in
Table I. This behavior matches the experimental results
shown in Fig. 2(b). We also simulate a sweep of the drive
tone frequency across the resonance and analyze the power
dependence of the IMPs as a function of β (see Appendix E
for details).
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FIG. 4. Simulation of the power of the generated IMPs as a
function of applied drive power. The parameters of the fit shown
with dashed lines are shown in Table I.

To reconstruct the nonlinear parameters of the system,
we expand the TLS damping in Eq. (4) in a power series,
transforming the equation of motion to

˙̂a = −iω0â −
N∑

n=1

cn|a|n−1â − √
κextain, (5)

which is linear in the coefficients cn. The coefficients are
independent of the proposed model, allowing the appli-
cation of the reconstruction algorithm to various types of
nonlinearities [17,38], including unknown ones.

In the experiment we measure only a limited number
of frequencies with good SNR, corresponding to the two
drive tones and 14 IMPs. These frequencies, denoted as
ωk with Fourier component Âk, represent a partial spectral
response of the system. Specifically, Âk corresponds to the
intracavity field amplitude at the frequency ωk.

By Fourier-transforming and rewriting Eq. (5) in matrix
form, we arrive at an expression linear in the coefficients
cn [17],

∑

l

Hklpl = −Ain,k, (6)

where the kth row of the matrix Hkl is given by

Hk =
(

iωkÂk iÂk Âk F {|a|2â
}

k · · · F {|a|N−1â
}

k

)
,

and pl are the components of a vector containing the
unknown parameters

√
κext pT = (

1 ω0 c1 · · · cN
)

.

We solve Eq. (6) by numerical pseudoinverse of the
matrix H to find the best-fit vector p , which includes the

TABLE II. Reconstructed resonator parameters via fitting the
standard tunneling model [Eq. (2)] and the intermodulation spec-
tral method with harmonic balance. The third column presents
results from the intermodulation spectral method with the fixed
parameter β = 0.3, while in the fourth column β is left as
a free parameter in the reconstruction. The error bars of the
reconstructed values are computed by bootstrapping [40].

Harmonic balance

Parameters
Standard

model Fixed β Free β

fr [GHz] 4.11 4.11 4.11
κext [kHz] 6.8 ± 0.1 6.6 ± 0.2 6.6 ± 0.2
κTLS [kHz] 4.0 ± 0.3 5.2 ± 0.2 5.3 ± 0.2
ac [

√
n] 1.4 ± 0.4 1.6 ± 0.4 0.51 ± 0.03

β 0.30 ± 0.02 0.3 0.133 ± 0.004

polynomial coefficients cn. To extract the TLS damping
parameters κTLS, ac, and β from the polynomial expansion
coefficients and to compare our harmonic balance results
with the circle fit analysis, we perform a least-squares fit-
ting. For this fit, we set κ0 = 0.86 kHz, based on the value
extracted from a fit of the parameters extracted from the
standard circle fit to Eq. (2) in the high-power regime.
This parameter can in principle be obtained from a fast fre-
quency sweep at high power. Our reconstruction is based
on measurements of a single intermodulation spectrum and
encounters limitations in simultaneously capturing both ac
and β. We therefore fix β = 0.3 motivated by the slope of
the third-order IMP strength in the TLS saturation regime
(see Appendix E).

The resulting parameters, listed in Table II, show good
agreement with the standard fit values. Without fixing the
parameter β, our reconstruction method still yields the
important TLS loss parameter κTLS in good agreement
with the standard method. In Appendix E, we reconstruct
the TLS parameters from a spectrum averaged over 1 h,
obtaining results that are consistent within the error bars.
Differences may be due to variable conditions across cool-
ing cycles as the standard resonance sweeps and IMP data
were obtained in separate cooldowns [39].

V. DISCUSSION AND CONCLUSION

We demonstrate the inherent nonlinear nature of par-
asitic TLSs in superconducting circuits by observing
frequency-mixing products in a CPW resonator when
driven near-resonantly by two slightly detuned drive tones.
We characterize the intermodulation products of this fre-
quency mixing as a function of drive detuning with respect
to the resonance frequency, as well as the applied drive
power. Drawing a comparison to the standard tunneling
model for TLSs, we observe an analogous power depen-
dence of the IMPs on applied drive power, as we expect
from the conventional analysis of the Qi suppression at
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decreasing drive powers as an effect of a saturable bath of
TLSs.

Repeated measurements of the IMPs generated in the
device when driven by the same conditions over 25 h show
correlated jumps in the IMP amplitudes. This approach
provides an efficient method of studying the timescales of
TLS-device interaction with a high SNR.

Using harmonic balance analysis and assuming a model
for a driven harmonic oscillator with nonlinear damping,
we reconstruct the nonlinear parameters of this device-
TLS interaction, in good agreement with the parameters
extracted from the experimental data using the conven-
tional tunneling TLS model. Our reconstruction method
is promising for characterizing TLSs in superconducting
devices, as it reduces the need for a comprehensive fre-
quency and power sweep, enabling analysis through a
single intermodulation spectrum with the parameter δ0
extracted from a fast high-power sweep. While indepen-
dently determining β and ac does require a power sweep,
measuring at the single photon level is not necessary.
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APPENDIX A: SAMPLE FABRICATION

The device was fabricated on a 280-µm thick, high-
resistivity (ρ ≥ 10 k
 cm), intrinsic silicon substrate.
Prior to thin film deposition, the substrate was submerged
in 2% HF for 60 s to remove the native surface oxide,
then rinsed in deionized water and loaded immediately into
a heated loadlock of a sputter deposition tool, where the
substrate was heated to 80 ◦C during pumpdown. After

transfer into the deposition chamber, the substrate was
heated to 300 ◦C for 10 min and left to cool down for 16 h,
after which the chamber pressure was 2.2 × 10−8 mbar.
A 150 nm thick layer of Al was deposited by sputtering
at 0.9 nm s−1, and the film was oxidized in situ by static
oxidation at 10 mbar.

The device was patterned by direct-write optical lithog-
raphy on a poly(methylmethacrylate) (PMMA) A2 +
S1805 resist stack. The optically sensitive S1805 was
developed in a tetramethyl ammonium hydroxide (TMAH)
based developer. After development, the exposed PMMA
protecting the underlying Al from TMAH was ashed in
oxygen plasma, and the pattern was transferred into Al
by wet etch in an H3PO4:HNO3:CH2O2 solution at room
temperature.

The remaining resist was then dissolved in an n-
methylpyrrolidone-based resist remover, acetone, and iso-
propanol. The wafer was coated with a fresh layer of
protective photoresist (S1805), diced, and stripped again
in the aforementioned solvents. The cleaning was finished
with an ozone-cleaning step.

APPENDIX B: MEASUREMENT SETUP

The chip is placed in a light-tight copper sample box,
where the transmission line is wire-bonded to input and
output subminiature version A (SMA) connectors, and the
ground plane of the CPW is wire-bonded to the copper box
along the chip periphery.

The sample box is then mounted onto a copper tail
attached to the mixing chamber stage of a dilution refrig-
erator. The copper tail is enclosed in an additional copper
can coated with a layer of Stycast mixed with SiC on the
inside, which is in turn enclosed in a Cryoperm magnetic
shield. This is in addition to the shields attached to every
temperature stage as marked in Fig. 5.

On the input signal line, the incoming signal is attenu-
ated at each stage with individual attenuators amounting to
a total of 55 dB attenuation. The input line attenuates by an

M
ul

tif
re

qu
en

cy
 lo

ck
-in

3–4.3 GHz
300 K 50 K 4 K 0.8 K 0.1 K 0.01 K

Cryoperm

–3 dB

–1 dB

+45 dB+26 dB+26 dB

–10 dB –20 dB –6 dB–6 dB –10 dB

Attenuator Bandpass filter Eccosorb filter Isolator Switch

LP
8 GHz

HP
3 GHz

LP
8 GHz

FIG. 5. Cryogenic measurement setup.
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additional 11 dB at 4 GHz, as determined from an ac-Stark
shift measurement of a qubit.

Microwave switches are present below the mixing
chamber stage on both the input and output lines. On the
output line, above the 10 mK stage, the signal is passed
through a chain of microwave isolators and filters to sup-
press both reflected signals and thermal noise coming from
the higher temperature stages and the amplifiers. The weak
signal is amplified at the 4 K stage by a low-noise high
electron mobility transistor cryogenic amplifier. At room
temperature, the signal is further amplified by two gain
block amplifiers connected in series.

For intermodulation product measurements, the cryo-
genic microwave measurement setup was connected to
a multifrequency lock-in amplifier [22]. We use a sepa-
rate signal output for each drive tone, passing through a
3–4.3-GHz bandpass filter before being combined in a
power splitter and routed through the cryogenic measure-
ment setup.

For the quality factor characterization of the device, the
microwave setup was connected to a vector network ana-
lyzer, with a 30 dB attenuator added to the output of the
analyzer at low power measurements.

APPENDIX C: ADDITIONAL DATA

To investigate the origins of the nonlinearity we observe
through intermodulation, we repeat the intermodulation
measurement; only this time, we place the frequency comb
far outside the resonance, detuned by 700 kHz (Fig. 6).
Here the resonator does not interact with the drive sig-
nals, and instead, we measure the transmission of our
microwave measurement setup and the transmission line

)

)

)

)

))

FIG. 6. Intermodulation measurement performed around a fre-
quency 700 kHz away from resonance. We observe no intermod-
ulation products as a result of the two drive tones, showing that
the nonlinearities we observe are native to the device and not an
artifact of our measurement setup.

(  
   

 )

(       )

FIG. 7. The phase response of the resonator at the drive fre-
quency and the three strongest IMPs, as a function of drive
frequency. The drives are at resonance when the detection comb
frequency fc coincides with the resonance frequency fr.

of the device itself. We do not observe any intermodula-
tion here, ruling out the measurement setup as the origin of
this nonlinearity.

We show the phase response of the resonator and the
three strongest IMPs in Fig. 7. The phase response at the
drive tone wraps by less than π across resonance, which
is an expected response for an asymmetric, overcoupled
resonator in a notch configuration [41]. The phase response
of the IMPs wraps by 2π .

APPENDIX D: RESONATOR
CHARACTERIZATION

The initial characterization of the resonator is performed
by spectroscopy, where the complex S21 transmission scat-
tering parameter is measured using a vector network ana-
lyzer. The S21 data are analyzed using the resonance circle

250 0 250
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0.06

0.08

0.10

0.12

|S
2

1
|

0.025 0.050 0.075

0.04

0.06

0.08

0.10
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)

(S21)

(a) (b)

FIG. 8. The resonance circle fit method at the single pho-
ton level. (a) The fit of the absolute value of the transmission
scattering parameter S21 as a function of frequency, with a dip
in transmission at resonance. (b) The resonance circle on the
complex plane.
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FIG. 9. The resonator’s frequency extracted from a circle fit
of the complex S21 data, as a function of average photon num-
ber 〈n〉.

fitting method with diameter correction [18]:

S21(f ) = aeiαe−2π f τ

[

1 − (Ql/|Qc|)eiφ

1 + 2iQl(f/fr − 1)

]

, (D1)

where fr is the resonance frequency, f the probe frequency,
φ the impedance mismatch, Qc the coupling quality fac-
tor, and Ql the loaded quality factor, from which Qi can
be extracted with Q−1

l = Q−1
i + Re{Q−1

c }. The remaining
parameters, additional amplitude a, phase shift α, and elec-
tronic delay τ account for environmental imperfections.
For an example of the accuracy of this fit at the single
photon level, see Fig. 8.

The circle fitting method is at its most reliable when the
resonator is near-critically coupled to the transmission line
(i.e., Qi ≈ |Qc|). With a |Qc| of 6 × 105 and a Qi in the
range of 1 × 106–5 × 106 depending on their applied drive
power, our device is close to this condition.

We show the extracted resonance frequency as a func-
tion of power in Fig. 9. The frequency shifts mirror the dif-
ferent regions of the Qi vs 〈n〉 dependence seen in Fig. 2(a),
where data are scattered in the low-power regime due to
TLS fluctuations, and at high powers the power-dependent
kinetic inductance modifies the resonance frequency and
quality.

APPENDIX E: ADDITIONAL MODELING AND
PARAMETER RECONSTRUCTION

We simulate a sweep of the drive frequencies across the
resonance shown in Fig. 10. The drive strength presents a
dip on resonance, while the IMP strength increases, qual-
itatively matching the experimental results in Fig. 1. We
also simulate the power dependence of the third-order IMP
for various β values, as illustrated in Fig. 11. Notably,
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FIG. 10. Intermodulation simulation results. (a) A schematic of the input tones and the output of the device under test (DUT).
(b) Simulated IMPs when two drive tones are applied inside the resonance linewidth. The abscissa shows the detection comb fre-
quencies f relative to the center of the detection comb fc = (f1 + f2)/2. IMPs appear at frequencies fulfilling the fIMP = k1f1 + k2f2
condition, which falls on every other tone in this detection comb. (c) Simulated IMP spectroscopy performed by sweeping the fre-
quency comb depicted in (a) across a frequency spectrum centered around the resonance frequency fr. (d) Vertical line cuts of the
simulated IMP spectroscopy data shown in (c). The device resonance shows a dip in the transmission of drive tone f1, and the third
IMP f3 presents a peak at 2f2 − f1.
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FIG. 11. Simulation of the power of the third-order IMP as a
function of the input drive power normalized by photon number
at different β values. The inset shows the value of the slope of
the TLS saturation regime k as a function of β.

with increasing β we observe a reduction in the slope of
the third-order IMP above nc. The connection between the
slope above nc and the parameter β is seen in the inset of
Fig. 11. As β increases, we observe a noticeable decrease
in the slope, becoming 0 at β = 0.5. This behavior indi-
cates that the observed power dependence above nc is not
a feature of the standard tunneling model with β = 0.5.
The value of β = 0.3 found in Fig. 2 is also in agreement
with this simulation.

To test the efficiency and robustness of the intermodula-
tion spectral method combined with harmonic balance, we
perform reconstructions on data acquired in 1-hour-long
measurements, much shorter than what is feasible with the
standard approach. The reconstructed parameters, shown
in Table III, are comparable to those obtained from longer
measurements, though with a slight decrease in precision.
This ability to conduct rapid measurements, as opposed
to the more time-consuming standard analysis, offers a
significant advantage.

TABLE III. Reconstructed resonator parameters via fitting the
intermodulation spectral method with harmonic balance on a
1-hour-long measurement. The confidence intervals of the recon-
structed values are computed by bootstrapping.

Parameters Harmonic balance

fr [GHz] 4.11
κext [kHz] 7.1 ± 0.6
κTLS [kHz] 5.7 ± 0.6
ac [

√
n] 1.8 ± 0.3
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