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A B S T R A C T  

The scope of this pa pe r is a m ultiva ria te set tin g involvin g categor ical var iables. Following a n exte rn al m anipul ation of one v ari ab le, the goal is to 

evaluate the causal effect on an outcome of in te res t. A typical sce na rio involves a sys te m of v ari ab les r epr ese n ting lifes tyle, physical a nd me n tal 
fea tur es, symptoms, and risk factors, with the outcome being the presence or absence of a dis eas e. Thes e v ari ab les a re in te rc onne cte d in complex 
ways, allowing the effect of an int ervention t o pr opaga te thr ough multiple pa ths. A dist inct ive fea tur e of our approach is the est imat ion of causal 
effe cts while ac c ounting for unce rtain ty in both the depe nde nce s tructur e, which we r epr ese n t through a dire cte d acyclic graph (DAG), and the 
DAG- mode l pa ra mete rs . Spe c i fically, we propose a Markov chain Mon te Ca rlo al gorithm that ta rge ts the j oin t pos te rior ove r DAGs a nd pa ra me- 
te rs, based on a n efficie n t reve rsib le-jump propos al s cheme. We v alid ate our me thod through exten sive simul ation studies and demonstrate that 
it outperforms curre n t s tate-of-the-a rt proc e dures in terms of est imat ion a ccura cy. Finally, we apply our methodology to analyze a dataset on 

de pre ssion and anxiety in undergraduate students. 

KEY W OR DS : Bayesian inference; categorical data; causal infe re nc e; dire cte d acyclic graph; reversible jump Markov chain Monte Carlo. 
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1 I N T R O D U C T I O N 

he ge ne r al fr a mework of this pa pe r is a m ultiva ria te set ting con-
isting of categorical v ari ab les. Fo llowing an external manipula-
ion of one v ari ab le, the primary goal is to evaluate the causal
ffect of this in te rve n tion on an outcome of in te res t. A typi -
al example is r epr ese n ted b y a sys te m of va riable s re pre se n ting
ifes tyle, physical a nd me n tal fea tur es, symptoms, and risk fac-
 ors, and the out c ome is the presenc e or absenc e of a dis eas e. All
hes e v ari ab les a re in te rc onne cte d in a comp lex w ay, which m us t
e lea rned a nd take n in to ac c ount be cause the effe ct c ould prop-
gate along several paths. For an altern ativ e example, c onsider
ealth data on functioning and d isabil ity. He re, the va riable s re p-
ese n t categories ide n tified a ccordin g to the In te rn ation al Clas-
ificat ion of Funct ioning, Disability and He alth (IC F ) ( Stucki
t al., 2007 ). IC F categ ories are org anized into 2 parts, each con-
is ting of diffe re n t compone n ts. The firs t pa rt c ov ers function-
ng and d isabil ity a nd includes the compone n ts “Body Func-
ions and Structure s ” and “Act ivit ies a nd Pa rt icipat ion .” The s ec-
nd part c ov ers c ont extual fact ors with the compone n ts “Envi -
onme n t al Factors ” a nd “Pe r sonal Factor s .” In this framew ork,
alis ch e t al. ( 2010 ) an alyze d da ta on pa tie n ts with spin al c ord

n jury (SCI) re sulting from a m ultice n te r, cross - se ction al study
 onducte d in 14 c ountries; se e Biering -Søren s en e t al. ( 2006 ) for
urthe r details. Afte r pr epr oces sing, the d atas e t included around
00 IC F categ ories mostly fr om Body Functions/Structur es and
ct ivit ies a nd Pa rt icipat ion. The authors ca refully inves ti gated
e c eiv e d: August 13, 2023; Revised: June 13, 2024; Accepted: July 4, 2024 
The Author(s) 2024. Published by Oxford University Press on behalf of The In te rn ation al Bio

ommon s A t tribution-NonCommer c ial L icen s e ( https://creativ ec ommons .org/lic enses/by-
e dium, provide d the origin al w ork is properly cite d. For c ommer cial r e-us e, p leas e contact j o
he depe nde nce s tructure a mong the va r iables (categor ies) and
etermined the causal effects on a critical outcome v ari ab le,
Ge ne ral Health Pe rception” ( ghp ), following a n in te rve n tion
n the re maining ite m s pres e n t in the d atas e t. Among the 5 most

nflue n ti al v ari ab les on ghp , 4 turned out to belong to the Activ-
ties and Part icipat ion group (the top one being “Doing house-

ork”), with only 1 (“Sen s ation of pain”) belon gin g to the Body
unctions group. The practical implication of these findings is to

nfor m polic ies (eg, the ra p y ) a v ail ab le to health car e pr oviders. 
The a nalyses ca rried out on the IF C-S CI da ta wer e performed

sing techniques based on graphical models (Lauritzen, 1996 ),
nd more spec i fically dire cte d acy clic gr ap h s ( DAGs) ( Koller
nd Frie dm an, 2009 ), wher e nodes r epr ese n t va ria bles. T hi s i s
lso the broad methodological framework embrac e d in our pa-
e r. Our dis t inct iv e c ontributions include (i) a Bay esian gr aph-

cal model for m ultiva ria te ca tegor ical var iable s that simult ane-
usly ac c oun ts for DAG s tructure a nd model pa ra mete r unce r-

ainty; (ii) a method for Bayesian Model Averaging (BMA) in-
e re nce on the causal effects induced b y exte rnal ma nipul ation s
f v ari ab les; (i i i) a n efficie n t c omputation al sche me to pe rform

asks (i) and (ii). 
The rest of this se ction re caps the basic facts about Bayesian

earning of graph structures using o bs erv ational d ata and causal
nfe re nc e base d on DAG models . To pe rform causal infe re nce,
 DAG model has to be e quippe d with s uitab le caus al s e ma n tics
Pea rl, 2000 ). Alte rn ativ ely, a (causal) structural equation model
me tric Socie ty. Thi s i s a n Ope n Ac c ess a rticle dis tributed unde r the te rms of the C re ative 
nc/4.0/ ), which permits non-c ommer cial r e-use, distribution, and r epr oduction in any 
urn als .permis sion s@oup.com 
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could be e mplo yed (Pea rl, 1995 ) but is not d isc ussed in this
article. Our causal model is r epr ese n ted b y a fa mily of observa-
t io n a l probability distributions that satisfy the Markov factor-
ization implied by a DA G (S adeghi, 2017 ). The term “causal”
be c omes meaningful through the do-ca lcu lus (Pearl, 2000 ), a
t echnique t o det ermine the i nterv ent io n a l dis tribu t io n resulting
from an extern al m anipulation of variables in the sys te m. A no-
table fea tur e of the in te rve n tional dis tribution is that it is ex-
pres s ed in terms of the observational distribution, which is es-
timable from the data; as a c onse quenc e, under a few further
as sumption s (notab ly tha t ther e exist no hidden confounders),
causal queries can be answ ere d ev en when the data are purely
o bs erv at ional . 

A causal model is pr edica ted on a given DAG. In real-world ap-
p lication s, how ev e r, the ge ne rating DAG is unknown and thus
ne e ds to be lear ned. A di fficulty w e fac e is th at the true ge ne rat-
ing DAG is not ide n tifiab le in ge ne ral from purely o bs erv ational
d ata becaus e its c ondition al indepe nde ncies ca n be e nc ode d in
diffe re n t DAGs that can be grouped into a (Markov) equivalence
class ; ide n tifiability ca n be r eached but this r equir es spec i fic dis-
tribution al ass umption s; s ee, for in s ta nce, Pete rs a nd Bühlma nn
( 2014 ), M ahdi M ahmoudi and Wit ( 2018 ), and Shimiz u e t al.
( 2006 ). Because only a Markov equivalence cl as s can be in-
ferr ed fr om da ta, it follows tha t ther e exists a whole colle ct io n of
causal effects (one for each DAG in the cl as s); s e e Ma athuis et al.
( 2009 ) for methods to ide n tify these effects in hi gh-dime nsional
m ultiva riate Gaussia n models. 

H ist orically, D AGs wer e intr oduc e d as an engine for prob-
abilis tic expe rt sys te m s with categorical/dis cre te v ari ab les as
nodes, and in that s e ttin g they a c quire d the name Bayesian net-
works (Pearl, 1988 ). Causal disc ov ery for Bayesian networks can
be trac e d back to He ckerm an et al. ( 1995 ); see also Scutari and
Denis ( 2014 ) and Roverato ( 2017 ) for a more re c e n t ac c ount.
In this con text, Madi ga n et al. ( 1996 ), Castelo and Perlman
( 2004 ), and mor e r e c ently, Castelletti and Peluso ( 2021 ) focus
on learning e quivalenc e cl as s es. A l arge part of re c ent method-
o lo gical res earch in caus al infe re nc e is, how ev e r, fra med in terms
of con tin uous m ultiva riate dis tributions (Maath uis et al., 2009 ;
Cas telletti a nd Consonni, 2021 ). The methodology of Maathuis
et al. ( 2009 ) was later adapt ed t o cat egor ical distr ibutions by
Kalis ch e t al. ( 2010 ). To this e nd, they firs t imple me n t the PC
al gorithm to es timate a Ma rkov equivale nce cl as s of DAGs and
then compute a ba t tery of pos sib le caus al effects for v ari ab les of
in te res t using do-calculus rules. Their method relies on a sin-
gle comp le ted parti ally DA G (C PDA G) r epr ese n ting the es ti -
m ate d Markov e quivalenc e cl as s of DAGs; ac c ordingly, no un-
ce rtain ty a round such gra ph es tima te is pr ovided, unlike in our
approach. 

The re maining pa rt of this pa pe r is s tructure d as follows . Se c-
tion 2 prese n ts releva n t not ation, the mode l form ulation, a nd the
all ied prior s; Section 3 spec i fies the causal effect as the main pa-
ra mete r of infe re nce; a nd Section 4 details our c omputation al
strategy lea din g up to a BMA estimate of the causal effect. The
pe rforma nce of our method, including comparis on s with alter-
n ativ e approaches, is prese n te d in Se ction 5 , while Se ction 6
prese n ts a n a pplica tion to depr ession a nd a nxiety data. The fi-
n al se ction offer s a brief d isc ussion together with possible future
developme n ts. 
2 B AY E  S I A  N  I N F E R E N C E O F  C  AT E G O R I C  A L  

DA G  M O D E L S  

2.1 Categ o ric a l data and notation 

Let X = (X j , j ∈ V ) � , V = { 1 , . . . , q } , be a (q, 1) v e ctor of
categorical ra ndom va ri ab les with X j taking values in the cor- 
responding s e t of levels X j , whos e ge ne ric ele me n t is x j . We
let X : = × j∈ V X j be the product space of the sets of lev els . 
The c olle ction of j oint pro babilities π = { πx , x ∈ X } ca n be a r-
ranged in a q -way con tinge ncy table of pr obabilities, wher e each 

cell refers to a spec i fic level x ∈ X . For a ny give n S ⊆ V , we let
X S = (X j , j ∈ S ) be the s ub-v e ctor of X with compone n ts in-
dexed b y S , a nd x S ∈ X S : = × j∈ S X j one of its lev els . We then
let π S 

x S = Pr (X S = x S | π) be the corresponding marginal joint 
pro bability for v ari ab les in S . We inst ead writ e θ j | S 

x j | x S = Pr (X j = 

x j | X S = x S , π) t o denot e the c ondition al pro bability for v a ri -
a ble X j e valua ted a t x j , given configuration x S of v ari ab les in S ,
j / ∈ S . 

Consider now n observations x 

(1) , . . . , x 

(n ) from X , where 
x 

(i ) = (x (i ) 
1 , . . . , x (i ) 

q ) � ∈ X for i = 1 , . . . , n . For any x ∈ X ,
we can compute the count n x = 

∑ n 
i =1 1 ( x 

(i ) = x ) , that is, the 
n umbe r of o bs erv ation s that are equal to x , and organize the 
res ulting c olle ction of values in a q -way con tinge ncy table of 
counts N = { n x , x ∈ X } . In addition, for any x S ∈ X S , we let
n 

S 
x S = 

∑ n 
i =1 1 ( x 

(i ) 
S = x S ) and N S = { n 

S 
x S , x S ∈ X S } be the al- 

lied | S | -way marginal con tinge ncy table of counts. 

2.2 Mode l fo rm ulatio n 

Let D = (V , E) be a DAG, with set of nodes V , one for each of
the q v ari ab les, and E ⊆ V × V its s e t of dire cte d e dges . If u � = v
and (u, v ) ∈ E, then (v, u ) / ∈ E, and we say that D contains the 
dire cte d e dge u → v , where u is a pa rent of v ; e quivale n tly, v is
a child of u . The s e t of all pa re n ts of u in D is written pa D 

(u ) ,
while fa D 

(u ) = u ∪ pa D 

(u ) ide n tifies the fa m il y of u . In the re-
mainder of this section and in Section 3 , we reason co ndit io n a lly 
on a single given DAG, which, for simplicity, is omit ted fr om our 
notation. Unde r D, a nd for a ny level x ∈ X , the j oint pro bability
function of the random v e ctor X factorizes as 

p(x ) = Pr 
(

X 1 = x 1 , . . . , X q = x q ) 

= 

q ∏ 

j=1 

p 

(
X j = x j | X pa ( j) = x pa ( j) 

)
. (1) 

Unde r a fa mi ly of probabi l ity d is tributions a nd give n i .i .d . real-
izations { x 

(i ) , i = 1 , . . . , n } , the l ikel ihood function be c omes 

p( X | θ) = 

n ∏ 

i =1 

{ ∏ 

x ∈X 

{ 
Pr 

(
X 

(i ) 
1 = x (i ) 

1 , . . . , X 

(i ) 
q = x (i ) 

q | θ)} 1 ( x (i ) = x ) 
} 

= 

q ∏ 

j=1 

⎧ ⎨ ⎩ 

∏ 

k∈X pa ( j) 

⎧ ⎨ ⎩ 

∏ 

m ∈X j 

{ 
θ

j | pa ( j) 
m | k 

} n fa ( j) 
(m,k) 

⎫ ⎬ ⎭ 

⎫ ⎬ ⎭ 

, (2) 

where X is the (n, q ) o bs erv e d data m atrix whose i th row is
( x 

(i ) ) � . Importa n tly, the model in ( 2 ) is ide n tifiab le becaus e
it belongs to an exponential family; see Consonni and Massam 

( 2012 , Lemma 2.1). For r ela ted r esults, s ee als o Mas s a m a nd
Wes o lołow sk i ( 2016 ). Notic e th a t Equa tion 2 depends on the
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aw o bs erv ation s X through the coun ts N , which a re the suffi-
ie n t s tatis tics. 

2.3 Pa ra mete r p rio r dist r i but ion s 
e now proc e e d by assigning a prior distribution to θ. Spec i f-

cally, consider for each j ∈ V and each x pa ( j) ∈ X pa ( j) the al-

ied s e t of pa ra mete rs 
(
θ

j | pa ( j) 
x j | x p a ( j) 

, x j ∈ X j 

)
: = θ

j | pa ( j) 
x p a ( j) , whe re

ach ele me n t is a |X j | -dime nsion al v e ctor of c ondition al prob-
bilities for v ari ab le X j giv en c onfiguration x pa ( j) of its parents.
le arly, for e ach x pa ( j) , the e quality 

∑ 

x j ∈X j 
θ

j | pa ( j) 
x j | x pa ( j) 

= 1 holds .

ore ov e r, let 
(
θ

j | pa ( j) 
x p a ( j) , x pa ( j) ∈ X pa ( j) 

)
:= θ j | pa ( j) be the col -

e ction of c ondition al probabilities for node j. We introduce the
ollowing indepe nde nc e ass umptions (Gei ge r a nd Hecke rma n,
997 ): 

� (G) ⊥⊥ 

j∈ V θ
j | pa ( j) ( glo b a l parameter independence); 

� (L) ⊥⊥ 

x pa ( j) ∈X pa ( j) 

θ
j | pa ( j) 

x pa ( j) for each v ari ab le j ( lo cal par ameter

indepe nde nce). 

Furthermore, w e ass ume for each θ
j | pa ( j) 

k , with j ∈ V and k ∈
 pa ( j) , 

θ
j | pa ( j) 

k ∼ Dir 
(

a 

j | pa ( j) 
k 

)
, (3) 

 Dirichlet distribution with hype rpa ra mete r a 

j | pa ( j) 
k =

a j | pa ( j) 
m | k > 0 , m ∈ X j 

)
, whos e pro bability den sity function is

ive n b y 

p 

(
θ

j | pa ( j) 
k 

)
= 

�
(∑ 

m ∈X j 
a j | pa ( j) 

m | k 
)

∏ 

m ∈X j 
�

(
a j | pa ( j) 

m | k 
) ∏ 

m ∈X j 

{ 

θ
j | pa ( j) 

m | k 
} a j | pa ( j) 

m | k −1 

= h 

(
a 

j | pa ( j) 
k 

) ∏ 

m ∈X j 

{ 

θ
j | pa ( j) 

m | k 
} a j | pa ( j) 

m | k −1 
, (4) 

here h (·) is the prior normalizing cons ta n t. Equation 4 , to-
ether with (G) and (L), determines a prior on the overall DAG-
a ra mete r 

θ = 

{ 

θ
j | pa ( j) 

k , j ∈ V , k ∈ X pa ( j) 

} 

, (5) 

hich factorizes as 

p ( θ) = 

q ∏ 

j=1 

⎧ ⎨ ⎩ 

∏ 

k∈X pa ( j) 

p 

(
θ

j | pa ( j) 
k 

)⎫ ⎬ ⎭ 

= 

q ∏ 

j=1 

⎧ ⎨ ⎩ 

∏ 

k∈X pa ( j) 

p Dir 
(
θ

j | pa ( j) 
k 

∣∣∣ a 

j | pa ( j) 
k 

)⎫ ⎬ ⎭ 

. (6) 

he choice of the hype rpa ra mete rs in ( 6 ) r equir es car e espe-
i ally when s everal DAGs are entertained and the purpose is
AG mode l se lect ion. In part icular, assuming faithfulness, ob-

 erv ational d ata ca nnot dis tinguish betw e e n Ma rkov equivale n t
AGs; ac c ordingly, the prior on the pa ra mete r θ should gua ra n-

e e th at any tw o e quivale n t DAGs a re assi gned the sa me m argin a l
 ikel ihood; thi s i s the ra tionale behind the pr oc e dure for prior
 licit a tion intr oduc e d by He ckerm an et al. ( 1995 ) lea din g to
heir Bayesian Dirichlet equivale n t uni for m sc ore (BD eu); se e
lso Gei ge r a nd Hecke rma n ( 2002 ). Spec i fically, these authors
how that the default choice 

a j | pa ( j) 
m | k = 

a 
|X fa ( j) | 

, j ∈ V , m ∈ X j , k ∈ X pa ( j) , (7)

ith a > 0 , gua ra n t ees D AG sc ore e quivalenc e. Be side s ensur-
n g this comp atibil ity re quire me n t, the proposed model provides
los ed-form expres sion s for pos te rior dis tributions of pa ra me-
e rs a nd ma rginal l ikel ihoods . We will lev erage this fea tur e in Sec-
ion 4 to develop a Markov chain Monte Carlo (MCMC) sam-
le r ta rgeting the pos te rior ove r the space of DAGs and parame-

ers. 

3 C A U S A L  E F F E C TS  

he D AG fact orization ( 1 ) i s al so called the ob serva t io nal (or pre-
 nterv ent io n ) distribution . Con sider now two v ari ab les, X v and
 h : = Y (h � = v ) , wher e the la t ter is a respon s e of interest. We
 re in te res ted in the (total) c ausal effe ct on Y of an intervention
n X v . In pa rticula r, w e c onsider a hard intervention on X v , con-
isting in the action of forcing its value to a given level ̃  x , denoted
o (X v = 

˜ x ) . Unde r a ha rd in te rve n tion, the pos t-int ervent io n dis-
ribut ion (Pearl , 2000 ) i s g ive n b y the truncat ed fact orization 

p 

(
x | do (X v = 

˜ x ) 
)

= 

{ 

∏ 

j � = v 
p 

(
X j = x j | X pa ( j) = x pa ( j) 

)
if x v = 

˜ x 

0 otherwise , 
(8)

he re each te rm p(X j = x j | ·) is the corr esponding (pr e-
n te rve n t ion) condit ional distribut ion of Equation 1 and again

e omit subscript D to ease the notation. Assuming for simplic-
ty that both X v and Y are binary taking values in { 0 , 1 } , the causal
ffect on Y r esulting fr om a n in te rve n tion on X v can be defined as 

c v = E 

(
Y | do (X v = 1) 

) − E 

(
Y | do (X v = 0) 

)
. (9)

ore ov er, it can be shown (Pearl, 2000 , Theorem 3.2.3) that 

c v = 

∑ 

k∈X pa (v ) 

E 

(
Y | X v = 1 , X pa (v ) = k 

)
Pr 

(
X pa (v ) = k 

)
−

∑ 

k∈X pa (v ) 

E 

(
Y | X v = 0 , X pa (v ) = k 

)
Pr 

(
X pa (v ) = k 

)
, 

(10)

her e the expecta tions ca n be alte rn ativ ely writt en in t erms
f c ondition al probabilities of Y being a s uc c ess be cause of its
in ary n a tur e. Equa tion 10 uses the s e t of pa re n ts as a n ad -

us tme n t s e t; how ev e r, alte rn ativ e s e ts are als o av ail ab le (Pearl,
000 ; Henckel et al., 2022 ). Under model ( 2 ) the causal effect
e c omes 

γv ( θ) = 

∑ 

k∈X pa (v ) 

{ (
θ

Y | fa (v ) 
1 | (1 ,k) − θ

Y | fa (v ) 
1 | (0 ,k) 

)
θ

pa (v ) 
k 

} 

. (11)

otic e th at the univ ari ate θ -pa ra mete rs inv olv e d in ( 11 ) are no t
he compone n ts of the ove rall DAG-pa ra mete r θ in ( 5 ) because
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the c ondition al distribution of Y | X fa (v ) does not a ppea r in ge n-
eral in the factorization ( 2 ). Yet γv (·) is a function of θ, so that
infe re nce on the causal effect can be retrieved from the pos te rior
distribution of θ, which is the s ubje ct of the next se ction; se e
also Web Appendix A for examples. When X v is polytomous,
one can define a ba t tery of causal effe cts . T ypically , one would
choose a r efer ence level for X v , ˜ m say, and then apply ( 9 ) for
pairs (X v = m, X v = ˜ m ) with m � = ˜ m . On the other hand, when
the levels of the respon s e Y are more than 2, the conditional
expectation in ( 9 ) should be rep l ac e d by the probability that Y 

a t t ains a suit able be nchma rk level. Alte rn ativ ely, a c olle ction of
causal effects, one for each level of Y , can be computed a nd the n
an alyze d to g aug e s en sitivity. 

4 P O ST E R I O R I N F E R E N C E  

Let S q be the set of all DAGs with q nodes. In this section, we
also r egar d DAG D as unce rtain a nd in tr oduce a r eversible jump
MCMC scheme for joint posterior inference on the DAG struc-
ture and the allied parame ter. Le t p(D) be a prior on D ∈ S q ,
which wi l l be spec i fied in Section 4.1 . Our target is the joint pos-
te rior dis tribution 

p( θ, D | X ) ∝ p( X | θ, D) p( θ | D) p(D) , (12)

where we now emphasize the dependence on DAG D both in
the l ikel ihood and prior. 

4.1 Prio r o n DAG D
We assign a prior on DAGs belon gin g to S q as follows. For
a given DAG D = (V , E) ∈ S q , let S 

D be the 0 − 1 a d ja-
cency matr i x of its skeleton, which is the underlying undire cte d
grap h o bt ained a fte r re mo vin g the orie n tation of all its ed ges.
For each (u, v ) -ele me n t of S 

D , w e h av e S 

D 

u,v = 1 if and only
if (u, v ) ∈ E or (v, u ) ∈ E, ze ro othe rwise. Conditionally on a
prior probability of inclusion η ∈ (0 , 1) w e ass ume, for each

u > v , S 

D 

u,v | η
iid ∼ Ber (η) , which implies p( S 

D | η) = η| S D | (1 −
η) 

q (q −1) 
2 −| S D | , where | S 

D | is the n umbe r of ed ges in D (equiva-
le n tly in its skeleton), and q (q − 1) / 2 is the maximum number
of edges in a DAG on q nodes. We then assume η ∼ Beta (c, d) ,
so that, by integrating out η, the resulting prior on S 

D is 

p( S D ) = 

�
(| S D | + c 

)
�

(
q (q −1) 

2 − | S D | + d 
)

�
(

q (q −1) 
2 + c + d 

) · � ( c + d ) 
� ( c ) � ( d ) 

. (13)

Fin ally, w e s e t p(D) ∝ p( S 

D ) for each D ∈ S q . 

4.2 M CM C sc h em e an d posterior su m maries 
To appr oxima t e the post erior ( 12 ), w e dev e lop an MC MC
scheme. Thi s i s prese n ted in Web Appe ndix B a nd is based on a
Part ial Analyt ic Structure (PAS) algorithm, which iteratively up-
dat es D AG D and the D AG-pa ra mete r θ b y sa mpling from their
full c ondition al distributions . 

Its out put i s a c olle ction of DAGs and corresponding DAG-
pa ra mete rs 

{(
θ(1) , D 

(1) 
)
, . . . , 

(
θ(S ) , D 

(S ) 
)}

, appr oxima tely
s amp led fr om ( 12 ), wher e S is the number of final MCMC
ite rations. An a pproxim ate m argin al pos te rior dis tribution ove r
the DAG space S q can be computed as 

̂ p (D | X ) = 

1 

S 

S ∑ 

s =1 

1 

(
D 

(s ) = D 

)
(14) 

for a ny D ∈ S q , whe r e 1 (·) is the indica tor function, and whose 
expr ession corr esponds to the MCMC frequency of visits of 
D. In addition, for any dire cte d e dge (u, v ) , w e ca n es timate a
m argin al posterior probability of edge inclusion (PPI) as 

̂ p (u → v | X ) = 

1 

S 

S ∑ 

s =1 

1 

(
u → v ∈ D 

(s ) ). (15) 

Starting from the previous qua n t it ie s, single DAG e stimate s 
s umm arizing the MCMC output can be re c ov ere d: a m aximum 

a pos te r ior i estim ate, c orresponding to the DAG with the high- 
es t pos te rior probabil ity ( 14 ) or a med i an pro bability model 
(MPM) e stimate, obt ained by including only those edges whose 
PPI ( 15 ) is gr ea te r tha n 0.5. 

For a given node v ∈ { 2 , . . . , q } , consider now the causal ef- 
fect of do (X v = 

˜ x ) on Y , r epr ese n ted b y the pa ra mete r γv ( θ) in
( 11 ). For each draw θ(s ) from the pos te rior ( 12 ), we ca n firs t re-
c ov er γv 

(
θ(s ) 

)
using Equation 11 . An estimate of γv ( θ) is then 

̂ γ BMA 
v = 

1 

S 

S ∑ 

s =1 

γv 
(
θ(s ) ), (16) 

which implic itly perfor ms BMA through the MCMC frequen- 
cies of the visited DAGs. 

5 S I M U L AT I O N  ST U DY  

We i l lus trate the pe rforma nce of our me thodo lo gy through sim- 
ul ation . Spec i fically, we consider different sc en arios in which we 
vary the number of v ari ab les q ∈ { 10 , 20 } a nd the sa mple size
n ∈ { 200 , 500 , 1000 , 2000 } . For each choice of q , we randomly
ge ne rate G = 50 DAGs with probability of edge inclusion 2 /q 
reflecting spa rsity. Unde r e ach DA G, a d atas e t con sisting of n o b-
s erv ation s from q categor ical var iables is ge ne rate d as describe d 

in Web Appendix C. Eve n tual ly, a col lection of G = 50 DAGs 
and allied d atas e ts is av ail ab le under each sc en ario define d by
{ q, n } . In the same section of the Web Appendix, we provide 
details on the computation of the true causal effect γ ∗

v for each 

node v ∈ { 2 , . . . , q } , and with node Y = X 1 as the respon s e. 

5.1 Results 
We apply our MCMC scheme to appr oxima te the joint posterior 
distribution in ( 12 ). To this end, we let the number of MCMC 

iterations S vary in the set { 5000 , 10 000 } for, respe ctiv ely, q ∈ 

{ 10 , 20 } , disr egar ding fr om the output a burn-in period of size 
B ∈ { 1000 , 2000 } for the two values of q , respe ctiv ely. More- 
ov er, w e s e t the common hype rpa ra mete r of the Dir ichlet pr ior
in ( 7 ) as a = 1 and c = d = 1 in the Beta (c, d) prior for the
probability of edge inclusion η lea din g to the prior on DAG- 
space p( D) ; se e Se ction 4.1 . 

We s ta rt b y ev aluating the glo bal pe rforma nce of our method 

in learning the underlying graphical structure. Spec i fically, 
we first estimate the posterior probabilities of edge inclu- 
sion as in ( 15 ) for each pair of distinct nodes (u, v ) and 
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TA BLE 1 Simulat ions . Av erage (w.r.t. 50 simul ation s) Structural 
Ha mming Dis ta nc e (S HD), s en sitivity (S EN), and spe c i fic ity (SPE) 
indexes, c ompute d under each sc en ario define d by number of vari- 
ables q ∈ { 10 , 20 } a nd sa mple size n ∈ { 200 , 500 , 1000 , 2000 } . 

n = 200 n = 500 n = 1000 n = 2000 

q = 10 SHD 6.35 5.22 4.50 4.15 
SEN 56.15 69.62 78.28 82.36 
SPE 96.23 95.92 95.47 95.70 

q = 20 SHD 15.47 12.55 12.10 11.40 
SEN 50.27 66.15 73.02 74.37 
SPE 98.10 97.95 97.50 97.61 

TA BLE 2 Simulat ions . Av erage (w.r.t. 50 simul ation s and interv ene d 

nodes) abs o lut e error ( AE) betw e en true and estim ate d causal ef- 
fect (values m ultiplied b y 100), computed under each sce na rio de- 
fined by number of v ari ab les q ∈ { 10 , 20 } a nd sa mple size n ∈ 

{ 200 , 500 , 1000 , 2000 } . 
n = 200 n = 500 n = 1000 n = 2000 

q = 10 4.46 3.70 3.50 3.28 
q = 20 2.17 1.80 1.74 1.65 
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roduce a n MPM es timate of the DAG, ̂ D . The la t ter is
 ompare d with the true DAG D in terms of s en sitivity
S EN) and spe c i fic ity (SPE) indexe s, re spective ly, defined
s SEN = TP / (TP + FN) , SPE = TN / (TN + FP) , where
P , TN , FP , and FN are the numbers of true positives, true
e gativ es, false positiv es, and false ne gativ e s, re spe ctiv ely, which
an be re c ov ere d from the 0-1 a dja c ency m atrix of the estim ate d
rap h s. As an ov erall s umm ary, w e also consider the Structural
a mming Dis ta nc e (S HD), define d as the n umbe r of in s ertion s

nd dele tion s of flips ne e de d to transform the estim ate d graph
nto the true grap h . Res ults, av erage d w.r.t. the G = 50 simula-
ions under each sc en ario define d by q and n , are s umm arize d in
able 1 . Both the S HD and S EN metrics s u gge st th at the ac cu-

acy of our method in re c ov ering the true DAG improves as the
 umbe r of av ail ab le d a ta gr ows; mor e ov er, the S PE index a t tains
igh le vels e ven for the s malle st value of n , and is es s enti ally st a -
le as the sample size grows; ac c ordingly, the method shows an
ve rall a ppreci ab le pe rforma nce. 
We now consider causal effe ct estim ation. To this end, w e pro-

uc e the c olle ct ion of BMA est imates ̂  γ BMA 
v , v ∈ { 2 , . . . , q } ac-

or ding to Equa tion 16 . We compar e each BMA estima te with
he corresponding true causal effect γ ∗

v , and compute the abso-
ute error (AE) 

AE v = | γ ∗
v − ̂ γ BMA 

v | . (17) 

es ults are s umm arize d in Table 2 , where we report for each
alue of q and n the average value of the AE × 100 (c ompute d
cross the 50 simulated DAGs and nodes v = 2 , . . . , q ). By in-
reasing the s amp le size the diffe re nc e betw e e n es tim ate d and
rue causal effect pr ogr e ssive ly reduce s. 

5.2 Co mpa ris o ns with PC alg o rithm, HC, and IDA a pproa ch 

n this section, we compare the perform anc e of our Bayesian
e thodo lo gy with the IDA (ide n tification whe n DAG is abse n t)

pproach of Maathuis et al. ( 2009 ), originally introduc e d for
aus si an d ata and ad apt ed t o a cat egorical s e tting in Kalis ch e t al.
 2010 ). I DA est imates first a C PDA G using the PC algorithm
Spirtes e t al., 2000 ; Kalis ch a nd Bühlma nn, 2007 ). The la t ter
s based on a se quenc e of c ondition al indepe nde nce tes ts that

e imple me n t for si gnifica nc e lev el α ∈ { 1% , 5% , 10% } . The re-
ulting C PDA G r epr ese n ts a Markov e quivalenc e class of DAGs;
lthou gh the s e are equiv ale n t in te rms of c ondition al indepen-
e ncies, they ca n lead in principle to dis tinct causal effects for

he same interv ention. Ac c ordingly, Ma athuis et al. ( 2009 ) pro-
ose two diffe re n t s trategies for causal effect est imat ion. The first
 n ume rat es all D AGs in the e quivalenc e cl as s and for each one
 stimate s the causal effect. As this approach is c omputation ally
xpensiv e, ev en for moderate values of q , a se c ond algorithm
he reinafte r conside red), which only outputs the dis t in ct caus al
ffects within a given equivalence cl as s, is imp le me n ted. Finally,
 n ave rage causal effe ct, c ompute d across all distinct causal ef-
e cts c ompat ible with the est im ate d C PDA G, is returned. Each
f the distinct causal effe ct c oefficie n ts is c ompute d as in Equa-

ion 11 upon rep l a cin g m argin al and c ondition al probabilities
ith the corresponding s amp le proportion s. We refer to the re-

ult ing est imate as γ IDA 
v . Finally, not ice that the PC algorithm

rovides a C PDA G estima te, ra ther than a DAG. For compar-
s on purpos es, w e then re c ov er from our MPM DAG estimate
he r epr ese n tative C PDA G. 

For the purpose of structure learning underlying the IDA ap-
roach, w e also c onsider a Hi l l Climbing (HC) s core-bas ed
e thod (Rus s ell a nd Norvi g, 2009 ). HC is a n optimize d gre e dy

ea rch al gorithm tha t explor es the spa ce of DAGs by sin gle-arc
 dditions, remo vals, a nd reve rsals. We imple me n t HC with both
he Ba yesian I nformation Cr iter ion (HC BIC) a nd the Bayesia n

irichle t equiv ale n t uni for m sc ore (HC BD eu ) of H e ckerm an
 t al. ( 1995 ); s ee als o Rus s ell a nd Norvi g ( 2009 ). Both HC BIC
nd HC BDeu output a D AG estimat e, for which we construct
he r epr ese n tative C PDA G. The n, the IDA a ppro ach for ca usal
ffe ct estim ation is applied as described above. 
Figure 1 s umm arizes the distribution of S HD c ompute d across

he 50 simul ation s under each method and for different values of
 and n . In g eneral, it appe ars that the results of our method im-
rove as the s amp le size grows, while for PC and HC, this holds
nly for moderate s amp le sizes (from 200 to 500), because when
 increases from 1000 to 2000 the pe rforma nce sli gh tly dete rio-
 ates. Our Bay esi an me thod ad apt ed t o output an MPM-based
 PDA G is ther efor e highly compet it ive with all three versions
f PC a nd outpe rforms both HC BIC and HC BD eu; more ov er,

t shows an overall better perform anc e across sample sizes when
 onsidering the me dian value of the distribution, while v ari abil-
ty is comparable to mi ld ly la rge r. 

Fin ally, w e c on sider caus al effe ct estim ation and report in Fig-
re 2 , for each method and different c ombin ations of q and n ,

he boxplot of the AE, again c ompute d across the 50 simulated
AGs and nodes s ubje ct t o int ervention. Whi le al l methods im-

rove as n grows for both values of q , our Bayesian methodology
ased on a BMA estimate of the causal effect outperforms the
DA method under all sc en arios . The r ela tiv e in ac curacy of IDA
s strictly r ela t ed t o the poor pe rforma nce of both the PC and HC
lgorithms in re c ov ering the true C PDA G. This in turn affects
he c orre ct ide n t ificat ion of the s e t of distinct causal effects lead-
ng to the I DA est im ate. By c on tras t, our BMA out put i s typically
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FIG URE 1 Simul ation s. Structural Ha mming Dis ta nc e (S HD) betw e e n true a nd es tim ate d C PDA Gs for n umbe r of nodes q ∈ { 10 , 20 } and 

increasing s amp le s size s n ∈ { 200 , 500 , 1000 , 2000 } . Methods unde r compa rison a re as fo llows: our Bayesi an propos al (B ayes) lea din g to the 
MPM C PDA G es timate, the PC al gorithm imple me n ted for si gnifica nc e lev els α ∈ { 0 . 10 , 0 . 05 , 0 . 01 } (respe ctiv ely, PC 0.10, PC 0.05, PC 

0.01), and the Hi l l Climbing algorithm with BIC and BDeu scores (respe ctiv ely, HC BIC, HC BDeu). 

FIG URE 2 Simul ation s. Abs o lut e error ( AE) betw e e n true a nd es tim ate d causal effe cts (v alues multip lied b y 100) for n umbe r of nodes 
q ∈ { 10 , 20 } and increasing s amp le s size s n ∈ { 200 , 500 , 1000 , 2000 } . Methods unde r compa rison a re as fo llows: our Bayesi an propos al with 

the BMA causal effect estimate (BMA) and the IDA method based on the PC algorithm imple me n ted for si gnifica nce levels 
α ∈ { 0 . 10 , 0 . 05 , 0 . 01 } (respe ctiv ely, PC 0.10, PC 0.05, and PC 0.01) and on the Hi l l Climbing algorithm with BIC and BDeu scores 
(respe ctiv ely, HC BIC and HC BDeu). 
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based on a la rge r c olle ction of DAGs, which, although pos sib ly
outside the e quivalenc e class of the true C PDA G for some frac-
tion of the iterations, m ay w ell lead to a causal effect that is closer
to the true v alue becaus e of the similarity in the corresponding
ca usal p a th way. 

6 A P P L I C AT I O N TO  A N X I ET Y  A N D  

D E P R E S S I O N DATA  

We consider a dataset r ela tive to a study on de pre ssion a nd a nx-
iety in unde rgraduate s tude n ts . D e pre ssion re pre se n ts a serious
i l lne ss e specially amon g youn g people, which ca n be ide n tified
through several symptoms such as feelings of mel ancho ly and
e mptiness, dis turbe d sle ep, or loss of in te res t in s oci al act ivit ies.
In addition, it is strictly r ela t ed t o anxie ty dis orde rs a nd s tress.
S e ve ral the ra pies for the tr ea tme n t of depression and anxiety
h av e be en propose d, and m any of these h av e shown beneficial
effects on patie n ts in te rm s of a comp le te or parti al r estor e of so-
cial behavior and mental c onditions . 

The d atas e t w as co llected from n = 787 undergraduate
s tude n ts at the University of Lahore. Vari ab les in the ana-
lyzed d atas e t include de pre s sion di agnosis ( depr , the ab-
s ence/pres ence of de pre ssive st atus), anxie ty di agnosis ( anx ,
the abs ence/pres ence of anxie ty dis or der ), and 2 r ela ted va ri -
ables indicating the administration or not of a therapy against de- 
pression or anxiety ( depr treat and anx treat , re spec - 
tive ly), be side s other fea tur es such as gender , body max index 
( bmi , a categorical v ari ab le with 2 lev els, norm al/abnorm al), 
suicid al in s tinct ( suicidal ), a nd 2 va riables linked to day- 
time slee pine ss: sleep and its measure based on the Epworth 

scale ( epworth ). Most variables ar e r e c orde d as bin ary; sc ores 
we re ins t ead dichot omized. 

We imple me n t our method for s tructure lea rning a nd causal ef- 
fe ct estim ation by running S = 40 000 iterations of our MCMC 

sche me afte r a burn-in pe riod of 5000 runs . We s umm arize the 
output by reporting, for each dire cte d e dge u → v and each pair 
of v ari ab les in the d atas e t, the corresponding pos te rior proba- 
bility of inclusion (Equa tion 15 ). Results ar e disp l ayed in the 
heat map reported in the left-side panel of Figure 3 . In addi- 
tion, we provide a summary of the posterior distribution over 
the DAG space by constructing the MPM D AG estimat e. The 
C PDA G r epr ese n ting the Ma rkov equivale nce cl as s of the es ti -
m ate d graph, which is reported in the ri gh t -side p anel of Figure 3 , 
is hi ghly spa rse as it con tains only 10 ed g es, tog ether with 3 un-
r ela te d c ompone n ts (in addition to the separate variable BMI): 
One involving the anxiety-de pre ssion diagnosis/measure me n t 
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FIG URE 3 Anxie ty and de pre s sion d a ta. Hea t ma p with es tim ate d pos te rior probabilities of ed g e inclusion for e ach edg e u → v (left panel); 
C PDA G r epr ese n ting the e quivalenc e class of the median probability DAG estimate (ri gh t pa nel). 

TABLE 3 Anxiety and de pre ssion dat a. Pos te rior s umm a ries (mea n, s ta nda r d devia tion, a nd pos te rior probabilities of ne gativ e, null, and positive 
values) for the 2 causal effect coefficie n ts conside red in the study. 

E (γv | X ) sd (γv | X ) P(γv < 0 | X ) P(γv = 0 | X ) P(γv > 0 | X ) 

De pre ssion −0.117 0.243 0.578 0.320 0.102 
Anxiety −0.126 0.222 0.818 0.141 0.041 
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 ari ab les, one invo lving the 2 tr ea tment v ari ab les, and finally the
lee pine s s b lock. 

Vari ab les that appear to be directly linked to de pre ssion st a -
us are the phq (Patie n t Health Ques tionn aire Sc ore) and gad
core (Ge ne r aliz ed Anxie ty Dis orde r Index), he re included as
ina ry va ria bles with le vels hi gh a nd low, be side s suicidal .
n the other hand, both gender and bmi do not seem to in-

uenc e dire ctly the de pre s sion or anxie ty status. 
We now focus on causal effect est imat ion. Spec i fically, it is of

n te res t to evaluate the efficacy of the two the ra pies for depres-
ion a nd a nxiety. Ac c ordingly, w e c onsider depr as the respon s e
f in te res t Y in our causal-effect analysis and evaluate the causal
ffect on depr of an intervention on depr treat (X v ) ; sim-
larly, w e c onside r the sa me a nalysis for in te rve n tion ta rget anx
reat and respon s e v ari ab le anx . Notic e th at the estim ate d
 PDA G exhibits no causal paths from either depr treat

nd anx treat to depr and anx , respe ctiv ely. How ev er,
hi s i s s ubje ct to an ov erall de gre e of unc e rtain ty because of the
resenc e of m any dire cte d e dges whose ind ividual probabil ity of
dge inclusion is below the 0.5 thresho ld, and ye t lead to causal
aths contributing to non-zero causal effects in our BMA es ti -
 ate; se e the heat map in Figure 3 . We emphasize that any al-

ern ativ e method based on a single graph estimate such as the
 PDA G in Figure 3 would fail to provide causal effects that are
iffe re n t from zero. 
We re c ov er from our MCMC output the pos te rior dis tribution

f the two causal effect pa ra mete r s computed accord ing to Equa-
ion 11 . Summaries in terms of posterior mean, standard devia-
 ion, and probabilit ies of a causal effect being null , negat ive, or
ositive are reported in Table 3 . 
The pos te rior mea ns of the two pa ra mete rs, na mely our BMA
 stimate s, ar e both ar ound −0 . 12 , su gge sting that both thera-
ies h av e a beneficial effe ct on the st atus of de pre ssion a nd a nx-

e ty. It als o a ppea rs tha t the pr obability of nega t ive causal ef -
e ct (s u gge s ting that the the ra p y les s en s de pre s sion or anxie ty) is
i ghe r tha n 80% for v ari ab le anx treat , while it is subs ta n-

ial ly smal le r for depr treat (only a round 58% ). Ac c ord-
ngly, the probabilities of n ull -or-positiv e effe cts (which would
mply ineffe ctiv e tr ea tme n ts) a re jus t a round 18% for the a nxi -
ty tr ea tme n t, while not negli gible ( 42% ) for de pre ssion tr ea t-
e n t. In c onclusion, these s umm aries provide useful s tatis tical

nformation to evaluate the effe ctiv eness of the two therapies. 

7 D I S  C U S S  I O N 

n this pa pe r, w e h av e c onsidere d multiv ari a te ca tegorical ob-
 erv ation s and propos e d a nov e l graphical mode l frame work for
ausal infe re nc e. Spe c i fically, our Bayesi an me thodo lo gy com-
ines s tructure lea rning a nd pa ra mete r infe re nc e for cate gor-

cal DAG models. From a computational perspective, we im-
le me n ted a n MCMC sche me based on a PAS algorithm to
ppr oxima te the joint posterior distribution over DAG struc-
ures and D AG-paramet ers. Starting from this MCMC output,
he full pos te rior dis tribution of the causal effects betwee n a ny
airs of v ari ab les of in te res t ca n be re c ov ere d, and ev entually
 umm arize d through BMA, which naturally incorporates uncer-
ain ty a round the (unknown) unde rlying DAG model. We evalu-
ted our method through simulation s tudies, a nd de mons trated
hat it outperforms altern ativ e sta te-of-the-art stra tegies for
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causal effe ct estim ation. Addition ally, our method e mplo ys exact
formul ae bas e d on c ondition al probabilities when c omputing
causal effects, and does not r equir e further as sumption s unlike
in Kalisch et al. ( 2010 , Supple me n t). 

Our model formulation is based on the assumption of
i .i .d . s amp le o bs erv ation s fr om a single ca tegorical graphical
model (which, how ev er, is unknown, or rathe r unce rtain from
a Bayesia n pe rspe ctiv e). This ass umption can be relaxed in two
diffe re n t directions to allow for hete roge neity a mong individ -
ual s belong ing to diffe re n t sub groups of the s ame popul ation .
Whe n groups a re known beforehand, one can consider a model
comprisin g mu ltiple distinct graphical structures c ouple d with a
Mark ov r andom field prior that encourages common edges be-
tw e e n groups, a nd a spike-a nd -sl ab prior on ne twork rel atednes s
pa ra mete rs (Cas telle tti e t al., 2020 ). Caus al effe ct estim a tion a t
group-spec i fic level would benefit from borrowing information
acros s subj ects belon gin g to distinct, ye t rel ate d groups . 

On the other hand, when subgr oups ar e not av ail ab le a pr ior i,
one can s e t u p a mi xt ure model, either with a finite or an infi-
nite n umbe r of compone n ts, allowing for join t pos te rior infe r-
ence on D AGs, paramet ers as well as clusterin g. A B ayesian non-
pa ra metr ic Dir ichlet Pr ocess mixtur e of Gaus si a n DAG mod -
el s i s c onsidere d in Cas telletti a nd Con s onni ( 2023 ) for caus al
infe re nce unde r hete roge neity. Their ge ne r al fr a mework ca n be
adapt ed t o cat egorical D AGs and would lead to causal effect es-
tima tes a t clus te r as w ell as s ubje ct-spe c i fic level. 

S U P P L E M E N TA  RY  M AT E R I A  L S  

Supple me n ta ry mate rial is available at Biometrics online. 
Web Appendices r efer enc e d in Se ction s 2 –5 are av ail ab le with

this pa pe r at the B iometrics we bsite on Oxford Aca de mic . These
include (A) details on the computation of causal effects from
DAG-pa ra mete rs, (B) a prese n tation of our MCMC scheme,
(C) a description of data ge ne ration for the simulation studies
of Sect ion 5 , (D) addit ional simulat ions with polytomous va ri -
ables, a nd (E) a nalyses of se nsitivity to prior hype rpa ra mete rs. R
code imple me n ting our me thodo lo gy i s al s o av ail ab le at the Bio-
metrics website on Oxford Acade mic, a nd at htt ps://g ithub.com
/FedeCastelletti/bayes _ structure _ causal _ categorical _ graphs . 
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