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L?-POLARITY, MAHLER VOLUMES, AND THE ISOTROPIC CONSTANT

B0 BERNDTSSON, VLASSIS MASTRANTONIS AND YANIR A. RUBINSTEIN

This article introduces L? versions of the support function of a convex body K and associates to
these canonical L”-polar bodies K°# and Mahler volumes M, (K). Classical polarity is then seen
as L*>-polarity. This one-parameter generalization of polarity leads to a generalization of the Mahler
conjectures, with a subtle advantage over the original conjecture: conjectural uniqueness of extremizers
for each p € (0, 00). We settle the upper bound by demonstrating the existence and uniqueness of an
L”-Santal6 point and an L?-Santal6 inequality for symmetric convex bodies. The proof uses Ball’s Brunn—
Minkowski inequality for harmonic means, the classical Brunn—-Minkowski inequality, symmetrization,
and a systematic study of the M, functionals. Using our results on the L?-Santal6 point and a new
observation motivated by complex geometry, we show how Bourgain’s slicing conjecture can be reduced
to lower bounds on the L?-Mahler volume coupled with a certain conjectural convexity property of the
logarithm of the Monge—Ampere measure of the L?-support function. We derive a suboptimal version
of this convexity using Kobayashi’s theorem on the Ricci curvature of Bergman metrics to illustrate this
approach to slicing. Finally, we explain how Nazarov’s complex-analytic approach to the classical Mahler
conjecture is instead precisely an approach to the L!-Mahler conjecture.
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1. Introduction

The polar K° and the support function zg of a convex body K are fundamental objects in functional and
convex analysis. The Mahler and Bourgain conjectures have motivated an enormous amount of research
in those fields over the past 85 years. One of the goals of this article is to point out that K° and hg are
L®°-versions of a more general one-parameter family of objects

K®? and hp k.
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introduce the associated one-parameter generalization of the Mahler volume M), and conjectures, and
establish some of their fundamental properties. As we explain in detail and back up with explicit
computations, minimizers should be unique (see Figure 3 and the discussion surrounding it). This is a
subtle, but perhaps crucial, advantage, as compared to Mahler’s original conjecture. To quote [Tao 2007]
(see also [Btocki 2015, p. 90]),

In my opinion, the main reason why this conjecture is so difficult is that unlike the upper bound,
in which there is essentially only one extremiser up to affine transformations (namely the ball),
there are many distinct extremisers for the lower bound. ..

As an application of the theory of L?-polarity, we develop a connection between these new objects
(LP-support functions and L?-Mahler volumes) and Bourgain’s slicing conjecture, e.g., making contact
with Kobayashi’s theorem on the Ricci curvature of Bergman metrics. Finally, we explain how Nazarov’s
and Btocki’s work on a complex-analytic approach to the classical Mahler conjecture fits in, being
precisely an approach to the L!-Mahler conjecture.

Our approach is loosely motivated by complex geometry, but the article in its entirety can be read
with no knowledge of complex methods. As is probably clear from the text, the authors are novices in
the study of the Mahler and Bourgain conjectures and are sorry for any omission in accrediting results
properly. The motivation for this article lies not so much in the particular results as in showing the link
between complex geometry and this beautiful area. It should also be stressed that the list of references is
far from complete. We have tried to make the text accessible to both convex and complex analysts and so
perhaps included a bit more background than usual.

1A. Motivation from Bergman kernels. Denote by
K°:={yeR":(x,y)<1forall x € K} (1-1)

the polar body associated to a convex body (compact and convex with nonempty interior) K C R”. A key
step in Nazarov’s complex-analytic approach to the Bourgain—Milman inequality [1987, Theorem 1] is a
bound on the Mahler volume

M(K):=n!|K||K°| (1-2)

of a symmetric (i.e., —K = K) convex body K from below by a multiple of the Bergman kernel K7, (z, w)
of the tube domain Tk := R" + +/—1K over K, evaluated on the diagonal at the origin [Nazarov 2012,
p- 338]. This was generalized by Hultgren [2013, Lemma 11] and two of us [Mastrantonis and Rubinstein
2022, Proposition 6] to any convex body K:

7" |K* K1 (V=1b(K), V=1b(K)) < M(K —b(K)), (1-3)

dx
b(K) .=/me

This article, however, is not about Bergman kernels (though we come back to Bergman kernels in

where

is the barycenter of K.

Sections 1F and 6E). Nonetheless, the L?-Mahler volumes introduced below are partly motivated by (1-3).
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In order to prove (1-3) one uses Jensen’s inequality together with an explicit formula for the Bergman
kernels of tube domains evaluated on the diagonal, due to [Rothaus 1960, Theorem 2.6; Koranyi 1962,
Theorem 2; Hsin 2005, (1.2)], that as observed recently can be expressed as [Mastrantonis and Rubinstein

2022, Remark 36]
/ e M.k () d_y’ (1-4)
R7 K|

K 0.0 =

where, following [Mastrantonis and Rubinstein 2022, Definition 13], we denote by

d
Ik () = 10g/ Q) 94X (1-5)
K K|
the logarithmic Laplace transform of the convex indicator function 1% (1% is 0 on K and oo other-
wise). Therefore, the left-hand side of (1-3) becomes 7" |K| [ e~M.x-ba0() dy, bearing a curious

resemblance to the standard formula for the Mahler volume (1-2),

M(K) = |1<|/ ek qy (1-6)
Rn
(see (4-2) below), where
hi (y) := sup (x, y) (1-7)
xeK

is the (classical) support function of K.

1B. LP-support function, -polarity, and -Mahler volume. Motivated by the preceding discussion and
[Mastrantonis and Rubinstein 2022, Remark 36], we introduce the LP?-support function of a compact
body (compact with nonempty interior) K C R” for all p > 0,

1
Ll
hp,K(y):=log(f ePlx:y) —x)p, yERM, (1-8)
K

unifying and interpolating between (1-5) and (1-7) (notice that heo g = limp o0 hp xk = hg by

Corollary 2.7). These are convex functions in y, monotone increasing in p, and take the Cartesian

product of bodies to the sum of the respective L?-support functions (Lemma 2.2). Less obviously, they

also enjoy a convexity property in p (Lemma 2.4), and a “concavity” property in K (Lemma 2.5).
Generalizing (1-6), we introduce the L?-Mahler volume,

Mp(K) = |1<|/ e hr.k0) gy (1-9)
Rn

The functional M), shares many (but not all) of the properties of M = My, (by Corollary 2.7), e.g.,
invariance under the action of GL(n, R) (Lemma 4.7), tensoriality (Remark 2.3), existence and uniqueness
of a Santal6 point (Proposition 1.5), and a Santal6 inequality for symmetric bodies (Theorem 1.6).

It is natural to ask whether there is an analogue of (1-2) for M, i.e., is there a canonically associated
body to K for which M), can be expressed as the volume of a product body in R2"? We answer this
affirmatively. To that end, we introduce the following:
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Figure 1. The L?-polars of the square B2, := [—1, 1]? (left), the diamond 312 :=(B2)°
(middle), the 2-simplex centered at the origin (right) for p = % (green), p = 1 (orange),
p = 10 (red) and p = 100 (blue).

Definition 1.1. Let K C R". Define the L?-polar body of K by
o0
KoP .= {y eER": / P e KUY qr > (n — 1)1 (1-10)
0

Our first result answers the aforementioned question.

Theorem 1.2. Let p € (0, 00]. For a convex body K C R", K°? is convex, closed, has nonempty interior,
and

Mp(K) =n!|K||K*P|. (1-11)
It is compact (bounded) if and only if 0 € int K. For K symmetric, K®? is symmetric.

Theorem 1.2 justifies the notation

1 o
Iyllge.r := P lehr. k() gp (1-12)
(n—1!Jo

(the power serves to homogenize), and K°? = {y € R" : ||y| go.» < 1}. For p = 0o one recovers the

=

usual polar body, i.e., K°° = K° (Lemma 3.6). The case p = 0 is treated in Section 3B1. Figure 1
illustrates some explicit examples.

As p approaches 0, the L?-polars of all three of the bodies pictured in Figure 1 increase to R2. In fact,
for any convex body K C R”,, K°? increases to {y : (y,b(K)) <1} as p — 0 (Proposition 3.7), so we
define K°-0 to be exactly that (Definition 3.10). In particular, K is either R? or a half-space depending
on whether or not b(K) vanishes. By Example 3.11, we may plot a few of the L?-polars of the standard
simplex on the plane (1-14); see Figure 2. Note that A;’O is a half-space since H(A;) # 0.

The proof of Theorem 1.2 has several parts. To obtain (1-11) we rely on a result of Ball (Theorem 5.20)
that implies that (1-12) has all the properties of a norm, except that it is, in general, only positively
1-homogeneous, i.e., ||Ay|ge.r = A||y|ge.r for A > 0. If K is symmetric then | - ||go.r is fully
1-homogeneous, i.e., a norm (then K°? is also symmetric). For completeness, we include a detailed and
self-contained proof of Ball’s result in the Appendix. In particular, || - ||go.» is convex and so is K°*2.
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Figure 2. The boundary of (A3)®? for p = 0 (green), p = 2 (orange), p = 10 (red),
and p = oo (blue).

Equality (1-11) follows from a standard formula relating the volume of a convex body to the surface
integral of |- ||, over the unit sphere (see (3-2)). Nonemptiness of the interior follows from K° C K®?
(Lemma 3.6). This inclusion also implies that K °-# is unbounded when 0 ¢ int K. The converse is slightly
more subtle: when O € int K one has a small cube [—¢, ¢]" C K. For classical polarity this would be the
end of the argument; yet unlike classical polarity, L?-polarity does not invert inclusions, so we cannot
simply argue that K7 C ([—e¢, €]")°?. Instead, we use the existence of a small cube inside of K to
obtain a lower bound on /1, g in terms of &, [, g (see (3-8)), which then induces an upper bound on
K°P by a multiple of ([—&, €]*)*P. The latter can be shown to be bounded (Claim 3.4), from which the
boundedness of K°-? follows by using yet another key estimate (Lemma 2.6).

1C. LP-Mahler conjectures and uniqueness of minimizers. For g > 0, denote by

By i={x eR" 1 |x1|T+--+[xu? <1} (1-13)
the (closed) n-dimensional g-ball, and denote by

Ap:={x€0,00)" :x1+-+x, <1} (1-14)

the standard simplex in R”. We propose a 1-parameter generalization of Mahler’s conjectures. Mahler’s
original conjectures [1939a; 1939b, p. 96] amount to setting p = oo in the following statements.

Conjecture 1.3. Let p € (0, 00]. For a symmetric convex body K C R",
Mp([=1,1]") = Mp(K) < Myp(B3).
Conjecture 1.4. Let p € (0, 00]. For a convex body K C R",
inf Mp(A, —x) < Mp(K).

XEA,
By Proposition 1.5 below, the infimum in Conjecture 1.4 is attained by a unique point.
By the Bourgain—Milman inequality [1987, Corollary 6.1], there is ¢ > 0 independent of dimension
so that M(K) > ¢" for all convex bodies K C R”. By Lemma 3.12 below, this induces a lower bound

on M,, for all p with the constant only depending on p. The best known constant for M in dimensions
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n > 4 with K symmetric is ¢ = & [Kuperberg 2008, Corollary 1.6; Berndtsson 2021, Theorem 2.1].
The sharp bound ¢ = 4 is due to [Mahler 1939a, (2)] in dimension » = 2 and [Iriyeh and Shibata 2020,
Theorem 1.1] in dimension n = 3 (see also [Fradelizi et al. 2022]). For general K, the best known constant
isc =2forn =3 and ¢ = 5 for n > 4 by the symmetric bound and a symmetrization trick (see, for
example, [Mastrantonis and Rubinstein 2022, Corollary 55]). In dimension n = 2 the sharp bound is due
to [Mahler 1939a, (1)]. One may also formulate other versions of Mahler’s original conjecture, e.g., to
zonoids [Reisner 1986] or unconditional bodies [Saint-Raymond 1981, §4] and generalize these to all p,
but in this article we focus on Conjectures 1.3 and 1.4. In the special case p = 1, using (1-4) one can
show that the lower bound of Conjecture 1.3 is equivalent to a conjecture of Btocki [2014, p. 56], while
Conjecture 1.4 reduces to a conjecture of [Mastrantonis and Rubinstein 2022, Conjecture 10], both stated
in terms of Bergman kernels of tube domains.

Conjectures 1.3 and 1.4 for all p € (0, oo) imply Mahler’s conjectures, as we show in Lemma 3.12. On
the surface, the former look harder to deal with. However, there is a subtle, perhaps crucial, advantage in
the “regularized” version of the symmetric Mahler conjecture (Conjecture 1.3 for p € (0, 00)) compared
to the classical version (p = oo) of that conjecture. This has to do with the nonuniqueness of minimizers
in the classical symmetric Mahler conjecture which has been pointed out by experts [Tao 2008, §1.3;
2007] (see, in particular, the comments in the latter) as one of the main obstacles to tackling it (see also
the quote by Tao in the Introduction). Let us elaborate on that.

Indeed, tensoriality of M = M together with its invariance under classical polarity leads to the
conjectured nonuniqueness of symmetric minimizers, referred to as Hanner polytopes (nonuniqueness
here is in the strong sense: after taking the quotient by GL(%, R), i.e., there are minimizing bodies that
are in different GL(n, R)-orbits). Hanner polytopes are symmetric convex polytopes that are defined
inductively: [—1, 1] is the unique Hanner polytope in dimension # = 1. In higher dimensions, a Hanner
polytope is given either as the Cartesian product of two lower-dimensional Hanner polytopes, or as the
polar of such [Hanner 1956, Theorems 3.1-3.2, 7.1; Hansen and Lima 1981, Corollary 7.4]. For example,
in dimension n = 3 there are precisely two non-GL (1, R) equivalent Hanner polytopes: the cube [—1, 1],
as the product of lower-dimensional Hanner polytopes, and its polar 313 [Hanner 1956, pp. 86-87].

By contrast, our L?-polarity operation (1-10) is no longer a duality, i.e., (K°?)%? # K in general.
In fact, the L?-polar always has a smooth boundary for p € (0, 00), and hence L?-polarity is never a
duality operation among polytopes. By (1-11) this means M, is not invariant under L”-polarity. We
conjecture that for all p € (0, 00), up to the action of GL(n, R), M), is uniquely minimized by the cube
among symmetric convex bodies, and by the simplex, appropriately repositioned, among general convex
bodies. If true, this would give some motivation for studying M, and show that the original Mahler
conjecture has (for better and for worse) additional invariance absent from our L?-Mabhler conjectures.
Figure 3 illustrates this symmetry-breaking property of My, inn = 3:

We emphasize that the above discussion pertains to the symmetric case, since in the nonsymmetric
case, the simplex, appropriately repositioned, is already conjectured to be the unique (up to GL(n, R))

minimizer for the classical nonsymmetric Mahler conjecture [Tao 2007]. That is, M should be minimized
by A, —b(A,), where b(A,) coincides with the Santalé point of A,. Note that (A, —b(Ay))° is
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Figure 3. M,(B3)/M,p(B3,) for p € [1.20].

a GL(n, R) image of A,, —b(A,), so polarity does not produce a non-GL(n, R) equivalent minimizer in
this case. The conjectured uniqueness of the minimizer in the nonsymmetric case (regardless of p) is
perhaps related to the fact that A, cannot be expressed as a product of polytopes of lower dimension.

1D. LP-Santalo theorem. For a function f : R" — R U {oo}, denote by

Vf)i= /R e Oar and b(f):=%f) [ xe /4

its volume and barycenter respectively. This terminology is motivated by V(hg) = n!|K°| (see (4-2)),
and b(hg) = (n + 1)b(K®) (see (4-1)). By Theorem 1.2, V(h, k) = n!|K*P?|. However, lacking
homogeneity, it is not clear how b(h,, k) can be directly related to h(K°?) (Section 4). Our next result
generalizes the Santal6 point.

Proposition 1.5. Let p € (0, o0]. For a convex body K C R" there exists a unique x, g € R" with
Mp(K —xp k) = inf Mp(K —x),
x€R

which is also the unique point such that b(hp g —x, ) = 0. Moreover, xp g € int K.

Part of the proof of Proposition 1.5 is almost identical to Santald’s proof [1949, §2] of the existence and
uniqueness of Santal6 points. The idea is to show that the function x > M, (K —Xx) is oo for x ¢ int K
(Lemma 4.2), and smooth and strictly convex for x € int K (Lemma 4.4). This forces the existence of a
unique minimum. The main difference is that we study fRn e hr.k () dy under translations of K, while
Santald [1949, (1.1)] studied the surface integral [, B} hg(u)™" du.

One of our main results is a generalization of Santal6’s theorem, verifying the upper bound in
Conjecture 1.3:

Theorem 1.6. Let p € (0, o). For a symmetric convex body K C R",
Mp(K) < Mp(B3).

In particular, by taking p — oo, one recovers Santal6’s inequality [1949, (1.3)] M(K) < M(B})
(though, of course, for this purpose alone there are direct, easier, proofs, e.g., [Saint-Raymond 1981,
Theorem 14]).
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The L?-polar K°? (1-10) is central to the proof of Theorem 1.6. One idea behind the proof is standard:
for u € dBY, the Steiner symmetrization with respect to a hyperplane through the origin

uti={x eR": (x,u) =0},

increases the volume of the L?-polar |(oy K)*?| > |K°?| (Proposition 5.1). Yet proving this seems
nonstandard and rather nontrivial. We achieve it by proving the estimate

LKP 0wt + tu) + H(K>P N (ut —tu)) C (0w K)*P N (ut +1tu) forallt € R, (1-15)

which compares the slices of K and those of 0, K over uL, and then using the (classical) Brunn—
Minkowski inequality. To obtain (1-15) we use Ball’s Brunn—Minkowski inequality for harmonic means
(Theorem 5.20), together with the convexity of x > log(% sinh(t)) (Claim 5.19).

Remark 1.7. Theorem 1.6 is different from the L? Santal$ inequalities of Lutwak and Zhang, who
introduced the symmetrized L”-centroid body I', K with support function given by

1 dx \7
o= (== [ e )

(where ¢y, is a constant that depends on 1 and p determined by I', B} = BJ) for which they proved

|K||(I'p K)°| <|BY|? [Lutwak and Zhang 1997]. Their construction is restricted to symmetric bodies since
I'p K is always symmetric (regardless of whether K is), and the large p limit does not recover the polar body
but rather the reflection body: limp— o0 I'y K = K U (—K) (since limp o0 Ar, k (V) = supyeg [{x, ¥)]).
Subsequently, Ludwig and Haberl-Schuster extended this to nonsymmetric bodies [Ludwig 2005, p. 4195;
Haberl and Schuster 2009, §3] introducing the L?-centroid body M, K+ whose support function is

hag, k+ () = (Cn,p(n +p) meax{(x,y),O}P dx)p.

Note that as p — oo, we have K — K° (Lemma 3.6), while M, K T — K [Haberl and Schuster 2009,
p. 9]. Yet for fixed p, it is not apparent to us if there is a precise relation between M, K™ and our K °?
(though the polar of former are “isomorphic” to the latter — see Remark 3.14). They seem to be distinct.
For example, ['; K is the Legendre ellipsoid of the convex body; thus bounding | K||(I'2 K)°| from below
by a bound of the form ¢”, where ¢ is a constant independent of dimension, would imply Bourgain’s
conjecture (Conjecture 1.8) [Lutwak and Zhang 1997, p. 14]. On the contrary, by Lemma 3.12 below, the
Bourgain—Milman inequality implies bounds of this type for M,, for all p > 0. It would be interesting
to investigate relations between these constructions and ours, as well as relations to the level-sets of
the logarithmic Laplace transform (see Remark 3.14), e.g., as in [Klartag and Milman 2012; Latata and
Wojtaszczyk 2008].

1E. Relation to the isotropic constant and Bourgain’s slicing conjecture. The L?-support function
hp,k is related to the covariance matrix of a convex body (Lemma 6.3),

C (K) / dx / dx dx (1-16)
ovji = XixXi —— | x; — Xj — -
Y x UKl Je UK T UK
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via the identity

V2hy k(0) = p Cov(K). (1-17)
This turns out to have an interesting connection to the slicing problem. Set
K|?
C(K) = ——F—. 1-18
(K) det Cov(K) ( )
Note
K

where L is the isotropic constant [Brazitikos et al. 2014, Definition 2.3.11]. Bourgain [1986, Remark,
p. 1470; 1991, (1.9)] conjectured the following.

Conjecture 1.8. There exists a constant ¢ > 0 independent of dimension such that C(K) > ¢" for all
n € N and all convex bodies K C R™

Let B > 0. We introduce the following convexity hypothesis:
uB’K:=logdetV2h1,K+Bh1,K is convex. (*B)
Note here that & g is twice differentiable (Lemma 4.4). We restrict to p = 1 since property (xp) is
equivalent to a similar convexity property on /1, g (see Remark 6.15).
Theorem 1.9. Let K C R” be a convex body for which (x g) holds for some B > 0. Then:

(1) There is xg € int K with
M (K —xg)? 7 o\
C(K) = —(_) .

Mﬁ(K—xK) eB

M(K — xg) 7z \
K) > > .
CK) =z = ngn = (2e23)

ek = ME) (i)n
e B1 eB

Theorem 1.9 has the following consequence for Bourgain’s slicing conjecture.

(i1) There is xg € int K with

(i) If K is symmetric,

Corollary 1.10. [f there is a constant B > 0 independent of dimension such that (x g) holds for all convex
bodies in all dimensions, then Conjecture 1.8 holds.

In this direction, we have the following partial progress:
Theorem 1.11. Property (*,11) holds for all convex bodies K C R™.

As an immediate corollary of Theorems 1.9 and 1.11 we recover the so-called “folklore” bound on the
isotropic constant due to [Milman and Pajor 1989, p. 96].

Corollary 1.12. For a convex body K C R",

T n
C(K) = (Zezn) '
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Corollary 1.12 is equivalent to an upper bound on the isotropic constant,
Lg <C+/n (1-20)

for C = e\/Z/_n, and hence is far from optimal: (1-20) holds with C = 2mwe by Milman and Pajor,
Lg < Cn'*logn by [Bourgain 1991, Theorem 1.6], and Lx < Cn'/* by [Klartag 2006, Corollary 1.2],
while very recently Chen [2021] obtained Lg < C 1eC2/10g(n) /loglog(3n) (i particular, Lg < Cn? for
all € > 0); see also [Klartag and Lehec 2022, (1)]. On these foundations several authors improved this
to Lx < C(log(n))4 for various values of ¢ [Klartag and Lehec 2022; Jambulapati et al. 2022; Klartag
2023]; Conjecture 1.8 remains open.

The proof of Theorem 1.9 starts with the observation (1-17). The convexity assumption (* ) allows
for the application of Jensen’s inequality with respect to any probability measure pt. Because of (1-17)
this will only be useful if u is centered at the origin, i.e.,

b() = [Rnydu(y)zwu%".

We use the family of log-concave measures given by the %—support functions,

e h/r.k(qy e~ Phix() gy

Vp,K ‘= fRn e hi/p.k(y) dy - f[R” e—Phi.k(y) dy’ (-21)

and optimize over p (the equality in (1-21) follows from Lemma 2.2(i) below). Proposition 1.5 is crucial
here, since it ensures that K may be translated to a position for which b(v, g) = 0 (Corollary 4.5). After
applying Jensen’s inequality for the measures v, g, it remains to bound [g, log det V2hy k dvp. x(y)
and [pn 11,k (y) dvp x (¥); this is done in Lemmas 6.10 and 6.13 respectively. The L”-Mahler volumes
M), figure quite prominently throughout the proofs.

The proof of Theorem 1.11 is based upon an explicit computation

logdet V2hy g (y) = —p(n + Dhp g (y) +log ¥ (y), (1-22)
eing the determinant of a positive-definite matrix. 1S relies on writing det K as the determinant
being the d i f a positive-defini ix. This reli iting det V2, he d i

of the (n+1) x (n+1) Gram matrix M of the first moments of the measure

eP{x.y) 12 (x) dx
ePhp. k() |K]|

Each entry of M then involves an e~?».K0) term; thus det V2/, g = det M = e~ "+ DPho.& 4 for a
positive Y > 0. Taking the logarithm gives (1-22). For the remaining terms, ¥, being the sum of products
of n + 1 integrals over K, can be written as an integral over K11,

from which the convexity of log ¥ can be deduced (Lemma 6.16), and hence the claim of Theorem 1.11.
Finally, we generalize Theorem 1.11 to the setting of a general probability measure — this is formulated
in Theorem 6.19. In this generality, we show that the constant B = n + 1 is actually optimal. In Section 6E
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we give a completely different proof of both theorems using, surprisingly, Kobayashi’s theorem on the
Ricci curvature of Bergman metrics, coming back full circle to the point of departure of this article in
Section 1A: Bergman kernels.

1F. Perspective on the work on Nazarov and Blocki. Having presented L?-polarity, it is perhaps worth-
while to revisit our original motivation for developing this theory: [Nazarov 2012; Blocki 2014; 2015].
Nazarov applied the theory of Bergman kernels of tube domains to tackle the symmetric Mahler
711_; in the inequality M(K) > ¢” for symmetric convex
bodies K C R" was suboptimal compared to the conjectured value of ¢ = 4 (see Section 1C) but the

conjecture. The constant he obtained ¢ =

possibility remained open that perhaps a better choice of holomorphic L? function and weight function
in Hormander’s d-technique would allow to tackle the Mahler conjectures, or that perhaps, as Nazarov
[2012, p. 337] suggested

...in order to get the Mahler conjecture itself on this way, one would have to work directly with
the Paley—Wiener space by either finding a good analogue of the Hormander theorem allowing
to control the Paley—Wiener norm of the solution, or by finding some novel way to construct
decaying analytic functions of several variables.

Nazarov’s approach was subsequently revisited by Blocki [2014; 2015], Hultgren [2013], and ourselves
[Berndtsson 2022; Mastrantonis and Rubinstein 2022]. It became plausible after [Btocki 2015, p. 96] that
Nazarov’s approach might not yield Mahler’s conjectures. In view of the results in the present article (e.g.,
Lemma 3.12) it is now clear why this is so, and exactly how Nazarov’s approach fits in our story: it is an
approach to the case p = 1 of Conjectures 1.3—1.4. It is a beautiful coincidence that L !-Mahler volumes can
be expressed in terms of Bergman kernels (see Section 1A and [Mastrantonis and Rubinstein 2022, (42)]),

Mi(K —b(K)) = (47)"|K [2K1 (V—1b(K), v/ =1b(K)); (1-23)

but even if one had a complete understanding of the variation of such kernels among tube domains,
solving the classical Mahler conjectures would still require bridging the gap between L! and L.
Finally, we touch upon an observation encountered in [Btocki 2015, p. 96]:

This shows (although only numerically) that the Bergman kernel for tube domains does not
behave well under taking duals.

Indeed, the theory of Bergman kernels of tube domains corresponds to M and L !-polarity and the lack
of homogeneity of /1 g leads to incompatibility with L°°-polarity, i.e., with classical polarity/duality.

Organization. In Section 2A basic properties of h, g are laid out, namely the convexity of A, x
(Lemma 2.1), its behavior under affine transformations of K, Cartesian products, and its monotonicity with
respect to p (Lemma 2.2). Convexity properties of /1, k¢ with respect to p or K are studied in Section 2B.
In Section 2C, an upper bound to the support function /4, in terms of %, g for bodies with barycenter at
the origin b(K) = 0 is given. Section 2D is dedicated to the explicit computation of /1, [_; 1}» for the
cube. In Section 3A the L?-polar K°*? is introduced, for which M,(K) =n!|K||K*?|, K° C K*?
and (), K># = K°. Inequalities relating M to M, are established in Section 3C, and Section 3D is
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dedicated to computing M ([—1, 1]*). In Section 3E, the L”-support of the diamond BY is explicitly
computed in all dimensions and for all p (Lemma 3.17). Section 4 establishes the existence and uniqueness
of Santal6 points for M, (Proposition 1.5), and in Section 5 we prove a Santal6 inequality for M, for
symmetric convex bodies, showing that the 2-ball BY is the maximizer (Theorem 1.6). In Section 6, we
study the isotropic constant and the relations between 4 g, M, and Bourgain’s conjecture. In particular,
we prove Theorem 1.9, Theorem 1.11, and its generalization, Theorem 6.19. We conclude by giving an
alternative proof of the latter using Bergman kernel methods and Kobayashi’s theorem. In the Appendix,
we verify that K2 is a convex body by proving Proposition A.1, and provide a detailed proof of Ball’s
Brunn—-Minkowski inequality for the harmonic mean (Theorem 5.20).

2. LP support functions

In this section we lay out basic properties for /1, k. In Section 2A we show convexity of y > hp, k()
(Lemma 2.1) and list several properties in Lemma 2.2, e.g., how A, g transforms under affine transforma-
tions of K or with respect to Cartesian products. In Section 2B we study convexity properties of 4, g in
terms of convex combinations of p (Lemma 2.4) or K (Lemma 2.5). An upper bound for the support
function sk by h), g for bodies with barycenter at the origin b(K) = 0 is given in Section 2C. Finally, in
Section 2D we carry out explicit computations for the cube.

2A. Basic properties of h p . The functions h, g defined by (1-8) are convex, even if the underlying
body K is only compact.

Lemma 2.1. Let p € (0, 00). For a compact body K C R", hp g (y) is a convex function of y.
Proof. Let y,z € R" and A € (0, 1). By Holder’s inequality,

1 d
hp,k(1=A)y +Az) = — log(/ ePx(1=A)y+Az) _x)
p K K|

p K K|

1-A A
E llog[(/ ep(x7y) d_x) (/ ep(xaz) d_x) ]
p K K| K K]

_ 1—A log(/ o P(x:y) d_x) + ilog(/ eP(x:2) d_x)
p K K| p K |K|

=1 =Vhpk(y)+Ahp k(2). O

Next, we list some properties of L?-support functions that will be useful throughout.
Lemma 2.2. Let 0 < p < g < o0. For compact bodies K C R", L C R™ and A € GL(n,R), a € R":
@) hp,x(¥) = 3h1,x(pY).
(i) hp,x—a(y) = hp,x(y) —(a.y).
(i) hp.ax (y) = hp,x (AT y).
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(V) hp kxL(¥,2) =hp k() +hp,L(2), y eR", z € R™
(V) hp x <hgk <hg.

Proof. (i) By definition,
(ey) 9X llog/ (r.py) 9% _ lhl,K(PJ’)-
K 4

1
hmw=—m[ep o
P p “Jk K| p K|

(i) Changing variables x =u —a for x € K —a, u € K, and dx = du,

! dx 1 du
hp,k—a(y) = —log(/ ePlxy) ) = _10g(/ oP(u—a.y) )
pee p K-a |K —al P X K|

1 d
— ; log(/l; P (1Y) |?”|e—p(a,y)) =hy k(y) —(a,y).

(iii) For x = Au, dx = |det A|du,

1 dx 1 |det A|du
hAmw=—m(/ () )=_m(/ plauy) 1ot/ )
’ p ik k1) = p Uk |det A||K]|

1 d
= —log(/ epwA”y) ) = hyp, k(AT ).
K K|

p
(iv) By Tonelli’s theorem [Folland 1999, §2.37; Mastrantonis and Rubinstein 2022, Claim 22],
1 dxdu
hp,kxL(y,z) = —10g(/ p{(xu),(y,2)) )
D, KX V4 K><L |K X L|
llog(/ (x.y) pp{z.u) dxdu )
p K><L |K||L|
ll e )
p K IK | |L|
= llog([ erlan X ) - llog(/ plz.u) d_“)
p K |K| L |L|

= hp,K(y) + hp,L(Z)-

(v) By (1-7),
1 d 1 d 1
hyx(y) = —log(/ e?(x:3) _x) < _10g(/ pdhx ) ) = —loge?"c ) = pg(y).
q K K1)~ q K Kl 4

By Holder’s inequality (note % > 1),

ya 1-2
1 dx 1 dx \¢ dx q
hy x(y) = —log(/ ePxy) ) < _10g|:(/ o pPix:Y) ) (/ ) ]
P P K |K| P K K| K K]

T V)
=—=1lo e?txy) =h ).
pa Uk K| K
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Remark 2.3. One may wonder why we have a factor of n! in (1-2) and (1-11). The first reason is that
then one has (1-6) and (1-9). The second, more important, reason is that then M), is tensorial. Indeed, by
Lemma 2.2(iv) and (1-9),

Mp(K xL):=|KxL| e hp.kx1(3:2) dydz
R? xR

= |K||L| ehr kW e=ho.L () 4y dz = M, (K)M,p(L).
Rl’l XRm

2B. Additional convexity properties. Lemma 2.1 states that y — hj, g (y) is convex regardless of the
convexity of K. Regarding p and K as the variables, we show two more properties: Lemma 2.4 describes
convexity in p, and Lemma 2.5 shows an asymptotic (in p) concavity in K. These two lemmas are not
used elsewhere in the article and we state them for their independent interest.

Lemma 2.4. Let p,q € (0,00). For a convex body K C R" and A € (0, 1),

(I-Mp Agq
ha— <— —————h, k.
(1-A)p+ig,K = —Mp + Aq p. K+ (I—M)p+ g a.K

Proof. By Holder’s inequality,

! — dx
h(l_k)pﬂq,,{(y):mlog(/l(e«l A p+2a)(x,) m)

1 dx
= log([ e1=A)p(x.y) ,Aq(x,y) _)

1-2 A
< ! log[(/ eP(x:¥) d_x) (/ e4(x:y) d_x) ]
~(A=X)p+Aq K K] K K]

1— 1 1
= _d=Adp 1 log(/ eP{x.) d_x) + A 1 10g(/ 02(x.7) d_x)
(I-M)p+2igp K |K]| (1-M)p+igq K |K]|

B m mhq,K()’)- 0

Lemma 2.5. Let p € (0, 00). For convex bodies K, L CR" and A € (0, 1),

1 |(1-=A)K +AL|
hp —myk+aL = (1 =Nhp x +Ahp, 1 — ; log( |K|1=A| LA '

hp,K(y) +

Proof. Fix y € R". Note that
La-nyk i (1 =2)x 4+ A2)eP ATDXFAZI) > (1 (x)eP X174 (1) (2)ePE70)A

for all x, z € R". Therefore, by the Prékopa—Leindler inequality [Prékopa 1973, Theorem 3],

1-A A
[ ePY) 4y > (/ eP(x:y) dx) (/ eP(x:y) dx) )
(1-2)K+AL - Uk L
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As a result,

dx
hpaaa () = - tog( [ ) )
P(-AK+AL (1—A)K+AL [(1-=A)K + AL

1
P
1 o) ) ) 1 Y 1

> —1lo /ep Xy dx) (/ ey dx) ]
» g[( P f [(1— K +AL|
1
p
=

A 1=Ay7 |14
log[(/ eP(x.7) dx) (/ P (%) dx) K7L }
K |K| L ILI) (A=) K +AL|

1 (1=K +AL|
My k() + A ,K<y>——log( |
P P P |K[1=A|L]A

as claimed. O

2C. A reverse inequality. By Lemma 2.2(v),
hpxk < hg
regardless of the position of K. A reverse inequality holds when the barycenter is at the origin:

Lemma 2.6. Let p € (0, 00). For a convex body K C R" with b(K) =0, and A € (0, 1),

() by (3 ) = tog1 = ).

Proof. Let x € K, y €e R* and A € (0, 1). The aim is to use Jensen’s inequality to get an upper bound on
{x,y). Since b(K) =

(x.y) = </\x, %> - <Ax +(1-1)b(K), %>
=<Ax+(1_k)[1<”|%’%> /<’\x+(1—/\) >|CZ’| @-1)

By convexity, (1 —A)x + Au lies in K as x,u € K. Therefore, by (2-1), Jensen’s inequality, and the
change of variables v = Ax + (1 — A)u,

(x’y> - 10ge(x,Y) < log(/ e(kx-i—(l—)t)u,%) d_u)
K |K|

— log(/ e(v’%> W)
Ax+(1-M)K K|
=]0g(;/ ep(v’pA> dl))
(A=)" Jix+a-vk |K|
1 dv y
1 p{v.55) = phy x| = | —nlog(1-1).
<voe( g [ ) = o () -mrea -

A supremum over x € K gives hg(y) < th,p(%) —nlog(1—A). By a change of variable, hg (py) <
phi,p(%) —nlog(1—A). The lemma now follows from homogeneity of /. O

Corollary 2.7. Let g € (0, o]. For a convex body K C R",

lim & =h .
Jim p.k (V) =hgk(y)
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Proof. First, let g € (0,00). Since K is bounded, there exists M > 0 with |x| < M for all x € K. In
particular, e?(*:¥) < ¢24M ¥l for all x € K and p <2¢. By dominated convergence [Folland 1999, §2.24],

hm ep<xsy) dx :/ eQ(st) d_x
K

p—>q Jg |K]| |K|
Therefore,
1 dx 1 dx
lim h — lim [ =1 p(x.y) _ 1 / gtxyy 9X
Py K ) PI—IBI(P Og/ ‘ IKI) ¢ °Jx K| k)

Next, consider ¢ = oo. By Lemma 2.2(v), hp, k() is monotone increasing in p, with h, g (y) <hg(y).
Thus the limit exists with limy 0 11, x (y) < hg(y); equivalently, limy . o0[hp x (¥) — (¥, D(K))] <
hg(y)—(y,b(K)). By Lemma 2.2(ii), this is

iy k) (V) = hk—bx) (9)-

On the other hand, as b(K — b(K)) = 0, Lemma 2.6 applies:

hx—bxy(AY)  hp k—bk)(Y)
hg—bx)(¥) = (A) <L A( ) —Elog(l—/\),

where we used the homogeneity of i (here A can be taken as any fixed value in (0, 1)). Letting first
p — oo and then A — 1,

hx—bx)(y) < pli)ngo hp,k—b(K)()).

In conclusion, hg_p(x)(y) = limp o0 hp, k—p(K)(y) and using Lemma 2.2(ii) again we obtain hg (y) =
limp 00 hp k (¥). O

2D. The cube. We explicitly compute the L?-support functions and L”-Mahler volumes of the cube
[—1, 1]™. This will be useful in proving Lemma 4.2 later.

Lemma 2.8. For p € (0, 00),

smh(py
hp—1,112(¥) = Zl ( l ) y eR™.

z—l
Proof. By Claim 2.9 below,

1 dx
ety () = — o ( / ePlr) _)
2L-L1] R/ L =117

= l 10g(2 l_[ —Slnh(pyl) ! )

p pPYi

i= 1—1

Zl (Slnh(pYI ) -

PYi

Claim 2.9. Fory e R",

n .
/ oY) gy = o7 l—[ Slﬂh(yz').
[-1,1]" ; Vi
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Proof. This may be expressed as the product of integrals
LS
(.9 4y = / XiVi ds
e dx = e dx;,
/[—1,1]" 1.1:[1 -1
because e{¥:Y) = X191 ... eXn¥n and [—1, 1] is the product of n copies of [—1, 1]. It is therefore enough
to take n = 1 and y € R. Suppose first that y # 0. Then

1 1 _ .
/ exydx=|:£] :ey—e y:251nh(y)'
-1 Y dx=—1 y y
For y =0, we have f_ll e*0dx = 2. By L’Hopital’s rule also

. 2sinh(y) .oeY—e™Y e 4eV
lim ——— = lim ——— = lim —— =2,
y—0 y y—0 y y—0 1
verifying the formula for all y. O

3. LP-polarity and L?-Mahler volumes

In Section 3A, we motivate the definition of the L?-polar body K°? (Definition 1.1) and prove
Theorem 1.2. In Section 3B, we establish the continuity of K°? in p (Lemma 3.6) and show that,
for p converging to 0, K°? converges either to R” or a half-space (Proposition 3.7). In Section 3C we
generalize (1-3) to a lower bound of M in terms of M, for all p > 0, for bodies with b(K) =0 (see (3-10)).
In Sections 3D and 3E calculations for M ([—1,1]") and &, g are carried out and used to numerically
approximate M, (Bl3), providing evidence that M, ([—1, 1]%) < M, (Bf’) when p < oo (Figure 3).

3A. The L?-polar body.

3A1. Motivating the definition. The support function of a convex body is convex and 1-homogeneous
and hence its sublevel set
K®:={yeR":hxg(y) <1}

defines a convex body such that M(K) = Moo (K) = |K| [gn e k() dy = n!|K||K°|. This is special
for the case p = oo. To see why, first recall the definition (1-9), M (K) := |K| [an e vk Yet despite
the suggestive notation, for p € (0, 00), hp g is not the support function of a convex body since it is
not 1-homogeneous. On the other hand, by Lemma 2.1, %, g is convex and hence the sublevel set
thpk <1} :={y € R" : hp k(y) < 1} is a convex body. Nonetheless, the volume of {h, x < 1} is not
related to M, (K) since despite having

o0
/ e hr.k(x) dx:[ e {hyx <t}|dr;
n —00

without 1-homogeneity it is not clear how {h, g <t} relates to {h, x < 1} for all .
In order to properly define the “L”-polar” body we replace %, g by a 1-homogeneous cousin. An
equivalent way of defining a convex body L is via its “norm”:

x|z :=inf{t >0:x etL}. (3-1)
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This is a norm only when L is symmetric, but it is always positively 1-homogeneous and subadditive
with L = {x € R": ||x|| < 1} [Gruber 2007, Theorem 4.3]. Given such a “norm”, the volume of L can
be expressed as an integral over the sphere:

|L| = / dx—/ "L dr du
{xeRn:|x| <1} {(r1)€[0,00)x0B : | rull L <1}

1/llullz 1 du
/ / r"ldr du = —/ o (3-2)
2B By lully

Looking at (3-2) one may be able to recover the “norm” of a convex body by writing its volume as an

integral over 9B} . Our aim is to define a convex body K°? with volume |K*?| = % / e~ r.K Starting
from the volume we guess its norm: we need to write | e~ "».K a5 an integral on the sphere matching (3-2),

o 1 —hp k() 1 > —hp. x(ru) .n—1
|K>P| = oy e "KLY dy = — e KW =2 qr du
n n: aBg 0
du

1
_1 / — (3-3)
n JaBy [( 1 fooo pn—1p=hp K (ru) dr)_” ]n

(n—1)!

This justifies the definition of || - || go.» via (1-12) and K°>? as the convex body associated to that “norm”
(Definition 1.1).

3A2. Proof of Theorem 1.2. In this subsection we conclude the proof of Theorem 1.2. We start with two
lemmas.

Lemma 3.1. Let 0 < p < g and recall (1-12). For a compact body K, || |ge.r < |- llxoe <hg(-). In
particular, K°® C K*4 C K°2.

Note the support function of a compact body coincides with the “norm” of the polar body (3-1),
hg ()= llke. (3-4)
since y € K° if and only if ~g (y) < 1 [Gruber 2007, p. 56]. Also, for convex bodies [Rockafellar 1970,
Corollary 13.1.1],
LCK ifandonlyif |[-[x <|-|lz ifandonlyif hgo(-)<hro(-). (3-5)
Lemma 3.2. Let p € (0,00]. For a convex body K C R", K°? is bounded (compact) if and only if
0e€int K.

In particular, since K° has nonempty interior [Rockafellar 1970, Corollary 14.6.1], Lemma 3.1 shows
that K°? is nonempty and has nonempty interior.

Before proving Lemmas 3.1 and 3.2, let us recall an integral formula regarding 1-homogeneous
functions that will be useful throughout.

Claim 3.3. Let k € N. Fora l-homogeneousfunction f:R" > Rand x € R" with f(x) # 0,

0 f(x)k
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Proof. By homogeneity of f, f(rx) =rf(x) for all r > 0. Setting p = rf(x),

0o 00 0o k—1 d
/ rk=1o=frx) qp — / rk=1e=r/ () qp = d e ” P
0 0 o flx)kt S(x)
_ 1 /Oopk_le_pdpz (k—l)!’
fk Jo f(x)¥
as claimed. ]

Proof of Lemma 3.1. Let p < q. By Lemma 2.2(v), hp x < hq k. Thus by (1-12),

o p — 1 oorn—l —h,,,K(rx)dr
beler = (G [ e

1 *° a
< ( P /O e K dr) = llxllges. (3-6)

So, for x € K°4, || x| go.r <||x||go.« <1; thus x € K°P. In addition, by homogeneity of i g, Claim 3.3 gives

1 /oo n—1 —hK(rx) d 1 (3 7)
r ‘e r= . -
(n—=D!Jo hg (x)"

Since by Lemma 2.2(v) hp x < hg, and by (3-4), (3-7) and a computation similar to (3-6) || x| ge.r <
hg (x) = || x|/ ke, it follows that K° C K°? by (3-5). |

S =

3=

For the proof of Lemma 3.2, it is useful to know that the L?-polars of [—1, 1]” are bounded.
Claim 3.4. For p € (0, 0o], we have ([—1, 1]")°? is bounded.
Proof. Since b([—1,1]") = 0, by Lemma 2.6, with A = %,

ry n
hi—yap| = ) < hp 1 (ry) + —log2
2 p

for all y € R” and r > 0. Thus by (1-12),

: e o g\ "
||y||<[_1,1]n>o.p=(m [ et d,,)

1 o0 y n
2 (( 1)' / rn—le—h[_l_l]n (ri)e;10g2 dr)
n—1)Jo

_ log2 _log2

S|=

1
_logZ( 1 )_" e r e r

=e P | — 7 = ——h_1,117(V) = ——IIyll=1.177)°>
h—1,11(3) 2 2

by Claim 3.3, the homogeneity of h[_; j}», and (3-4). By (3-5),

log2 log2
([_1’ l]n)o,P C 26’%([—1, l]n)o _ Ze%B”,
which is bounded. 0
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Proof of Lemma 3.2. Assume 0 € int K and let r > 0 be such that [—r, r]* C K. Then,

1 dx 1 dx
hp ()= —log(/ ePx:y) —) > _10g(/ eP{xy) )
’ Pk K1)~ p "\ K]

zllog(/ ply) A |[—r,r]"|)
p [~r.r]n [[=r, 71"l K|
2r)"

I

1
= hp [—rn (V) + > log (3-8)

Using this and (1-12),

1 1
> _ 1., @D Tn 2r)?
/0 e O o dp) o 17l (=r.rymye.r-

Iy llger > ( .
K|

Thus, by (3-5),

1
(n—1)!

1
|K|m» o
1 ([_rv r]l’l) ,P’

@2r)»

K%? C

which is bounded by Claim 3.4.
For the converse, we claim that if O ¢ int K then K°-? is unbounded. By Lemma 3.1, K° C K°? so it
is enough to show K° is unbounded. This is classical [Rockafellar 1970, Corollary 14.5.1]. a

Proof of Theorem 1.2. By Proposition A.1, || - ||ge.» is positively 1-homogeneous and subadditive. The
nonemptiness of the interior of K7 follows from Lemma 3.1 since K° has nonempty interior. It is also
closed and convex as the sublevel set of a continuous, convex function. Convexity of || - || ge.» follows
from its 1-homogeneity and subadditivity: for x, y € R” and A € [0, 1],

(1 =2)x + Ayllge.r < [[(1=M)xllge.r + [AyKe.r = A =D)llx][gor + Allylgo.r.

If K is symmetric, i.e., —K = K, then

1 d 1
hP,K(—J’) = — IOg/ ep(x,—y) _X _
p K

dz 1 dz
——log/ ep(_z’_y)—:—log/ ePlEy) = —p k().
K| p —K K| p K K| F
Therefore,

00 —5 00 i
“ —X”KO.P — (/O rn—le—hp,]((—rx) dr) — (/O rn—le—hp,l((rx) dl’) — ||X||K0.17,

making | - || ge.» a norm, and K°# symmetric. Finally, (1-11) follows from (3-3) and the definition
of |- || go.r. |

Remark 3.5. Ball showed that for a convex function ¢ : R” — R U {oo} and ¢ > 1, setting
1

o0 q
Illogi= ([ retee e ar)
0

defines a positively 1-homogeneous, subadditive function that is also a norm when ¢ is even [Ball 1988,
Theorem 5]. Then, {y € R" : ||y|¢,q < 1} defines a convex body (for even ¢ [Ball 1988, Theorem 5], for
general ¢ [Klartag 2006, Theorem 2.2]). In this notation, (1-12) reads ||y [|%.., = (n —1)!||y ”Zp,K,n‘ For
a statement and proof of Ball’s theorem, see Proposition A.1 below.
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3B. Continuity of M and limiting cases. First, we translate (pointwise) convergence of L”-support
functions to convergence of the norms of the L?-polars.

Lemma 3.6. Ler 0 < p < g < oo. For a compact body K C R", K*P C K°? and
lim |[x||ge.r = [lx| xo.a-
P4

In particular, (o< ,<, K*? = K*1.

Proof. By Corollary 2.7, h,, g increases to hy g as p increases to ¢. Therefore, one may use the monotone
convergence theorem [Folland 1999, §2.14] to take the limit under the integral in the definition of 4, g,

1 o0 —n
lim ||lx|gor = lim / 11 =l K (r) g
p—>0o0 p (n — 1)' r=0

—>00
1™ n
= lim (r”_le_h”’K(rx)) dr
(I’l — 1)' r=0P—4

U (% et bk )
= r"T e e KX dr) = ||x||go.a- O
((’1 - D! /r=0
3B1. The cases p =0 and p = co. By Lemma 3.6, as p — oo, K*P converges to the polar body K°

S|

in (1-1). In this subsection we focus on the other extreme case p = 0 and show that in the limit p — 0,
K°P converges either to R” or to a half-space, depending on whether 5(K) = 0 or not.

Proposition 3.7. For a compact body K C R",

lim | y||ge.r = (y,b(K))
p—0
and

| KoP ={y eR": (y.b(K)) < 1}.
p>0
Proposition 3.7 and Lemma 3.6 imply the following inclusion for all K°?.

Corollary 3.8. For a compact body K C R", K°? C {y e R" : (y,b(K)) < 1} forall p € (0, c0].

The statement of Corollary 3.8 is trivial when p = oo because b(K) € K; thus, by the definition
of the polar, (y,b(K)) <1 for all y € K°. The proof of Proposition 3.7 follows from the fact that the
L?-support functions converge to a linear function as p — 0.

Lemma 3.9. For a compact body K C R" and y € R",
lim hp g (y) = (y.b(K)).
p—0

Proof. Expanding the exponential,

1 dx

() = 5 tog [ erte) S

? p K |K|
dx

_1 2y dx
= plog(/Kl+p<x,y)+0(p )|K|)

= %log(l + p(y.b(K)) + O(p?)).
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By L’Hopital’s rule,
log(1+ p{y.b(K)) + 0(p?) _ . (.b(K)) +O(p)

lim A = lim _ — (. (K.
p—0 IJ,K(J’) p—0 p p—0 1+p(y,b(K))+0(p2) (y,b(K))
Alternative proof:
1 dx
lim A = lim —lo / ep(x,y) _
Pk ) rop Jk K|
fK(va’>€p(x’y)d7x dx
- —0 p{x,y) dx| | =/ <x’y>m: (y,b(K)),
’ Jx e?™> 4] K
again by L’Hopital’s rule. O

Proof of Proposition 3.7. For y € R" with (y, b(K)) # 0, by the monotone convergence theorem [Folland
1999, §2.14] and Lemma 3.9,

1 * n—1_,—h
. o — K p!K(ry)
Jim {1y llge-r ,}L“},((n—l)! /0 ne y

1 o0 1 b K n

where Claim 3.3 was used on the 1-homogeneous y — (v, b(K)). If (y, b(K)) = 0, similarly,

Sy

1
: 1 * n—1 o
i Wl = (Gt [ ar) =0 = b, 0

Proposition 3.7 motivates the following definition.

Definition 3.10. For a compact body K C R”, let

K®%:={y eR": (y.b(K)) <1}.
For a set A C R”, denote by
coA

its convex hull defined as the smallest convex set in R” containing A.

Example 3.11. The polar body of the standard 2-dimensional simplex A5 is given by the intersection of
two half-spaces
AS={(x,y)eR?*:x <land y <1}.

That is because A, = co{(0,0), (1,0), (0, 1)}; thus (x, y) € A° if and only if x = ((x, y), (1,0)) <1 and
vy ={(x,y),(0,1)) <1. In addition, |As| = %; thus the x-coordinate of the barycenter of A, is

1 1 1—x 1 1
— xdxdy=2/ / xdydx=2/ x(1—=x)dx ==.
|A2] Ja, x=0Jy=0 0 3

Similarly, @ Ja, ydy = 1, and hence b(A;) = (1. 1). Asaresult,
A0 ={(x,y) eR?: x4+ y <3}
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By Lemma 3.6, {x < 1}N{y <1} C (A2)*>? C{x + y <3} for all p > 0. By direct calculation,

ePX—1 _ ePrV—1

1 X py
g (X, ) = _1og(1’—_),
D,A2 P px Yy

from which we get Figure 2 in the Introduction. By Lemma 2.2(ii),

ePX—1 _ ePV—1

1 X
hp,Az—b(Az)(y) = hp,Az - ((X, y)v b(A2)> = ; log(pxpx——ypy) - 5 X’

leading to Figure 1, right, in the Introduction.

3C. Inequalities between M p and M. By Lemma 2.2(v), hp, x < hg for all p; thus

M(K) < Mp(K). (3-9)
In view of Lemma 2.6, a reverse inequality holds under the extra assumption of b(K) = 0.
Lemma 3.12. Let p € (0, 00). For a convex body K C R" with b(K) =0,

(#) Mp(K) < M(K).
p p

Hence, limp_, oo Mp(K) = M(K).
Remark 3.13. Lemma 3.12 generalizes the Bergman kernel inequality (1-3) (recall (1-23)).
Proof. Assume b(K) = 0. Lemma 2.6 applies to give

M(K) = IKlfRn KD dy > (1-20)5|K| | e trx (D) ay

Rﬂ
= (I—A)ZA”|K|/ e kD) dy = (1= 1) 1) Mp(K). (3-10)
[er
It remains to maximize f(A):= (1 —A)Y/PA. The derivative

, 1 1, 1 1_4( A
ffAD=—>0A=-1)7""A+0-1)7r=(1-1)7r [——+1-21 (3-11)

P P
is positive for A € (0, #) and nonpositive for A € (#, 1), so plugging A = >4 in (3-10) proves the

claim.
Finally, note

1 1
1im%:1im( _ 1)=1;
TR+ T TNy (1)
thus limp oo Mp(K) = M(K). O
Remark 3.14. For convex K C R” with b(K) =0, and any A € (0, 1),

1 o n— —ng\r
hK(y)Z((n—l)!/o e (y)dr)

_1
< ( 1 /oo rn—le—hp,K(%)-i-%log(l—A) dr) i _ ”y||K°~1P ,
(n—D1!Jo 1-1)7A

NI
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where we used Lemma 2.6 and Claim 3.3. So,

1 1+ p)'ts
K°C K*? C K°c(+p) !

(1-2)7A p

(optimizing over A as in the proof of Lemma 3.12). This yields inclusions independent of K or the

dimension. Thus for convex bodies with b(K) = 0, all the L?-polars K°? are “isomorphic” to (each
other and to) the classical polar body K°. They are also “isomorphic” to the sublevel sets of & k; see
[Klartag and Milman 2005, Lemma 2.2; 2012, p. 16]. Furthermore, the latter (at least in the symmetric
case) are “isomorphic” to the Lutwak—Zhang centroid bodies from Remark 1.7 [Klartag and Milman
2012, Lemma 2.3]. Nonetheless, “isomorphic” in this context means that inclusions in both directions
exist by dilations independent of dimension. Consequently, such equivalences are not typically helpful
when one is concerned with sharp lower bounds as in the Mahler conjectures. Given Lemma 3.12 and
the remarks in the Introduction, we believe that our L?-polars could be helpful in the pursuit of sharp
bounds, e.g., as in the Mahler conjectures.

3D. The cube. The next lemma computes the L?-Mahler volume of the cube.

n
dy) .

Lemma 3.15. For p € (0, 00),

Ly =an( L [T
Mp([=1,11") = 4 (p/o (sinh(y))

Mp([=L 1)) = (Mp([=1. 1])",

N =

Note that

in agreement with Remark 2.3.

Proof. By Lemma 2.8,

n 1
Mp([_lil]n)=|[—1,l]”| e_hp.[—l.l]”(y)dyzzn/ 1_[( . DYi )P dy
1

P e _; \sinh(py;)
1 1 n
pYi ? py P
= I (Gt )= (i) )
H sinh(py;) R\ sinh(py)
The claim follows from the evenness of py/sinh(py) and the change of variables z = py. O

In the notation of Section 1A, Blocki [2014, (7)]. obtained
=LK 100 (0.0) = (5)"
This agrees with our next corollary as M1 (K) = (47)"|K|?K1 (0, 0) by (1-4).
Corollary 3.16. Mi([-1,1]") = 72"
Proof. Setting p = 1 in Lemma 3.15,

M= (2 [ o) = (4w )
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20

MP([_I’ 1])
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Figure 4. M, ([—1, 1]) for p € (0, 100) compared to M([—1, 1]) = 4.

because y/ sinh(y) is even. Using (1—x)"1 =72, x¥ for 0 < x < 1, expand the integrand

y o_ 2y 2ye™ — 2ypeY ie_zky: iz o~ Ck+1)y
sinh(y) e¥—e™> 1—e 2y Y = = Y )

Therefore, by integration by parts

<y — [ (2k+1) - 2 > (2k+1)
- dy = / 2ye” Ydy = / e” Ydy
/o sinh(y) ch=;) 0 Z k+1Jo

k=0
1 il i 1
=ZZ—2=2( i 2)
= (2k+1) =k (2k)
_, — 1 1%1 _3%1_3712_7#
- k2 4 k2) 2 k2 26 4°
k=1 k=1 k=0
and hence
o0 y n
Mi(-1117) = {[ D gy) = -
o sinh(y)

A numerical approximation of M, ([—1, 1]) gives Figure 4.

3E. Cube, diamond, and uniqueness of minimizers. Let Bl = [—1,1]" and BY = (B},)° be the cube
and diamond (recall (1-13)). The L?-support function of the cube was computed in Lemma 2.8 and its
LP?-Mahler volume is given by Lemma 3.15. Lemma 3.17 below is the considerably harder computation
of the L?-support function of the diamond.

Lemmas 3.15 and 3.17 allow the comparison of the L”-Mahler volumes of the cube and the diamond.
We carried this out numerically for n = 3 and those computations lead to Figure 3 from the Introduction.
As discussed in Section 1C, this provides evidence that the cube is the unique minimizer for Conjecture 1.3.

Lemma 3.17. For p € (0, o0),

n n=2(eP¥j 4 (—1)"e~PYi
Vi e+ (=1)"em ) ) o)

1 n!
hﬂww=—m4——
2o p p”; D7 =D OF =27 D7 =i ) (0 —¥2
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The special case p = 1 of (3-12) was stated by Btocki [2015, pp. 96-97] in terms of Bergman kernels
without proof.
For the proof of Lemma 3.17 we require the following claim.

Claim 3.18. Forn > 2, and distinct y1,...,yn €R,

i v _{o, O<k<n—1,
S 0=y 0 = Y= = Yia) = ym) (L k=01
Proof. Consider the rational function
zk “ yjl;

f:C—>CU{o0}, zr

(z—y2)-(z—yn) +j;(yj—Z)(yj—yz)-“(yj—yn)’

i.e., think of y; as a complex variable.

The claim is that f is a polynomial. It is enough to show that its poles at y,, ..., y, are removable
singularities. By symmetry, it is enough to do it for y,. There are only two terms involving (z — y») in
the denominator. Write their sum as

! + vs _ ( 2t _ Vs )_1 !
(z=y2)---(z=yn)  (y2—2)---(y2=yn) \(z=y3)---(z=yn) (V2=y3)---(y2—yn)) z—)2
We claim the numerator can be written in the form (z — y,) p(z) for some polynomial p. Indeed,
k

k
VA Y

(z—y3) G —yn) (2—y3) (y2—yn)
k

vk vE vk

T ) ym) Gy ym) Gy ) 2332y
_ =) i) @ ys) (= yn) = (2= y3) o (02— yn)

Z

(z—y3)-+ (2= yn) > (z—y3) (2= yn)(2—3) - (y2— ¥n)
=) (z=y2)p(2)
B S B N e D B O [ SR FEN (R
R e P p(2)

= —_ y s
(z=y3)--(=yn) 2(z=y3) - E=yn) 2= y3) - (y2—In)
where p(z) is a polynomial such that
(z=y3)-(z=yn)=(2=y3) - (y2—yn) = (2 = y2) p(2),
since the left-hand side is a polynomial that vanishes at y,. In sum, f is a polynomial. In addition,

0, k<n—1
1~ — b 9
A SE=0 k=,

proving, by Liouville’s theorem [Ahlfors 1978, p. 122], that f is constant (as a bounded, entire function)
and equal to 0 when 0 <k <n—1,0or 1l whenk =n—1. O
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Proof of Lemma 3.17. Since B} is the union of 2" simplices of volume 1/(n!), |B}| = 2"/(n!). In

addition, by splitting the integral into 2" integrals over the simplex,

n(2 d
R () =/ etxy) ); =n!/ cosh(xyy1)---cosh(x, y,) dx. (3-13)
B! |BY| An

The rest of the proof is by induction on 7.
For n = 2, by (3-13),
h Y
e’ ”’Blz(p) = 2/ cosh(x1y1) cosh(xzy2) dx; dx;
As

1 o ! inh((1 -
:2/ COSh(lel)/ cosh(x2y2) dxz dx; =/ cosh(x1J’1)Sln (@ =x1)y2) dx;
0 0 0 Y2
_ L[h sinh(yy1x1) sinh((1 —x1)y2) + y2 cosh(x; y1) cosh((1 —xl)y2):|1
»2 i3
_cosh(yy) —cosh(yz)  cosh(y1) N cosh(y2)

¥ =3 yi-yi  yi-yi

x1=0

where
a sinh(ax + ¢) sinh(bx 4+ d) — b cosh(ax + ¢) cosh(bx + d)
22 +C

/ cosh(ax + ¢) sinh(bx +d) dx =

was used.
For n > 2, by (3-13),
W ()
=/ cosh(xyy1) -+ cosh(Xp41yn+1) dx
Apt1

(n+1)!
1
— [ o) [ cosh(x1 y1) -+ cosh(x ) dx
Xn+1=0 (1_xn+l)An
) /"pﬁ'ﬂw)
= [ cosh(Xn+1Yn+1) " (1 =xp+1)" dxp41 (3-14)
Xn+1=0 n:

because by (3-13) and changing variables,
/ cosh(xyy1)---cosh(x,y,)dx
(I=xp4+1)An

- / cos((1 = Xn41)2131) - cosh((1 = Xn41)znyn) (1 — Xns1)" dz
A

ephp,B’f((lixTrl)y) n
= (1 —xn+1)".
n!
By induction,
Py oy () _ 1L g o M e A
e | = —
n 1—xp41)2(n—1)
PRI ()0 =D - 07 =y DOy ) 0F 92

y7—2(e(1—xn+1)yj + (=1)"e~A=Xn+1)))

n! "
= E 3-15
(I —=xp41)" ( )

SO OF =y DO =) OF =0
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Therefore, by (3-14) and (3-15),

Yy
eph"’B?H(”) n 12 [ cosh(xp g1 yng1) (€107 4 (—1)te (1m0 027) dxy g

(n+1)! _; 7 =D OF =y DO =y ) 7 =D

(3-16)

To complete the proof, compute

1 1
/ cosh(xn41Yn+1)e DY dxy g = €77 [ cosh(Xn41Ynt1)e "7 dxpt1
0 0

1
— leyj / eXn+1n+1-y;) + e~ Xn+1n+1+y;) dXpi1
0

2
1 eIn+17Yi —1 e~ n+1+y,) _q
(e
2 Yn+1—Yj Yn+1+Yj
1 (eJ’n—H _eyj e_yn-‘rl _eyj)
2\ yny1—yj Ynt+1+Yj
_ yjerl —yj COSh(J’Zn—H)Z_ Yn+1 Sinh(yn—i-l)’ (3-17)
Vi = Vn+1
and hence, replacing y; by —y; in (3-17),
1 —vie Vi . cosh — inh
/ cosh (X1 Vn1)e” T dy, g = —2C o8 §)7n+;) Zatl 0 (yn+1). (3-18)
0 Yi = Yns1
Therefore, by (3-17) and (3-18),
1
/ Cosh(xn+1)(e(1_x”+1yf) + (_1)ne—(1—xn+1)yj) dxn41
0
_ e+ Dy (= (=)")yj cosh(ynt1) (L4 (=1)")ynt1sinh(yn41) (3-19)
e Vi Van ViV

By (3-16), (3-19) and Claim 3.18,

1 php B’IH_1 (%) Xn: yjn 2f0 COSh(xn+1yn+1)(e(1 anrl)yj _|_(_1)ne (1 xn+l)y_/)dxn+1
e ’ =
=1 V7D 07 =7 D =yi ) (-2

(n+1)!
YL (=1 le )

D7) 7= D7 =7 ) 7=y =ymi)

Jj=1
n—1

n
—(1—(—1)")2 2_ 2 2 2yj ;OShz(ynH) 2_ 2\ (v2_+12
j=1(yj'_J’1)"'(y]'_y]'_l)(y]'_y]'.H)"'(yj_)’n)(yj'_yn_H)

Y772 yn1sinh(ypt1)
D7 =D =27 D=y ) 7=y 7=V t)

—(+=D">

Jj=1
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+(1=(=1)") cosh(yn+1)

P @ 1)
el 0 ) KUY G (D [ Vi) RS s -3 L G e el

—1
Yntl
n+1 ) (J’r%+1_)’r%)
n—1
yn—i—l
Ymi1= VD) a1 =y3)

G i)

Z(y] S CD R G (PO [ e VD REL G 03 L G g

+(14+(=1)")sinh(yn41)

—1
Ynti
(y3+1_y%)"'(y1%+1_y1%)

+(e?+(=1)"He™)

as desired. O
Therefore, in dimension n = 3, for distinct values of x, y and z,
L ( )= 1 6 x sinh(px) y sinh(py) z sinh(pz)
X, V.2 0
pBY @)= 7 (7=207 =) " =A@ —y?)
which smoothly extends to R3. In particular,
1 [ 6 ( pcosh(px) x2 4 z2 sinh(px)  zsinh(pz)
—log| — 2_.2)  (+2_.2)2 2_.2)2 x=y#z,
| PP\ 2(x%2—2z?%) (x*—1z?%) 2x (x?—1z2%)
[ 6 ( pcosh(px) x2 4+ y2 sinh(px) y sinh(py)
—log| — — x=z#y,
p LpP\2(x*>=y%) (*—y?)? 2x x2—y?)?
hp’Bls(x,y,Z)= llog i pcosh(py) y*+x* sinh(py) xsmh(px) y=z#x,
p LPP\200?=x%)  (y*—x?)* 2y (y? —x?)?
1 [ 6 (xpcosh(px)—sinh(px) 4 x2 p? sinh(px)
—log| — , x=y=z#0,
p Lp3 8x3
0, x=y=z=0

4. The L?-Santalo point

In this section, we prove Proposition 1.5.
First, let us elucidate the similarities and differences from the case p = co. The Santal6 point [1949,

(2.3)] of K is the unique point Xoo g € int K for which b((K — xo0,x)°) = 0. This is equivalent to
b(hg—xs ) = 0 since
b(hg) = (n+ 1)b(K®). 4-1)

However, since /, g is not 1-homogeneous for p < oo, it is not in general true that b(K°?) vanishes
when b(h,, k) does. To verify (4-1), first compute V(hg). Since hg is 1-homogeneous and hg = || - ||k,
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by Claim 3.3 and (3-2),

o0
d
V(hK):/ e_hK(y)dy:/ / Vn_le_hK(ru)drdu:(n—l)!/ h u _ =n!|K°|. (4_2)
R 282 Jo By hi(u)

Another way to see (4-2) is to start with (1-9) and (1-11), i.e.,

V(hp k) =n!|K*P|, (4-3)

and take p — oo.
For the barycenters, compute in polar coordinates,

1

|K*P| Jliyllgo.r <13
1

| K*P[ Ji(ra)e(0,00)xIB2: [Irull go.p <1}

1 1/|ullgo.r
> / [ r"udr du
|K ,p| 0B} Jr=0

1 1 / u d
= u
|K>P[n+1 Jopr lul%t),

b(K*P) = ydy

rur™1dr du

1 1 1 * n—1_,—hp g (ru) n;lH
= ~ u e dr du. (4-4)
n+1[K>?| Jagr \(n—1!Jo
In addition, by (4-3),
b(hpk) = L ye hr k) gy = ! l/ u/oor”e‘hp~1<(r“) dr du (4-5)
P V(hp,k) Jrn |KP|n! Japr  Jo '

For p = oo, since hoo,k = hk is homogeneous. Claim 3.3 gives

U (% a1 —hx(ru) Ea e 1 U (% o —hpx(ru)
- n— —ng\(ru d — - - = @@ - n,—np g\ru d, 4_6
((”—1)!/0 e r) (hK(u)") G n!/o e r 0

o (4-1) follows from (4-4)—(4-6), but without homogeneity such a relation does not hold.

Remark 4.1. While (4-1) does not hold for all p, one can show a weaker inequality of the form

n+1

1

o ntl —hpk |7 0o

(( 11)'/ rn—le—hp']((ru)dr) <m+1) e P’j”ool'/ pe=hp.x(ru) g
n—1): Jo (I’l')ﬁ n:Jjo

by using [Brazitikos et al. 2014, Lemma 2.2.4].

The proof of Proposition 1.5 is based on three key lemmas, proved in Sections 4A and 4B.
Lemma 4.2. Let p € (0, 0o]. For a convex body K C R", Mp,(K —x) < oo ifand only if x € int K.
Lemma 4.3. Let p € (0, 00]. For a convex body K C R" and x¢ € 0K,

lim M, (K —x) = oo.

X—>X0
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Lemma 4.4. Let p € (0,00]. For a convex body K C R", x = Mp(K —x), x € intK, is twice
differentiable and strictly convex with VxMp(K —x) = Mp(K —x)b(hp gk —x).

Proof of Proposition 1.5. Since, by Lemmas 4.2 and 4.4, x > M (K — x) is strictly convex in int K and
blows up on R" \ int K, it must have a unique minimum at some x, g € int K. This is a critical point and
therefore, by Lemma 4.4,

0= ViMp(K —xp,x) = Mp(K —xp,k)b(hp,k—x, &)
Thus b(hp,k—x, x) = 0. |

We call x, g the L?-Santal6 point of K. For future reference we record its characterization:
Corollary 4.5. Let p € (0, 00]. For a convex body K C R", there exists a unique xp g € R" such that
b(hp’K_xp’K) == O.

It is not clear to us how to directly prove Corollary 4.5 if not by Proposition 1.5. In general, for a
convex function ¢ : R” — R U {oo} with b(¢) € R”, it is not hard to see that there is an x € R” such that
under the translation

Ty :R" > R", y—>y—x,
the pull-back of ¢
TIp(y):=d(y —x)

has its barycenter at the origin, b(7¢) = 0. This is because

o dy vy Ay _ dy
b(Typ) = / A / ye 000 2 [y g et 2 p(g) 4,
¥ R V(o) n V()  Jen V(o)
so it is enough to choose x = —b(¢). However, functional translation of %, g does not correspond

to the translation of the body. That is, in general, T}h, xk # hp k—x. In fact, by Lemma 2.2(ii),
hp,k—x(¥) = hp,k(y) — (y, x), and hence

_ dy _h dy
bhy k- ):/ ye h,,,,”(y)_:/ Jehr k) (%) |
p X R7 V(hp,K—x) R7 V(hp,K—x)

from which is not clear what x should be so that b(h, x—) = 0.

Remark 4.6. While we discuss lack of translation-invariance of some quantities, it will be helpful to note
how M, transforms under the GL(n, R)-action. For p > 0, a convex body K C R", and 4 € GL(n, R),
by Lemma 2.2(iii),

o0
XNl akye-r = (/ plo=hp ax(rx) dr)
0

hence

(o,¢] T n
= (/ rhle=hp.k (rA7x) dr) = AT x| go.r;
0

S|

(AK)>P = (A~ HT K°P. (4-7)
In sum:

Lemma 4.7. Let p € (0, 0o]. For a compact body K C R" and A € GL(n,R), Mp(AK) = M,(K).
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This GL(n, R)-invariance will be useful in several places, e.g., in the proof of Claim 4.8 below and in
proving Theorem 1.6 when we deal with Steiner symmetrization.
4A. Finiteness of M p. Lemma 4.2 follows from the following two claims.

Claim 4.8. Let p € (0, 00]. For a convex body K C R" with 0 € int K, and r > 0 such that [-r,r]"* C K,
M,(K) < |K|1+% My (-1, 1]")
(8= g M= AT,

In particular, Mp(K) < oo.

Proof. Since 0 € int K, there is r > 0 such that [—r, r]" C int K. By (3-8),

Mp(K) = |K| [ hrx 0 gy
Rn

1 1+1
<|K| | e ot K1 dy = KL (2r)n/ e Mr=rrn () gy
R

" ens T et
K 1+% 1+%
= (|2r|)—n+ZMp([—r, r|") = (|2r|)—"+7)Mp([_l’ 1),

where we used Lemma 4.7. By Lemma 3.12, since b([—1, 1]*) =0,

H_% n 1+% n
Mp([=1,1]") < ((l++)) M(=1,1]%) = (%) "

concluding the proof. O
Claim 4.9. Let p € (0, 00]. For a convex body K C R" with 0 ¢ int K, M,(K) = oc.
Proof. By convexity of K, since 0 ¢ int K, there is a hyperplane through the origin

ut ={xeR": (x,u) =0}

such that K C {x € R" : (x,u) > 0}. In particular, (x, —u) <0 for all x € K, and hence

c :2/ ePlx:—u) d_x < 1.
K |K|

If it was exactly equal to 1, then (x,u) = 0 for all x € K, that is, K C u=L, which is a contradiction
because K has nonempty interior. Let U C dBJ be an open neighborhood of —u such that

d 1
/61’<st)|_1§|§ ;—C<1 for all v € U.
K

Forr>1landv e U, x € K, since p(x,v) <0, we have rp(x,v) < p{x,v). Thus

/erp(x,v)d_xffep(x,v)d_x§1+c<1’ veU r>1. (4-8)
K K|~ Jk K| 2
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In polar coordinates, by (4-8),

d
Mp(K) =K1 [ e7h50ay = K] !
" R (fKep(xy)| |dx)

r"~1ldr dv
= |K| T
dBY erp x,v) _1 dx)”

K]

r*~1dr dv
|K| T
erva 1 dx)"

N =

e

z|1<|(1“) // 1 dr = o0 .

Proof of Lemma 4.3. As hp ¢ < hg (Lemma 2.2(v)), |(K — x)%>?| > |(K — x)°| for all x € R" and
p € (0, 00]. Tt is therefore enough to prove the claim for p = co. By Lemma 4.2, M(K — x) = oo for
x ¢ int K. Hence, we may further restrict our attention to x € int K.

By rotating K we may take —e, as the outward-pointing unit normal of K at x¢. For x € int K, let
e =¢(x) > 0 such that K —x C {x, > —¢}. Since K is bounded, there exists M > 0 such that K C M B .
Now, (K — x)° contains the cone

14+ ey,

C::{(n,yn)elR”_lle:ms ne[O,—e_l]} C(K—x)°.

The volume of the cone is given by

0 n—1 B3
1= [, iy s 100 = 1] (o)™ dyn = 2
As x — xg, £ = &(xg) — 0T; hence |(K — x)°| — oo. |
4B. Smoothness and convexity of M p.
Proof of Lemma 4.4. Denote by ey, ..., e, the standard basis of R”. For x € int K there is r > 0 such

that x + 2rB} C int K. Using Lemma 2.2(ii), for 0 < e <r,

n!'|[(K—x —ee;)>P|—n!|(K —x)>P| :l/ o~ p K—x—se; (¥)

_ e_hp,fo ) dy
&

_1 / o k—x D) gleeiy) _ p=hp k-0 g,
& Jrn

&vi
= / ¢ kO dy, (4-9)

ForO<e<r,

gm— 1|y |m

<y ol

m=1

esyi—l'

e m! r

pm—1 X my,,. |m
< Z |yl =Ly 7 L i,
, =
m=1
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hence
&Yi __
el < Loty k),
"

e_hp.K—x(J’)

&

1 ryil ,—hp k—x(¥) 1 > ryi 0 —ryi \,~hp.k—x(¥)
—e"Vile™p. K=x{V) = _ eVl + e Vi e I K= gy
rR? T r Jrn—1 0 —00

El/ e"Vie™hp.k—x(¥) dy—f—l/ e—ryie—hp,K—x(y)dy
r Jrn r Jrn

and

1
=—(n![(K—x—re;)>?|+n!|(K—x+re)>?|)
’
is finite by Lemma 4.2 as x + re; and x — re; are both in the interior of K. Therefore, dominated

convergence applies to (4-9):

n!'|(K —x —ee;)>?|—n! (K —x)>P| ) / e®i —1
= lim _—
e—>0 Jpn &

lim ehrk=x() g,
e—0 &

i _
:/ lim ~ 1e_hl’~K—X(y) dy
R

n €—>0 &
_ / yiehr k- gy,
R}’l

That is, x — [(K — x)°|, or equivalently x — M, (K — x), is differentiable in int K with gradient

ViMp(K —x)=|K| | ye Pr&=O)dy = M, (K —x)b(hp k).
Rﬂ
as
dy 1

— —hp k—x ()
= - ye "p dy.
Vhpk—x)  n!'|(K—=x)*P| Jgn

bl )= [ yehrses)
Rn

Similarly, one can show that the second-order derivatives exist and are continuous. Differentiating

under the integral sign,
2

ox; 0x;

My(K =) =IK] [ yizehos=O)ay.
Rn

Therefore, for v € R”,
n
vIV2Z M, (K —x)v = | K| Z / Uinyiyje_hp’K_X(y) dy = |K|[ (v, y)2e k=) qy > 0,
L R Rn
i,j=1

with equality if and only if (y, v) = 0 for almost all y, or equivalently v = 0, proving strict convexity. [

5. The upper bound on M,

This section is dedicated to proving the LP-Santal6 theorem, Theorem 1.6. As expected, we use
symmetrization. However, there are a number of intricate details that need to be carefully dealt with, since
L?-polarity is a highly nonlocal operation compared to classical polarity. On the surface of it though,
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as in the case p = oo, the key estimate we need to prove is the monotonicity of volume under Steiner
symmetrization:

Proposition 5.1. Let p € (0, 00]. For a symmetric convex body K C R" and u € 3B}, let 0, K be the
Steiner symmetral of K (Definition 5.5). Then, |(0, K)®P| > |K°?|.

5A. Outline of the proof of Proposition 5.1. Proposition 5.1 is proved in Section 5G. For n = 1,
oy K = K if K = —K. Thus, take n > 1 for the rest of the section. We follow a classical proof for the
case p = oo [Gruber 2007, Proposition 9.2; Artstein-Avidan et al. 2015, Proposition 1.1.15] and make
the appropriate modifications to p € (0, o). This involves comparing the volume of the “slices” of the
polar body perpendicular to the vector used for Steiner symmetrization. For a convex body K C R”, and
Xxn € R, denote by

K(xn) = { €R"" 1 (§.xn) € K} (5-1)

the slice of K at height x,. By Tonelli’s theorem [Folland 1999, §2.37], the volume of a convex body
may be expressed as an integral of the volume of its slices,

o
|K|:/ dfdan/ | K (xn)] dxn. (5-2)
{(&,xn)eRM I xR:E€K (x1)} o0
In view of (5-2), Proposition 5.1 follows from the next lemma. Denote by ey, ..., e, the standard basis

of R
Lemma 5.2. Let p € (0, 00]. For a symmetric convex body K C R", |(0¢, K)*? (xn)| = |K*? (x,)| for
all x, € R.

Lemma 5.2, in turn, follows from the Brunn—Minkowski inequality and the following monotonicity
property of the average of antipodal slices under Steiner symmetrization.
Lemma 5.3. Let p € (0, o). For a convex body K C R",

K®P(xp) + K*P(—xpn) c (0¢,, K)*P (xn) + (0¢, K)*P (—Xp)
2 2
The equality on the right-hand side holds because o, K, and hence (o¢, K)°*# (Lemma 5.17), are by

= (0e, K)*P(xn). (5-3)

construction symmetric with respect to e,J;. Nonetheless, note that no symmetry on K is assumed for
Lemma 5.3, in contrast to Lemma 5.2. Applying the Brunn—Minkowski inequality on Lemma 5.3 gives

o 1 o 1 o 1
|0, K)PP (xn) | 77T = 3| K () |71 + 5| K P (=x) | 7T

Without any symmetry assumption on K, |K°?(x,)| and |K°?(—x,)| may be unrelated. For symmetric
convex bodies, K°? (—x,) = —K°?(x,) (Claim 5.14) and hence |K°?(—x,)| = |K°? (x,)|, justifying
the symmetry assumption in Lemma 5.2. See Figure 5.

In order to obtain the inclusion of Lemma 5.3, we first obtain an inequality relating the norms before
and after symmetrization:
’(gﬁ' ) 1. xn)llo.r + 18" —xn)l| ko

’ xl’l S .
2 e K7 2

(5-4)
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(0¢, K)(h)

(Oelz K) (_h)

Figure 5. Comparing the slices.

For p = o0, by (3-4), (5-4) reads
h%K(E + ¢’ ’ xn) < hig (§,xn) +hg (&', —xn)

2 2 ’ (5-5)

which is classical and simple to prove: any element of o¢, K is of the form (z, 5%) for (z,1), (z,s) € K,

(550 (505
sXn ) |2 —— =\—7Z +xn
2 2 2 2

(§.2) +xnt | (§.2) — Xns

2 2
A, xn), (z,1)) n (', —xn), (z,—5))
N 2 2
p— 2 9

and (5-5) follows. One of our key estimates in this section is a 3-parameter (p, s, ) family generalization
of (5-5):
Lemma 5.4. Let p € (0,00], and K C R" a convex body. For £,§' € R* 1 x, e Randr,t,s>0with

2 _1,1
r_t+s’

+ & s t
hp,aenK(”E 25 s ”xn) =< mhp,K(tg» txn) + mhp,K(sg‘J, _an)-

For p = oo, Lemma 5.4 is equivalent to (5-4). Lacking homogeneity, for p € (0, co) this is no longer the
case. Notwithstanding, Lemma 5.4 is exactly the condition necessary to apply Ball’s Brunn—Minkowski
inequality for harmonic means (Theorem 5.20, proven in the Appendix) from which we deduce (5-4).
The next step in the proof of Proposition 5.1 is to use (5-4) to obtain Lemma 5.3. Finally, Lemma 5.3 and
a symmetry property for antipodal slices of symmetric bodies (Corollary 5.16) give Lemma 5.2 from
which Proposition 5.1 follows by (5-2).

The proof of Proposition 5.1 is organized as follows. Sections 5B and 5C are preparatory. In Section 5B
we recall a few basics of Steiner symmetrization. In Section 5C, Lemma 5.11 establishes the continuity
of M, in the Hausdorff topology (Definition 5.9). Section 5D establishes several symmetries between



LP-POLARITY, MAHLER VOLUMES, AND THE ISOTROPIC CONSTANT 2215

antipodal slices for symmetric convex bodies. Section 5E is dedicated to proving Lemma 5.4, and
Section 5F to proving Lemmas 5.3 and 5.2. In Section 5G, we complete the proofs of Proposition 5.1 and
Theorem 1.6.

5B. Steiner symmetrization. For a vector u € 9B} denote by
ut={x eR": (x,u) =0}

the hyperplane through the origin that is normal to u. Let, also,

L R s ut, x e x—(x,u)u,

be the projection onto u~. Given u € dB7%, one may foliate any convex body K by a family of straight
line segments parametrized by a hyperplane u-. The Steiner symmetral o,, K is the unique such foliation
for which the line segments have their midpoints in u~- [Steiner 1838, pp. 286-287] (see also [Gruber
2007, §9; Artstein-Avidan et al. 2015, Definition 1.1.13]):

Definition 5.5. For K C R” a convex body and u € B}, the Steiner symmetral in the u direction is
given by
oy (K) = {x +tu:x em, (K)and |t]| < %lKﬂ (x + IRu)|}.

Steiner symmetrization produces a convex body that is symmetric with respect to u=.

Definition 5.6. A convex body K C R” is symmetric with respect to a hyperplane u= if for all x € K
x—2{(x,u)u € K.

Equivalently, K remains invariant under reflection with respect to u~. Steiner symmetrization also
preserves volume and convexity [Gruber 2007, Proposition 9.1]:

Lemma 5.7. For a convex body K C R" and u € 0B}, 0,,(K) is a convex body, symmetric with respect
to ut, with |0y, (K)| = | K.

Orthogonal transformations preserve volume and, by (4-7), commute with L?-polarity. The following
lemma then justifies working with u = e, throughout.

Lemma 5.8. For a convex body K CR", u € 0B}, and A € O(n),
ou(K) = A_laAu(AK)-
In particular, |0y, (K)| = |04y (AK)|.

Proof. Since A € O(n) is invertible, it is enough to show A 04, (AK) C 0y (K). Let x +t Au € 04, (AK)
with
X €M gy)L(AK) and |t < %|(AK) N(x 4+ RAu)|.
First,
JT(AM)J_(AK) = AJTuJ_(K) (5-6)
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Indeed, for z € R”,
T(auyL(Az) = Az — (Az, Au)Au = Az — (z,u)Au = A(z — (z, u)u) = Am, 1 (2),

because, since A € O(n), we have (Az, Au) = (z, AT Au) = (z,u).
Second,
(AK)N (x + RAu) = A(K N (A" x + Ru)). (5-7)

That is because, y € (AK) N (x + RAu) if and only if y € AK and y = x + sdu, x € K, s € R.
Equivalently, 7'y e Kand A7 'y = A7 'x +su € A7 'x + Ru, ie., A7y € KN (A7 x + Ru).
Using (5-7) and as A € O(n) preserves volume, |[K N (A7 'x + Ru)| = |(AK) N (x + RAu)|. Thus
AN (x + tAu) = A7 'x + tu is such that A7 !x ¢ A_lﬂ(Au)L(AK) = A Y (An,1(K)) = 7,1 (K)
(using (5-6)), and |r| < [(AK) N (x + RAu)| = 1|K N (A7 x + Ru)|, that is, A7 (x + tAu) =

A7 x + tu € 0y (K). |
Recall the definition of the Hausdorff metric.

Definition 5.9. For K, L. C R" two compact bodies, let
dr(K,L):=inf{e >0: K C L +¢B} and L C K + ¢B%}
be the Hausdorff distance between K and L.

Repeated Steiner symmetrizations Hausdorff converge to a 2-ball [Gross 1917; Gruber 2007, Theo-
rem 9.1].

Lemma 5.10. For a convex body K C R", there is p > 0 and a sequence of vectors u; € dB} such that if
K; :=oy; (Kj—1), where Ko := K, then K; — pBY in the Hausdorff metric.

5C. Hausdorff continuity of M p. The aim of this subsection is to verify that M), is continuous under
Hausdorff convergence (Lemma 5.11).

By Lemma 5.10, iterated applications of Steiner symmetrization dg -converge to a 2-ball. Therefore,
in order to obtain Theorem 1.6, it is necessary to show that M), is dg-continuous.

Lemma 5.11. Let p € (0,00] and {K;}j>1 C R" be a sequence of convex bodies dp-converging to a
convex body K C R" with |K®?| < oo. Then, Mp(K;) — Mp(K).

Lemma 5.11 follows from the next two claims. First, the volume of convex bodies is continuous under
the Hausdorff metric. Note this is not true without the convexity assumption, e.g., for space-filling curves.
Denote by

1, xekK
1 K(X) = ’ ’
*) 0, x¢K
the indicator function of K.

Claim 5.12. Let {K;};>1 C R" be a sequence of convex bodies dp-converging to K C R"™ Then,
|Kj| — |K].
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Proof. Since dp (K, K) — 0, there are &; > 0 such that K; C K+¢; B} and K+¢; B} C K;, withe; — 0.
In particular, {&; };>1 is bounded. For simplicity, take &; < 1. In particular, K; C K+e¢; B} C K+ B} ; thus
1g; <1g4 gy forall j. This allows for the use of dominated convergence. It is therefore enough to show

lim 1g, (x) =1g(x), x € (intK)U ([R"\ K). (5-8)
j—o0

Then, by dominated convergence,

Tim [Kj| = lim [ 1k, :/ lim 1k, :/ 1x = |K|.
J—>00 R? R R7

j—o00 n j—00

For (5-8), let x € int K. There is ¢ > 0 such that x + ¢B% C K. Since ¢; — 0, there is jo > 1 such that
gj <eforall j > jo. Therefore, x +eB) C K C K; +¢; B} C K; + ¢BJ. By the cancellation law for
the Minkowski sum of convex bodies [Gruber 2007, Theorem 6.1(i)], {x} C K}, i.e., x € K. Therefore,
1g; (x) =1 =1k(x) forall j > jo.

For x € R" \ K, since K is closed, R" \ K is open. Thus there is & > 0 such that x +2¢B} C R" \ K,
ie., (x +2eB))NK =a. Let jo > 1 withe; <eforall j > jo. Then, K; C K + ¢B} and hence

(x+eB})NK; C(x+eBy)N(K+eBY) =0,

because, for y € (x +eB}) N (K +¢eB%), we have y = x + eu = z +ev for u,v € B} and z € K. That
is,z=x+e(u—v) € x+2eBJ; thus z € KN (x +2¢B}) = &, a contradiction. Therefore, x ¢ K; for
all j > jo,ie., 1g;(x) =0 =1g(x) for all j > jo, proving (5-8). O

Second, the volume of the L?-polars is also continuous under Hausdorff convergence given that the
limit is a convex body with finite M, volume.

Claim 5.13. Let p € (0,00] and {K;}j>1 C R" be a sequence of convex bodies dp-converging to a
convex body K with |K°?| < co. Then, |K;’p| — |K%?|.

Proof. Since dg(Kj, K) — 0, there are ¢; > 0 such that K; C K +¢;B} and K C K; + ¢; B} with
g; — 0. In particular, {¢;};>1 is bounded. For simplicity, take &; < % In particular,

KjCK-i-SngCK-i-Bg,

so K are uniformly bounded. Let M > 0 such that [x| < M for all x € K; and all j. For y € R",

“Kjlephp.Kj (Y)_|K|ephp.K(J’)’ = ‘/ eP{xy) dx—/ eP D) 4y
K; K

<[ ePb5) dy < (K \ K)U(K\K)le?MP!. (5.9)
(K;\K)U(K\K;)

Note that

Lk \xyur k) (V) = 1k, (v) =1k ()],
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which converges to 0 almost everywhere by (5-8). By dominated convergence, [(K; \ K) U (K \ K;)| — 0.
Taking j — oo in (5-9), |Kj|eph”’Kf SOEN |K |eP"».x () By Claim 5.12, |K;| — | K|; thus

jlirggo hp,k;(y) =hp(y), yeR", (5-10)

establishing the pointwise convergence.

The aim is to use dominated convergence on et K; , for which a uniform (independent of j) and
integrable upper bound is necessary. By assumption | K°*?| < 0o, or equivalently, by Lemma 4.2, 0 € int K.
That is, there is r > 0 such that [-2r, 2r]" C K. Therefore, for large enough jo > 0, we have [—r, r]" C K
for all j > jo. In addition, by Claim 5.12, |K;| — | K| > 0; thus there is M’ > 0 with |K;| < M’ for
all j. As a result,

1 dx 1 dx @2r)"
hp.x; () = —10g/ ert) = _log/ P 2 =y oy (9) + log =
PR p K; |Kil — p [—r.r]n mr M’
and hence /
o, o M by ),
~ @)
The right-hand side is integrable since by (4-7)
- Mp([=r.r]") 1
hp’[_r’,.]n ) dy = 14 — M 1.1 n
e T TR

which is finite by Lemma 3.12. The claim now follows from (5-10) and the dominated convergence

theorem. O
Proof of Lemma 5.11. By Claims 5.12-5.13, |K;| — |K| and [K;**| — |K®P|; thus by (I-11),
lim; 00 Mp(K;) = limj oo n! |K;||K;*P| = n! |[K||K*P| = Mp(K). O

5D. Slice analysis of symmetric convex bodies.

5D1. Symmetry with respect to a hyperplane. Antipodal slices are related when —K = K: £ € K(—xp)
if and only if (§, —x,) € K or —(§, —x,) = (=&, x,) € K, i.e., if and only if —§ € K(x,). In sum:

Claim 5.14. For a symmetric convex body K C R", K(—x,) = —K(xp,) for all x, € R.

If, instead, one assumes K to be symmetric with respect to the hyperplane ej-, then antipodal slices are
exactly equal: note that £ € K(xj,) if and only if (§, x,) € K, which by the symmetry of K with respect
to e,J; is equivalent to (¢, —x,) € K or § € K(—x5). Thus:

Claim 5.15. For a convex body K C R" symmetric with respect to e,i‘, K(—xp) = K(xp) forall x, € R.

5D2. LP-polarity preserves symmetries.

Corollary 5.16. Let p € (0, 0o]. For a symmetric convex body K, K°?(—x,)=—K®?(x,) forall x, €R.

Proof. By Theorem 1.2, K°-? is symmetric. Thus, by Claim 5.14, K°?(—x,) = —K°?(x,). O
In addition, K7 inherits symmetries with respect to hyperplanes from K.

Lemma 5.17. Let p € (0,00],u € 0B} and K a convex body symmetric with respect to uL. Then, K°P
is symmetric with respect to ut.
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Proof. By symmetry with respect to u~, m,(K)=Kn uL. There is concave f : K NuL — [0, 00)
such that

K={x+tu:xeKnutand || < f(x)}.
ForyeKﬂuJ-, s €R,

! d
hp,x(y +su) = — log(/ eP(2:y+su) _Z)
K K|

V4
= l log(/ /f(x) plx+tu,y+su) dr dx)
p xeKnut f(x) |K|
_ llog(/ Lpie) /f(x) opts dr dX)
V4 xeKnut t=—f(x) |K|

1 S(x) drd
:—log(/ ep(x’y)/ e PT kel X) = hp,x (y —su),
p xeKnut =—f(x) |K|

by the change of variables t = —¢. As aresult, ||y + su||go.r = ||y —su||go.», and hence y + su € K-
if and only if y —su € K7 as desired. O

By Lemma 5.7, o, K is symmetric with respect to e ; thus, by Lemma 5.17, (o, K)>? also is.
Therefore, by Claim 5.15 its antipodal slices are equal.

Corollary 5.18. Let p € (0,00]. For a convex body K C R", (0¢,K)®?(xn) = (0¢, K)*? (—xy) for
all x, € R.

SE. Proof of Lemma 5.4. The only two ingredients required for the proof of Lemma 5.4 are Holder’s
inequality and the log-convexity of sinh(¢)/¢ (Claim 5.19 below).

Proof of Lemma 5.4. Let f, g : ﬂe#(K) — R, g < f, so that

K ={( xn) €7, (K)xR:g(§) =xn = f(5)}
Then,

K = {(&,xn) € 7,1 (K) xR x| < 5(f(§) —g(§))}-
In the integrals below it will be convenient to use slice-coordinates
(n,yn) €0e,x, withne (GenK)ﬂenL, yn €R.
Since |o,, K| = |K| and (0¢, K) N e,Jz- = Jré}; (K),
E+¢ _ 1 / (r&5€ ) dndyn
h i 1 pir M) oPTXnYn

é’n

/(n) g
1 (/ / pr{E5E 1) gD X0 dyndn)
p 1€(0e, K)Neit Jyn f(n) g(n) |K|
S (n) g(m _ Sm—gm)
p 7, (K) prin |K|
=110g / P Hélan)ismh prng d_n . (5-11)
p 7,1 (K) prn 2 K|
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Also,
1 dnd
hp,K(té,txn) = _10g([ P& o P1xn YN Ul J’n)
p K |K|
f(m
= l1og(/ / T bt ypixay, Wn dn)
P 7,1 (K) Jyn=g(n) K|
! tgm) L tf(n) re(my AN
= —log ep >1 (epxn n epxn g(n )
P 7,1 (K) PXnt K|
- llog / ept(s’n)—z Pxnt FOTEL G pxn[M dn (5-12)
p 7 1 (K) pXnt 5 x|)
because
e PXntf () _ ,pxntg(n) — ,pxnt LOFED (epxntf(n);g(n) _e—pxntf("’gg‘"’)
2 S5 (e T
Similarly,

hpaK(SEI’ _sxn)

= l log / eP(Sf/J?) ;e_pxns f("l)-z‘rg(ﬂ) Sinh p(_sx )f(r]) - g(n) d_n
p 7,1 (K) P(=sXn) " 2 K|

=llog / eps(é’,n)ie—pxnsif(”)jg‘") sinh( px SM dn (5-13)
p 7,1 (K) pXns ! 2 K|)®

By (5-12)—(5-13) and Holder’s inequality,

N t
mhp,K(fﬁ 1Xp) + mhp’K(SE/, —5Xp)

:llog / PHEN _2_opxnt KO G, pXx S —gm)y dn \
P 7,1 (K) pXpt n 3 T

L
/ 2 — dn \ 75
x(/ © ePs(& ,n)me_l’x"sw sinh pxnsf(n) g(m) _77) :|
T, L n

2 Ik
zllog(/ eP,ﬁrss(S,n)( 2 )’“ep A L)
p 7,1 (K) pxut

( ( fn)— g(n)) )

sinh{ px,?
2
Xeptﬁs<s’,n>( 2 )” —pn it f<n>+g<m( (anSf(n) g(n)) ) )
PXnsS |K|
1
= —log(/ ept+¥(g+$ 1) J(r) l‘)t+s J(r] S)t—i—s )
7,1 (K)

1
= —log(/ epr(g J(T] [)t+¥ J(n S)t+v ) (5_14)
4 7, 1 (K) K]
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where 5
J(n,t):= sinh(pxnt—f(n) — g(n))‘
pXnt 2
By Claim 5.19 below, log J is convex in ¢, and therefore
s t N t 2ts
J st mJ ) i+s Z J 9 t = J ’ = J ’ ’ 5_15
(n, )1+ J (1, 5) (n Py +t+SS) (77 t—l—s) (n.7) (5-15)

because 12% = r. Therefore, by (5-11), (5-14) and (5-15),

N t
_hp,K(ts: an) + mhp,K(sE/, —an)

t+s
1 / 2 _ d
> — log(/ orr{E5 ) 2 Sinh(pxnrf(n) g(n)) _n)
p Kne;- pPXnl 2 |K|
( E+& )
=hpo., k" T ),
2
as desired. -

Claim 5.19. Forany x >0, t — log(% sinh(tx)), t >0, is convex.
Proof. Write

f(@):= log(% sinh(tx)) = log(sinh(zx)) —log.

Compute the derivatives

s cosh(zx) 1
S =x sinh(tx) ¢
and
non _ _psinh(x) ,(cosh(tx))? 1 2 (cosh(tx))? 1
SO =" ™Y Gohen)E T2 (1 ~ (sinh(1x))2 (zx)2)
) 1 + (sinh(tx))? L\ _ o 1 1
=~ (1_ (sinh(x)? (zx)z) =X ((tx)2 (sinh(tx))z) .
because sinh(y) > y for all y > 0. |

5F. Slice analysis of K °>P under Steiner symmetrization.

5F1. A monotonicity property for the average of antipodal slices. For the proof of Lemma 5.3, we first
prove (5-4). The aim is to apply the following theorem due to [Ball 1986, Theorem 4.10] for F, G, H
appropriate exponentials of the L?-support functions.

Theorem 5.20. Let F, G, H : (0, 00) — [0, 00) be measurable functions, not almost everywhere 0, with

. 2 1 1
H(r)> F()75 G(s)™s  forall = = PRI (5-16)
r h)
Then, forq > 1,

1 1

® a1 _q< ® -1 K * - K
2(/(; r4 H(r)dr) _(/0 1 F(t)dt) +(/0 59 G(s)ds) )

=
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For the reader’s convenience, we give a proof in the Appendix. Applying Theorem 5.20 to prove (5-4)
becomes possible by Lemma 5.4.

Proof of Lemma 5.3. Set
F(t) i= e Mok 0800 | Gg) 1= o hok 68 =) () i ¢ hroen k (0555 r),
2 1,1
By Lemma 5.4, for any 7,5 > 0 with £ = - + ,

H(r) = ()7 G(s)T45;
thus, by Theorem 5.20 for ¢ = n,

1
/ o0 / “n
H(st,xn) (( 11)v/ =1 p=hp ooy k (r 55 :rxn)d”)
(Oen K)°:P n==1Jo

1 1 o n—1_—h tEtx -
— t e ,D,K( E, n)dt
2 (l’l—l)' 0 1
L1 % ot k68 msmn) )
1 n—1_,—hp k(s&,—sxy
+2((n—1)!/0 s e ds)

1 1
= 1E xn)llker + F1E —xn) | xor-

A
3=

verifying (5-4).
For £ € (K®?)(x,) and &’ € (K°?)(—x,), by definition (5-1), (£, x,) € K*? and (¢, —x,) € K2,
ie., [[(§ xn)llke-r <1 and [[(§", —xn)llko.r < 1. By (5-4),

H (525/’&) _ NG xn)llker + 11 —xn)llger _ L

©en K)°7 2 -
ie., (S“LTE/,xn) € (0¢,K)>? or E+TE/ € (0¢, K)>?(x,). Finally, by Corollary 5.18, (Genl K)%?(xp) =
(crenL K)°P(—xp); hence we have the equality in the right-hand side of (5-3). |

5F2. Monotonicity of the volume of slices under Steiner symmetrization.

Proof of Lemma 5.2. By the Brunn—-Minkowski inequality and Lemma 5.3,

1
K°P KOP(—x, )|t
|(Ce,, K)O,P(xn)|n%1 > | (xn) + (—xn)|

2
o,p it 0P ()| 7aT
> K27 C)] 1+2|K CIT | gop ()1,
because K is symmetric thus, by Corollary 5.16, K°? (—x,) = —K°?(x,), and hence their volumes are
equal |K?(—xp)| = |K®P(xy,)|. |

5G. Proof of Theorem 1.6. We now complete the proofs of Proposition 5.1 and Theorem 1.6.
Proof of Proposition 5.1. Take for a moment u = e,. By (5-2) and Lemma 5.2,

(e, K)°7] = / (@, K)°P (xn)| dy = / (K™P) o) doxn = [KOP]. (5-17)

—00
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In general, for u € dBJ, there is A € O(n) such that Au =e,. By Lemma 5.8, 0, K = AN (04u(AK)) =
A=Y (e, (AK)). By (4-7), (04, K)*P = (A7 0., (AK))*? = AT (0,,(AK))>P. Thus by (5-17),

(0w K)?| = |det AT || (0e, (AK))>*7|
> |det AT[|(AK)*P| = |AT (AK)*P| = |K*P|,
because, again by (4-7), AT(AK)*? = (A"VAK)>P = K°P, O

Theorem 1.6 follows from Proposition 5.1 and the fact that repeated Steiner symmetrizations converge
to a dilated 2-ball (Lemma 5.10).

Proof of Theorem 1.6. There is p > 0 and a sequence {u; };>1 C B such that for
Ko:=K, K;:= oquj_l,
K; — pBY in the Hausdorff metric [Artstein-Avidan et al. 2015, Theorem 1.1.16]. By Proposition 5.1,
Mp(Kj) =t [K; 1K = nt K| IK} |
< n!|K||(0u, 4, K)*P| = n! |K||K; ] | = Mp(Kj+1).

In particular, M, (K) < Mp(K;) for all j. Sending j — oo, K; — pBY in the Hausdorff metric, and
hence, by Lemmas 4.7 and 5.11, M,(K;) — Mp(pB}) = Mp(B}); thus M, (K) < Mp(B%). |

6. A connection to Bourgain’s slicing problem

In this section we explore the relationship between the L? support functions %, g (1-8) and the slicing
problem (Conjecture 1.8). The aim is to prove Theorem 1.9 and then illustrate how it implies a suboptimal
upper bound on the isotropic constant (Corollary 1.12) originally due to Milman and Pajor. We also
explain some interesting connections to and motivations from complex geometry.

In Section 6A2 we recall the definitions of the covariance matrix and the isotropic constant, and
relate these to hj, g (Lemma 6.3). In Section 6A3 we recall the definition of the Monge—Ampere
measure and its basic properties. Theorem 1.9 is proved in Section 6B. The proof consists of two parts:
using Jensen’s inequality to bound f log det Vzhl, x (Lemma 6.10), and then bounding fu;en hi,x dvp k
(Lemma 6.13). In Section 6C, we show log det Vzhp,K + p(n+1)h, i is convex, proving Theorem 1.11.
From Theorems 1.9 and 1.11 we then obtain an upper bound on the isotropic constant of order O(+/n)
(Corollary 1.12). In Section 6D, we define the L? support functions of compactly supported probability
measures and show that Theorem 1.11 cannot be improved in that setting (Example 6.20). Finally, in
Section 6E we explain some novel connections of our work to complex geometry, in particular to Ricci
curvature, Fubini—Study metrics, Bergman metrics, Kobayashi’s theorem, and holomorphic line bundles.

O6A. Preliminaries.

6A1. Affine-invariance of C. The isotropic constant is an affine invariant (e.g., [Brazitikos et al. 2014,
p. 77]); hence so is C. As we could not find precisely the following lemma in the literature, we include its
proof for completeness.
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Lemma 6.1. For K C R" and A € GL(n,R), b € R",
Cov(AK +b) = ACov(K)AT
where Cov(K) is defined in (1-16).

Proof. Write A = [AJ l”]_l,
of summing over repeated indices is used. Changing variables y = T 1x = A7 'x — A7 1h, dy =

|det A=!|dx = |det A| " dx,

C (AK +b) / dx / dx dx
ov;j = XiXj o — Xj ———— Xj
Y rx ITEK) Jray” 1T Jray ™ IT(K)

b= (b1,...,by) and T (x) = Ax + b. The Einstein summation convention

|detA|dy / |det A |dy/ |detA|dy
= | (Ay+b)i(Ay +b); +b);
= [ A%y +bi)( ALy + b; ——/ Ak b; —/ Al
[ v+ bbb = [ aberbo T [ lyiean. o

dy dy d
k 4l Y
=AiAJ[kaIm+b /ykarb /)’jm‘i‘bibj
dy dy dy
_Af-cAj/ ykylm_bjA{‘c/ |K| biAj-/Kylm—bibj
dy dy dy
ZAkAl-(/ Y1 ——/
t |K| “TK Jx K
= AF AL Covyy (K),
proving the claim. O

Let A € GL(n,R) and b € R". By Lemma 6.1,

|[AK+b1>  (detA)?K]?  (detA)?|K|?
detCov(AK +b)  det(4 Cov(K)AT)  (det A)2 det Cov(K)

C(AK +b) = = C(K).

proving:
Corollary 6.2. C is an affine invariant.

6A2. LP-support functions and the isotropic constant. Next, we relate the functional C (1-18) to hp
(1-8) (for p =1 see [Klartag 2006, Lemma 3.1]).

Lemma 6.3. Let p > 0. For a convex body K C R", we have Vzhp,K(O) = p Cov(K) and

n K 2
C(K) = pz|—|
det V2h,, g (0)
Proof. By direct calculation,
[x x;jePXY) dx

i ok () = [ eP&y) dx
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and
92 P [x xl.xjep(x,y) dx [ eP(x:Y) qx —-p [ x;ePter) dx Ix xjep(x,y) dx
a—hpk(¥) = 5 .
8)}18)}] (fK epix,y) dx)

Since for y =0, [g e?x0) dx = |K|,

Fhp K dx dx dx
: (0):p/x-x-——p/x-— xj — = p Cov; ;j(K)
dyi dy; kK| x 1Kl Jk™ K] b
and
2 n n |K|2
det Vhy, g (0) = det(p Cov(K)) = p" detCov(K) = p CK)'
as claimed. O

6A3. The Monge—Ampere measure. We review some basic details concerning the Monge—Ampere mea-
sure, following [Rauch and Taylor 1977]. Legendre duality is defined by f*(y) :=sup,cpn [(y, x)— f(X)].

Definition 6.4 [Rockafellar 1970, p. 215]. For a convex function ¢ : R” — R U {co} and x € R”, the
subdifferential of ¢ at x is

0p(x) :={y e R" : ¢p(z) > p(x) + (y,z — x) for all z € R"}.
Lemma 6.5 [Rockafellar 1970, Theorem 23.5]. For ¢ : R* — R convex, d¢(R") C {¢™* < oo}.
Proof. By definition of the subgradient, for y € d¢(x), we have ¢(z) > ¢(x) + (y,z —x) for all z € R",
ie., (y,x)—¢(x) > (y,z) — ¢(z). Taking supremum over all z € R",
¢ () = (y.x) —¢(x) < 0,
as claimed. O
Corollary 6.6. For all p € (0, c0),
ohg(R")C K and 0h, g (R") C K.

Proof. Since h} = 1%, by Lemma 6.5, dhg (R") C {1¥ < oo} = K. Similarly, since h, g < hg, the

Legendre transform satisfies 1§ = hy < h;

dhp,k (R") C {hy g <00} C{IY < oo} =K. O

K thus, by Lemma 6.5,

Definition 6.7 [Rauch and Taylor 1977, Definition 2.6]. For a convex function ¢, let
MA@)(U) := [dp(U)],
where the right-hand side denotes the Lebesgue measure of d¢(U) in R”™.
Lemma 6.8. MAh, k (R") < |K]|.
Proof. By definition, MAA, g (R") = |dh, x (R")| < | K| because 0k, x (R") C K by Corollary 6.6. [

Remark 6.9. In fact, equality holds in Lemma 6.8. In particular, /1, g is a smooth, strictly convex function
with Vi, g (R") = int K (see [Klartag 2006, Lemma 3.1] for the case p = 1). By the smoothness of
hp,x we also know the density of MA#Z, g equals det V2h K-
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6B. Conditional lower bounds on the isotropic constant. The proof of Theorem 1.9 relies on the
following observation. Assume that K satisfies (xp) for some B > 0, i.e.,

up,x () :=logdet V:hy k() + Bh1,x (y)
is convex. Note that /11, g (0) = 0; thus up g (0) = log det V?h  (0). By Lemma 6.3,

K|? KJ?

= = = K2 —MB,]((O). 6‘1
detCov(K) ~ det V2h; g (0) [ oD

C(K)

Since up k is convex by assumption, for a probability measure v with b(w) = 0, by Jensen’s inequality,
s =un( [ yant) = [ unsrane)

— [ togdet s du0)+ B [ () (o). 6-2)

By (6-1) and (6-2), in order to get bounds on C(K) it is enough to bound [logMA#h; g du and
/i rn 111,k dt, for a suitable probability measure j.

Here, we consider the probability measures (1-21) for which we obtain the desired bounds (Lemmas 6.10
and 6.13). By Corollary 4.5, we may translate K to a suitable position in order to obtain estimates on
f[RE” logMAhy g (y)dvp, k(y) (Lemma 6.10(i) and (iii)).

6B1. A bound on f log det Vzhl,K in terms of LP-Mahler volumes.

Lemma 6.10. Let p > 0. For a convex body K C R", and v, k as in (1-21):

(1) We have
X ) M%(K) pn
p
/n logdet V=hy g (y)dvp x (¥) < log(|K| M (K)? z_n)
p
(i) If b(vp,x) =0, then
. |K|e”
/Rn logdet V=hy, g (y) dvp, x (¥) < log(fRn e—Ph k() dy)'

(iii) If b(K) =0, then

K|
/ log det Vzhl’K(y) dvp x(y) < log(f RO ay .
n Rn ’

For the proof of Lemma 6.10 we need the following.

Claim 6.11. Let p > 0. For a convex body K C R”,

e

log det V2h dv <lo
/Rn g LK (¥)dvp g (y) = g( (fw e—phl.K(y)dy)2
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Proof. By Jensen’s inequality and Cauchy—Schwarz,
1
| topdet V2 k(1) dup(3) =2 [ togdet Vi) dup k()
Rn Rﬂ

<2log N (det V21 g ()2 dvp g ()
e~ Ph1 k()
Jan e~ Phiko) dy d
o €72PI1EOD) dy 2
(fon €= PH1.KG) dy)z)

=210g/ (detVzhLK(J’))%
Rn

< 210g(/ det V2 g () dy

—2ph
< log(lKl Jan e 2PP1ED) dy )
- (frn e~PP1.KO) dy)?
because by Lemma 6.8 and Remark 6.9, [, det V2hy k(y)dy = MAh; g (R?) < |K]|. |
Proof of Lemma 6.10. (i) In view of Claim 6.11, it is enough to compute the following two integrals,
M (K
—2ph1 k(¥) — ; _2Phl,K(2L) _ 1 —h1/2p).k(Y) _ 1 i
e dy = e rldy = e dy = 2
n 2p)" Jre @p)* Jen 2p)r |K|1 2P
because by Lemma 2.2(i), thl,K(%) = h1/2p),k (y). Similarly,
M1 (K
/ e~ Phk () dy = L—%( )
R pr|K|P
Therefore,
| [ €72P11EO) dy _ ] M (K) - pon g p2+2p _ |K2£ M (K) ©3)
(fn e~ PP1.EO) dy)2 QCp)*|K[1*T2P My (K)? 2 My (K)2
p P

The claim follows from (6-3) and Claim 6.11.
(ii) Since b(vp k) =b(ph1,x) =0, by Lemma 6.12 below, phy x(y) > phi,k(0) —n = —n. Therefore,
/ e 2Ph1.k(¥) dy =/ e~ Ph.k () p=Ph1.k(¥) dy < en/ e~ Phk () dy. (6-4)
R R R
The claim follows directly from (6-4) and Claim 6.11.
(iii) Since b(K) =0, [¢(x,y)dx = 0 for all y € R". As a result, by Jensen’s inequality,

dx dx dx
i) =tog [ e L= [ ot S~ [ ey S5 =0
K K|~ Jk K| Jk |K|
i.e., h1,x(y) > 0. Therefore, for p > 0, 2ph; k(y) > ph1,k(y) and hence
/ e 2Ph1 .k (¥) dy </ e~ Ph1k () dy. (6-5)
R" ~ Jrn
The claim follows directly from (6-5) and Claim 6.11. O
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In the previous proof we made use of the following estimate of [Fradelizi 1997, Theorem 4], stated with-
out proof. We include a proof for the reader’s convenience (see also [Brazitikos et al. 2014, Theorem 2.2.2]).

Lemma 6.12. For a convex function ¢ : R" — R U {oco},
inf ¢(x) = P (b(¢)) —n.
x€eR”?

Proof. To begin with, it is enough to consider ¢ to be smooth, strictly convex, and bounded from
below by C|x|? for large |x|. That is because for a smooth, nonnegative, compactly supported mollifier

puri= o [ pte=a(2) oy

is smooth, convex and decreases to ¢ as ¢ — 0. Let

x:R" —[0,00) we know that

1]x]?

$je(x) = ¢e(x) + ;T,

smooth, convex functions that decrease to ¢ as ¢ — 07 and j — oo [Klimek 1991, Theorem 2.5.5]. In
addition, ¢; ¢(x) > C|x|? for large enough |x|, since ¢, can be estimated by a linear term due to convexity,
that is, ¢¢(x) > ¢2(0) + (V¢ (0), x). By monotone convergence, b(¢; ) — b(¢) as e — 0 and j — oo.
By convexity, ¢(x) > ¢(b(¢)) + (3¢ (D(¢)), x — b(¢)) for all x, so if the claim holds for ¢; ¢, then
Dje(¥) = @j.e(b(Pje)) —n
= ¢(b(@je)) —n
> ¢(b(9) + (39 (b(9)). b(dj.e) — b(P)) —n,

because ¢; . > ¢. Taking j — oo and ¢ — 0 yields ¢(y) > ¢ (b(¢)) —n.
For ¢ smooth, strictly convex with ¢ (x) > C|x|? for large |x|, by Jensen’s inequality,

_ o) ¥ —p(x) X i
pioion = [ xe0 5) < [ ptoeo (©6)

By convexity, forall x, y € R”, ¢(y) > ¢ (x)+ (Ve (x), y—x); thus, integrating with respect e ~¢*) %,

—pG) ¥ v et X
3012 [ 3@et@ S [ (.-t T
_ oo A NS0 e 9X
| #ee v<¢)+;/w ) =)

_ o X N[y oy 9
[ peew 2 ;[Rnam(e 01 =0 5

_ e —p(r) 94X
90074 555 ;/ V@)

dx

, 6-7
v " ©D

= [ px)e
Rn
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because, by integration by parts,

/ %(e_ﬂx))(yi —x;)dx = 0_[ e~ gy,
R i

R
since
lim e_¢(x)|yi —Xx;i| < lim e_c|x|2|y —x|=0.
|x;|—>o00 Xj—>00
By (6-6) and (6-7), ¢ (b(¢p)) < ¢(y) + n for all y € R", from which the claim follows. O

6B2. A bound on fR" hi,xkdvp k.
Lemma 6.13. Let p > 0. For a convex body K C R",

n
/ Ik () dvpx () < L.
R” P

Proof of Lemma 6.13. By Lemma 2.2(v), hp, g increases to hg with p. Therefore, by Lemma 2.2(i),

F(p) ::logf e hr.x(¥) dy =10g/ e—%hl.K(py) dy

Rﬂ Rn
:log/ e—%hl,K()/)d_y =10g/ e—%hl.K(y) dy —nlog p
R p" R
is decreasing with p, and hence, its derivative must be nonpositive,
_1y )
dF pe LK d n 1 n
OZ_:fR 1 1,k () Y__=_2/ hix(y)dvi(y)——.
dp p2 fR” e~ k() dy p  P?Jrn p p
and the lemma follows. O

6B3. Proof of Theorem 1.9.
Claim 6.14. Let p > 0. For a convex body K C R" with 0 € int K and |K| =1,

/ e~ Ph1.x(¥) dy > M(nK)
R p
Proof. Since h, g < hg, by homogeneity of hg,

/ o= P k) dyz/ o~ PhK () dy:/ e~ (2Y) g
Rn Rn Rﬂ

:/ o—hx) v _ ntK®|  M(K)
R " " p"
because |K| = 1; thus M(K) :=n!|K||K°| =n!|K"|. |

’

Proof of Theorem 1.9. By assumption, (xp) holds. Thus (6-2) applies for probability measures with
barycenter at the origin.

(1) In order to apply the estimate (6-2), it is necessary to have a measure with barycenter at the origin.
By Corollary 4.5, we may translate K so that b(vp ) = b(hy;,,x) = 0. By Corollary 6.2, this does not
affect C(K). By (6-2) and Lemmas 6.13 and 6.10(i),

s, (0) < tog |KP 2 2 + 22
P
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As a result, by (6-1),

C(K) > /\/l (K)

_&

Choosing p = B,
M 1 (K)? 2n

C(K B
(&) = M (K ) B”
(ii) Similarly, to apply (6-2) we need a measure W1th barycenter at the origin. By Corollary 4.5, we may

translate K so that b(vp,x) = b(hy/p,x) = 0. Also, rescale so that |K| = 1. By Corollary 6.2 this does
not affect C(K). By (6-2), Lemmas 6.13 and 6.10(ii),

0 <1 e" Bn <1 e p" Bn
ug.x (0) < log Jan €7 PhLED) dy +7_ o8 M(K)" +7’

where we used Claim 6.14 for the last inequality. As a result, by (6-1), since |K| =1,
M(K) _Bn
C(K)=e 4850 > MK) 2 (6-8)
en pn

We can now optimize over all p on the right-hand side. Setting

f(p):= predtom

gives
f'(p) = e”“l?-[np”_l -p"- ’;—lj] =ne"™"% p"2(p— B),
and the second derivative gives
£y =ne" 7 [-nBp~2p 2 (p— B) + (1= 2)p" 7 (p— B) + p" ]
=ne"7 p" A -nB(p—B) +(n—2)p(p— B) + p?I.

so f”(B) =ne?*B"2 > 0 as long as B > 0. This confirms p = B is a minimum. Thus, choosing
p = B in (6-8),
M(K)

eZan'

C(K) >

(iii) Since K is symmetric, b(K) = b(vp, k) = 0. Rescale K so that |K| = 1. C(K) remains invariant
under rescaling by Corollary 6.2. By (6-2), Lemmas 6.13 and 6.10(iii), and Claim 6.14,

1 Bn p" Bn
frr € PIIKO) 5) 5 =eim) 5
As aresult, by (6-1), since |K| =1,

up,x(0) < log(

C(K) = e unx @ 5 MK B
" '
Thus, choosing p = B,
M(K
e(ky = M)
e Bn

concluding the proof of Theorem 1.9 O
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Remark 6.15. It is enough to formulate Theorem 1.9 in terms of /11 g: By Lemma 2.2(i),
1
hp,k () = ;hl,K(py)-

Therefore V2hy k(y) = pV2h1,kx(py). As aresult,

log det Vzhp,K(y) + pBhy kg (y) = logdet V2hi1.x(py) + Bhy g (py) +nlog p.

Thus, log det V2hy, x (y) + pBhp k (y) is convex if and only if logdet V2hy g (y) + Bhy,k(y) is.

6C. A suboptimal bound. We prove Theorem 1.11, i.e., we show that logdet V2h, g + p(n + 1)h, g
is convex. Corollary 1.12 then follows from Theorem 1.9(ii).

Proof of Corollary 1.12. By Theorems 1.9(ii) and 1.11,
K " 1
C(K) > _ME) > ( i )

e2t(n+ 1) ~\2e2) (n+ 1)
By tensorization (replacing (n + 1)™" by n~" [Mastrantonis and Rubinstein 2022, Appendix A]),
n
b4
C(K) > : O
(K) = (Zezn)

Proof of Theorem 1.11. Recall by the proof of Lemma 6.3,

Vzhp,K(y) = p(/ x;xj dv? (x) —/ X; dvy(x)/ Xj dvy(x)) , (6-9)
K K K i
where
ePtx-y) 12 (x)dx

[ ePtx:y) Idel K|

dv? (x) :=

a probability measure that depends on y. Consider the (n+1) x (n+1) matrix

1 S x1dvY(x) <o [ xpdv? (x)
Mo Jx x1dvY (x)
o : [ [x xix) dvy(x)]l'.l,j=1

Jx Xn dv? (x)
By row reduction and (6-9),
det M = p™" detV?h, k.

Note that for i, j € {0, 1,...,n}, we have M;j = (x;i, X;)2(qp»)> Where xo = 1. For
1 xgo) x,S‘”

AO®, . .. x™M) = det

’

1 xgn) x,ﬁ”)
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by Andréief’s formula [Forrester 2019, (1.7)],

2
| 1 xio) x,§°)
detM = det| : i dv? (x©@) ... dp? (x ™)
(n+1)! Jgn+r ) )
1 xl cee Xp
1 p(x@.y) p(x™.y)
= —/ A2 ¢ 5 dA(x©@)y... ¢ da(x™)
(l’l + 1)' Kn+1 .[K el’(x( ),y) dx(© .[K eP(x(n)J) dx @)
T il)'(f ( 1) )n+1/ AP 03 0) g @) g,
n ! eP{x.¥) dx Kn+1
K
Therefore,

log det Vzhp’K(y) =nlog p + logdet M
=nlogp—log(n +1)!—(n + l)log/ e dx +log ¢ (y)
K

=nlogp—log(n +1)!—p(n+ Dhp x(y) +logd(y).
where

() = / AP T ¥ 5) 4 @ g .
Kn+1
Since log ¢ is convex (Lemma 6.16 below), and

log det Vzhp,K(y) +p(m+1h, gk (y) =nlog p—log(n + 1)! +logd(y),
the claim follows. O

Lemma 6.16. Let K C R" be a convex body, m € N, and [ : R*™ — [0, +00) a measurable function.
Then,

$(y) :=log / S@1 )T ey d, y € R,
Km
is convex.
Proof. Write x = (x1,...,xm) € R" and let A € (0, 1), y1, y2 € R™ Since

f(x)e(x1+"-+xm,(1—l)y1+M2) — (f(x)e(xl-l--"-i-xm,m))l—)L (f(x)e(x1+"-+xm,yz))l’

’

by Hélder’s inequality for p = ﬁ and g =

o=

1-A
/ f(x)e(xl+~-~+xm,(1—k)y1+)cy2) dx 5(/ f(x)e(x1+---+xm,y1) dx)
Km Km

A
( f(x)e(m-i-'"-i-xm,yz) dx) )
Km

Taking logarithms yields ¢((1 —A)y1 +Ay2) < (1 =A)p(y1) + AP (y2). O
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6D. More general probability measures and sharpness of B = n + 1. As just discussed, Theorem 1.11
falls short of proving the slicing conjecture because the best constant B we currently obtain is n + 1. It is
interesting to note that while in the setting of the uniform measure on K this constant could potentially
be improved, many of the results in this section extend to general probability measures and then the
constant n + 1 is in fact optimal. The purpose of this subsection is to spell this out.
Throughout this section the only properties of the measure
0o dx

KTk
used to obtain the estimates in Lemmas 6.10 and 6.13 were that it is a probability measure that is supported
on K. As aresult, it may be replaced by any probability measure

i

that is supported on K, i.e., for any measurable A CR"\ K, (A4) =0, so that, in addition, co supp(u) = K.
For example, (6-2) was already obtained for any probability measure with barycenter at the origin. For a
convex body K C R” and a probability measure y whose convex hull of its support is K, let

1
) i= o [ e ap(),
P K

As in Lemma 6.3,

n

L 1 SN |
Y y,(0) = Covi) = [ [ sy = [ xidnen [ x du(x)}

i,j=1
For p > 0, let
e_phl,,u«(y)dy

s Jrn €7 PP O) dy” (6-10)

Then, Claim 6.11, Lemmas 6.10 and 6.13 generalize.

Lemma 6.17. Let p > 0. For a convex body K C R”, u a probability measure with co supp(u) = K, and
Vp,u as in (6-10):

(i) We have

—2ph
K| Jpn €72 L) gy )

log det Vzhl,u(y) dvp u(y) < log(
/n (fren €~ P1.0) dy)?

(ii) If b(vp ) =0, then

5 |K|e"
/Rn logdet V hl,pc(y) dUp,M(y) =< log(fRn e—Phiu(y) dy)'

(iii) If b(w) = 0, then

K]
/ logdetvzhl,ﬂ(y)dvp,u(y)flog(/‘ e~ Phiu®) dy )
n R" '
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Lemma 6.18. Let p > 0. For a convex body K C R" and a probability measure p with co supp(u) = K,

n
/ hp () dup () < .
R” p

Theorem 1.11 also generalizes.

Theorem 6.19. Let p > 0. For a probability measure (. on R" such that supp(i) is a convex body, the
function

logdet V2hy ,,(y) + p(n + Dhp ()

is convex.
In fact, Theorem 6.19 is sharp: the next example shows B = n 4 1 cannot be improved.

Example 6.20. Consider

o 50+8e1 +"'+8en
te= n+1

the probability measure on the standard simplex A, that assigns mass ﬁ to each vertex. Then,

log det V2l 10 (y) + pBhp,u(y)

is convex if and only if B > n + 1. To see this, compute

! 1 1 DYl ... D¥n
hp.u(y) = — log/ eP9) dp(x) = — log +ePVl .- te ‘
u 4

An n+1
For the gradient, by the chain rule,
ahp,pc( )_1 n+1 3 [(14ePY 4 ...4ePVn
ay, y _p1+epyl+...+ePYnayi n+1

epyi

- 14+ePYt 4ot ebn’

(6-11)

Thus
(ePY1, ... eP¥n)

1 +ePY1L 4+ ... eP¥n’

Vhp,u(J’) =

For the Hessian, by the quotient rule on (6-11),

_ pePYigi;(1+ePY ... 4 ePIn) — ePYi pePYi

s
8y: dy; )= (14 PV 4 -+ ePIn)2
»i+yj)
_ p s e .
14+ ePVt 4.ooqepyn \' Y 1+ ePYl ... ePVn
Thus
i+y;) n
V2hpu(y) = p s peryi - —
P 14+ePVt4ooqepn| Y L+ePVi 4 teprn |, i,
P (D—aaT),

- 1+ePY1 ... 4 eP¥n
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where D = diag(e??!,...,eP¥n) and a = (1 + eP¥' + ... 4 ePYn)~1/2(ePY1 _ _ ¢P¥n) Therefore,
n
2 _ P T
det V=ip,u(y) = (1+eYt 44 ePyn)n det(D —aa”)
pn
= (1— (D" 'a,a))det D
(1+4+eyt +-.. 4 ePyn)n
_ pn - ePVl ... ePIn epyl-‘r'"-i-pyn
(1+ert +-.- 4 ePyn)n 14+ ePY1 ... 4 eP¥n

n

_ P
(1 4eY 4o fePyn)ntl

ePy1ttpyn (6-12)

Here we used the fact that, for u, v € R”, det({ — uvT) =1 — (u, v), which follows from row reduction

1 of 1 T 1 yT 1+(x,y) 0T
det(O I—|—xyT)_det(0 I—i—xyT)_det (—x / = det s ;)
As a result, by (6-12),

logdet V2hy 1, (y) + pBhp u(y) = nlog(p) + py1 + -+ pyn — (n + 1) log(1 + P! + .- + eP7r)
14 ePYl 4 ont@PIn

+ Blog n+1

=(B—n—1)log(l + e’ 4 ...+ eP¥n
g
+py1+---+ pyn +nlog p— Blog(n + 1),

which is convex if and only if B > n + 1 (because log(1 4+ e?Y1 4 .- + ¢PY) is convex).
When B=n+1and p =1 we get

logdet V2hy ;4 (n + 1)hy1 = y1 4+ yn — (n + 1) log(n + 1),

so that iy ;, solves the Monge—Ampere equation
\v/ — 1 —(n+ ot
det Zhl,,u,(y) = Wa (n+Dh1p o1 yn

From here we can read off that |

(n+ 1)+t

We next look at a generalized isotropic constant, by defining

det V21 ,(0) =

K|?

C(p) :

= 6-13

From the previous equation we then get, remembering that the volume of the unit simplex is 1/n!, that

B (n+ 1)n+1
o mn?

The right-hand side here is of the order of magnitude ¢"n™

C(n)

" so we see that the “suboptimal” bound of

Corollary 1.12 is optimal in this generality.
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Interpreted benevolently, Example 6.20 means that our method is optimal in the sense that the best
possible choice of B gives the correct estimate for C(u). The natural question then arises, for which
measures u the constant B can be taken smaller so that we as a consequence get a better estimate of C(u).
One simple case when this is so is when u is divisible, in the sense that we can write

L=Vkvkeekp =pk*
as the k-fold convolution of another probability measure v with itself. In that case,
hiu=khiy.
Applying Theorem 6.19 to /1, we then get that
logdet V2hy ,, + (n + 1Ay,

is convex, which implies that
n+1

1ogdetV2h1,M + hiu

is convex. This leads to the improved estimate

CXM)ZC"(E)é
n

This is however not so impressive since the same conclusion can be drawn directly from C(v) > ¢" /n" if
we note that the convex hull of the support of v is % This way we also see that it is not really necessary

k*

that ; can be written v**; it is enough that u = f vk* where f is bounded.

6E. A complex geometric approach to Theorems 1.11 and 6.19. In this section we outline a different
proof of Theorem 1.11 (and of its generalization, Theorem 6.19) which is a little more conceptual, but
presupposes a bit of complex geometry. It is based on a theorem by S. Kobayashi [1959, Theorem 4.4].
Kobayashi’s theorem deals with L2 spaces of holomorphic (7, 0)-forms on complex manifolds, but his
proof goes through in a much more general setting and applies in particular to the setting we will now
describe.

Let p be a compactly supported probability measure on R”. Let

H, = {f(z) :=/ e2@0) £y du(t),z e C": f e L2(w)}.
Rn
H\,, is a space of entire functions on C" and we give it an inner product
(7.8 = [ FO30 o). (6-14)

making H,, a Hilbert space, isomorphic to L2 ().
We require that y is not supported in any proper linear subspace of R”. This implies that for any
a € R” there is a function f such that

/fdpL:O and /(a,t)f(t)d,u(t);éo.
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Indeed, if this were not the case, any function orthogonal to 1 in L2?(xt) would also be orthogonal to {(a, t),
which would imply that (a, ) = ¢ on the support on u, contrary to assumption. In terms of functions
in H, this says that there is a function f which vanishes at the origin, with ) a;d; f not vanishing
there. Then, replacing f by e{?01)/2 f(r) we see that the same thing goes for any point zo in C”. This
means that the conditions A.1 and A.2 in [Kobayashi 1959, pp. 271-2] are satisfied (we will see the
relevance of this shortly). Kobayashi’s condition A.l says that for any point in C” there is a function
in H,, that does not vanish there — this is trivial in our case. Indeed, for zg € C", since u is compactly
supported, e~{201) € L2(11), and

/e—(ZO,t)e(ZOst> du([) = /dl/l/(t) - 17

because p is a probability measure.
The (diagonal) Bergman kernel for H, is defined as

Bu(z):=  sup  |f()P
{feHu: | fl=1}

By condition A.1, the Bergman kernel does not vanish anywhere. It follows directly from the definitions
that for

Ku(z,w):= /e<ZJ5wJ> du(?),
and f(2) = [ e/ f(1) du(t) € Hy. by (6-14),

(Ftuow) = [ 703 aue) = [ e aue) = Fow)

i.e., K, enjoys a reproducing property, in addition to being holomorphic in the first variable and antiholo-

morphic in the second. These three properties characterize Bergman kernels [Mastrantonis and Rubinstein
2022, §3.2]; thus K, is the Bergman kernel of H,. Therefore, on the diagonal, if z = x + iy,

Bu(2) = Ku.2) = [ e do)
i.e., coming back full circle to the ideas in Section 1A,

The Bergman metric associated to H,, is the Kihler metric on C" defined by
2

By (6-15), log B, is convex in x, hence plurisubharmonic in z, and the matrix g = | g; ] is positive semidef-
inite, and it is a standard fact (that we omit) that the condition A.2 is precisely what is needed to make sure
it is strictly positive definite. (Alternatively, condition A.2 can verified by using (6-15), the computation
of Lemma 6.3, and the Cauchy—Schwarz inequality to note that /1, , is strongly convex.) Kobayashi’s
theorem says that the Ricci curvature Ric g of the Bergman metric is bounded from above by (n 4 1)g.
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At this point we need to make use of a standard formula for the Ricci curvature, valid for any Kéhler

metric. Let
A = det[g ; il
be the density of the volume form of the metric g. Then the Ricci curvature form of g is given by
2
Rj]; = _BZjBEk log A.

Hence, Kobayashi’s estimate

[Rjk] < (n+ D[gj]
translates to saying that
log A+ (n+1)log By

is plurisubharmonic. In our case, B, and log A depend only on x = Re(z), so

log A+ (n+1)log B,

is actually a convex function of x. Moreover, log B;, = h1,, and A = 47" det V2h;, w (in the last equality

we used the relation between the complex Hessian and the real one on functions depending only on the

real part). Therefore
logdet V2hy  + (n + Dhy

is convex, i.e., (xp) holds with B = n + 1, so we have proved Theorem 6.19, and, in particular, also

Theorem 1.11.

Appendix: A (near) norm associated to a convex function

In this section we give proofs for Proposition A.1 [Ball 1988, Theorem 5] and Theorem 5.20 [Ball 1986,
Theorem 4.10] (cf. [Busemann 1949; Milman and Pajor 1989, p. 90]). Let us start by using Theorem 5.20

to prove Proposition A.1.

Proposition A.1. For a convex function ¢ : R" — R U {oo} with 0 < [gn e™? < o0,

o0
X (/ ph1le=¢(rx) dr)
0

is positively 1-homogeneous and subadditive (it is also a norm if ¢ is, in addition, even), and

S

1
_/ e @ dx = |{x e R" : ||x|lp < 1}].
n Jrn

Proof of Proposition A.1. 1-homogeneity. Let x € R" and A > 0. By changing variables p = Ar,

o0 _% o0
laxllg = ( | rn—le—wwdr) :( |
0 0

. -
—3( [ et ap) " =alel,

Positivity of A is used in the last step.

. 1
P o) 9P
a1 P

(A-1)
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Subadditivity. Let x,y € R" and r, ¢, s > 0 with % = %(% + %), or equivalently,

r r
2 + i 1. (6-2)

By (6-2) and convexity of ¢,
B(r(x+)) = ¢(§2rx + ;—sty) < -9 + 34 (25y) = ——9(21x) + ——p(25y). (63

Set
H(r):= e~ (x+y)) F(t):= e PQ1Y) G(s) := o~ ®(2sy)

By (6-3), H(r) = F(1)/¢+9) G (5)!/+9) 50 by Theorem 5.20 (with ¢ = n),

1

”X +y||¢ = (/ rn—le—H(i‘) dr) < E(/ rn—le—F(t) dl) + _(/ rn_le_G(s) ds)
0 0 0

1 1
= §||2x||¢ + §|I2y||¢ = [lxllg + Iy llg,

—_
S |=

\®)

using the already established homogeneity of | - ||4.
Volume equality. By (3-2),

1 _
|{xeR”:||x||¢sl}|=;/Bn i /an e dr du. (6-4)
¢

Using polar coordinates this is % fRn e™?™) dx.

Norm. Assuming in addition that ¢ is even, for x € R”,

1

o0 _% o0 ~n
| —xllg = (/ phle=¢(=rx) dr) = (/ P le=0(x) dr) = [xllg.
0 0

Therefore, for A € R, ||[Ax||¢ = [||A]x]l¢ = |A|[x]¢, making || - || into a norm. This concludes the proof
of Proposition A.1. U

Next, we turn to proving Theorem 5.20. The proof involves three auxiliary lemmas. To begin with,
invert the variables; for ¢, s, r > 0, let

1 1 1
Uu:=-, v:=—, and w:=-—
t Os ¥
for some 6 > 0 to be chosen later. In the inverted coordinates, the condltlon £== + L becomes w = “291’.
Now, let
Aw):= Fu Hu=9*) B):= GO v Hy~@tD (6-5)
and o
04+1\?
C(w):= (%) Hw Hw @ty (6-6)
The reason behind the multiplication by (9+1 )q+ will become apparent in the next lemma that translates

the (5-16) relation between F, G and H to one between A, B and C.
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Lemma 6.2. Let F, G, H as in Theorem 5.20, and 0 > 0. For A, B and C as in (6-5)—(6-6),

0 u v
c(” 2 ”) > A(u)T B)T  forallu,v > 0.
A straightforward change of variables expresses the integrals of F, G, and H in terms of integrals of
A, B,and C:
Lemma 6.3. Let F, G, H as in Theorem 5.20 and 0 > 0. For A, B and C as in (6-5) and (6-6),

/Ooo Au) du = /Ooo t97VF (1) dr,

Oo — p4 oo q—1
/0 B(v)dv 9[ s177G(s) ds,

0

00 B 041 qg+1 poo 1
/0 C(w)dw—(T) /0 r9 H(r)dr.

The following is a standard reduction:
Lemma 6.4. It is enough to prove Theorem 5.20 for F and G bounded.

Before proving Lemmas 6.2-6.4, let us show how they imply Theorem 5.20. For a function E :
(0, 00) — [0, 00), changing the order of integration,

0o oo rE(u) I1E oo I1E oo
/ E(u)duz/ / dzduz/ / dudz=/ |E > z|dz, (6-7)
0 0o Jo 0 {u:E(u)>z} 0

where || E||oo could potentially be infinite. Ball applies the 1-dimensional Brunn—Minkowski inequality
to the sets { £ > z}.

Proof of Theorem 5.20. Step 1: the setup. Let

a:= (/Oootq‘lF(t)dt)q, b= (/Ooo s771G(s) ds)q, c:= (/OOO rq_lH(r)dV)q-

The aim is to show % < % + %, or equivalently,

- 2ab 6-8)
c ) .
“a+b
By Lemma 6.3 and (6-7),
00 lAlloo
al = / A(u)du = / |A>z|dz, (6-9)
0 0
o0 I Blloo
(6b)? = / B(v)dv =[ |B > z|dz, (6-10)
0 0

6+ 1\d+1 00 ICloo
(%) c? :/ C(w)dw :/ |C > z|dz. (6-11)
0 0
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Step 2: comparing the superlevel sets. Lemma 6.2 allows us to compare the superlevel sets of A, B
and C, obtaining an inequality between a, b and c. In particular,

(Czzotaz+ B>, (6-12)

because foru € {A >z} and v € {B > z},

C(u +201)) > A(u)u-:—lev B(v)u—?—vev > Zu—gé)vzu—?—%v =z,

u+6v

i.e., “5— € {C > z}. By the 1-dimensional Brunn—Minkowski inequality,

|C22|2%|A22|+§|322|- (6-13)
By (6-7) and (6-13),

g +1\9H! IClleo IClleo IClleo
(L) c? :/ |C >z|dz > l[ |Azz|dz+Q/ |A>z|dz. (6-14)
2 0 2 Jo 2 Jo

Step 3: choosing #. By Lemma 6.2, ||C ||oc > min{||A||cc, | Blloo}. In view of (6-9), (6-10) and (6-14),
we would like ||C||oo = max{||A]loo, || Blloo}- The only way to achieve this is to have || Al|co = || B|loo-
It is here that one needs to take F' and G bounded so that ||A||ec and || B||co are finite. By Lemma 6.4,

there is no loss in making such an assumption. Choosing

0= SUp;~o F(r)rq+1 ﬁ
\sup,5o G(r)rat! ’

gives
|Alloo = sup F(r)r¢*t! = sup G(r)(0r)?*!
r>0 r>0
= sup GO 'l Hu~UtD) = || B||o.
u>0

Step 4: finishing the proof. By Lemma 6.2 and the choice of 0, ||C|lco = ||Allcc = || Blloo- By (6-9),
(6-10), and (6-14),

04 1\d+1 I 4lloo 1Blloo a4 pa+ipa
o+l qul/ |Azz|dz+Q/ |Bzz|dz:L_
2 2 Jo 2 Jo 2

2 \/ 1 0 2 \/ 1 0 a
9> _— q . 9] > 0
¢ —(9+1) (1+9a +1+0(9b))—(9+1) (9+1a+9+1 b)’

because for ¢ > 1, x — x4 is convex and hence

That is,

(I=)x?2+2Ay? > (1 =A)x +Ay)?
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for all x, y > 0 and A € [0, 1]. Finally,
- 2(a + 62b) _ 2(a+b)(a+ 02b) B 2a2 +6%ab + ab + 62%b?

O T @b +12 T @+bh)@+1y
B 2(92 + Dab +a*+602b> (0 + 1)>ab—260ab + a* + 62b?
(a+b)(0+1)2 (a+b)O+1)?
_ 2(9 + 1)2ab + (a — 0b)? _ 2ab N 2(a — 6b)? - 2ab
(@a+b)(O+1)2 a+b (a+b)O+1)2 " a+b’
as desired. This concludes the proof of Theorem 5.20, modulo the proofs of Lemmas 6.2—-6.4, which are
given below. O

Proof of Lemma 6.2. For t, s, r > 0 with % = % + %, by assumption,

H(r)> F(z)szsG(s)ti*s — (A(t_l)t_(q“))”%“(B(Q_ls_l)(es)_(qﬂ))ﬁ

= AQu) T B(v) s (175 (0s) 75 ) "9HD. (6-15)
Since,
Ky u t Ov
= and = —
t+s u-+6v t+s u-+06v

by (6-15) and the weighted AM-GM,

A@)T B)TH = A@) T B) TS < H(r)(7 (05) 7)1+

q+1 1 q+1 ) qg+1
§H(r)( ts N 9st) :(9+ ) H(r)( ts)
t+s t+s 2 t+s

0+1 q+1 9
= (L) H(r)r?™t = c(” - v), (6-16)
2 2
because % = % + 2_1s = %u + %(01}) — u+29v‘ -

Proof of Lemma 6.3. By changing variables, u = %

/ A(u) du =/ @D F 1) du =[ 19V F(r) = =/ 197V F(t) dr.
0 0 0 0

-1
Forv = 25>

/ B(v) dv:/ v_(q+1)G(9_1v_l)dv:/ (95)‘1+1G(s)d—s2 :94[ s971G(s) ds.
0 0 0 Os 0

Finally, for w = %,

1) 0 1 q+1 roo
/ C(w)dw = (L) / w @D Hw™) dw
0 0

2
0+1 q+1 roo d 0+1 qg+1 roo
= (—+ ) / ritYH(r) —; = (—+ ) / ra Y H(r) dr. O
2 0 r 2 0
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Proof of Lemma 6.4. For m € N, let

Fn(@):=Ft)lip<my(t) and  Gp(s) := G() LG <m}(5).

Then, Fy,, G, are both bounded by m. In addition, F > F,, and G > Gy, thus for ¢, s,r > 0 with

2 _1_,1
7_t+s’

H(r) > F(t)75 G(5) 75 > Fpy(£) 755 G (s)755.

Under the assumption that Theorem 5.20 holds for bounded functions,

2(/0 ri H(r)dr) _(/0 14 Fm(t)dt) +(/0 59 Gm(s)ds)

The claim follows from the monotone convergence theorem by taking m — oo. O

Q=
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