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Abstract. This paper aims to maximize deceleration on split friction
roads by combining steering and individual wheel braking. For this, a
previously tested optimization problem is adapted to curved roads. The
optimal brake force and steering allocation is investigated as a function
of the split friction asymmetry. Results show that low friction is more
detrimental to maximum braking on the inner side of the curve due to
load transfer. Finally, the paper showcases a control strategy for braking
on split friction, which enhances safety and manoeuvrability in critical
split friction scenarios.
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1 Introduction

Split friction is an edge case of a slippery road where one side of the vehicle is on
the regular road surface while the other is on a low-friction surface, like snow or
fallen leaves. The road condition asymmetry creates an asymmetry in the brake
forces, which in turn creates a yaw moment disturbance. The disturbance must
be countered, typically by the driver, but can be abrupt and surprise the driver
[8]. Making it autonomous would be beneficial to reduce accidents.

Contributions in literature have primarily focused on designing a controller
for steering, assuming the ABS handles the brake control, as in [2, 10]. However,
our research shows that using ABS on all wheels can be dangerous when there
is a significant friction difference between the two vehicle sides. More advanced
control solutions focus on designing the steering compensation and the brake
control together [9, 5]. However, none of these have investigated the effects of
friction on vehicle dynamics and maximum braking.

When braking under split friction, the maximum deceleration potential with-
out deviating from the lane depends on the friction asymmetry [3]. In [7], the
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authors investigate the maximum deceleration potential on curved roads for sev-
eral steering/braking configurations and varying road friction coefficients. They
showed a significant maximum deceleration potential reduction when the brake
forces are constrained not to produce any yaw moment. Balancing the yaw mo-
ment on split friction braking is critical, but restricting the brakes implies longer
stopping distances.

This paper analyses the maximum deceleration potential under split friction
as a function of lateral acceleration and friction asymmetry. The resulting alloca-
tion of brake forces and steering can be used to design control algorithms better
suited to varying friction. Inspired by this analysis, a control implementation is
tested in simulation to show the potential.

2 Maximum static deceleration on curved roads

With the focus on maximising braking in a curve, an optimization problem (OP)
is built upon a double-track vehicle model with combined slip and longitudinal
and lateral load transfer; for details, see [3, 1]. The focus of the OP on a high
level is illustrated in Fig. 1.
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Fig. 1: Vehicle trajectory and orientation

The velocity vector is denoted with V , and its orientation, the side slip angle,
with β. The vehicle’s orientation is defined by the yaw angle ψ. In the static case
of no dynamics, the acceleration along V , av, should be minimized. In contrast,
the acceleration perpendicular to V , ap, keeps the vehicle in the curve to a desired

lateral acceleration ap,des. Further, for a constant radius, yaw acceleration ψ̈ is

unwanted; thus, the yaw torque Mz = Izzψ̈ should be zero. At the same time,
the yaw rate ψ̇ is chosen as a desired one.

For the desired lateral acceleration and yaw rate, the circular motion ones
can be used, defined as

ap,des =
v2x
R

(1)

ψ̇des =
vx
R

(2)

where R is the road radius, and vx the longitudinal speed. More advanced defi-
nitions can be obtained from [6].
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The maximum static deceleration optimization problem is expressed as

min
q

av(q)

s.t. ap(q) = ap,des

Mz(q) = 0

ψ̇ = ψ̇des

Fxi =
σxi(q)

σi(q)
Fi(q)

Fyi =
σyi(q)

σi(q)
Fi(q)√

F 2
xi + F 2

yi ≤ kF Fmax,i

(3)

with q = [κi, δ, β]
⊺ the optimization variables, κi the longitudinal slip ratio, δ

the steering angle. The control inputs are u = [κi, δ]
⊺, while [β, ψ̇] are states.

Equality constraints are needed for the forces [Fxi, Fyi] to include the load trans-
fer. Further, an inequality constraint is added for the friction circle, multiplied
by a factor 0.95 < kF < 1 to avoid numerical instabilities at the friction peak
and excessive slips.

The solution to the OP (3) is static, without dynamics. In reality, as speed
reduces, ap,des also reduces, and the vehicle brakes harder, giving a larger mag-
nitude of av every instant. Instead, the solution can be seen as an upper limit
to what deceleration can be achieved with the current speed and radius. For
a straight road, the solution converges to a steady state instead as R becomes
large and 1/R→ 0 in (2). Next, the analysis of the OP is presented as a function
of the friction difference between the vehicle sides.

3 Split friction effects

The friction asymmetry between the left (inner side for a left turn) µ1 and right
(outer) µ2 vehicle side is defined as

∆µ = µ1 − µ2 (4)

Several outputs from the OP (3) are depicted in Fig. 2 for several ∆µ values. For
positive ∆µ, the outer curve side µ2 varies, while the inner µ1 = 1, and vice versa
for negative ∆µ. The maximum deceleration potential is depicted in Fig. 2a. The
curves are asymmetric. Less deceleration can be achieved when the inner side
has lower friction (∆µ < 0) than when the outer side is on low friction (∆µ > 0).
The main mechanism behind this is the lateral load transfer. The more lateral
acceleration, the more pronounced the asymmetry becomes. The steering input
and side slip angle are depicted in Fig. 2b. Some counter-steering is observed at
large ∆µ for the blue curve at low lateral acceleration. As lateral acceleration
increases, the magnitude of steering inputs and side slip angles increase.
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(b) Vehicle steering and side slip angles
vs friction asymmetry

Fig. 2: Vehicle deceleration, steering angle and side slip angle for several lateral
acceleration values as a function of friction asymmetry

The optimal brake force and seeing allocations are depicted in Fig. 3 for two
cases when the friction is low on the inner or outer curve side, respectively. The
effect of load transfer is more important when the inner side has low friction, as
the inner side friction circles are smaller, see Fig. 3a. Due to this mechanism,
the side slip angle is also smaller, and the outer front circle moves away from
the friction circle.

(a) Vehicle sketch for µ1 = 0.6, µ2 = 1 (b) Vehicle sketch for µ1 = 1, µ2 = 0.6

Fig. 3: Brake force/steering allocation for ap,des = 0.4 g; The friction circles are
scaled with the load; fui denotes how much of the friction circle is utilized

4 Vehicle closed-loop simulations

Figure 4 shows the control logic. The human driver is replaced by a path-
following PD steering controller using look-ahead measurements y from a vision
system and is complemented by a feedforward steering angle based on friction.
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The brake controller controls the high-friction brakes to reduce excessive yaw
torque using yaw rate ψ̇ and the look-ahead measurement y as feedback. The
low-friction side is controlled by the ABS. The details of the control logic are
given in [4].
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Fig. 4: Block diagram of control logic

Vehicle simulations are conducted in IPG CarMaker™ to validate the opti-
mization, presented in Fig. 5. The simulation is performed for an initial speed
of V0 = 70 km/h and radius R = 100 m, corresponding to a lateral limit of
ap,des ≈ 0.4 g. In Fig. 5a, the vehicle trajectory and motion states are depicted,
while the states’ targets are depicted with black dashed lines. The deceleration
av surpasses the limit set by the OP av,OP after a transient phase of about 0.7 s.
The lateral acceleration ap gradually decreases as av increases and velocity drops.
At the same time, the yaw rate decreases linearly, as the side slip angle is almost
constant, fluctuating around 1 degree. Also, the steering controller keeps path
deviations small. The small side slip angle and path deviation at high decelera-
tion show the vehicle’s good manoeuvrability. In Fig. 5b, the control inputs are
depicted. Interestingly, the ABS turns off the inner side brake torques up to 0.5 s
due to excessive slip. It is also when the steering angle is at its peak.

5 Conclusion

This paper presented a way to find the maximum braking during cornering on
split friction roads. The maximum braking and the active front steering/differential
brake torque allocations were investigated as a function of the friction difference
between the vehicle’s sides and the lateral acceleration. The analysis revealed
that low friction on a curve’s inner side is more dangerous than on the outer
side due to the lateral load transfer. Further, a control logic was showcased that
achieves good path-following and keeps the vehicle side slip small while achiev-
ing optimal deceleration. Future work includes using prior friction knowledge to
predict optimal speed in a curve for varying friction road conditions.
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(a) Vehicle states: accelerations, yaw rate
& side slip angle, and path deviation
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(b) Control inputs: brake torques and
steering wheel angle

Fig. 5: Closed loop simulation of a vehicle braking in a curve of R = 100 m on
split friction with µ = [0.6 1] and initial speed V0 = 70 km/h
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