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To the memory of Vladimir Zeitlin, whose beautiful model guides us still.

Abstract: The two-dimensional (2-D) Euler equations of a perfect fluid possess a
beautiful geometric description: they are reduced geodesic equations on the infinite-
dimensional Lie group of symplectomorphims with respect to a right-invariant Rieman-
nian metric. This structure enables insights to Eulerian and Lagrangian stability via
sectional curvature and Jacobi equations. The Zeitlin model is a finite-dimensional ana-
logue of the 2-D Euler equations; the only known discretization that preserves the rich
geometric structure. Theoretical and numerical studies indicate that Zeitlin’s model pro-
vides consistent long-time behaviour on large scales, but to which extent it truly reflects
the Euler equations is mainly open. Towards progress, we give here two results. First,
convergence of the sectional curvature in the Euler—Zeitlin equations on the Lie alge-
bra su(N) to that of the Euler equations on the sphere. Second, L2-convergence of the
corresponding Jacobi equations for Lagrangian and Eulerian stability. The results allow
geometric conclusions about Zeitlin’s model to be transferred to Euler’s equations and
vice versa, which could expedite the ultimate aim: to characterize the generic long-time
behaviour of perfect 2-D fluids.

1. Introduction

The motion of an incompressible fluid can be described in two equivalent ways: either by
following the trajectory of a fixed fluid particle—the Lagrangian point of view—or by
considering the velocity of fluid particles passing by a fixed point in space—the Eulerian
point of view. The two viewpoints give rise to separate notions of stability with respect
to perturbation of the initial conditions.

In his pioneering work, Arnold [3] showed that ideal fluid motions describe geodesics
on the group of volume-preserving diffeomorphisms endowed with a right-invariant L2
Riemannian metric. This beautiful description enables tools from Riemannian geometry
in the study of ideal fluids. Now, Riemannian geodesic motion is stable in the Lagrangian
sense if a perturbation of the initial conditions yields a geodesic that stays close to the
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unperturbed one. Infinitesimal perturbations of geodesics are given by the Jacobi fields,
whose evolution is governed by the sectional curvature. Roughly speaking, negative
curvature suggests instability, whereas positive curvature suggests stability. This leads
to an interest in sectional curvature of volume-preserving diffeomorphism groups on
various domains. Using Fourier series, Arnold first derived a formula for the sectional
curvature when the fluid domain is the two-torus. Lukatsky [17], Arakelyan-Savvidy
[2], Dowker-Wei [10] and Yoshida [32] then derived corresponding formulae for the
sphere, Nakamura [23] for the three-torus case, whereas Lukatsky [18] and Preston [28]
exposed general computations for two-dimensional (2-D) compact surfaces. Regarding
the link with stability, Misiotek [19] adapted Rauch comparison theorem to prove that
negative sectional curvature of a plane spanned by the velocity and a Jacobi field implies
that the L norm of the Jacobi field grows at least linearly in time.

Misiotek’s result established “slow” (less than exponential) Lagrangian instability in
time. Arnold, however, early advocated that mostly negative sectional curvature should
imply “fast” (exponential) instability and based thereon he concluded that long-term
weather forecasts are intrinsically unreliable (see [4, Preface and Ch. 4B]). The question
was further clarified by Preston [26], who demonstrated that, although the sectional
curvature is non-positive and mostly strictly negative, the Jacobi fields do not necessarily
grow “fast”. More precisely, he studied a splitting of the Jacobi equations and proved that
(1) the sign of sectional curvature alone could not provide information about exponential
Lagrangian instability, and (ii) exponential Eulerian instability always imply Lagrangian
exponential instability. In summary, the notion of Lagrangian and Eulerian stability
and their connection to sectional curvature is an important tool in the analysis of ideal
hydrodynamics.

Another important tool for understanding 2-D ideal hydrodynamics is Zeitlin’s model
[33,34], which in turn is based on quantization results of Hoppe [12, 13]. Zeitlin’s model
is the only known (spatial) finite-dimensional approximation that fully adopts Arnold’s
geometric description in that it also describes geodesics on a Lie group equipped with a
right-invariant Riemannian metric. This structure gives rise to conservation of Casimirs,
such as enstrophy, critical for the understanding of 2-D-specific turbulence phenomenol-
ogy as described by Kraichnan [16]. In this context, Zeitlin’s model provide a coherent
approach to simulating the qualitative long-time behaviour of 2-D Euler equations [9,20].
Furthermore, since Zeitlin’s model establish a link between hydrodynamics and matrix
theory, results from the latter enable new techniques [22]. An example is canonical
decomposition of the vorticity field along the stabilizer of the stream function, which
captures the dynamics of large and small vortex scales formations [21]. Numerical evi-
dences show that Zeitlin’s model, contrary to traditional discretization, retain the correct
qualitative behaviour, for example the spectral power laws in the inverse energy cascade
[8]. Local convergence of solutions to Zeitlin’s model to solutions of the Euler equations
was established by Gallagher [11]. But arigorous understanding of the observed superior
long-time behaviour remains largely open.

Our objective here is to answer the following question: how well does Zeitlin’s model
capture the Lagrangian and Eulerian stability properties of the 2-D Euler equations? In
particular, does the sectional curvature in Zeitlin’s discretization converge to the sectional
curvature of the Euler equations? We answer this and related questions for the case when
the fluid domain is the sphere; the most relevant domain for applications in geophysical
fluid dynamics (cf. [25,35]).

In Sect. 2 we recall the geometric formulation of Euler equations on the sphere. In
Sect. 3 we then present Zeitlin’s finite-dimensional analogue of the continuous Euler
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equations. In Sect. 4 we recall the notions of Eulerian and Lagrangian stability and the
link to sectional curvature. As a first main result, we show in Sect. 6 that the sectional
curvature of the Euler—Zeitlin equations converges to the sectional curvature of the Euler
equations when the degrees of freedom in the model tend to infinity. In particular, this
result implies that for Zeitlin’s model with enough degrees of freedom, the sign of the
finite- and infinite-dimensional sectional curvatures are the same. Thus, Zeitlin’s model
preserve the Lagrangian stability behaviour implied by the sectional curvature. The
second main result, proved in Sect. 7, concerns stationary solutions of both the Euler—
Zeitlin and the Euler equations. We show that Lagrangian perturbations (i.e. Jacobi
fields) and Eulerian perturbations of the Zeitlin system converge in a certain sense
toward corresponding perturbations of the continuous Euler equations. Thus, Zeitlin’s
model also preserves the stable or unstable nature of stationary solutions to the Euler
equations. We are not aware of any other discretization of the 2-D Euler equations with
this property.

2. Euler’s Equations on the Sphere

In his seminal work, Arnold [3] described ideal incompressible fluid flows on a Rieman-
nian manifold (M, g) with volume form p, as an equation for geodesics on the infinite-
dimensional group of volume preserving diffeomorphisms Diff , (M), with respect to
the standard L? metric. More precisely, Arnold showed that the geodesic equation on
Diff (M), right translated to the Lie algebra X, (M) of divergence-free vector fields,
yields the incompressible Euler equations

iw+Vyu=-Vp
divu =0, ey

where 1:=0,u denotes differentiation with respect to time, and V,u denotes the co-
variant derivative of u along u. The equivalent Hamiltonian formulation on the cotan-
gent bundle is described by the kinetic energy Hamiltonian, which is also right-invariant.
Hamilton’s equations can then be reduced by translation to the corresponding Lie-
Poisson system on the smooth dual of the Lie algebra X, (M)* ~ QM) QOMm)
(cf. [4D.

When M is the unit sphere S?, there is a Lie—Poisson isomorphism between X w(M)*
and the space C° (S?) of smooth function with vanishing mean. The isomorphism is
given by xd, where » is the Hodge star and d is the exterior derivative. When identi-
fying a one-form to a divergence-free velocity field via the metric, the aforementioned
isomorphism consists in taking the curl of the velocity field which gives the vorticity
function w € C(‘)X’(Sz). The significance of the vorticity function is that it is transported
by the vector field u. In turn, the divergence free vector field u is the Hamiltonian vector
field Xy, for some Hamiltonian ¢ € C{° (S?) called the stream function. The Euler Eq.
(1) can then be written entirely in terms of the vorticity and stream function

o+{Y, 0} =0, AY =w. ()
The Poisson bracket on S? is given by

W, 0} (x) =x - (V¥ x Vo)
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where the gradients are taken in R?, extending constantly on rays functions on the sphere.
The vorticity Eq. (2) is an infinite-dimensional Lie—Poisson system on Cgo (S2) for the
Lie-Poisson bracket given by

SF §
{f,g}Lﬂw):szw{ —g}

s’ Sw

where F, G are functionals : C§° (S?) — R, and for the specific Hamiltonian

1
H(w) = z/Szw(—A)*lw. (3)

In addition to total energy, and contrary to the 3-D Euler equations, the 2-D system
possesses infinitely many constants of motion, called Casimirs: for any function f €
C*[R, R),

Cr(w) = f f(®)
S2

is conserved. A distinguished class of Casimirs are those with f(x) = xk (k € N). In
particular, the quadratic Casimir is called enstrophy, and, as mentioned, is critical in 2-D
turbulence phenomenology [16]. Higher-order Casimirs also play a role in the formation
of large-scale coherent vortex structures [1].

Notice that the Hamiltonian 7 in Eq. (3) is equal to the kinetic energy (L> norm) of
the velocity field which in turn is the H'! norm of the stream function

1 1 1
H(“”:zfsz‘”(‘m_l‘“:QLZ”'“:szZW(‘AW’

where u = Xy,. The connection between solutions to the vorticity Eq. (2) and geodesics
on Diff (S?) is established as follows: if w(¢) is a solution and ¥ (t) the correspond-
ing path of stream functions, then a geodesic curve y (¢) € Diff M(Sz) is obtained by
integrating the corresponding non-autonomous ordinary differential equation

y() = Xy@ oy ). 4)

3. Zeitlin’s Model on the Sphere

Zeitlin’s insight was to use quantization theory to spatially discretize the vorticity Eq.
(2) by replacing the Poisson algebra of smooth functions with the matrix Lie algebra
u(N) of skew-Hermitian N x N complex matrices [33,34]. To achieve this, Zeitlin used
an explicit quantization scheme developed by Hoppe [12, 13] initially within the context
of relativistic membranes. Hoppe’s quantization is an example of Toeplitz quantization
[5.6].

3.1. Ly approximation. Bordemann, Hoppe, Schaller, and Schlichenmaier [5] proposed
a set of axioms to characterize a family of matrix algebras (gy, [-, -]x) as an approxi-
mation of an arbitrary Lie algebra (g, [+, -]) (typically an infinite-dimensional Poisson
algebra). They called it L, approximation. Given, for each Lie algebra g, a distance dy
and a projection py: g — gy, the family (gn, [+, -1y, dn, pn) is an L, approximation
of g if for each pair x, y € g

(1) dnv(py(x), pn(y)) = 0as N — oo implies x = y, and

() dv([pn(x), pnM]IN — pr(lx, y]) — Oas N — oo.
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3.2. Quantization of the sphere. Recall the L? orthonormal basis for C*°(S?, C) pro-
vided by the spherical harmonics. Expressed in inclination-azimuthal coordinates (8, ¢) €
[0, 7] x [0, 27) they are

2k 1A = m)! im
Vim0, ) = o Gem) Py (cos(9))e
where Py, are the associated Legendre polynomials for/ > Oandm € {—I, --- ,[}. The

spherical harmonics are eigenfunctions of the Laplace—Beltrami operator on S>

AVim = =11+ 1) Vim.

Using the spherical harmonics basis, Hoppe [12] gave in his thesis an explicit quantiza-
tion of the Poisson algebra g = (C* (S2,C), {-, -}) of complex valued smooth functions
(see [5, Example 3] for an exposition in terms of L, approximations). The approximating
Lie algebras are gy = gl(N, C) with [-, -]y = ﬁ[-, -], where

2

hy = ———
N2 1

and [-, -] is the matrix commutator.
Let us introduce the following rescaled inner products on gl(N, C)

A B = ATB
(4, B) == (ATB).

The distances dy are given by the induced norms of the inner products, and the projec-
tions are defined via py YV, = lTl[,X € gl(N, C) for

| N — _
(Tlly\y],)ml,mz = E(—l)(N_l)/z_mm ((N_mll)/Z 151 (N 1)/2)

m3

where (:::) is the Wigner 3j-symbol. Note that the quantized harmonics (Tle) form
an orthonormal basis of gl(N, C) with respect to the rescaled inner product. Thus, a

function expanded in spherical harmonics f = > 20 >, f Im Y, is projected onto

N—-1 [
N (O =Y D fmiT).

=0 m=—1

Recall from Sect. 2 that the vorticity and stream functions for the Euler equations
on the sphere are real-valued. That is, we consider the Poisson subalgebra C®(S?) of
real valued functions. The corresponding Lie subalgebras of gl(N) are given by skew-
Hermitian complex matrices u(/N). Furthermore, the smaller, trace free subalgebras
su(N) C u(N) correspond to C§° (S?).

The last ingredient we need in order to approximate the vorticity formulation (2)
of the 2-D Euler equations is an approximation Ay : su(N) — su(N) of the Laplace—
Beltrami operator. Given the construction above, it is natural to define it directly in terms
of the basis Tli\n, as

ANTN = —1(+ DT
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so that, up to truncation / < N, it corresponds to the Laplacian on C°(S?). It turns
out that the quantized Laplacian Ay defined this way admits a beautiful, canonical
description in the theory of unitary representation theory of so(3); see the work of
Hoppe and Yau [14] for details. In short, if xlx2 3¢ C“(Sz) denotes the Euclidean
coordinate functions (for S*> embedded as the unit sphere in R%), and if X, = pyx',
then X 11\/’ X ]2\,, X 13v are (scaled) generators of a representation of s0(3) in u(N) and the
quantized Laplacian for F' € u(N) is given by

3
1 : .

ANF = = E Xy, [X)y, FII. ®)
N i=1

We now have all the components we need to define Zeitlin’s model on the sphere. For
more details on the projection operator py and the Hoppe—Yau Laplacian A y, including
efficient computer implementation, we refer to the work of Modin and Viviani [20] and
Cifani, Modin, and Viviani [9].

3.3. The Euler—Zeitlin equations. Using the aforementioned matrix algebra approxima-
tion of (C *(S?), {- ~}), the Euler—Zeitlin equations are given by the following matrix
flow for W = W (¢) € su(N)

. 1
W+—[P,W]=0, AP =W, (6)
hy

where W = W(t) € su(N) is the vorticity matrix and P = P(t) € su(N) is the
stream matrix. The remarkable feature of these equations is that they completely capture
Arnold’s description, but in a finite-dimensional setting: the Euler—Zeitlin equations
constitute a Lie—Poisson system on the dual su(N)*, which via the Frobenius inner
product is identified with su(N), for the Hamiltonian given by

Hy (W) = - (w.—a3'w) 2T WA W)
= — , = = ——1r .
N 2 N T N N
The associated right invariant Riemannian metric on the matrix group is determined
from the inner product on the Lie algebra su(/N) given by
(A. B) -—<A A’IB> _ M At anB)
, Hﬁl = ) N L}\, = N r ND).
The reconstruction equation for geodesics on the matrix group SU(N) is
G(t) = P(OG(1).

This equation is the direct analogue to Eq. (4) for geodesics on the infinite-dimensional
group Diff , (S?).

The Euler—Zeitlin system (6) is isospectral, which reflects the transport nature of the
vorticity Eq. (2). Indeed, in addition to the Hamiltonian, the system has the following
constants of motion (Casimirs)

Cya(W) = %” tr(Wh).

As N — oo these converge to the corresponding Casimirs Cx(w) of the continuous
system (see [29, Corollary 8.1.2]).
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4. Stability Results

4.1. Lagrangian stability and sectional curvature. For a fluid domain given by a com-
pact Riemannian manifold M, let us first review the notion of Lagrangian stability on
Diff,, (M) and how it is related to sectional curvature. Consider a geodesic y = y () on
Diff (M), and a smooth family y, of geodesics such that yp = y. The corresponding
Jacobi field is the vector field along y defined by

d .
J = 7 s=0ys € T, Dift , (M). )

It satisfies the Jacobi equation, which in abstract notation can be written

where 6); is the “big” co-variant derivative on Diff, (S?) (as an infinite-dimensional
Riemannian manifold) and R is the corresponding “big” Riemann curvature tensor (see
[19] for details on the functional analytic setting). The fluid motion y is Lagrangian
stable if every Jacobi field along y remains bounded in the Riemannian metric along
the trajectory ¢ +— y (¢).

From the curvature tensor one can extract sectional curvature for the plane spanned
by two tangent vectors U, V € T, Diff , (M) as

(Ro(U, VIV, U),

C,(U, V)= )
Y IUIZIVIZ — (U, V)2

where (-, -),, denotes the Riemannian metric and |||, the corresponding norm. Due to
right invariance, it follows that Cy, (U, V) = Cjq(u, v)=:C(u, v) for the divergence free
vector fields on M given by u = U o ¢! and v = V o ¢~ !. Furthermore, Arnold [3]
gave the explicit formula

1 1
C(u,v) =Z||B(u, v) + B(v, u)||i2 + 3 ([u, v], B(u,v) — B(v, u))>

3
= I w13 = (B, w), B, v) 2,
where B: X, (M) x X, (M) — X, (M) is defined by
(Bu,v),w);2 = (u, [v,wl)2, Yu,v,weX,(M).

For the case M = S?, with u = Xpandv = X, for f, g € CSO(SZ), the sectional
curvature is

1
C(Xf, Xg) = ZIIA‘I{AJ‘, gh+ A {Ag. fHI3,

1
3 (£ 8k A7HAL g1 - A7 A, £1)

H!
R VI IS I NI ©)
4 ) g H] 3 ) gv g Hl )
where (-, -)y1 = (—A(), -);2 and correspondingly for ||| 51. A direct analogue of

this formula in the finite-dimensional case yields the sectional curvature Cy : su(N) x
su(N) — R of SU(N) in Zeitlin’s model (see Sect. 6 below).
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Sectional curvature provide important information about the Lagrangian stability of
the fluid. For example, Misiotek [19, Lemma 4.2] proved that if the sectional curvature of
the plane spanned by y and a Jacobi field J remains non-positive along y, then J grows
at least linearly in time, and, consequently, y is at least weakly Lagrangian unstable.
Similar results are valid also in finite dimensions, as pointed out by Preston [26].

We are now ready to state the first main theorem of the paper.

Theorem 1. The sectional curvature of SU(N) (with Zeitlin’s metric) converges to the
sectional curvature of Diff (S?) (with Arnold’s metric) as follows: for any f,g €
H7 (§2)

|Cn(pn f. png) — C(X 5. Xo)| < hva L 13,7 11177 .

where the constant a > 0 is independent of f, g, N.

4.2. Splitting of Jacobi equation and Eulerian stability. Just as the Euler equations are
expressed in the Eulerian (right reduced) variable u = ¢ o ¢, it is natural to express
the corresponding Jacobi equation (8) also in Eulerian variables. As explored by Preston
[26,27], such a rewriting splits the second order Jacobi equation into two first order
equations that exposes the links between Eulerian and Lagrangian stability. For the
family of geodesics y; as before, let uy = y; o ys_l be the associated Eulerian velocity
fields, each one a solution to the Euler equations. The right reduced version of the Jacobi
field J in Eq. (7)is j = J o y 1. Since the Jacobi equation is of second order, we also
need a variable corresponding to the derivative of J, namely the variation of the velocity
field

d

= — Ug.
ds ls=0 s

Under this change of variables (J, J ) < (J, 2), the Jacobi equation (8) turns into the
first order system

Jj+lu, jl=z (10a)
24 PVyz+ PVu=0 (10b)

As expected, Eq. (10b) is the linearized Euler equation about the solution u, whereas
Eq. (10a) is a reconstruction equation for the reduced Jacobi field j.

On the sphere we obtain a “vorticity formulation” expressed in the functions v, ¢ €
Cy° (S?) defined by j = X, and ¢ = curl z. Geometrically, v is an element of the Lie
algebra, whereas ¢ is an element of the dual. The Eq. (10) expressed in these variables
become

v — {A*lw, u} —Alg
e —fa"oc) - {a"c 0] =0, (11)
where w fulfil the vorticity Eq. (2). Now, the solution w = w(¢) is called Eulerian stable

(with respect to some norm) if every solution ¢ of the system (11) is bounded uniformly
in time.
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Remark 4.1. On an arbitrary Lie group G endowed with a right-invariant metric, the
corresponding splitting of the Jacobi equations become the following system of equations
on the direct product of g = T, G with itself:

Y+[AT'W, Y1=A4""Z

Z—ad%_,, Z—ad_,, W =0,
where W = W (t) € gis a solution to the Euler—Arnold equation for geodesic curves on
G, ad} is the adjoint of the linear operator ady = [X, -], and A: g — g* is the inertia
operator that defines the inner product on g.

For details, see for example [15, sec. 4].

For the Euler—Zeitlin equations (6) on su(N) we get the analogue of (11)

A B I -1
Y—a[AN w.y|=ay'z

7 - % [ay'w.z] - % [ay'z.w]=0. (12)

The interpretation of these equations is two-fold: they describe at the same time a dis-
cretization of Preston’s reduced Jacobi equations (11) and, independently of the con-
nection to the Euler equations, the reduced form of the Jacobi equations for the Zeitlin
model describing geodesics on SU(N).

To study the correspondence of Eulerian and Lagrangian stability between the Euler
and Euler—Zeitlin systems we now restrict to stationary solutions of both systems. It
means that

[A—lw,w} —0 (13)
T
E[ANIPN‘“’ pyw] = 0. (14)

It is an open problem to characterize in which situations stationary Euler (13) implies
stationary Euler—Zeitlin (14) (although we always have that if @ is stationary then Eq. (14)
is fulfilled in the limit N — 00). However, the following situations are straightforward
to check (cf. Viviani [31]):

l

=l @™V}, then w and PN are

o If, for some fixed /, the vorticity is @ = )
stationary solutions.
e If wis zonal (there exists a choice of north pole on the sphere for which w is constant

on fixed latitudes) then w and pyw are stationary solutions.
Define the embedding 1y : u(N) — C®(S?) by
N(Tp) =Vim, 1=0,....N—1. (15)
Our second main theorem states that corresponding stationary solutions to the Euler

and the Euler—Zeitlin equations share the same Eulerian and Lagrangian L>-stability as
N — oo.
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Theorem 2. Let w be a stationary solution of the vorticity Eq. (2) such that W = pyw
is a stationary solution of the Euler—Zeitlin equation (6). Let v(t) and ¢ (t) be solutions
of the reduced Jacobi equations (11). Furthermore, let Y (t) and Z (t) be corresponding
solutions of the finite-dimensional reduced Jacobi equations (12) with Y (0) = pyv(0)
and Z(0) = pn¢(0). Then, for any fixed t,

linY (@) —v@®)ll2 — 0

I Z(@) — ¢l —> 0 4 N 700

Moreover, the convergence is uniform on bounded intervals of t.

One interpretation is that the Zeitlin discretization (12) of the reduced Jacobi equa-
tions (11) is convergent in the sense of numerical analysis. Indeed, the proof is based
on concepts of stability and consistency and is given in Sect. 7. The theorem implies
that Euler—Zeitlin model preserves the stable or unstable nature of stationary solutions
of Euler equations, so that results on either the continuous or the discretized system can
be transferred to the other. For example, the result by Taylor [30, Thm. 4.1.1], that zonal
stationary solutions that are strictly monotonous in the meridional direction are Eulerian
stable.

5. Bracket Convergence and Preliminary Estimates

Before proving the two main theorems, we expose a central result used in the proofs,
and then give some needed estimates.

The projection py can be understood as Toeplitz quantization on the sphere. The
central result of interest to us is that the Poisson bracket is approximated by the Lie
algebra bracket in a stronger sense than the one shown by Hoppe. To state it we first
introduce the matrix operator norm, given for A € u(N) by

|All o := sup [|Ax]|
N k=t

where |-|| denotes the Euclidean norm on CV . The notation of the norm is motivated by
the following consistency result.

Theorem 3. (Bordemann, Meinrenken, Schlichenmaier [6]) For every f € C™(S?)
there exists ¢ > 0 such that

[ llLee —chn < llpn fllLy = 1 fll e -

In the same paper the authors also prove convergence of the brackets as Ay — 0.
Indeed, they prove the following result:

Theorem 4. (Bordemann, Meinrenken, Schlichenmaier [6]) For every f, g € C oo(82)

= O(hy).

LY

1
Hh—[p/vf, pngl—pn S g}
N
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Charles and Polterovich [7, Prop. 3.6, 3.9] exposed a sharper estimate of this quantum-
classical correspondence, namely

<

LY

1
Hh_[pr’ pngl—pn{f g}
N

fiveo(l fllcr liglles + 11 fllc2 llglicz + 1 lles lglier)
where co > 0 is a constant independent of f and g, and || f || -« = ma,? sup ]Vi f ‘ Via
i<

Sobolev embeddings we then obtain the following bound

< hyeo 1 fllgs gl ps - (16)
Ly

1
H h_[pr’ pngl—pnif g}
N

where ||-|| g5 is a Sobolev H 3 norm (with a suitable, fixed scaling).
In addition to the spectral norm ||- | L5e» We shall use the following inner products and
norms on su(N)

AT :
N
4
1Al = D 1Al
k=1
(A, B) g :=({A, (=0)7B);» 1Al = /(AL A) o
where A1, ..., Ay are the eigenvalues of A € su(N). The first result is that the inner

products converge spectrally to their continuous analogues.
Lemma 5. Let g € {—1,0, 1} and s > q. For every f, g € H*(S%)

2(s—.
<IN F e Nl g

‘(Pva pPN&I g — (f. 8 e

Proof. The embedding ¢y, defined in Eq. (15), is isometric for any pair H;\],, HY of inner

products on u(N) and C*®(S?).
Let ITy denote the L?—projection on spherical harmonics with / > N. Then

o) l
(TN foghma| = D D AU+ 1) fm g™
=N m=—I
> e X
=) Y AU+ D) e
byt (1+1)) qm:—l

/

Z (l(l + 1))Sflmglm

m=—I

o]

1
= W &

I=N

4 54
=< (m) W s gl s

=D fllgs gl -

These (non-sharp) estimates conclude the proof. O
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The second lemma concerns the comparison of the different inner products and norms.

Lemma 6. For every A, B € su(N)

) 1
@ NAlg = —= 1Al

/2

1
.. 1
i |aytal , =504l

%
i) IANAlL < NN+ 1) Al
(v) 1Al < VarlAlls < 4xlAly

@ |¢A, B)a | = 1ALz 1B, -

Proof of Lemma 6. (i) The quantized harmonics i7},, = pnYVi, form an (-, ) 12,
-orthonormal basis for gl(N, C). If we expand A € su(N) C gl(N, C) in that basis

we have

N-L 1 Imy2
. (™)

1417, = (-ay'a.4) , =3
N =1 m=—1 l(l+ 1)

1N 1 1 1

Imy2 _ * 2
<52 2 @™ =2 IAlL .

=1 m=—I

The estimates (ii)—(iii) follow since 2 < [({+1) < N(N +1).

LetiAq,...,iAy denote the eigenvalues of A. The estimate (iv) then follows since
4 1< 2
T 2
1Al = D 1l <47 (ﬁ > Il )
k=1 k=1
= VAT Al < 47 Al -
The last estimate is direct from the definition of |[A], L |

6. Proof of the Convergence of Sectional Curvature

In this section we prove Theorem 1, which states that sectional curvature of the quantized
matrix algebras (su(N), [+, -In, (-, )y ! ) converges as N — oo to the sectional curvature
of infinite-dimensional system

(XS, L1, () 12) 2= (CRSH, ) G ).
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Arnold [3] gave the general formula for sectional curvature on a Lie group G equipped
with a right invariant Riemannian metric determined by an arbitrary inner product (-, -)
and its corresponding norm || - || on the Lie algebra g:

1 1
CE.m = ZIBE n)+ B(n, &) + 5 {[&.ml. B, ) — B(. §))
3
—ZII[E,U]II2— (B(§,8), B(n,m), A7)

where B: g X g — g is defined by

(B, m,v)= (& [n.v]), V& veg.

In our specific case, when g is the Poisson algebra of smooth functions on the sphere
and the metric is Sobolev H', we have

(B(f7 g)9h)H1 = <f’ {gvh}>H1 = <_Afv {g,h})LZ
= ({=Af, gl h)2 = <A—1{Af, gh, h>
N’
B(f,g) Hl

Substitution into Arnold’s formula (17) yields Eq. (9) above for the sectional curvature
C(X 7, Xg). It is convenient to express it in the L? inner product (because L? is bi-
invariant with respect to the Poisson algebra)

C(Xf, Xg) =

6.0+ (ag 1. a7 (18781 + (8. 1) (182)
4 7g g’ ’ 7g g’ L2
1

— 5 (/. 8). (Af 8) = (Ag, )2 (18b)
3

+Z<{fs g}vA{f’ g})Lz (180)

((af 11878 8)) - (18d)

The same calculation for su(N) equipped with the right invariant metric determined by
the inner product (-, -) H), yields the analogous formula

Cn(F,G) =
—1
oy ([ANF, G1+[ANG, F1, Ay ([ANF, G1+[ANG, F])>L%] (19a)
N
3
+ —([F, G], AN[F, G)),2 (19¢)
413 Ly
1

+— (AN F. F1. AJ'[ANG. G)) , - (19d)
N N
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Now, the aim is to prove that
|C(Xfs, Xg) —CN(pN [, PN| =0 as N — oo.

To this end, we carry out estimates for each corresponding term in the formulae (18) and
(19). The “problematic” term is the third, since the H 11, norm is not bounded by L%;.

6.1. The first, second, and fourth terms. By construction of the quantized Laplacian we
have that py o A = Ay o pn. Thus,

[Avpn f.pngl = [pNvAf, pngl and [Anpng. pyvfl=I[pnAg, py [l

If My: C®(S?) — C*(S?) denotes the projection onto spherical harmonics with
| > N,thenfora,b,c,d € C*(S?) and ¢ € {0, 1}

l %[ma, publ. %[mc, pvdl), , ~(la.b)(e.d)) | =

N
r 1
1 11
L R o G B I R N o P =
N
l‘(I—p U0+ pyIl) - +l\<l+p VL= pyIl) o |+ | <
2 N N a1 ™5 N N Ty M em 6

1 ~
S = pat| HANq(II + pall)

L+
LN

1 ~
S = pyir HAN"(H pNI/)‘

L HIrvl =
LN

eq. (16)
hNCO —q !
lall s 155 | AR AL+ pyIl) | |+
N
hNCO —q ,
llelgs Idllgs | Ay (I+PNI)‘ ot lrn] <
N
hNC() —q , —q ,
3 el 1l ([Ay'ar=pwi] w2 a3 puir], )+
fiv o d AT = pyT 2 [ AT pat <
> llcl gs 1d | s N (L= pnT) L}V+ N PN L +|rN|1eE.6
2hnco/T
SONT (Nl s 11 (o el s Il s + | ol ) +
et s (o lalls Bl + [ a1 3) )+ <
N lem. 5
271/\160 T
z—qf< lall s 161 s (hvcov/m llell s ]l gs + life, d}llg2) +

llell s 11l g5 (hveo/m Nall s 11B1l s + Il{a, b}||L2)> +|ryl =

lem. 7
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2hnco/TT
2—q\/_< lall s 161l gs (hveov/m el s dll gs + el gi dll 1) +

llell s 11 g5 (hnveor/m llall s 181 s + llall 1 ”b”Hl)) +lrwl.

The last inequality follows from the well-known result:

Lemma 7. Let f, g € C'(S?). Then

LS &Mz = 1 I gl g -

Proof. Let J: TS?> — TS? denote the complex structure on S?>. By Cauchy—Schwartz
ILf. g2, = fg IVf-IVgl> < IVFIT. 17Vl

The estimate now follows since S? is Kihler, so J is an isometry. O

By choosing a, b, ¢, d from the set { f, g, Af, Ag}, to match the corresponding terms,
using Sobolev embeddings and estimating |ry| with Lemma 5, we obtain

|(19a) — (18a) + (19b) — (18b) + (19d) — (18d)| < ahn |l 15,7 1181137

for a constant ¢ > 0 independent of f, g, N.

6.2. The third term. The term

311
(199 = (18] = 7 7 llpw S gl = IS gHi
cannot be treated directly by the estimate above, since the H 1{, norm is not controlled

by the L3 norm as N — oo. To overcome this problem we shall need the following
results for the quantized Laplacian Ay.

Lemma 8. For the coordinate functions x' eC ®(S?) and the corresponding matrices
X = pyxt, let V& = (x .} and V' = (XY, 1/hn. Then V& and Vi are
pN-related:

DN © vhi = VIJ\,"[ o PN.

Proof. Forany [ > 1, the Lie group SO(3) actson {f € C®(S?) | Af =I(+1)f} via
its action on S?. The corresponding infinitesimal representation of so(3) is Hamiltonian
with respect to the Poisson bracket with generators x!, x2, x> € C®(S?), i.e., given
exactly by V. From the work of Hoppe and Yau [14] it follows that X 11\/’ X 12\/ X 13v are
corresponding generators for the infinitesimal representation of s0(3) on {F € su(N) |
AnF =1( + 1)F} and that py is an algebra morphism. This proves the result. O
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Lemma9. Let F, G € su(N) and f, g € C3(S?). Then
3
ANIF. Gl =[ANF, Gl +[F. ANG]+2 ) [Vy'F. Vy'G]
i=1
and

3
ALf. g} = {Af gh+{f. Agh+2 ) (VFI £ Vi)
i=1
Proof. The first result follows from the Hoppe—Yau formula (5) and application of the
Jacobi identity twice.
The second result is a direct continuous analogue. O

From these results we obtain

|(19¢) — (18¢)] =3

([pn £, pngl, AnTpn f, pngDpa = (U g) AL gD

32
4 hN
311
<PNf pngl [AnpN f.pngl+ PN f. Anprgl
lem 9 4 h

3

+2) VN o £ VY pNgJ)
i=1

3 . . 2
— (£ 81 (DS gh+ £ Agh+2 Y (VEI £ Vg

i=1

1
2 <[PNf pngl. PN AS, pngl+[pn f, pnAg]

lem8 4

3

+2) [V S, pNleg])
i=1

3 . . 2
—((f gl 8L g)+ Ay +2 ) (VH £ Vg
i=1

Each pair of corresponding quantized and continuous brackets can now be treated by
the same estimate as the second term above, which gives

|(19¢) — (18¢)| <
a1 f s CLF g+ 11F o) gl pgs (gl g + N1 ggo)

+Bhy [ Y lallgs Ablgr +1blIge) | [ Y lallg (bllgs + 161 42)
a,be{f,g} a,be{f.g}
3

+y TN gl Y <||HN{b,Aa}||Lz+2ZHnN{v“, u)
a,be{f,g} i=1

for constants @ > 0, 8 > 0, and y > 0 independent of f, g, N. From the Sobolev norm
relations || fllga < |l fllgr for ¢ < p and from Lemma 5 we then obtain the result in

Theorem 1. This concludes the proof.
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7. Proof of the Convergence of the Reduced Jacobi Equation

In this section we prove the second main result stated in Theorem 2 above.

Let us first rewrite the continuous and quantized reduced Jacobi equations (11) and
(12) for corresponding stationary solutions wg € Cgo (S?) and Wy = PNwo € su(N) as
linear evolution equations on C*(S? x S?) and (su(N))? respectively. The continuous
reduced Jacobi equation is then

=Lk
§=0)=§
where
v . _{Afla)o, . } Al
s=[g] ma e=[0  a Fepma )

The corresponding quantized reduced Jacobi equation is

X = AnX

20
X(t=0) = Xo := pnép e

where
Y
X = [Z] and
1 -1 -1
A I [AN Wo, - ] Ay
N = _ _
0 e [anWo. - [k [AR - W]

Recall that the embedding ty : su(N) — C*® (S?) maps quantized harmonics to
continuous ones. Let 7y : C®(S?) — C*®(S?) be the truncation of the (continu-
ous) spherical harmonics expansion up tol < N — 1, i.e., my = typn. In order to
directly compare the quantized and continuous Jacobi equations, we introduce the oper-
ator Ly:=ty o Ay o py such that if X(¢) is a solution of the matrix dynamical system
(20), then & 5 (t) = (y X (1) + TIn &, is the solution of the continuous system

Ev =Lnéy @
En(t=0) =&

In order to prove the convergence & (¢) to £(¢), we will use the following result of

Trotter and Kato (see, e.g., Pazy [24, Thm. 3.4.2]).

Theorem 10. (Trotter, Kato) For a Banach space (X, ||-||), let (Ln)n>0 and L be linear
operators D(L) C X — X. Let ||-|| denote also the operator norm and make the
following assumptions.

Well-posedness there exist scalars M, w such that L is the infinitesimal generator of a C°
semigroup T (t) satisfying | T (t)|| < Me“".
Stability for any N > 0, Ly is the infinitesimal generator of a C° semigroup Ty (1)
satisfying | Ty ()| < Me®! (for the same M and w).
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Consistency for every x € X and . € CwithRe\ > w
” (I —ALy)"'x — (I — ,\L)—lx” >0 as N — oo
Then, for every x € X andt > 0,
1Ty (t)x — T(t)x]| >0 as N — oo.

Moreover, the convergence is uniform on bounded intervals of t.

Remark 7.1. The classical formulation of the Trotter & Kato result does not include
convergence rates. In the special case of Zeitlin’s model, the convergence rate is O (hy).
In Appendix A we have included a proof of Theorem 10 with this convergence rate.

7.1. Well-posedness of the continuous system. Here we prove that £ is the infinitesimal
generator of a C® semigroup with respect to the L2 norm.

Proposition 11. The operator L: C®(S? x S§?) — L*(S? x S?) is the generator of a
CO semigroup T (t) with

1 1
1T, < expt\/<z +> ||wo||§,l).

Proof. We split L = L1 + L,, where

VUL R IR LB SN

0 {A_lw()a 0 {C()(), A_l .

Now, L is the generator for the semigroup 7;(f) given explicitly by

TiE =Eon, !

where 7; is the diffeomorphism on S* generated by the finite-dimensional Hamiltonian
vector field X -1, (the solution exists for all times since X 5-1,, is a smooth vector
field on a compact domain). Notice that 7] (¢) is bounded with operator norm 1, since

2
_ 2 2 _ 2
AR e H

18 = [von |, + |con]

For the second part, £, is a bounded operator, since

2
L2

1,17 1 1 s ,
a7t = (S el ) e,

12280, = |2, + [ton. a'2)]

1
2 2
<~ 1£12, + ol

Thus, £, generates a C semigroup 7>(). By the Lie-Trotter formula we then obtain
the C° semigroup 7 (r) via
T(@t) = lim (7,(t/n)Tr(t/n)",
n—od

which is generated by £. The operator norm estimate also follows from the Lie—Trotter
formula. O
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7.2. Stability of the semi-discrete method. We now prove that the quantized system (21)
is stable, which is the semi-discrete correspondence to Proposition 11.

Proposition 12. For any N > 0, the operator Ly : C®(S? x S?) — L*(S? x S?) is the
generator of a C° semigroup Ty (1) with

1 1
1Tl 2 < expr\/<;1 +3 ||wo||§,l).

Proof. The proof is a direct analogue of the proof of Proposition 11. For the operator
splitting Ly = Ly.1 + L 2, the semigroup for the generator Ly 1 is

E,YE] }

T 1§ = a
N,l()& LN |:EIZE;

where E; = exp(ZAE1 Wo/hn), Y = pyvu, and Z = py¢. We then have

2
| Tw 1 0|2 = H E,YE|

H E,ZE)

2

2 2 2
+ =Yl +1Z17. < 1§l7--
L3 L3 Ly Ly iz

The estimate for Ly > follows as in the proof of Proposition 11, using the estimates in
Lemma 6. o

7.3. Consistency of the semi-discrete method. First, let us prove the following lemma.
Lemma 13. There exist o > 0 independent of wg, hy and & = |:§ i| such that

IAnpnE — PNEEIIL;V < ahy llwoll gs 1§l s

Proof. Using estimates from Sect. 5, we have

PN f
HAN [ng] pve [g}

H % [AX;IPNwo, PN.f] - PN {A_lwo, f}

2

2
Ly

2

3
17 11 _ _ _ 2
+ *[ANlewo,pNg]+*[ANleg,pro]—pN{A ‘wo,g}—pN{A 1g,wo}
hn hn 2,
232 —1 2 2 —1 2 2 2 —1 2
< alon| 1+ A o] gl + leols |47 0
2
2:2 2 S
< a”hy llool |: ]
N HS g HS
where o > 0 is a constant. O

Then we can prove consistency, namely the following result.
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Proposition 14. For every & € C®(S? x S?) and A > c:=, /}‘ + % ||a)0||?{1,

d

H5+ﬁ"£§‘

)

1
2 =< )\.__ChN (Ol llwoll s

|0 =ren e —a-a0's

where é = (I —AL)"'& and o > 0 a constant as in Lemma 13.

Proof. Recall from Proposition 12 that Ly is the infinitesimal generator of a Cy semi-
group Ty (¢) satisfying || 7y (1) | ;2 < ¢". The Hille-Yosida theorem (see, e.g., Pazy [24,
Thm. 1.5.3]) then implies that

1
< .
L2~ A—c

| =rew

Thus, we can proceed to the following estimates:

| —sen - -207'

L2

- H (I —2Ly)" "I = ALy) ((1 AL e - - AL)‘IE)

L2

~1 —1
< — | —rew (0 —2em - —a0g)|
s —|g-U—aLnu 07|
< =0y - 20 — (1 - LT —20) '
)\.—C L2
1 _
S — WLy —AL)(I —rL)7'E .

Let &£ = (I — AL)"'£. We then have from Lemma 13 that

H(cN Y LS HnN(LN — [)E ot H (I —n)(Ly — L)E .
||AN§*PNL§”L?V
< ahy llwoll s EHHS + ” (I — 7N (Ly — L)E 2

Recallthat Ly = iy Ay pn,SO ,cNé is a finite sum of spherical harmonics with/ < N—1.
Thus, ty Ly = Ly, and

| =moen - 0%

- HnNcé y

L2 L2’

AsE € C®(S? x S?), we have L& = L(I — AL)"'& € C®(S? x $?) ¢ HA(S? x S?).
Thus, by Lemma 5,

et - e8], = Vo8] ..
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We now have everything to apply Theorem 10 above: well-posedness from Proposi-
tion 11; stability from Proposition 12; consistency from Proposition 14. This concludes
the proof of our second main result, stated in Theorem 2 above.
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Appendix A. Trotter and Kato theorem with Convergence Rate

In this section, we adapt the proof of the Trotter—Kato Theorem 10 from Pazy [24]. Let
us denote Ry, := (A — £)~ ! and Ran = (Al — Ly)~'.Fix & € D(L£) and an interval
[0,T]. Forany ¢t € [0, T]:

I(Tv () = T2 <
[TV O R, - R RS 9|

12
Ny
* HRA,N(TN(t) - 7(;))(7%;18)‘ L2
Ny
+ H Ry, — R)\’N)T(t)(R;l’é)‘ 12

N3
Using the stability of £ (Proposition 12) and the consistency estimate (Proposition 14)
we have
1

N]SeCT
A—c

v (e ol s 1815 + /2 1£E 1 2

and

1
Ny < ——hy | alloollys sup IT@&] s +v2 sup ILT0EN 2

te[0,7T] te[0,T]
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where we have used the fact that R, 7 (r) = 7 (t)R;.. For the term N,, we first use the
identity (e.g. Pazy, [24, Lemma 3.4.1])

~ 4 ~
RoN(T (1) = InO)RLE = /o Tnt —s) (R — Ran) T ()& ds.

Thus, we have

N2 = |Roy (T = TE)RA(R;28)|
T
|1 =

|
Te’T —hy [ llwollys sup HT(r)(R‘lg)H
A—c T eior) 22 s

L2

IA

(R, = R, T ()(R;28)|

L2

IA

* ZtES[g,pTJ HETU)(R)TIE)HH2 ’

Then it follows from the above estimates that for any & € D(L):

| 7n ()€ — T ()€]l,2 — 0 as N — oo

uniformly on [0, T']. Since the Hille—Yosida theorem implies that D(L) is dense in
C®(S? x S?), it follows that the previous statement holds for every £ € C°(S? x S?).
Moreover, it is clear that regarding only the N dependency, the convergence is O (hy).
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