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Extended quantum process tomography of logical operations on an encoded bosonic qubit
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We demonstrate the use of coherent-state quantum process tomography (csQPT) for a bosonic-mode super-
conducting circuit. We have enhanced our methodology over previous implementations of csQPT by leveraging
Kraus operators and constrained gradient descent to learn the underlying process. We show the results of
our method by characterizing a logical quantum gate implemented using displacement and selective number-
dependent arbitrary phase operations on an encoded qubit. Our use of csQPT allows for the reconstruction of
Kraus operators for the larger Hilbert space rather than being limited to the logical subspace. This approach
enables us to more accurately identify and quantify the various error mechanisms that can lead to gate infidelity,
including those occurring outside of the computational subspace. We showcase the potential of our approach by
demonstrating the ability to quantify leakage outside of the computational subspace, a key factor for developing
more robust and reliable quantum gates in high-dimensional systems.

DOI: 10.1103/PhysRevA.110.L020401

As quantum computing architectures become more re-
fined, there is a surge of demand for methods to accurately
characterize quantum gates and the processes limiting their
performance. To meet this demand, methods like quantum
process tomography [1], randomized benchmarking [2], and
gate-set tomography [3] have been developed and tested on
single-qubit [4], two-qubit [5], and three-qubit gates [6]. At
the same time, an alternative approach to quantum com-
puting relies on encoding quantum information in harmonic
oscillators, also referred to as continuous-variable systems,
or bosonic modes [7]. In contrast to two-level systems, the
large Hilbert space of harmonic oscillators leaves a freedom
in the choice of states in which to encode the information.
This freedom can be exploited to render the encoded informa-
tion robust against photon loss, the dominant source of error
in oscillators, opening the door to hardware-efficient quan-
tum error correction [8] and error-transparent or fault-tolerant
gates [9–11].

Compared to the two-level paradigm, the development
of high-fidelity quantum gates and their characterization in
bosonic modes is still at an early stage [12,13]. In state-of-
the-art experiments with superconducting circuits, quantum
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gates in bosonic modes are characterized by sandwiching the
gate under test by encoding and decoding operations [14].
These operations establish a mapping between the logical
states of the qubit encoded in the oscillator and the states
of an ancillary qubit, which can be more easily manipulated
and read out. However, this technique suffers from serious
limitations. First, the encoding and decoding operations are
complex entangling gates whose fidelities are not guaranteed
to exceed that of the gate under test, leading to significant state
preparation and measurement (SPAM) errors. In addition,
the decoding operation, followed by readout of the ancillary
qubit, reduces the full Hilbert space of the oscillator to that of
a two-level system. This reduction hinders the possibility to
reliably distinguish between different types of errors, as well
as to characterize leakage errors [15].

Here, we experimentally demonstrate the use of coherent-
state quantum process tomography (csQPT) to characterize a
quantum gate in a continuous-variable system. The gate acts
on a logical qubit encoded in a bosonic mode, which is hosted
by a microwave cavity in a superconducting circuit architec-
ture. Typically in harmonic oscillators, coherent states are the
simplest states to prepare. By letting the gate under test act on
a set of coherent-state probes and measuring the final states
by direct Wigner tomography, we completely characterize the
process in the Fock space of the oscillator.

CsQPT was proposed and first implemented for quantum
optical processes using homodyne tomography followed by
maximum likelihood reconstruction [16,17]. To decrease the
measurement overhead, we improve on maximum-likelihood
csQPT [18] by augmenting csQPT with a gradient-descent
based learning algorithm using the idea of manifold learning
[19]. This method allows us to reconstruct quantum process
matrices from a reduced number of data points, avoiding
full state tomography. From the process matrices, we can
generate any representation of the process, determine the
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FIG. 1. Protocol for the csQPT. (a) Gate sequence for the
process-tomography protocol. The probe states are coherent states
in a 5×5 grid of complex displacements αi [see the left plot in
panel (b)]. The process E is applied to each probe state. Finally,
the cavity state is measured using Wigner tomography. The Wigner
tomography consists of a cavity displacement D(β j), unconditional
qubit π

2 pulse, conditional phase evolution Cπ , and another qubit
π

2 pulse followed by a readout. (b) Wigner functions at each step
of the protocol. The middle panel shows the ideal target result of
applying the process E to the coherent-state probe visualized in the
left panel. The right panel shows data points denoting the values
of the Wigner function in a 21×21 grid of complex displacements
β j . The Wigner-function measurements are repeated for each input
probe.

process fidelity of the gate, and characterize the leakage
outside of the computational subspace. Our approach goes
beyond encoding-decoding schemes in two ways: it reduces
SPAM errors by obviating the need for complex encoding and
decoding operations, and it unlocks the access to the larger
Hilbert space of the continuous-variable system, making it
possible to correctly identify leakage errors.

Continuous-variable systems realized in particular with su-
perconducting three-dimensional (3D) cavities coupled to an
ancilla qubit have shown an unprecedented level of versatile
control of quantum states [14,20–23]. We implement csQPT
on a system consisting of a single-mode 3D superconducting
λ/4 cavity [24,25] and an ancilla transmon qubit [26]. The
transmon qubit is used to provide a nonlinear control element
which is necessary in order to control the harmonic energy
levels of the cavity, as well as provide means to characterize
the cavity states through direct Wigner tomography [20]. The
transmon qubit with its own readout resonator is fabricated on
a sapphire chip, and the chip is inserted into the cavity, where
the qubit and the cavity are capacitively coupled.

To perform csQPT, we run experimental sequences consist-
ing of three steps [Fig. 1(a)]. First, we prepare the cavity in a
coherent state |αi〉—our input probe. We create coherent states
by passive thermalization to the ground (vacuum) state |0〉
followed by a displacement operation D(αi ). Next, we apply
the quantum process E that we intend to characterize to the
input state. Finally, we measure a displaced parity operator
with the assistance of the ancillary qubit. To do so, we apply a
displacement D(β j ) to the cavity and then measure its photon

parity by performing a Ramsey measurement that maps the
parity to the σz axis of the qubit [20]. Averaging over this
sequence and varying β j to map different regions of the phase
space gives a direct measurement of the Wigner function
W (β ) of the coherent state |αi〉, after it has been acted upon
by the gate. We repeat this procedure for a rectangular 5 × 5
grid array of coherent-state probes spanning from −1.5 − 1.5i
to 1.5 + 1.5i [Fig. 1(b)]. The amplitude of the coherent-state
probes determines the maximum photon number that is popu-
lated and thereby sets a limit on the size of the cavity Hilbert
space in which we can reliably reconstruct the process. We
find our choice of the probe amplitude to be sufficient to
reconstruct the process up to Fock state |5〉 (see Supplemental
Material [27]).

The reconstruction of a process representation for E is
performed using a gradient-based optimization that learns the
Kraus representation of the process [19]. The Kraus operators
are learned by minimizing a loss function that is the squared
error between the measured Wigner data points and the corre-
sponding Wigner points predicted by the reconstructed Kraus
operators. Our optimization procedure is constrained to the
manifold of completely positive and trace-preserving quantum
operations with appropriate restrictions on the Kraus opera-
tors [27]. Reconstructing the process at the Kraus level allows
us to limit the size of the process representation by restricting
the number of Kraus operators. We therefore limit our recon-
struction to a low rank, so that we can learn the dominant
process channels without having to reconstruct the full-rank
process. Additionally, the noise in the data may not allow the
reconstruction of all the loss channels even if more Kraus op-
erators are introduced. With this method, we can reconstruct
the Kraus operators directly without an intermediate step of
reconstructing the density matrices of the output states.

We test csQPT on a quantum logical gate that swaps the
population of the states |0L〉 and |1L〉, i.e., a logical X gate
(Fig. 2). We choose the binomial encoding

|0L〉 = |2〉,

|1L〉 = 1√
2

(|0〉 + |4〉),

which is the lowest-order binomial code that can be cor-
rected for the single-photon loss error in the cavity [28]. We
implement the gate as a series of displacement D(α) and
selective number-dependent arbitrary phase (SNAP) operations
S(θ ) [29]. These two operations provide universal control
of the cavity states [30]. We numerically optimize the gate
sequence [31] and the pulse envelopes following the method
described in Ref. [23], which was shown to reduce the gate
length while making the pulses more robust against variations
of the system parameters. In SNAP gates, the qubit starts and
ends in the ground state with high probability regardless of
the initial state of the cavity, so that the same qubit becomes
available for the Wigner-tomography measurement protocol.
Previously, SNAP and displacement operations had only been
used in the context of state preparation. Here, we show that
these operations can also be used to efficiently implement
logical gates. In particular, we implement the X gate with
only three SNAP gates and four displacements. Compared
to gate implementations based on fully numerical optimal
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FIG. 2. X gate in binomial encoding. (a) The gate is defined by
mapping the six cardinal states in the encoded subspace to their
respective targets. The gate is defined only for the encoded subspace,
but we can characterize it generally by analyzing its action on the
large Hilbert space and not just the cardinal states. (b) The X gate for
the cavity-encoded logical state is composed of three SNAP operations
and four displacement operations.

control, in which the transmon-cavity composite system is
driven simultaneously [14,28], separate gates on the cavity
and on the transmon are more easily parametrized, the ef-
fects of the individual operations are more transparent [23],
and they can be made more easily tolerant against transmon
decoherence [10,11].

We characterize the X gate by running the process tomog-
raphy sequence and process reconstruction described above.
From the obtained Kraus operators, we construct the popu-
lation transfer matrix (Fig. 3). The elements of the matrix

FIG. 3. Population transfer matrix. The upper-left block repre-
sents the logical subspace, where we can identify the X gate that
swaps states |0L〉 and |1L〉. The columns correspond to the input
states, while rows correspond to the output states.

describe the population distribution of the final state in a
chosen basis, given one of the basis states was prepared as
the initial state. Instead of the usual Fock basis, the ma-
trix is presented in a basis given by {|0L〉, |1L〉, 1√

2
(|0〉 −

|4〉), |1〉, |3〉, |5〉}, which transparently shows the effect on the
logical basis vectors. We have truncated the matrix represen-
tation to five excitations, since our gate under test is photon
number preserving with a maximum occupied Fock state of
|4〉, and with our choice of probes we can reliably characterize
the process up to Fock state |5〉 [27]. In this representation,
we identify the X gate in the logical subspace in the upper-left
block of the population matrix. By inspecting the matrix en-
tries we can quantify the amount of population transfer within
the logical subspace. We see that the swap operation between
|0L〉 and |1L〉 is successful, with a population transfer between
92 and 93 % and a population loss on the order of 7 % . The
elements underneath the logical states describe population
leakage outside of the computational subspace. For example,
when preparing |0L〉, we observe that most of the population
loss is due to leakage to states outside of the computational
subspace. The largest leakage is into 1√

2
(|0〉 − |4〉), which is

one of the no-jump evolution error states of the binomial code
[32]. Similarly, the largest leakage from |1L〉 is into |1〉 and
|3〉, which are the main error states of the binomial code.

The population transfer matrix does not describe the co-
herence between the chosen basis states. As such, it only
offers a partial representation of the quantum process. To
provide a complete description of the process E , we use a
generalization of the Pauli transfer matrix from two-level
systems to d-level systems. We refer to this generalization
as the Gell-Mann transfer matrix [27]. We show the transfer
matrix in Fig. 4, where we have only included the elements
that couple to the logical states up to a Fock state |5〉. In
the upper-left corner of the Gell-Mann transfer matrix, we
can identify a Pauli-transfer-matrix-like block of an X gate
for the two-level logical subsystem. In Fig. 4(b), we present
the experimental Pauli transfer matrix that is calculated from
the Kraus operators alongside the simulated and ideal transfer
matrices. Coherent errors within the logical subspace appear
as off-diagonal elements in the Pauli transfer matrix for this
particular gate. The detailed information of the leakage out of
(into) the logical subspace is given by the off-diagonal blocks
below (next to) the computational subspace [33].

We can now calculate the average gate fidelity [34] be-
tween the reconstructed process E and the targeted logical gate
U in the (d = 2)-dimensional logical subspace, also consider-
ing leakage, as

Fg(E,U ) = dFpro(E,U ) + 1 − LL(E )

d + 1
. (1)

Here Fpro(E,U ) is the process fidelity, which can be writ-
ten down using any representation of the process E , e.g.,
the Kraus operators [1], the Choi matrix [35], or the Pauli
transfer matrix [36]. The average leakage rate is defined as
LL(E ) = ∫

dψLE (|ψL〉〈ψL|) = L[E ( IL
d )] [37], where L(ρ) =

1 − Tr[ILρ] quantifies the leakage from the logical subspace
and the integral is over all states in the logical subspace. The
unitary U = |0L〉〈1L| + |1L〉〈0L| represents the logical X gate
and the projector IL = |0L〉〈0L| + |1L〉〈1L| is the identity in
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(a)

(b)

FIG. 4. Gell-Mann transfer matrix of an X gate. (a) The upper-
left block represents a Pauli-transfer-matrix-like structure for the
logical subspace. The other elements in the Gell-Mann transfer ma-
trix represent couplings between different levels of the system. They
are given in a basis defined by the Gell-Mann matrices. (b) Com-
parison of the experimental (reconstructed), simulated, and ideal
two-level Pauli transfer matrices that are obtained by restricting the
Gell-Mann transfer matrix to the logical subspace.

the logical subspace. We can write Eq. (1) using the Kraus
representation of the process in the full Hilbert space (see
Appendixes), providing us information about the leakage out
from the computational subspace. The average population
leakage out of the computational subspace is calculated to be
6.6 % . The average gate fidelity obtained from the recon-
structed process is Fg(E,U ) = 92.8 %. In order to estimate
the effects of decoherence with known parameters of our
system, we calculate the average gate fidelity from Lindblad
master-equation simulations, with our measured decoherence
rates. We obtain an expected gate fidelity of 92.9 % from the
simulations, which is in close agreement with the average
gate fidelity given by our method. We thus show an ex-
perimental demonstration that relatively high-fidelity logical
quantum gates can be composed of displacement and SNAP

operations.
With continuous-variable gates, the leakage into energy

levels outside of the computational basis presents a problem
that needs to be carefully addressed. With our method, we
avoid a large component in the error estimation that comes
from estimating the dimension of the Hilbert space that the er-
rors leak into [14]. We foresee that with further analysis of the
Gell-Mann transfer matrix, more detailed error analysis can be
performed. In particular, having access to the process-matrix

elements beyond the logical subspace opens up possibilities
to study different error models in order to more accurately
pinpoint the origin of the gate infidelity [33]. Our results
establish the use of csQPT to understand the error mechanisms
affecting continuous-variable quantum gates, paving the way
towards better-performing bosonic codes. Our method can
also be directly applied to simultaneously characterize the
effect of a certain operation on both the code subspace and
the error subspace, which could assist the design of quantum
error correction sequences.
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Appendix A: Kraus representation of a quantum process.
In general, a quantum process is described by a completely
positive trace-preserving map E between the input and output
states. This map can be represented with Kraus operators
Ki as

ρ ′ = E (ρ) =
r∑
i

KiρK†
i . (A1)

The number r of Kraus operators can take values from 1,
which corresponds to a unitary process, up to d2 in a Hilbert
space with dimension d . The Kraus representation ensures
the complete positivity of the process. Trace preservation is
imposed by satisfying the constraint

r∑
i

K†
i Ki = I. (A2)

Appendix B: Gell-Mann transfer matrix. Similar to the
(d = 2) Pauli transfer matrix [36], we define the Gell-Mann
transfer matrix of a process E as a single real-valued matrix

E , whose elements are bounded between −1 and +1. The
Gell-Mann matrices {Gi} [43], including the identity matrix,
form an operator basis for the symmetry group SU (d ) sim-
ilar to how the Pauli matrices generate arbitrary unitaries in
SU (2). The Gell-Mann transfer matrix is computed by apply-
ing the quantum process to the Gell-Mann matrices and then
computing the matrix elements 
E

i j as


E
i j = 1

d
Tr[GjE (Gi )]. (B1)

We can then write the action of the process on some quantum
state ρ using the Gell-Mann transfer matrix, by vectorizing ρ

using the operator basis consisting of the Gell-Mann matrices,
as E (ρ) = 
E �ρ with the elements of the vectorized density
matrix given by (�ρ)i = Tr[Giρ].

Appendix C: Average gate fidelity for the logical sub-
space. The average gate fidelity between a unitary operation U

L020401-4
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representing a quantum gate and a process E can be defined
as [34]

Fg(E,U ) =
∫

d|ψ〉〈ψ |U †E (|ψ〉〈ψ |)U |ψ〉, (C1)

where the integral is over the set of all input states |ψ〉 =∑
n cn|n〉 with cn ∈ C and

∑
n |cn|2 = 1. Using the Kraus

representation for the process E we can generally write the
integral as

Fg(E,U ) =
∑

i

∫
d|ψ〉〈ψ |U †Ki|ψ〉〈ψ |K†

i U |ψ〉

=
∑

i

∑
klmn

〈k|U †Ki|l〉〈m|K†
i U |n〉

∫
d|ψ〉c∗

k cl c
∗
mcn

=
∑

i

∑
klmn

〈k|U †Ki|l〉〈m|K†
i U |n〉 (δklδmn + δknδlm)

d (d + 1)

(C2)

where the value of the integral
∫

d|ψ〉c∗
k clc∗

mcn = (δkl δmn+δknδlm )
d (d+1)

over the set of input states. This integral can be evaluated in
several ways [44]; one of the simplest is to reduce it to a set of
Gaussian integrals [45]. In order to obtain a simple analytical
expression for Fg(E,U ), we can identify the various terms as
taking the trace in the logical subspace such that

Fg(E,U ) =
∑

i

∑
km

〈k|U †Ki|k〉〈m|K†
i U |m〉 1

d (d + 1)

+
∑

i

∑
kl

〈k|U †Ki|l〉〈l|K†
i U |k〉 1

d (d + 1)

=
∑

i

|Tr[U †Ki]|2 + Tr[U †Ki(
∑

l |l〉〈l|)K†
i U ]

d (d + 1)

=
∑

i |Tr[U †Ki]|2 + Tr[U †E (IL )U ]

d (d + 1)

=
∑

i |Tr[U †Ki]|2 + dTr
[
ILE

( IL
d

)]
d (d + 1)

. (C3)

Since we are interested in the average gate fidelity within
the logical subspace, we only consider states in the logical
basis as |ψ〉 = |ψL〉 = c0|0L〉 + c1|1L〉 such that the identity
operation is given by IL = ∑

l |l〉〈l| = |0L〉〈0L| + |1L〉〈1L|.
We have used the property that taking the trace is invariant
to a basis transformation such that we can write U and Ki in
any basis. We have also used the cyclic property of the trace to
write Tr[U †E (IL )U ] = Tr[U †UE (IL )] = dTr[ILE ( IL

d )] in the
last step.

We can easily reduce Eq. (C3) to Eq. (1) from Ref. [37]
by identifying the process fidelity in terms of Kraus operators
as [1]

Fpro(E,U ) =
∑

i |Tr[U †Ki]|2
d2

, (C4)

such that Eq. (C3) can be written as

Fg(E,U ) = d2Fpro(E,U ) + dTr
[
ILE

( IL
d

)]
d (d + 1)

= dFpro(E,U ) + 1 − LL(E )

d + 1
. (C5)
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