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Efficient Optimization-Based Trajectory
Planning for Unmanned Systems in

Confined Environments
Jiayu Fan , Nikolce Murgovski , and Jun Liang

Abstract— This research addresses the increasing demand for
advanced navigation systems capable of operating within confined
surroundings. A significant challenge in this field is developing an
efficient planning framework that can generalize across various
types of collision avoidance missions. Utilizing numerical optimal
control techniques, this study proposes a unified optimization-
based planning framework to meet these demands. We focus
on handling two collision avoidance problems, i.e., the object
not colliding with obstacles and not colliding with boundaries
of the constrained region. The object or obstacle is denoted as
a union of convex polytopes and ellipsoids, and the constrained
region is denoted as an intersection of such convex sets. Using
these representations, collision avoidance can be approached by
formulating explicit constraints that separate two convex sets,
or ensure that a convex set is contained in another convex set,
referred to as separating constraints and containing constraints,
respectively. We propose to use the hyperplane separation theo-
rem to formulate differentiable separating constraints, and utilize
the S-procedure and geometrical methods to formulate smooth
containing constraints. We state that compared to the state of the
art, the proposed formulations allow a considerable reduction in
nonlinear program size and geometry-based initialization in aux-
iliary variables used to formulate collision avoidance constraints.
Finally, the efficacy of the proposed unified planning framework
is evaluated in two contexts, autonomous parking in tractor-
trailer vehicles and overtaking on curved lanes. The results
in both cases exhibit an improved computational performance
compared to existing methods.

Index Terms— Optimization-based planning, trajectory plan-
ning, efficient collision avoidance, nonlinear optimization, hyper-
plane separation theorem, S-procedure.

I. INTRODUCTION

A. Literature Review

THE optimization-based planning method holds immense
potential in planning motions for unmanned systems

since it allows to naturally include system dynamics as well as
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further constraints in formulations. It is known that the optimal
control problem (OCP) serves as the basis for model predictive
control (MPC). Since MPC requires repeated solutions of
the OCP, the computational efficiency strongly depends on
the capability of solving the OCP. Thus, for readability, the
planning problem is often formulated as an OCP [1], [2],
[3]. This is often followed by transcription of the OCP to
a nonlinear program (NLP), which is then solved by robust
numerical algorithms using, e.g., off-the-shelf solvers.

When utilizing an optimization-based method to plan trajec-
tories for a controlled object, the most crucial concern revolves
around implementing effective collision avoidance, requiring
the object not to collide with obstacles and environment
boundaries. Typically, obstacles take the form of nonconvex
shapes and controlled objects themselves can be either convex
or nonconvex shapes [4], [5], [6]. Furthermore, given that most
controlled objects operate within constrained environments,
e.g., vessel docking in limited regions [7] or car parking
in tight parking lots [8], planning problems involving exact
collision avoidance become inherently complex. In general, the
planning problems are recognized as NP-hard [4], [10], [11],
[12], [13], and the challenges intensify when controlled objects
are expected to accurately and efficiently navigate nonconvex
obstacles within confined surroundings. Since central to the
optimization method is obtaining a computationally efficient
NLP solution, the construction of smooth (at least twice
differentiable) cost function and constraints [3], [4], [7] play
a pivotal role. This research focuses on the investigation of
explicit and differentiable collision avoidance constraints in
fully dimensional domains.

When it comes to constructing collision avoidance con-
straints for controlled objects, several typical formulations
have been developed. A natural choice is the disjunctive
programming method [14], [15]. This method can explic-
itly model the non-convexity in the OCP and reformulate
the OCP as a mixed-integer optimization problem. Earlier
implementations have typically used the faces of the obstacles
themselves to define convex safe regions. The requirement
that a point is outside all obstacles is transformed to the
requirement that, for each obstacle, the point must be on
the outside of at least one face of that obstacle [16], [17].
For convex obstacles, these conditions are equivalent and
have been successfully used to encode obstacle avoidance as
a mixed-integer linear program [18]. Researchers have also
investigated a nonconvex feasible region the vehicle resides in.
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An active research topic in this area is the efficient descrip-
tion of the nonconvex regions. Preliminary results show that
these regions are often characterized by exploiting hyperplane
arrangements (interested readers can refer to complemen-
tary materials in [19] and [20]). For example, the authors
in [21] and [22] present a partitioning approach through
equally-sized square cells, and then using this approach,
they show that the collision avoidance problem becomes a
resource allocation problem. Apart from these, in papers [23],
[24] binary variables combined with the Big-M method [25]
are employed to avoid collisions in autonomous overtaking
scenarios. However, the mixed-integer formulation requires
allocating multiple binary variables to collision constraints,
which is computationally expensive [26], [27]. Various mea-
sures have been proposed to mitigate this issue. The authors in
[14] propose to use hyperplane arrangements associated with
binary variables for constraint description in a multi-obstacle
environment. An over-approximation region is characterized
by reducing to strictly binary formulations at the price of
increasing conservatism. To accelerate the computation, the
authors in [24], [28], and [29] put forward several approaches
to reduce the number of binary variables in their respective
case studies. However, finding a general approach has proven
difficult. Another approach relies on the relaxation of mixed-
integer constraints [30], [31], but these relaxation strategies
may sacrifice the solution’s accuracy.

In many applications, approximation methods typically
resort to approximating nonconvex or convex shapes with
simplistic shapes like ellipsoids and spheres [32], [33], [34],
[35]. For instance, a controlled object and an obstacle with
polyhedral shapes can be over-approximated by two ellipsoids.
Since the distance functions between two ellipsoids have ana-
lytical expressions, collision avoidance can be easily achieved
by requiring nonnegative distance. However, it can be noted
that the movable region where a controlled object resides is
reduced by this type of approximate method, so this way often
leads to conservative solutions and may result in deadlock
maneuvers [36], thus hindering controlled objects from finding
feasible and collision-free trajectories in confined environ-
ments. Specifically, checking vertices of polygonal objects is
also a practical way to formulate collision constraints. The
idea is that a pair of convex polygons are not intersecting
when their vertices are kept outside each other. Following
this idea, the authors in [8], [9], and [37] impose collision
constraints on vertices of the vehicle through triangle-area-
based criterion in tight parking maneuver. It is noted that the
constraints formulated on the triangle-area-based criterion are
generally non-smooth and non-differentiable [8], leading to
solutions at such points with inferior numerical properties.

Additionally, the research on collision avoidance between
two convex shapes is emphasized since nonconvex shapes
can be decomposed into a union of convex shapes [3], [4],
[7], [38]. However, the decomposition is highly problem-
independent and should be carefully selected to optimize
computational performance in whatever algorithms that model
is used. The effective decomposition ways refer to the reported
methods in [16]. Following the decomposition idea, the authors
in [3] first investigate the nonnegative distance between

two convex sets, and then impose differentiable collision
constraints by reformulating the distance via dualization tech-
niques. Furthermore, to approach exact collision avoidance
between two polytopes, the authors in [7] introduce two
indicator constraints by exploiting Farkas’ Lemma. Since, for
many applications, a measure of the severity of collisions
is of interest, the previous distance can be replaced with a
signed distance between two convex sets, which can provide
a measure of penetration depth in case of collision [3],
[4], [7], [39], [40]. Through the strong duality of convex
optimization, the requirement of a nonnegative signed distance
can be exactly reformulated as smooth collision avoidance
constraints. This approach has been applied to various kinds
of applications spanning from robot avoidance maneuver [41],
vessels docking [42], to autonomous car parking [26]. How-
ever, this type of dual reformulation between a pair of convex
sets, whether using strong duality or Farkas’ Lemma, needs
adding quite a few dual variables and constraints, depending
on the complexity of convex sets [3], [7]. The resulting growth
in problem size can be computationally expensive.

B. Research Objectives and Contributions

In this study, we propose a comprehensive optimization
framework for accurately and efficiently navigating a con-
trolled object in a confined high-dimensional region with
obstacles. We model the object or obstacle as a union of
convex sets and the constrained region is denoted as an inter-
section of convex sets. Utilizing the defined representations,
the challenges of collision avoidance in the context of ensuring
that the controlled object avoids collisions with both obstacles
and the boundaries of the constrained region can be refor-
mulated as problems related to the separation of two convex
sets and the containment of one convex set within another.
In light of the requirement for smooth collision avoidance
constraints within the optimization methods, we employ the
hyperplane separation theorem to address the first separation
problem, while the second containment problem is approached
through the application of the S-procedure and geometrical
methods. Furthermore, we detailed the delineation of explicit
and differentiable collision avoidance constraints, which can
be effectively resolved using readily available solvers through
gradient- and Hessian-based algorithms. In summary, the con-
tributions of this research can be summarized as follows:

1) We define a unified optimization-based planning frame-
work for collision-free planning tasks regarding the
controlled objects and obstacles represented by a union
of convex polytopes and ellipsoids, and the constrained
region represented by an intersection of such convex
sets.

2) We propose smooth methods that ensure a convex poly-
tope or ellipsoid is contained inside another convex
polytope or ellipsoid using S-procedure and geometri-
cal methods. The smoothness property allows the use
of generic solvers with gradient- and Hessian-based
algorithms.

3) We introduce efficient collision avoidance formulations
by utilizing the hyperplane separation theorem to sep-
arate two convex sets, which admits a considerable
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reduction in the OCP problem size compared to the
existing distance reformulations using dual methods.

4) We propose novel initialization of auxiliary variables
used to formulate collision avoidance constraints by
primal methods. The primal methods can provide a
direct geometric interpretation of the auxiliary variables,
which is not obvious when using the existing dual
methods.

The methods most closely related to ours are the work of [1]
and [39], where the authors represent convex shapes using a
vertex representation [1] and a support function representa-
tion [39]. Their collision avoidance formulations also show an
improved computational performance compared to the dual
reformulations. Our formulations differ from [1] and [39] in
that we present a more considerable reduction in problem size,
i.e., adding fewer auxiliary variables and fewer constraints.
Furthermore, rather than utilizing the distance between objects
as [1] and [39] do, our formulations using the hyperplane
separation theorem directly find hyperplanes separating the
objects, and allow finding good initial guesses in auxiliary
variables. Additionally, we also study the problem regarding
how to formulate smooth constraints under the condition of a
convex set being a subset of a convex set.

The remainder of this paper is organized as follows.
Section II formulates a unified OCP problem to describe the
optimization-based planning framework. In Section III, nota-
tions to be utilized are defined. Then in Section IV separation
constraints between a pair of convex sets are introduced using
the hyperplane separation theorem. In Section V, containing
constraints are present to ensure a convex set inside another
convex set. Section VI illustrates the advantages in reducing
problem size and well-initializing auxiliary variables compared
to the state of the art. Section VII introduces two applications
of the proposed optimization-based planning framework and
states the efficacy of the proposed methods compared to
existing methods in each application. Finally, Section VIII
provides the concluding remarks and future plans.

II. PROBLEM STATEMENT

In this paper, trajectory planning problems are studied for a
controlled object that navigates obstacles within a constrained
region. The system motion is modeled as

ξ̇ = f (ξ , u) , ξ(0) = ξ init, (1)

where ξ is the state vector, ξ init is the initial state, u is the
control input and f is the system dynamics.

The constrained region (canvas) is modeled as an intersec-
tion of convex sets, denoted as W , and the controlled object
and obstacles are represented by a union of convex sets,1

denoted as B and O, respectively. The constrained OCP under
study is planning the motion of the object, represented by the
set B, from its initial state ξinit to a terminal state ξfinal while
always residing within the constrained region W , and not

1In the commonly used scenarios, such as car parking [3], [36] and vessel
docking [42] cases, most nonconvex object can be decomposed into a union
of convex polytopes and ellipsoids, so in this study, we focus on convex
polytopes and ellipsoids.

colliding with obstacles O. The continuous-time constrained
OCP is formulated as

min
ξ ,u

∫ tf

0
ℓ (ξ(t), u(t)) dt (2a)

s.t. ξ(0) = ξinit, ξ(tf) = ξfinal, (2b)

ξ̇(t) = f (ξ(t), u(t)) , (2c)
ξ(t) ∈ X , u(t) ∈ U, (2d)
B(ξ) ⊂ W, (2e)
B(ξ) ∩O = ∅, (2f)

where tf is the final time, and X and U are the admissible sets
of state and control, respectively. The function ℓ represents
the time-dependent cost. Constraints (2c)-(2f) are imposed for
∀t ∈ [0, tf]. For the sake of clarity, the time dependence ofO is
omitted, but we remark that the proposed methods can directly
be applied to problems with moving obstacles. Constraints (2e)
are imposed to prevent the controlled object from colliding
with the constrained region boundaries (faces), referred to
as containing constraints, and constraints (2f) enforces col-
lision avoidance between the object and obstacles, referred
to separating constraints. Note that if the problem (2) is to
be solved by generic solvers using gradient-based algorithms,
constraints (2e) and (2f) should be transformed into smooth
constraints in an explicit form. In the following, we outline
general propositions about containing constraints (2e) and
separating constraints (2f) and then exactly reformulate (2e)
and (2f) as explicit and differentiable constraints.

III. NOTATIONS

A convex polytope can be represented as a linear matrix
inequality

P(P, p, s) = {s ∈ RN
| P s ≤ p}, (3)

where P =
[

p1,P , . . . , pNP ,P
]⊤

∈ RNP×N , p ∈ RNP . Here,
p⊤

k,P and pk denote the k-th row vector in P and the k-th entry
in p, respectively.

The symbol VP =
[
v1,P , . . . , vNP ,P

]
∈ RN×NP represents

a matrix of vertices in polytope P . Symbol vi,P describes the
position of the i-th vertex of polytope P .

An ellipsoid can be denoted as a quadratic inequality

E(E, e, s) =

{
s ∈ RN

| (s − e)⊤ E (s − e) ≤ 1
}

, (4)

where e ∈ RN denotes the center of the ellipsoid and E ∈

RN×N is a positive definite, symmetric matrix defining the
shape.

A hyperplane with normal vector λ ∈ RN can be defined as

H(λ, µ) =

{
s ∈ RN

| λ⊤s = µ
}

. (5)

The hyperplane H(λ, µ) divides the whole space RN into two
closed half-spaces, denoted as

H−(λ, µ) =

{
s ∈ RN

| λ⊤s ≤ µ
}

, (6)

and

H+(λ, µ) =

{
s ∈ RN

| λ⊤s ≥ µ
}

. (7)
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Fig. 1. For readability, this figure illustrates the studied problems in two
dimensions as examples. In subplots (a)–(g) the controlled object Bm is
depicted in blue. In (a)–(c) the obstacle On is depicted in red. In (d)–(g) the
constrained region Wl is depicted in green. (a)–(c) illustrate the problem of
Bm ∩ On = ∅, i.e., (a) Separation between two polytopes; (b) Separation
between two ellipsoids; (c) Separation between a polytope and an ellipsoid.
(d)–(g) illustrate the problem of Bm ⊂ Wl , i.e., (d) Polytope contained
in ellipsoid; (e) Polytope contained in polytope; (f) Ellipsoid contained in
ellipsoid; (g) Ellipsoid contained in polytope.

In the following sections, the constrained region is described
by an intersection of convex polytopes and ellipsoids, denoted
as W =

⋂
l Wl . The controlled object or obstacle is described

using a union of convex polytopes and ellipsoids, denoted
as B =

⋃
m Bm , O =

⋃
n On . Sets Wl ,Bm,On are either

polytopes or ellisposids, described using representations (3)
and (4).

IV. SEPARATING CONSTRAINTS

In this section, we aim at formulating effective collision
avoidance constraints between the controlled object and obsta-
cles, denoted as B(ξ) ∩ O = ∅ in (2). Since B =

⋃
m Bm ,

O =
⋃

m On , separating constraints B(ξ) ∩ O = ∅ can be
represented as

B ∩O = ∅ ⇐⇒ Bm ∩On = ∅, ∀m, n. (8)

As mentioned, set Bm or On can either be a convex polytope
or an ellipsoid. To approach (8), the conditions between two
polytopes, between ellipsoids, and between a polytope and an
ellipsoid need to be considered, respectively (see Fig. 1). In the
following, we first outline the hyperplane separation theorem
and then two general propositions are stated for a polytope
contained inside a convex set and an ellipsoid contained
inside a half-space. Finally the requirement of Bm ∩ On =

∅ is reformulated as explicit constraints by exploiting the
propositions.

Theorem 1 (Hyperplane Separation Theorem [43]): Let C1

and C2 represent two compact convex sets in RN . Then,

C1
∩ C2

= ∅ ⇐⇒ ∃λ ∈ RN
\0, µ ∈ R :

∀q ∈ C1, ∀ p ∈ C2, λ⊤q ≥ µ, λ⊤ p ≤ µ. (9)
Proposition 1 (Polytope within a convex set): Let a convex

set be denoted as C(�, µ,K) =
{

s ∈ RN
| �s ⪯K µ

}2 where

2This form is entirely generic since any compact convex set admits a
conic representation. A polytope can be represented by choosing K = RN

+
.

An ellipsoid is represented by letting K be the second-order cone [3], [44],
[45].

� ∈ RM×N , µ ∈ RM , and K ⊂ RM is a closed convex
pointed cone with nonempty interior. Let VP represent the set
of vertices of polytope P denoted as (3). Then,

VP ⊂ C(�, µ,K) ⇐⇒ P ⊂ C(�, µ,K). (10)
Proof: Since any vertex in VP belongs to set P , we have

VP ⊂ P . Then, if P ⊂ C(�, µ,K) it follows that VP ⊂

C(�, µ,K). This proves the right-to-left implication. The left-
to-right implication, given VP ⊂ C(�, µ,K) is proven by
contradiction. Assume ∃s ∈ P , s /∈ C(�, µ,K), such that
�s ≻K µ. It is known that any interior point of a convex
polytope can be expressed as a convex combination of its
vertices, where all coefficients are non-negative [46]. Let
s =

∑Nm
i=1 αivi,P , where αi ≥ 0. Then,

∑Nm
i=1 αi�vi,P ≻K

µ, indicates that ∃i for which �vi,P ≻K µ, i.e., vi,P /∈

C(�, µ,K), which contradicts with VP ⊂ C(�, µ,K). So,
it follows that ∀s ∈ P , s ∈ C(�, µ,K), i.e., P ⊂ C(�, µ,K),
which completes the proof. □

Proposition 2 (Ellipsoid Within a Half-Space): Let an
ellipsoid E be denoted as (4). Let half-space H−(λ, µ) be
denoted as (6). Then,

E ⊂ H−(λ, µ) = ∅ ⇐⇒

√
λ⊤E−1λ + λ⊤e ≤ µ. (11)

Proof: It is known that an ellipsoid can be described
as an affine transformation of the unit sphere. Using
the representation in (4), E can be re-denoted as E :={

M s + e | s ∈ RN , ∥s∥ ≤ 1
}
, where M is a positive definite

matrix obtained by M⊤M = E−1 [48]. Thus, the requirement
of E ⊂ H−(λ, µ) = ∅ is identical to stating an optimization
problem

max
s

λ⊤(M s + e) ≤ µ, ∥s∥ ≤ 1.

According to the well-known Cauchy-Schwartz inequal-
ity [49], λ⊤s ≤ ∥λ∥∥s∥. Since ∥s∥ ≤ 1, λ⊤s ≤ ∥λ∥,
where the right part is obtained by the vector s = λ/∥λ∥,
so maxs λ⊤(M s + e) = ∥λM⊤

∥+λ⊤e =

√

λ⊤E−1λ+λ⊤e ≤

µ, which completes the proof. □
In the following, we discuss three separation questions, i.e.,

how to formulate Bm ∩On = ∅ when set Bm is a polytope and
On is a polytope, set Bm is an ellipsoid and On is an ellipsoid,
set Bm is a polytope and On is an ellipsoid.

A. Separation Between Two Polytopes

According to Theorem 1, when compact sets C1 and set
C2 are disjoint, there exists a separating hyperplane between
them, i.e., points belonging to C1 are on one side of the
hyperplane while points of C2 are on the other side. However,
checking all points of C1 and C2 is computationally expensive.
One efficient way is only checking vertices of C1 and C2 when
these sets are polytopes.

Proposition 3: Let sets Bm , On be denoted using polytopes
P(P1, p1, s) and P(P2, p2, s) based on (3). Let VP1 and VP2

be matrices of vertices as stated earlier. Then,

Bm ∩On = ∅ ⇐⇒ ∃λ ∈ RN , µ ∈ R :

λ⊤VP1 ≥ µ1⊤, λ⊤VP2 ≤ µ1⊤, ∥λ∥ > 0. (12)
Proof: According to (3), sets Bm and On are closed

and bounded. Since a closed and bounded set of RN is
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compact [47], Bm and On are compact sets. Thus, based
on the hyperplane separation theorem Bm ∩ On = ∅ is
identical to stating that there exists a separating hyperplane
between them. Let H+(λ, µ) and H−(λ, µ) be defined as
stated earlier, i.e., H−(λ, µ) =

{
q ∈ RN

| λ⊤q ≤ µ
}

and
H+(λ, µ) =

{
q ∈ RN

| λ⊤q ≥ µ
}
. Assume Bm ⊂ H+(λ, µ),

On ⊂ H−(λ, µ). Using Proposition 1, formulations Bm ⊂

H+(λ, µ), On ⊂ H−(λ, µ) can be reformulated by ensuring
that the vertices of Bm are in half-space H+(λ, µ) and vertices
of On are in the other half-space H−(λ, µ), i.e., λ⊤VP1 ≥

µ1⊤, λ⊤VP2 ≤ µ1⊤. Additionally, ∥λ∥ > 0 is the sufficient
and necessary condition of λ ̸= 0, ensuring the existence of
such a separating hyperplane, which completes the proof. □

B. Separation Between Two Ellipsoids

Proposition 4: Let sets Bm , On be denoted using ellipsoids
E(E1, e1, s) and E(E2, e2, s) based on (4). Then,

Bm ∩On = ∅ ⇐⇒ ∃λ ∈ RN , µ ∈ R : ∥λ∥ > 0,√
λ⊤E−1

1 λ + λ⊤e1 ≤ µ, −

√
λ⊤E−1

2 λ + λ⊤e2 ≥ µ.

(13)
Proof: For the same argumentation as the Proof of

Proposition 3, sets Bm and On are compact, and then using
hyperplane separation theorem Bm ∩ On = ∅ is identical
to stating they can be separated by a hyperplane. And then
Proposition 4 can be approached by using Proposition 2. □

C. Separation Between a Polytope and an Ellipsoid

Proposition 5: Let set Bm be denoted using polytope
P(P, p, s) as (3). let VP be stated earlier. Let set On be
denoted using ellipsoid E(E, e, s) as (4). Then,3

Bm ∩On = ∅ ⇐⇒ ∃λ ∈ RN , µ ∈ R :

λ⊤VP ≥ µ1⊤,

√
λ⊤E−1

1 λ + λ⊤e1 ≤ µ, ∥λ∥ > 0.

(14)
Proof: Following the proof of Proposition 3 and

Proposition 4, the hyperplane separation theorem is utilized
to formulate Proposition 5. □

Remark 1: Notably, collision formulations related to the
ellipsoid representation, e.g., in Proposition 4 and Propo-
sition 5, involve the square root, which is not actually
differentiable at the origin. However, such a singularity in its
gradient at the origin is excluded because ∥λ∥ > 0 [1], [39].
In practice, it can be approached by ∥λ∥ ≥ ϵ, where ϵ is set as
a small value, to ensure ∥λ∥ strictly positive. Additionally, the
proposed geometry-based guesses, covered in Section IV-B,
guarantee that λ is initialized sufficiently away from the origin,
so numerical solvers do not run into problems. This is also
supported by the numerical results in Section VII.

V. CONTAINING CONSTRAINTS

In this part, we continue to discuss the explicit form of
containing constraints (2e) in problem (2). Since the controlled

3The other way around, i.e., set Bm is an ellipsoid and set On is a polytope,
works as well for formulation (14).

object is denoted as a union and the constrained region is
represented as an intersection, i.e., B =

⋃
m Bm , W =

⋂
l Wl ,

containing constraints (2e) can be substituted with

B ⊂ W ⇐⇒ Bm ⊂ Wl , ∀m, l, (15)

where (15) means that set Bm is a subset of set Wl . The sole
criterion for Bm ⊂ Wl is identical to stating that points of set
Bm belong to set Wl . However, checking all points of Bm is
impossible in reality. Next, by using the previous propositions
and S-procedure, we explicitly formulate Bm ⊂ Wl when Bm
and Wl are represented as convex polytopes and ellipsoids,
respectively (see Fig. 1).

A. A Polytope Contained in a Polytope or an Ellipsoid

When set Bm is a polytope, Bm ⊂ Wl is identical to stating
that the vertices of Bm are inside Wl by using Proposition 1.
Since Wl is denoted as either a convex polytope or ellipsoid,
the containing constraint Bm ⊂ Wl is formulated as a linear
inequality or quadratic inequality.

Proposition 6: Let set Bm be denoted using polytope
P(P1, p1, s) as (3). Let set Wl be denoted using polytope
P(P2, p2, s) as (3) or ellipsoid E(E, e, s) as (4). Then, Bm ⊂

Wl ⇐⇒{
P2vi,P1 ≤ p2, ∀i if Wl := (3)(
vi,P1 − e

)⊤ E
(
vi,P1 − e

)
≤ 1, ∀i if Wl := (4)

.

(16)
Proposition 3 shows that Bm ⊂ Wl , in the condition of a

polytope Bm , can be formulated by imposing constraints on
finite vertices of set Bm . However, when set Bm is described by
an ellipsoid as (4), Bm ⊂ Wl cannot be ensured by checking
vertices of Bm . To handle this, we propose to formulate Bm ⊂

Wl by S-procedure and geometrical methods, respectively.
Next, we discuss two questions, i.e., how to formulate Bm ⊂

Wl when an ellipsoid Bm is a subset of an ellipsoid Wl and
an ellipsoid Bm is a subset of a polytope Wl , respectively.

B. An Ellipsoid Contained in an Ellipsoid

Lemma 1 (S-Procedure [50]): Let F1, F2 ∈ RN×N ,
g1, g2 ∈ RN , and h1, h2 ∈ R. If F1 = F⊤

1 , F2 = F⊤

2
and ∃x ∈ RN for which the strict inequality
x⊤F1x + 2g1

⊤x + h1 < 0, then

x⊤F1x + 2g1
⊤x + h1 ≤ 0 H⇒ x⊤F2x + 2g2

⊤x + h2 ≤ 0,

(17)

⇐⇒ ∃λ ≥ 0, λ

[
F1 g1

g1
⊤ h1

]
−

[
F2 g2

g2
⊤ h2

]
⪰ 0. (18)

Proposition 7: Let set Bm be denoted using ellipsoid
E(E1, e1, s) as (4) and let set Wl be denoted using ellipsoid
E(E2, e2, s) as (4). Then, Bm ⊂ Wl ⇐⇒

∃ϒ ∈ R(N+1)×(N+1), λ ≥ 0 :[
λE1 − E2 E⊤

2 e2 − λE⊤

1 e1
e⊤

2 E2 − λe⊤

1 E1 e⊤

1 λE1e1 − e⊤

2 E2e2 − λ + 1

]
= ϒϒ⊤, ϒ(i, i) ≥ 0, i = 1 · · · N + 1. (19)

Proof: In representations (6) and (4), E1 and E2 are
positive definite, symmetric matrices, i.e., E1 = E⊤

1 ,

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 

Authorized licensed use limited to: Chalmers University of Technology Sweden. Downloaded on August 28,2024 at 07:39:32 UTC from IEEE Xplore.  Restrictions apply. 



6 IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS

E2 = E⊤

2 . Set Bm is a convex set with nonempty interior,
so (s − e1)

⊤ E1 (s − e1) < 1 holds. Thus, constraint Bm ⊂ Wl
is identical to stating that ∀x ∈ RN , x⊤E1x − 2e⊤

1 E1x +

e⊤

1 E1e1 − 1 ≤ 0 H⇒ x⊤E2x − 2e⊤

2 E2x + e⊤

2 E2e2 − 1 ≤ 0 .
Based on Lemma 1, ∃λ ≥ 0, for which the matrix[

λE1 − E2 E⊤

2 e2 − λE⊤

1 e1
e⊤

2 E2 − λe⊤

1 E1 e⊤

1 λE1e1 − e⊤

2 E2e2 − λ + 1

]
,

denoted as symbol G for clarity, is a positive semidefinite
matrix, i.e., G ⪰ 0. Next, we prove G ⪰ 0 ⇐⇒ ∃ϒ ∈

R(N+1)×(N+1), such that G = ϒϒ⊤, ϒ(i, i) ≥ 0, i =

1 · · · N + 1.
According to the Cholesky theory [51], G ⪰ 0 has a decom-

position of the form G = L L⊤ where L ∈ R(N+1)×(N+1) is
a lower triangular matrix with nonnegative diagonal entries,
so L is a special case of ϒ . This proves the left-to-right
implication. Based on the definition of positive semidefinite
matrix, ∀x ∈ RN , x⊤ϒϒ⊤x = ∥x⊤ϒ∥

2
≥ 0, let G = ϒϒ⊤,

thus G ⪰ 0, which completes the right-to-left statement. □

C. An Ellipsoid Contained in a Polytope

Proposition 8: Let set Bm be denoted using ellipsoid
E(E, e, s) as (4). Let set Wl be denoted using polytope
P(P, p, s) as (3). Then, Bm ⊂ Wl ⇐⇒√

p⊤

i,P E−1 pi,P + p⊤

i,P e ≤ pi , i = 1 · · · NP . (20)
Proof: Let H−(λ, µ) be defined as stated earlier, i.e.,

H−(λ, µ) =
{

s ∈ RN
| λ⊤s ≤ µ

}
. From (3), polytope Wl

is represented as
{

s ∈ RN
| P s ≤ p

}
, i.e., the intersection

of NP half-spaces, denoted as Wl = H−( p1,P , p1) ∩

H−( p2,P , p2) · · · ∩H−( pNP ,P , pNP ). Thus, constraint Bm ⊂

Wl is identical to stating Bm ⊂ H−( p1,P , p1), Bm ⊂

H−( p2,P , p2), · · · ,Bm ⊂ H−( pNP ,P , pNP ) hold. Then,
based on Proposition 2, Bm ⊂ Wl can be formulated by
checking collisions between NP half-spaces and Bm . □

VI. ANALYTICAL EVALUATION OF THE COLLISION
AVOIDANCE FORMULATIONS

To illustrate the advantages of the proposed collision avoid-
ance formulations in efficiency, a few prominent methods in
literature to model collision constraints (2f) are used as a
benchmark to compare. We highlight the advantages of saving
computational resources in aspects of problem size and setting
initial guesses.

A. Problem Size

When considering the differentiable formulations of sepa-
rating constraints (2f), i.e., Bm ∩On = ∅, between two convex
sets, one prominent way is reformulating the distance between
them using dual techniques, such as the proposed collision
formulations by Zhang et al. [3], where strong duality theory
of convex optimization is utilized to achieve exact collision
avoidance. Additionally, Helling and Meurer [7] leverage
Farkas’ Lemma to arrive at conditions ensuring collision
avoidance between two polytopes. However, these methods
require introducing many dual variables to be optimized in the
NLP formulation. The resulting growth in problem size can be

TABLE I
THE NUMBER OF ADDITIONAL VARIABLES BASED

ON DIFFERENT FORMULATIONS

computationally expensive. On the contrary, our formulations
using the hyperplane separation theorem need fewer variables,
admitting an improved computational performance compared
to existing approaches.

Table I summarizes the needed number of auxiliary vari-
ables to formulate Bm ∩ On = ∅ when they are polyhedral
or ellipsoidal sets. It can be seen that generally the proposed
formulations need N + 1 variables, e.g., 2 + 1 variables in
two dimensions and 3 + 1 variables in three dimensions,
to construct the separating hyperplane between Bm andOn , not
depending on the complexity of set Bm or On . As a contrast,
the existing formulations in [3] and [7] identify additional
variables proportional to the complexity of Bm and On being
represented, always needing more variables than the proposed
formulations. It also states that in the presence of polytopes
when the number of edges increases, more variables are
needed to formulate using formulations in [3] and [7], while
the number of needed variables remains unchanged using the
proposed formulations. Typically, obstacles are various non-
convex polytopes composed of many convex polytopes, so this
advantage of the proposed formulations is highly beneficial for
efficient collision avoidance in real-world scenarios.

B. Geometry-Based Initial Guess

Since the planning OCP (2) is a non-convex optimiza-
tion problem, good initialization in state variables, control
variables, and auxiliary variables used to formulate collision
avoidance constraints can improve the computational perfor-
mance and the resulting solution quality. Much existing work
has designed efficient initial guesses in state variables and
control variables, e.g., Hybrid A⋆ algorithm [1], [26]. Some
researchers choose to initialize auxiliary variables by solving
a convex optimization problem [26], [36]. However, it is
noted that the number of auxiliary variables is very large,
especially needed using the aforementioned dual formulations
and Farkas’ Lemma, so this numerical optimization way is
not efficient. Other researchers [1], [39] prefer to initialize
auxiliary variables with constants, e.g., zero or a small value
to avoid a singularity, but this way may affect solution quality
on account of not being problem-dependent.

Owing to the proposed formulations using the hyperplane
separation theorem, we propose a geometry-based method to
initialize auxiliary variables. According to Theorem 1, when
convex sets Bm and On are disjoint, i.e., Bm ∩On = ∅, there
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exists a separating hyperplane, which is described by auxiliary
variables, e.g., λ, µ in formulation (13). Rather than initializ-
ing these auxiliary variables, as an alternative, we initialize
the separating hyperplane from a view of geometry. It is done
by finding a middle hyperplane between Bm and On , i.e.,
let auxiliary variables be initialized with a coefficient vector
describing the separating hyperplane which is orthogonal to
the line crossing the sample on the initial path and the
centroid4 of an obstacle, and crosses certain point5 between the
sample and the centroid. An example of this initial separating
hyperplane is illustrated in Fig 2. Because the initial guesses in
auxiliary variables using the proposed geometry-based method
can be obtained by calculating analytical solutions directly, it is
simple and computationally efficient.

In the previous paragraph, we introduce a general method
of how to initialize the separating hyperplanes, i.e., using an
orthogonal hyperplane, but the geometry-based method is not
limited to this. Because the initialization of the separating
hyperplanes is highly problem-dependent, the initialization
method should be carefully selected to optimize computational
performance in various planning cases.

VII. APPLICATIONS

In this section, we show two applications of the proposed
unified planning framework involving containing constraints
and separating constraints. One case is autonomous parking
in tractor-trailer vehicles in a limited moveable environment.
The other case is car overtaking within narrow curved lanes.
Additionally, in each case, comparisons with the state of the
art on the same premise are done to illustrate the advantages
of the proposed formulations.

A. Autonomous Parking for Tractor-Trailer Vehicles

1) Problem Description: Tractor-trailer vehicles are longer
than standard cars, resulting in larger turning curvatures and
a wider swept area, which makes their control difficult. The
difficulty of parking is also significantly influenced by the
parking geometry, whether it be parallel, angular, or per-
pendicular. Besides, in a limited nonconvex parking region,
maintaining an acceptable safety distance from obstacles to
prevent collisions poses a demanding task even for skilled
drivers [8], [56], so it is an intractable issue for tractor-
trailer vehicles parking within confined surroundings. Since
the execution of reverse parking presents greater complexity in
typical scenarios, autonomous reverse parking in tractor-trailer
vehicles is studied by exploiting separating constraints (12)
and containing constraints (16).

2) Case Description: In the example of Fig. 3(a)
and Fig. 3(b), the driving environment W is modeled
by a convex polygon, depicted in green, denoted as
W :=

{
s ∈ R2

| P1s ≤ p1
}
, where P1 = [0, 1, 0, −1; 1,

0, −1, 0]
⊤, p1 = [10, 10, 10, 6]

⊤. The obstacle O is modeled

4The centroid of a polytope is the arithmetic average of the coordinates of
its vertices and the centroid of an ellipsoid is its center.

5Let (x1, y1) and (x2, y2) represent the coordinates of the sample and
the centroid. The position of a certain point is denoted as γ (x1, y1) +

(1 − γ )(x2, y2), where γ is a problem-dependent weight factor.

Fig. 2. Positions of the proposed initial separating hyperplanes when weight
factor γ is set as 0.5 and 0.75, depending on the size of the obstacle. The
controlled object B is denoted as a polygon, depicted in blue. The obstacle O
is denoted as an ellipse, depicted in red. Centers of B and O are depicted in
blue point and red point, respectively. The initial path is depicted in black solid
line. The magenta lines in samples 1–4 are the initial separating hyperplanes.
In (a), the size of O is smaller, we choose γ = 0.5 to keep the hyperplane
separating B from O in each sample, while in (b), γ = 0.75 is set to keep
the separating hyperplanes as far away from O as possible. Although the
hyperplanes in samples 2 and 4 are not fully separating B from O, such
initialization may still help the solver quickly find the resulting separating
hyperplanes in the neighborhood, i.e., starting from the solid lines, the solver
may more easily find the magenta dotted lines.

by a convex polygon, depicted in red solid. Let VO ∈ R2×4

represent a matrix of vertices in O, denoted as VO =[
7, 7, −6, −6; −3,−10, −10, −3

]
. The tractor-trailer vehicle

B is modeled using a union of two convex polygons B1 and
B2, depicted in magenta and blue. Polygons B1 and B2 are
connected at the common articulated joint point. Because
the position and orientation of the vehicle change, its set
Bi (ξ) should be written to depend on the vehicle state ξ ,
i = 1, 2. The matrix of vertices in Bi (ξ) is represented by
Vi (ξ) ∈ R2×4. Matrix Vi (ξ) can be obtained by the rotation
and translation of the initial matrix as

Vi (ξ) = Ri (ξ)Vi (0) + Ti (ξ)1⊤, (21)

where Vi (0) is denoted as the initial matrix, denoted as
V1(0) =

[
1.5, 1.5, −0.5, −0.5; 1, −1, −1, 1

]
, V2(0) = [0.5,

0.5, −5, −5; 1, −1, −1, 1]. The rotation matrix is represented
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as Ri (ξ). The translation vector is Ti (ξ). The collision avoid-
ance requirements, i.e., B∩O = ∅ and B ⊂ W are approached
by using the proposed (12) and (16), respectively.

3) Vehicle Model and Objective Function: The vehicle
motion is described using a kinematic model, extended with
a trailer [57], [58] as

ẋ = v cos(θ1),

ẏ = v sin(θ1),

θ̇1 = v tan(δ)/L1,

θ̇2 = v sin(θ1 − θ2)/L2,

v̇ = a,

δ̇ = ω, (22)

where L1 = 1 m and L2 = 4.5 m are wheelbases of the tractor
and the trailer, respectively. The position of the tractor-trailer
joint is identical to the vector (x, y), and θ1, θ2 represent
yaw angles of the tractor and the trailer with respect to the
horizontal axle. The velocity and acceleration of the tractor-
trailer joint are v and a. The steering angle and the gradient
of the steering angle of the tractor are denoted by δ and ω,
respectively. The state and control vectors can be summarized
as

ξ =
[
x y θ1 θ2 v δ

]⊤
, u =

[
a ω

]⊤
, (23)

so the vehicle dynamics can be denoted as ξ̇ = f (ξ , u).
The feasible values of θ1, θ2, v, δ are limited to |θ1| ≤ 180◦,
|θ2| ≤ 180◦, |v| ≤

5
3.6 m/s2, |δ| ≤ 40◦. The feasible inputs

are given by |a| ≤ 1 m/s2 and |ω| ≤ 5 ◦/s2. Specifically, the
articulated joint angle at the tractor-trailer joint is limited using
the constraint

|θ1 − θ2| ≤ 60◦. (24)

In parking cases, we expect the autonomous vehicle to com-
plete the parking maneuvers subjected to minimum traveling
time. However, the parking duration, denoted as t f , is not
known in advance. To address this problem, We introduce a
new independent variable τ ∈ [0, 1], and express the time as
t = t f τ , where t f ≥ 0 is a scalar optimization variable that
needs to be added to the problem. Thus, the vehicle dynamics
in (22) become a function of τ as

dξ(τ )

dτ
= t f f (ξ(τ ), u(τ )). (25)

Apart from the penalty on traveling time, the control input
a and ω should be small to yield smooth trajectories. Thus,
a typical time-energy cost function in OCP (2) is formulated
as

min
ξ ,u,t f ,(·)

t f

(
r +

∫ 1

0
∥u (τ )∥2

Q dτ

)
, (26)

where r is a penalty factor that trades the parking time with
the rest of the cost. The notation ∥·∥

2
Q represents squared

Euclidean norm weighted by matrix Q. For the studied cases
we choose r = 1, Q = diag(100, 200).

The OCP (2) is generally reformulated as a discrete NLP
problem that can be solved using off-the-shelf solvers. The

whole region [0, 1] is discretized into k f + 1 parts, i.e.,
1 = k f 1τ , where 1τ is the sampling interval. Variable τ

is replaced with τ = k1τ , where k = 0, . . ., k f . Thus, the
OCP (2) involving collision avoidance can be formulated as a
discrete NLP problem

min
ξ ,u,t f ,(·)

r t f +

k f −1∑
k=0

ℓ̃(u(k), t f ) (27a)

s.t. ξ(0) = ξinit, ξ(kf) = ξfinal, (27b)

ξ(k + 1) = f̃
(
ξ(k), u(k), t f

)
, (27c)

ξ(k) ∈ X , u(k) ∈ U , (27d)
(12), (16), (27e)

where symbol (·) is a shorthand notation for decision variables
that need to be added to the vector of existing optimization
variables, e.g., µ in formulation (12). Symbol f̃ denotes
the discretized model dynamics of (25) and symbol ℓ̃ is the
discretized form of the state cost t f ∥u (τ )∥2

Q in function (26).
In the simulation, the 4-th order Runge-Kutta method [39] is
chosen to express the discretized ℓ̃ and f̃ .

Since the resulting NLP (27) is nonconvex, multiple local
solutions exist depending on different initial guesses. An initial
guess in the neighborhood of a local solution is more likely
to cause the NLP solver to return that local solution. In a
reverse parking scenario, we use piecewise polynomials to
initialize states x, y. In the example of Fig 3(a) and Fig 3(b),
we expect that the vehicle parks into the garage by reversing
only once, so the initial guess in positions is defined by using
a second-order polynomial from the starting position to an
interim position and a linear function from the interim position
and ending position (see Fig. 3(a)). The yaw angle is initialized
as the angle between a line tangent to the polynomial trajectory
at each sample and the horizontal axle. Other states and inputs
are initialized as zero. As mentioned in Section VI-B, let
the initial separating hyperplane, which is used to initialize
auxiliary variables λ, µ in formulation (12), be initialized
with the hyperplane orthogonal to the line crossing the sample
on the polynomial trajectory and the centroid of an obstacle.
In the example, we set γ = 0.75 to position the initial
hyperplane near the vehicle. Finding an initial guess of parking
time t f is challenging and highly problem-dependent, so for
this reverse parking case, we use an estimated value of 50 s
to warmly start t f [3], [26].

Simulations are conducted in MATLAB R2020a and exe-
cuted on a laptop with AMD R7-5800H CPU at 3.20 GHz
and 16GB RAM. Since we use a multiple-shooting approach,
the problem is formulated as a collection of kf phases. In this
case, kf = 30 phases are chosen. The problems are then imple-
mented using CasADi [54]. The resulting discrete NLP (27)
is solved using solver IPOPT [55].

4) Solution: Simulation results are visually interpreted in
Fig. 3(b). It can be seen that the planned optimal path is
smooth and collision-free. Vertices of polygons B1 and B2 do
not enter into obstacle O, and vertices of O are prevented from
passing the edges of B1 and B2. It can be noticed that since the
parking environment W is limited, the vehicle keeps close to
the environment boundaries to allow larger turning curvatures,
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Fig. 3. Subplot (a) illustrates the initial path using piecewise polynomials. The interim position used to obtain an initial path is denoted as [7 m, 7.5 m].
Subplot (b) shows the planned optimal path of a tractor-trailer vehicle. In (b), the starting state ξinit is

[
0 m, 0 m, 0◦, 0◦, 0 m/s, 0◦

]
. The ending state ξfinal

is
[
8.5 m,−4.5 m, 90◦, 90◦, 0 m/s, 0◦

]
. Subplots (c)–(f) are the optimal paths of a single car under different obstacles. In (c)–(f), the starting state ξinit is[

0 m, 0 m, 0◦, 0 m/s, 0◦
]
. The ending state ξfinal is

[
8.5 m,−7 m, 90◦, 0 m/s, 0◦

]
.

but it is contained within W all the time. In the resulting
solution, the vehicle conducts a reverse behavior to adjust its
pose to enter into the confined parking place. Additionally,
the implementing time to solve problem (27) using IPOPT is
2.264 s and the resulting parking duration is 69.89 s.

5) Comparisons in Problem Size: This part is used to sup-
port the advantage of improving computational performance
on account of admitting a reduced problem size compared to
existing approaches. It is noted that the nonconvex parking
problem (27) may converge to multiple local solutions even
if based on the same initial guess. Indeed, a vehicle may
take infinitely many paths to reach the goal, especially for
a tractor-trailer vehicle with more states. However, we expect
to compare the computational performance of the proposed
algorithms with the state of the art under the condition of
converging to the same local solution, so we design a new
case of a single-car parking problem. Here, we use a simplified
vehicle model of (22), with L1 = 2.6. The vehicle dynamics
is modelled with the reduced state vector ξ =

[
x, y, θ1, v, δ

]⊤
and control vector u (s) = [a, ω]⊤. Let the initial matrix V1(0)

be denoted as V1(0) =
[
3.6, 3.6, −1, −1; 1, −1, −1, 1

]
.

To keep the same premise of the NLP configuration, the
initial guess in states x, y, θ1 is a linear function (starting from
the beginning and ending at the final values). The rest of the
states and inputs are set as zero. Let λ in formulation (12) be
initialized with a positive value vector to prevent a singularity
and µ be set to zero. We conduct numerical experiments by
comparing formulation (12) with the formulations in Propo-
sition 3 of [3] and in Section III-A-2 of [7]. Others remain
unchanged in NLP (27). We design four scenarios to test

TABLE II
THE RESULT OF COMPUTATIONAL COST BY USING

DIFFERENT METHODS

collision avoidance with different placement of obstacles. The
resulting optimal trajectories are illustrated in Fig. 3(c)–(f).
The computational results are shown in Table II. It can be
seen that these planned trajectories are collision-free and
smooth. Apart from the scenario of three obstacles, the solver
converges to the same local solution using different methods.
Alternatively, we can verify the comparison results in the
other three scenarios. The primal observation in Table II is the
least number of auxiliary variables by exploiting the proposed
formulation (12) in each scenario, which illustrates that using
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Fig. 4. The resulting trajectory and states in different scenarios. In subplot (a) and (c), the curved lane is surrounded by two curves depicted in red solid. The
boundary of obstacle O1 is denoted as the inner red curve. Positions of moving obstacle O2 are illustrated using red polygons. Positions of the overtaking
process of the ego vehicle B are illustrated using blue polygons. In Scenario A and B, the ego vehicle B plans to overtake the leading obstacle O2 in the
constrained curved lane. In Scenario A, the starting state ξinit is

[
0 m, 0 m, 36◦, 25 km/h, 0◦

]
and the ending state ξfinal is

[
150 m, 0 m,−36◦, 30 km/h, 0◦

]
.

In Scenario B, the starting state ξinit is
[
0 m, 0 m, 36◦, 25 km/h, 0◦

]
and the ending state ξfinal is

[
150 m, 0 m,−36◦, 25 km/h, 0◦

]
. The initial paths and the

planned optimal paths are depicted in subplot (a) and (c). The designed initial states and the resulting states are depicted in subplot (b) and (d).

the proposed formulation (12) shows a considerable reduction
in the problem size of NLP formulations compared to the
other two existing formulations. From Fig. 3(c) to Fig. 3(f),
we increase another three polygonal obstacles orderly, and
it can be seen that the number of variables experiences a
relatively low increase using the proposed formulation (12)
but a sharp increase using formulations in [3] and [7].
In Fig. 3(c)–(f), our method needs 3 × k f = 90 auxiliary
variables (λ ∈ R2, µ ∈ R in formulation (12)) per obstacle.
On the contrary, existing formulations in [3] and [7] identify
variables associated with the edges of a vehicle and an obsta-
cle, depending on the number of the total edges of the vehicle
and all obstacles, i.e., adding (4 + 4) × k f = 240 auxiliary
variables per obstacle. The comparison of needed additional
variables states that when the number of edges of each obstacle
increases, more variables are needed to formulate constraints
of [3] and [7], while the number of variables by the proposed
formulation (12) remains unchanged. Besides, it can be seen
that as more obstacles are considered, it takes more time to
solve an NLP. In each scenario, since the problem size using
the proposed algorithm is smaller, solvers can converge to the
same local optimums faster, which shows that the proposed
method is more efficient compared with other algorithms.

B. Overtaking in Curved Lanes

1) Problem Description: It is common for a vehicle to drive
in curved lanes, e.g., trucks safely traveling on mountain roads
and cars racing in closed-loop tracks [35], [52], [53]. These
vehicles are expected to reside within a narrow curved lane,

not colliding with moving obstacles. Typically, it is difficult
to overtake a moving obstacle for intelligent vehicles in a
narrow curved environment, especially for a long-size vehicle.
To approach this issue, we use separating constraints (12),
(14) and containing constraints (16) in the proposed planning
framework.

2) Case Description: In the examples of Fig. 4(a) and
Fig. 4(c), the driving environment W is modeled by an
ellipse, depicted in outer red solid line, denoted as W :={

s ∈ R2
| (s − e1)

⊤ E1 (s − e1) ≤ 1
}
, where E1 = diag

(1/129.52, 1/129.52), e1 = [75,−100]
⊤. The obstacle O1 is

modeled by an ellipse denoted as O1 :=
{

s ∈ R2
| (s − e2)

⊤

E2 (s − e2) ≤ 1
}
, where E2 = diag(1/123.52, 1/123.52),

e2 = [75,−100]
⊤. It is illustrated by the inner red solid

line in the figure. It can be noticed that the curved lane is
constructed with an intersection of ellipse W and ellipse O1,
i.e., W∩O1. Another moving obstacle is denoted as a polygon
O2 of size 4.6 m×2 m. We assume obstacle O2 moves slowly
in a predefined path, which is defined as a uniform circular
motion with 1.32 °/s. It is illustrated by a red solid polygon
in Fig. 4(a) and Fig. 4(c). The ego vehicle B is modeled as a
polygon of the same size as O2, depicted in blue. The matrix
of vertices in B(ξ) is represented by V (ξ) ∈ R2×4. In this
overtaking planning problem, the ego vehicle should reside in
the curved lane and not collide with obstacles, represented
as B ∩ O1 = ∅, B ∩ O2 = ∅, and B ⊂ W , which are
approached by using the proposed formulations (14), (12),
and (16). To support the efficacy of the proposed methods,
we design two different overtaking scenarios, i.e., the vehicle
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Fig. 5. The hyperplanes to initialize auxiliary variables in constraints (14) and (12) are depicted in magenta dotted lines. The resulting hyperplanes are
depicted in magenta solid lines. In (b) and (d) positions of moving obstacle O2 are depicted in red polygons. Subplots (a)-(b) and subplots (c)-(d) illustrate
positions of the initial hyperplanes and resulting hyperplanes in seven samples in Scenario A and Scenario B, respectively. It can be seen that in each sample
the initial hyperplane is close to the resulting hyperplane and the resulting hyperplane can separate the vehicle from obstacle O1 in (a) and (c) and separate
the vehicle from moving obstacle O2 in (b) and (d).

keeps accelerating in Scenario A while in Scenario B the
vehicle first speeds up and then slows down to its original
speed.

3) Vehicle Model and Cost Function: As Section VII-A.5
does, we use a simplified vehicle model of (22), i.e., with the
reduced state vector ξ =

[
x, y, θ, v, δ

]⊤ and control vector
u (s) = [a, ω]⊤, where θ represents the yaw angle with respect
to the horizontal axle. The feasible values of θ, v, δ are limited
to |θ | ≤ 85◦, 5

3.6 m/s2
≤ v ≤

60
3.6 m/s2, |δ| ≤ 45◦. Additionally,

the feasible inputs are given by −1 m/s2
≤ a ≤ 2 m/s2 and

|ω| ≤ 5 ◦/s2.
In this overtaking case, we expect the vehicle to drive

smoothly to a target position subject to a given time t f . A dis-
cretization procedure can then similarly be applied as proposed
in Section VII-A.3, i.e., the given time t f is divided into k f +1
parts. In the objective function, the control inputs a and ω are
penalized as

∑k f −1
k=0 ∥u (k)∥2

Q , with Q = diag(10, 20). Thus,
the OCP (2) is formulated as the NLP

min
ξ ,u,(·)

k f −1∑
k=0

∥u (k)∥2
Q (28a)

s.t. ξ(0) = ξinit, ξ(kf) = ξfinal, (28b)

ξ(k + 1) = f̃ (ξ(k), u(k)) , (28c)
ξ(k) ∈ X , u(k) ∈ U, (28d)
(12), (14), (16), (28e)

where symbol f̃ denotes the discretized symbol of vehicle
model (22) with removing state θ2 related to the trailer. The
4-th order Runge-Kutta method is used to express the state
evolution of (28c).

The 4-th order polynomial function is applied to generate
a trajectory as the initial guesses [59], [60] in states (x, y, θ).

The initial guess for v is a linear function from the initial to
the final value. The rest of the states and inputs are set as zero.
Let the initial separating hyperplane, which is used to initialize
auxiliary variables λ, µ in formulation (14), be initialized with
the hyperplane tangent to the polynomial trajectory at each
sample. Likewise in the parking case, let the hyperplane, which
is to initialize λ, µ in formulation (12), be orthogonal to the
line crossing the sample on the polynomial trajectory and the
centroid of an obstacle, and γ = 0.5 is set. In this overtaking
case, the horizon time is set to 21 s and kf = 40. Other NLP
configurations are the same as that of the parking case.

4) Solution: The resulting optimal trajectory and states are
visually interpreted in Fig. 4. The primary observation in
Fig. 4(a) and Fig. 4(c) is that the resulting optimal paths are
smooth and collision-free. In Fig. 4(a) derived from Scenario
A, since a higher speed is acquired, a larger turning radius of
the car is needed. Because this curved lane is narrow, it can
be seen that the vehicle keeps on close to the environment
boundaries when driving during [40 m,100 m], while each
vertex of the vehicle does not cross the boundaries. The
proposed containing constraint (16) contributes to this. On the
contrary, in Fig. 4(c) from Scenario B, the vehicle mostly
drives along the centerline, not keeping close to the envi-
ronment boundaries. Additionally, in these two scenarios, the
vehicle completes the overtaking task subject to a given time,
not colliding with the moving obstacle O2, and also during this
whole process the vehicle does not enter into obstacle O2. The
proposed separating constraint (12) contributes to this.

Another observation in Fig. 4(a)–Fig. 4(d) is that the
resulting optimal paths and states are close to the designed
initial guesses, indicating that the given initial guesses can
improve the efficiency and solution quality in solving the
nonconvex NLP (28). Additionally, from the state profiles of
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TABLE III
RESULTS IN COMPUTATIONAL EFFORT USING

DIFFERENT INITIAL GUESSES

Fig. 4(b) and Fig. 4(d), the steering angle, the velocity, and
the yaw angle of the vehicle vary steadily during the traveling
process and achieve the expected target states. Specifically,
in Scenario A the speed increases steadily from the beginning
25 km/h to the expected 30 km/h while in Scenario B the
speed first increases from 25 km/h to 28.4 km/h and returns
to the expected 25 km/h in the end.

5) Comparisons in Initializing Auxiliary Variables: To
investigate the computational cost of the proposed formula-
tions (12) and (14) when initialized differently, comparative
experiments are conducted under existing initialization meth-
ods in [1] and the proposed geometry-based methods,
respectively. The existing method initializes λ, in formula-
tions (12) and (14) of NLP (28), with a positive value to
prevent a singularity and µ is set to zero. The proposed
method uses an orthogonal hyperplane to initialize the aux-
iliary variables in formulation (12) and a tangent hyperplane
to initialize the auxiliary variables in formulation (14). Other
configurations of NLP (28) remain unchanged.

Fig. 5 illustrates the proposed geometry-based initial
guesses in Scenario A and Scenario B. It can be seen that
the designed tangent or orthogonal hyperplane in each sample
is in the neighborhood of the resulting separating hyperplane,
showing that the auxiliary variables related to constraints (12)
and (14) have been well initialized. This is beneficial to solve
the nonconvex NLP (28), which is supported in Table III
showing the computational results using different initializa-
tion methods. From Table III, though using different initial
guesses the resulting optimal solutions are exactly the same
in each scenario, i.e., the objective value is 0.907 and 0.169,
respectively. However, the result of solving time shows that the
proposed geometry-based guesses lead to the less computation
time than the existing guesses, especially when initializing
the variables in constraints (12). The reason behind this is
that the proposed geometry-based method can well initialize
variables to be optimized in NLP (28). The results in Table III
illustrates the computational advantages of our methods, which
are highly beneficial for efficient collision avoidance.

VIII. CONCLUSION AND FUTURE WORK

This article investigates optimization-based methods aiming
to achieve exact collision avoidance of controlled objects.
In the proposed unified planning framework, we formulate
smooth collision avoidance constraints by utilizing the hyper-
plane separation theorem to separate a pair of convex sets,
and S-procedure and geometrical methods to contain a convex
set inside another convex set. The proposed collision avoid-
ance formulations are highly beneficial for reducing an NLP
problem size and efficient initialization of auxiliary variables,
which admits an improved computational performance com-
pared to the state of the art.

Based on the proposed planning framework, the next work
will first focus on the research of the uncertainty from
localization errors, system delay, etc. Additionally, since col-
lision formulations using dual methods in [3] (with higher
complexity than the proposed collision formulations using
the hyperplane separation theorem) have successfully been
implemented in real-time [36] and even in real-world scenar-
ios [61], [62], it is possible to execute the proposed methods
in real-time by sequential quadratic programming implemen-
tations [63], [64]. Real-time control implementation of the
proposed method will also be considered in future studies.

APPENDIX A
EXTENSIONS OF SEPARATING CONSTRAINTS

A. Hyperplane With Bounded Slope or Displacement

In Proposition 3, Proposition 4, and Proposition 5, we pro-
pose using N + 1 auxiliary variables to describe a separating
hyperplane. The three propositions are sufficient and necessary
conditions of Bm ∩On = ∅. In principle, it is possible to use
fewer variables to obtain sufficient conditions of Bm ∩On = ∅.
For instance, consider Proposition 3 under N = 2. According
to the proposition, 3 auxiliary variables are needed to construct
a hyperplane as

Bm ∩On = ∅ ⇐⇒ ∃λ ∈ R2, µ ∈ R :

λ⊤VP1 ≥ µ1⊤, λ⊤VP2 ≤ µ1⊤, ∥λ∥ > 0. (29)

In certain cases, it is possible to use only 2 auxiliary
variables, e.g., if it is known that µ ̸= 0, the inequalities can
be normalized by µ and a sufficient condition of Bm ∩On = ∅

can be formulated as

Bm ∩On = ∅ ⇐H ∃λ ∈ R2
:

λ⊤VP1 ≥ 1⊤, λ⊤VP2 ≤ 1⊤, ∥λ∥ > 0. (30)

Alternatively, if it is known that both horizontal and vertical
hyperplane slopes are not occurring in the same problem, then
one of the λ is not zero and the inequality can be normalized
with that value. For e.g., such a condition can be written as

Bm ∩On = ∅ ⇐H ∃λ ∈ R, µ ∈ R :[
λ 1

]
VP1 ≥ µ1⊤,

[
λ 1

]
VP2 ≤ µ1⊤, λ2 > 0. (31)

Thus, using fewer variables can simplify the Proposition 3,
Proposition 4, and Proposition 5, which can further reduce
problem size and computational load.
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B. A Point-Mass Controlled Object

Apart from the investigation of collision avoidance between
polytopes and ellipsoids in this article, the hyperplane separa-
tion theorem can readily be applied to other compact sets. For
instance, sometimes the controlled object B is regarded as a
point-mass system. Let the position of a point p be denoted
as p ∈ RN . Let set On be denoted using polytope P(P, p, s)
as (3). Then,

p ∩On = ∅ ⇐⇒ ∃λ ∈ RN , µ ∈ R :

λ⊤ p ≥ µ, λ⊤VP ≤ µ1⊤, ∥λ∥ > 0. (32)

In formulation (32), the number of additional variables
i.e., λ, µ, does not depend on the complexity of polytope
On , so formulation (32) also admits a reduced problem
size compared to formulations in Proposition 1 of [3] and
Section III-A-1 of [7].

It is possible to even further reduce the number of variables
to formulate (32). The hyperplane for separation can be
attached to the vehicle point p, i.e., λ⊤ p = µ, and a sufficient
condition of p ∩On = ∅ can be formulated as

p ∩On = ∅ ⇐H ∃λ ∈ RN
:

λ⊤VP ≤ λ⊤ p1⊤, ∥λ∥ > 0. (33)
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