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ABSTRACT

Nonlocality and its connections to entanglement are fundamental
features of quantum mechanics that have found numerous applica-
tions in quantum information science. A set of correlations is said
to be nonlocal if it cannot be reproduced by spacelike-separated
parties sharing randomness and performing local operations. An
important practical consideration is that the runtime of the parties
has to be shorter than the time it takes light to travel between them.
One way to model this restriction is to assume that the parties are
computationally bounded. We therefore initiate the study of nonlo-
cality under computational assumptions and derive the following
results:

(a) We define the set NeL (not-efficiently-local) as consisting of
all bipartite states whose correlations arising from local mea-
surements cannot be reproduced with shared randomness
and polynomial-time local operations.

(b) Under the assumption that the Learning With Errors prob-
lem cannot be solved in quantum polynomial-time, we show
that NeL = ENT, where ENT is the set of all bipartite en-
tangled states (pure and mixed). This is in contrast to the
standard notion of nonlocality where it is known that some
entangled states, e.g. Werner states, are local. In essence, we
show that there exist (efficient) local measurements produc-
ing correlations that cannot be reproduced through shared
randomness and quantum polynomial-time computation.

(c) We prove that if NeL = ENT unconditionally, then BQP #
PP. In other words, the ability to certify all bipartite en-
tangled states against computationally bounded adversaries
gives a non-trivial separation of complexity classes.

(d) Using (c), we show that a certain natural class of 1-round
delegated quantum computation protocols that are sound
against PP provers cannot exist.
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1 INTRODUCTION

Quantum advantage refers to a situation in which a quantum ma-
chine outperforms classical counterparts. In the context of com-
putation, it is when a quantum computer outperforms classical
computers at solving certain problems, such as factoring integers
or simulating quantum mechanical systems. Nonlocality is a differ-
ent notion of quantum advantage that dates back to the inception
of quantum mechanics itself. This advantage arises in Bell games,
where e.g. two non-communicating parties, Alice and Bob, are given
inputs x and y and produce outcomes a and b distributed accord-
ing to a probability distribution p(a, b|x,y). Such distribution is
said to be nonlocal if it cannot be expressed as a mixture of de-
terministic distributions, that is cannot be obtained through local
operations on shared randomness. As proven by John Bell [10],
to answer questions raised in [22], there exist entangled quantum
states that can produce nonlocal correlations through local quan-
tum measurements. The so-called CHSH game [21] fully formalizes
this result. There, Alice and Bob are given inputs x,y € {0, 1} and
asked to produce outputs a,b € {0,1} such thata® b = x - y. If
Alice and Bob’s correlations are local, it can be shown that, under
uniformly random inputs x, y, their outputs will satisfy a®b =x -y
at most 75% of the time. In contrast, if the two share an EPR pair

i¢+> = i2(|00) +]11)) on which they perform local measurements,

as a function of their respective inputs, they can succeed with prob-
ability cos?(7/8) ~ 85%. This demonstrates the nonlocal nature of
quantum mechanics.
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A natural question to ask is whether all entangled states can
produce nonlocal correlations. In other words, for a given entan-
gled state, does there exist a nonlocal game, like the CHSH game,
in which Alice and Bob can achieve a higher success rate by shar-
ing the entangled state and performing local measurements than
they could through any strategy involving shared randomness and
local operations? If we restrict to pure entangled states, then this is
indeed the case [25]. However, in 1989, Werner demonstrated the
existence of mixed entangled states, for which a local model can
always be constructed [42]. That result holds only for projective
measurements but it was later generalized to all POVMs in [9].
Hence, there exist entangled states whose correlations (obtained
through any local quantum measurements) can be reproduced in a
setting where the two parties hold only a separable state, which up
to technical details is equivalent to sharing public randomness. It
therefore seems that, at least in the standard nonlocal games frame-
work, entanglement and nonlocality are fundamentally distinct
notions.

In the hopes of finding a purely operational task that can exactly
distinguish between entangled and separable states, other frame-
works were considered. Among them is the so-called semi-quantum
games framework [20]. This differs from a standard nonlocal game
by allowing Alice and Bob to receive trusted quantum inputs, while
still outputting classical bits. All entangled state (both pure and
mixed) can produce nonclassical correlations in a semi-quantum
game. More precisely, for every entangled state, there exists a semi-
quantum game in which Alice and Bob can succeed with higher
probability by sharing that state than what they could obtain from
any strategy based on any separable state.

While semi-quantum games can distinguish between entangled
and separable states, they have the rather unsatisfying feature of
requiring quantum inputs. Effectively, the referee of the game must
have a trusted device for preparing these quantum input states and
then send them to Alice and Bob via quantum channels. But to
properly test quantum mechanics, one would aim for a more device-
independent characterization in which both inputs and outputs
are classical and no quantum device is trusted. Subsequent work
showed that this is possible at the expense of introducing two
additional parties [13], while the bipartite setting remains open.

A common feature of both nonlocal and semi-quantum games
is that the “no communication” restriction on participating parties
is often assumed to be enforced through spacelike separation. In
other words, Alice and Bob should send their responses to the
referee in less time than it would take light to travel between them.
This effectively puts a time limit on how long each party has to
compute and send their response. However, do they always have
the time to compute this response? As we will observe later, [9]
simulation algorithm seems computationally costly. Combining
this observation with the extended quantum Church-Turing thesis
begs the question of whether accounting for the computational
efficiency of the parties would change the set of states that can be
certified with a nonlocal game.

Main results. We introduce a model of two-party nonlocal games
with computationally bounded parties, where Alice and Bob’s inputs
and outputs are classical bit-strings and the only distinction from
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standard nonlocal games is the assumption of computational effi-
ciency. In other words, we consider games in which Alice and Bob
can achieve a higher success rate by sharing an entangled state and
performing quantum polynomial-time local operations than they
could through any quantum polynomial-time strategy involving
shared randomness and local operations.

Surprisingly, we show that this brings us closer to the goal of
operationally characterizing all entangled states in the bipartite
setting.

Our approach follows a recent trend of combining ideas from
quantum information theory and computational complexity, which
has yielded many new insights such as using cryptographic ma-
chinery to solve information-theoretic tasks like generating true
randomness ([17]), finding new results in quantum cryptography
([28], [6], [36], [31]), using computational considerations to address
paradoxes in quantum gravity ([2], [11]) and others. More recent
works have also explored entanglement under computational as-
sumptions, showing that any nonlocal game can lead to a test of
quantum computational advantage [30] and that determining how
entangled a state is can be computationally intractable (a notion
referred to as pseudoentanglement) [3, 23], later generalized in [7].

Our contributions are the following:

New model of nonlocality. We define a new notion of nonlocality
that incorporates computational efficiency. We say that a state
PAB is not-efficiently-local, and denote the set of all such states as
NelL, if there exists a probability distribution arising from local
measurements of p4g such that no efficient, non-communicating
parties (sharing a separable state) can reproduce this distribution.
“Efficient” in this context is defined as implementable in quantum
polynomial time (QPT).

Cryptography implies entanglement certification. We show that
in our newly defined model, one can design a distinguishing exper-
iment for all entangled states, including mixed states.

More concretely, under the Quantum Learning With Errors
(OLWE) assumption, we show that for every entangled state, psp,
there exists a 3-round (6-message) nonlocal game between a referee
(which we will refer to as the verifier) and non-communicating
parties Alice and Bob such that,

(i) if Alice and Bob share the state p4p, there exist efficient
quantum operations that they can perform locally so that
they win the game with high probability and,

(ii) if Alice and Bob share any separable state, there do not
exist any efficient quantum operations that they can perform
locally in order to win the game with high probability.

This demonstrates that our notion of not-efficiently-local states,
exactly characterizes the set of all bipartite entangled states. Sum-
marizing, under the QLWE assumption, we have that ENT = NeL,
where ENT denotes the set of all bipartite entangled states.

As mentioned the protocol relies on the QLWE assumption. The
Learning With Errors (LWE) problem introduced in [39] is widely
used in cryptography to create secure encryption algorithms. It
is based on the idea of representing secret information as a set of
equations with errors ([33]). The QLWE assumption is standard
in cryptography ([40]) and assumes that LWE is intractable for
polynomial-time quantum algorithms. The security of a scheme
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under the QLWE assumption is shown via a reduction to this prob-
lem. In our case, we show that if the parties win the game when
they share some separable state, then this implies that the parties
solved the LWE problem. This contradicts the assumptions of our
model as the parties were required to be quantum polynomial time.

Entanglement certification implies complexity class separation.
Having shown that NeL = ENT under the QLWE assumption, we
then focus on what it would take to prove the equality uncondi-
tionally. In other words, how hard is it for Alice and Bob to fake
entanglement with separable states? To address this question, we
consider a particular way of “faking entanglement”, namely the
Hirsch local model ([26]) for 1-round protocols. We show that this
model can be implemented in PP. Concretely, for some entangled
state pap, we show how to simulate any QPT strategy of Alice;
and Bob; having access to pap, by a PP strategy of Alicey and Boby
with access to a separable state c45. This means that local simu-
lation in the Bell scenario is at most as hard as PP. Summarizing,
ENT = NeL = BQP # PP.

This shows that separating BQP and PP is a necessary condition
for being able to certify entanglement against computationally
bounded parties, while the previous result shows that the QLWE
assumption is a sufficient condition.!

Delegation of quantum computation. The result ENT = NelL =
BQP # PP has interesting implications for protocols for delegat-
ing quantum computations (DQC). These are protocols in which a
classical polynomial-time verifier delegates a BQP computation to
an untrusted quantum prover and is able to certify the correctness
of the obtained results (a property known as soundness). A break-
through result by Mahadev gave the first such DQC protocol with
soundness against BQP provers [35]. This was achieved under the
QLWE assumption. A major open problem in the field is whether
DQC protocols that are sound against computationally unbounded
provers exist.

We give evidence for the difficulty of resolving this question by
showing that a version? of 1-round DQC protocols sound against
PP provers do not exist. We can also rephrase this by saying that
if there exists a certain 1-round DQC protocol sound against BQP
provers, then BQP # PP. This is in the same spirit as the results
of [4], showing that blind DQC protocols sound against all provers
are unlikely to exist. Our result can be viewed as an improvement
over that work, as we show the non-existence of protocols sound
against PP provers, which is a weaker requirement.

2 TECHNICAL OVERVIEW

We start by introducing our new model of nonlocality, which we
call the not-efficiently-local model. Our definition, in the spirit of
the extended quantum Church-Turing thesis, assumes that any com-
putation in the physical world can be modeled by a polynomial time
quantum machine. This essentially translates to limiting the power
of dishonest parties in a nonlocal game to quantum polynomial
time (QPT). An informal version of the definition states

! Also note that the QLWE assumption directly implies BQP # PP,as LWE € NP C PP.
20ur version of DQC is related to the quantum fully-homomorphic encryption scheme
considered in [30]. See the full version of our paper for details.
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Definition 1 (Not-efficiently-local - Informal). For a quantum state
pAB We say that p4p is not-efficiently-local if there exists a game (or
protocol) G(pap) between a probabilistic polynomial-time (PPT)
verifier, V, and two non-communicating QPT parties A, B. Specif-
ically, for every ¢ € N, all the parties run in time poly(¢) and the
verifier exchanges poly(¢) bits of communication with A and B.
The game satisfies the following properties:

(1) (Completeness) If G(pap) is run with A, B sharing pap, V
accepts the interaction with probability at least c(¢),

(2) (Soundness) For every QPT A’, B, if G(p4p) is run with
A’,B’ sharing a separable state, V accepts the interaction
with probability at most s(¢),

with c(£) —s(£) > —2

—=—. We denote the set of all such states, p4p,
as NelL.

poly(¢) -

Remark 1. We emphasize that the polynomial runtime of A and B
is always with respect to the parameter { which sets the desired gap
between completeness and soundness. In particular, the dimension of
the shared entangled state that is being tested need not depend on ¢
and can be constant. In a practical run of such a protocol, the value
of ¢ would be determined based on the spatial separation between A
and B, which establishes the maximum amount of time for A and
B to respond to V, and cryptographic considerations like whether 2¢
operations can be performed in that time.

Remark 2. With this definition there is a slight ambiguity in whether
we’re assuming not just that A and B can solve only problems in BQP,
but that their operations can be modelled using quantum mechanics.
That is to say, whether we can represent A and B using quantum
circuits of polynomial size acting on some input state, as opposed to
making no assumptions about their inner workings. This becomes
important when one proves computational reductions using the op-
erations of A and B. In cryptography, it is the distinction between
whitebox and blackbox reductions. We will assume that the former is
the case (we model A and B as quantum circuits and perform whitebox
reductions). As will become clear, this fact is relevant for our second
result. The details can be found in the full version of our manuscript
and we make additional comments about this distinction in Section 4.

Essentially by definition, all states that are not-efficiently-local
must be entangled. Denoting the set of all entangled bipartite states
as ENT, this means that NeL C ENT. A natural question is whether
it is also the case that ENT C Nel, or in other words, whether
ENT = NeL. We phrase this question as a conjecture to which we
will refer throughout the paper.

Conjecture 1 (ENT = NelL). For every finite-dimensional Ha, Hp
and every entangled state pap on Ha ® Hp, pap is not-efficiently-
local.

If Conjecture 1 is true then there is an equivalence between the
notion of entanglement and our notion of not-efficient-locality. We
will also say that if Conjecture 1 is true then we can certify all
entangled states.

2.1 Cryptography Implies Entanglement
Certification

Our second contribution shows that Conjecture 1 is true (and
ENT = Nel), under the assumption that LWE is intractable for
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Figure 1: A visualisation of the compilation of the semi-quantum game into a certification test with classic input/outputs.

(a) represents the Semi-Quantum Game (SQG) of [20]. A,B share an entangled state psp. V4 sends an input state |x) €
{10),11), |+),|-),li),|-i)} to A, who performs a Bell state measurement on |x) and its share of p4p. Vg, B do the same with input
|y). The statistics p(a,b | |x),|y)) certify that psp had to be entangled.

(b) represents the Remote State Preparation (RSP) protocol,The protocol guarantees that under the QLWE assumption, the
protocol certifies that A had prepared a quantum state |x) € {|0),|1),|+),|-),|i),|—i)} blindly, and can be operated on, it. V4 has
knowledge of the state A has prepared by the end of the interaction.

(c) visualizes the Entanglement Certification protocol obtained by compiling the SQG using two independent RSP protocols

with A and B.

QPT algorithms.? The result can be informally summarized as fol-
lows:

THEOREM 2 (INFORMAL). Assuming QLWE, for every finite dimen-
sional Hilbert spaces Ha, Hp, every entangled state pap on Hs @ Hp
and every £ € N there exists a 3-round (6-message*) interactive pro-
tocol where the PPT(¢) verifier, V, exchanges poly(£) bits of commu-
nication with QPT(f) A and B such that:

o If A and B share paog and follow Vs instructions, then their
interaction is accepted by V with probability 1 — negl(¢).

e Forevery A’,B’ € QPT({), if they share a separable state then
the interaction is accepted by V with probability 1/poly(¢).

Proof techniques. We first develop a remote state preparation (RSP)
protocol which allows the classical verifier to certify the preparation
of certain states by Alice and Bob. Assuming QLWE, the protocol
ensures that Alice and Bob will not know which states they have
prepared (while the verifier will). The protocol is based on the
one from [24]. Next, the verifier will perform the Buscemi semi-
quantum game (SQG) with Alice and Bob [20]. As mentioned, this
game, which requires quantum inputs for Alice and Bob, allows the
verifier to certify any bipartite entangled state. Our protocol will
then achieve this under computational assumptions. To give more
details, let us briefly review both SQG and RSP.

The SQG bipartite protocol. We review the protocol from [20],
adopting the formulation of [19]. The protocol is based on entan-
glement witnesses, which are operators W such that Tr[Wo4g] < 0
for all separable states o4p but Tr[Wp4p] > 0 for some entangled
3Strictly speaking, we are assuming that LWE is intractable for non-uniform QPT
algorithms, i.e. LWE ¢ BQP/qpoly. This is a standard assumption in post-quantum

cryptography (see for instance Definition 2.5 in [18]).
4We assume 1 round is always equal to 2 messages.
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state pap. As the set of separable states is convex, any entangled
state p4p can be associated with an entanglement witness W with
Tr[Wpag] > 0. Any such W admits a local tomographic decompo-
sition W = 35 ; Bs,t Ts ® wy Where 75, w; are the density matrices
corresponding to the states in S = {|0), |1), |+),|-), i), |—i)}.

Based on this decomposition, [19] proposes a two player game,
which certifies that p4p is entangled. Two players, sharing pap,
independently receive random quantum input states 75 and wy,
respectively, from two verifiers.? Each player is asked to perform a
joint Bell state measurement on the received quantum input state
and their share of p4p and output the result of the measurement.
One can introduce a Bell-like score based on the decomposition of
W such that if the players act honestly then the score is exactly
Tr[Wpap], and if the players cheat by employing any strategy
based on some separable shared state o4p, then the score is upper
bounded by Tr[Wo4p]| < 0. Hence, if the score is strictly positive,
the protocol certifies that the players shared some entangled state.
The possible quantum inputs for Alice and Bob are the states in S
and so, for our protocol, these are the states the verifier(s) would
have to instruct them to prepare.

The RSP protocol. Remote state preparation is a protocol between
a classical verifier and a quantum prover, allowing the verifier to
certify the preparation of a quantum state in the prover’s system.
It will allow the verifier to check (under the QLWE assumption)

5This can also be just one verifier, as before. We mention two verifiers to be consistent
with the presentation from [19] and to be closer to how such an experiment would be
realized in practice. Indeed, since our resulting protocol is 3-round, the only way to
ensure spacelike separation would be to have a local verifier for Alice and one for Bob
that are giving them their questions and recording their responses. The two verifiers
would then communicate with each other to decide whether Alice and Bob win the
game or not.
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that the prover has prepared a random state from the set S. We
show that our protocol is (i) complete, meaning that an honest
QPT prover succeeds with high probability in preparing a state
from S, known only to the verifier, and (ii) sound, meaning that
any dishonest QPT prover attempting to deceive the verifier will
fail with high probability. The formal statement of soundness is
delicate but informally speaking it guarantees that if the QPT prover
is accepted, then its behavior is equivalent to it having received a
random quantum state from S.

Our protocol is simpler than the one from [24]. In that pro-
tocol the prover prepares eigenstates of all of the five bases
{X, X—JEY Y, % VA } We require the prover to prepare eigenstates
only of {X,Y,Z}. It is because these eigenstates are exactly the
members of S which we require to perform the SQG. Our protocol
performs fewer checks and therefore the soundness does not follow
directly from that of [24]. As such, we require a careful analysis to
derive the soundness of our protocol.

The Entanglement Certification protocol. Our resulting entangle-
ment certification protocol is a combination of RSP and SQG. The
verifier performs two independent runs of RSP, one with Alice
and one with Bob. If either one fails, the verifier will count this
as a loss. Otherwise, the verifier will then perform the Buscemi
SQG with Alice and Bob. Combining the two protocols involves
several nontrivial steps stemming from the fact that we operate in
the computationally-bounded model. Fig 1 provides a high-level
visualization of the compilation.

2.2 Entanglement Certification Implies
Separation of Complexity Classes

The previous result gives a sufficient condition for proving Conjec-
ture 1, namely the QLWE assumption. Here, we derive a necessary
condition by showing that if the conjecture is true we obtain a
non-trivial separation of complexity classes. Specifically:

TaEOREM 3. ENT = NeL = BQP # PP.

We note that PP is a relatively large class, e.g. PH C PPP by
Toda’s theorem ([41]), but nevertheless PP € PSPACE. A conse-
quence of our result is therefore that proving Conjecture 1 is at
least as hard as proving that BQP # PSPACE.

Proof techniques. Our starting point is a result of [26] show-
ing that for a certain entangled state, p4p, there is a local model
for all POVM measurements. In other words, by sharing only a
separable state (or random bits), Alice and Bob would be able to
reproduce the statistics produced through local measurements of
paB- In effect, this implies that the state p4p cannot be certified
through a nonlocal game. The question then becomes: how hard
is it for Alice and Bob to implement the strategy from [26]? We
show that their strategies, given as Algorithms 1 and 2, can be im-
plemented in PP. This then proves the contrapositive of Theorem 3,
i.e. that if BQP = PP then ENT # NeL. For ease of explanation, we
will describe Alice and Bob’s strategies as implementable by QPT
machines with postselection, making use of the seminal result of
Aaronson that PP = PostBQP [1]. PostBQP is the set of problems
solvable in quantum polynomial-time with postselection.

The input in Algorithm 1 (a similar situation happens for Algo-
rithm 2) is a POVM {A, }4. Up to “fine-graining” we can, without
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Algorithm 1 ALicESIM-IDEAL(g, p}) 5, A, |1))

1: Input:  parameter ¢, description of pZB
% [po(q) + pa ® o+ 04 ® pg+04 ®op] € S(C?), POVM

A ={Aa}ta = {naPa}a, state |1) ~ W(Cz)~

2: Sample a according to 14/2

% Seter = L{(AIP,| ) <(Al(I=Pa) 1)}

4: Sample ¢z ~ Ber((0| P, |0))

5: Sample ¢3 ~ Ber({(—| P4 |-))

6: Pick ¢ from {cy, ¢z, c3} with corresponding probabilities 2¢, 1 —

3q.q9

7: if ¢ = 1 then

8:  Returna

9: else
10:  Sample a’ according to Tr[ Ay o4]
11:  Returna

12: end if

Algorithm 2 BoBSIM-IDEAL(g, ) 5. B, |1))

1: Input:  parameter description

e of  pup
1lpo(q) + pa®op+0a®pp+0a®0p] € S(C?), POVM
B = {By}p = {E&Qp ), state [2) ~ 0(C?).
: Sample ¢ according to &,/2
: Sample ¢; ~ Ber((A| Qp |4))
: Sample ¢z ~ Ber(%)
: Pick ¢ from {cy, ¢} with corresponding probabilities 2g and
1-2q
: if ¢ = 1 then
Return b

else
Sample b’ according to Tr[ By op]
Return b’

end if

[ I N )

Y ® 3N

10:
11:

aloss of generality, assume that A, = 4P, with n, € (0,1] and P,
being a rank one projector. In our computational setting, this POVM
is implicitly defined by a question x, which A received from V, and
a circuit CQO Iy (e) that an honest A would have applied to her share
of pap. The main challenge in implementing the simulation is to
realize the operations in Algorithm 1 (and 2), which are expressed
in terms of {A, } 4, efficiently while having access to the description
of C;‘O Iy (e) only. Intuitively, the local model works as follows. A
and B will share many copies of Haar random single-qubit states,
denoted |1).% Their answers to V are then computed based on dot
products of the form (A| P, |1). The key step in the proof is to esti-
mate these dot products up to enough precision in PostBQP. For
instance, to implement 1(3|p,|1)<(A|(I-P,)|4)} from Algorithm 1,
we show that there exists a QPT algorithm with postselection that,
given a, creates a 1-qubit state which is equal to the eigenvector
of P,. Next, we prove that given a description of |1) it is possible
to compute an approximation to (A| P, |A) while having access to
polynomially many copies of the eigenvector state of P,. To do that

®We note that the proof works even if the two share classical descriptions of these
states that can represent them to a sufficiently high precision.
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we build on the ideas from [1] to show that using the power of post-
selection one can compute exponentially accurate dot products
between 1-qubit states in polynomial time.

The final step is to argue that if PostBQP = BQP then we can
implement our simulation in QPT. This is not immediate, as the as-
sumption PostBQP = BQP allows us to replace QPT machines with
postselection with QPT machines without postselection only for
decision problems. However, the QPT algorithm with postselection
designed for our local simulation, samples an answer according to a
distribution—it is thus an instance of a sampling problem. As such,
we need to also prove a sampling-to-decision reduction for this
problem. We do this through a careful binary-search-like procedure.

Remark 3. It’s important to clarify how postselection is used in our
setting. Indeed, one thing that we do not do is to allow Alice and Bob
to postselect on their shared randomness, as that would permit them
to signal instantaneously. As mentioned, we use PostBQP merely for
ease of explanation. We can equivalently view Alice and Bob as being
efficient agents with access to a PP oracle which they use in order to
obtain very precise estimates of inner products. From this perspective,
postselection is used to provide a “boost” in computational power, not
to communicate instantaneously.

2.3 Implications for Delegation of Quantum
Computation (DQC)

We consider a version of a 1-round DQC protocol, which we refer
to as Extended Delegation of Quantum Computation (EDQC). We
then show that EDQC protocols sound against PP provers do not
exist. Equivalently, we prove that the existence of a BQP-sound,
EDQC implies BQP # PP. This can be summarized in the following
informal theorem:

THEOREM 4 (INFORMAL). PP-sound EDQC protocols do not exist.

Proof techniques. The high-level idea of the proof is to construct
a PP prover that is always able to cheat successfully in an EDQC
protocol. Let us first informally describe what an EDQC protocol is.
For a circuit C that accepts as input a classical s and an auxiliary
1-qubit state po, EDQC guarantees the following.

o (Completeness) There exists a PPT verifier and a QPT
prover such that for every state por on C? ® Hg chosen by
the prover the interaction will be accepted and will satisfy
the following. For every s the following two states are equal:
(i) the output bit collected by the verifier and the contents of
the E register, (ii) the result of measuring the output qubit of
Uc ®Ig Is) por and the contents of the E register (where Ug
is the unitary corresponding to C). In words, the protocol
preserves the entanglement between the output of C and
the E register.

(Soundness) For every QPT prover accepted with high prob-
ability there exists a state pg on C? such that the output bit
collected by the verifier is, for every classical x, close to the
distribution of measuring the output qubit of U¢ |s) po.

"We could have considered a more general definition, where the auxiliary register
holds a state on many qubits. Our definition generalizes naturally. We chose this
version for simplicity and because our result implies that the more general protocol is
not possible either.
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Note that if the output qubit of C doesn’t depend on pg then
our definition reduces to the standard verification definition for
1-round DQC. This means that the only additional requirement of
EDQC is consistency with the auxiliary input. A recent work ([30],
Definition 2.3) considered a very similar requirement in the context
of quantum fully-homomorphic-encryption (QFHE). The authors
demonstrate that the auxiliary input requirement is satisfied by
preexisting qFHE protocols of [34] and [14]. Recently, this was used
by [37] to show that the existence of qFHE with auxillary input
implies the existence of DQC. The main difference between our
notion of EDQC and qFHE with auxillary input is that the soundness
of qFHE is expressed as indistinguishability of the prover’s views,
whereas our definition requires a type of verifiability. We note that
although the EDQC definition is nonstandard, protocols satisfying
its requirements most likely exist under the QLWE assumption in
the quantum random-oracle model (QROM). We refer the reader to
the full manuscript for a more in-depth discussion about the details
of EDQC and a comparison to other variants of DQC.

To prove Theorem 4 we make use of Theorem 3, i.e. ENT =
NelL = BQP # PP. Specifically, we assume towards contradiction
that a BQP-sound, EDQC protocol exists and that BQP = PP. Next,
we build a nonlocal game certifying ENT = NelL by using two
independent instances of EDQC to control the behavior of the two
players. This is very much in the same spirit as how we used RSP
and SQG to prove ENT = NelL under the QLWE assumption in
Theorem 2. We then obtain a contradiction with Theorem 3 which
concludes the proof.

Our approach yields a stronger result about the limits of DQC
compared to previous works. We summarize those results, together
with our contribution, in Table 1. Note that showing the impossi-
bility of a PP-sound protocol is a harder requirement than showing
the impossibility of an ALL-sound protocol. Finding a local hidden
variable model implementable in a lower complexity class (i.e. a
subset of PP), or with more rounds of interaction, would imply
even stronger lower bounds. We also expect our technique to be
useful for showing impossibility results about other cryptographic
primitives, such as (quantum) FHE.

3 RELATED WORKS

Computational entanglement. There are a number of recent
works that study entanglement through the computational lens. In
[3] the authors give a construction of states computationally indis-
tinguishable from maximally entangled states with entanglement
entropy arbitrarily close to logn across every cut. This gives an
exponential separation between computational and information-
theoretic quantum pseudorandomness (in the form of t-designs).
Extending upon [3] in [7] a rigorous study of computational entan-
glement is initiated. More concretely, they define the computational
versions of one-shot entanglement cost and distillable entanglement.
Informally speaking, the operational measure of entanglement in
both of these works relates to the number of maximally entangled
states to which a state in question is equivalent. In contrast, our
operational measure is whether a state displays any nonlocality.

Recently, [30] demonstrated how to compile any nonlocal game
to a single-prover interactive game maintaining the same com-
pleteness and soundness guarantees, where the soundness holds
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Table 1: Summary of known results about the possibility or impossibility of DQC protocols. The rows denote the number of
rounds in a protocol and the columns denote the required soundness. We implicitly assume BQP completeness. Additionally,
next to each entry we list the corresponding work and the assumptions needed. We note that our result doesn’t require any

assumptions.

BQP-sound PP-sound ALL-sound
[5] By def.
1-round YES - QLWE, in QROM NO - Theorem 4 NO - BQPZAM
[35] [8]
2-round YES — QLWE ? NO - BQPZAM
[35] [4]
poly-round YES - oiwe NO — 5 qpenp/poly

against BPP adversaries. The compilation uses a version of quan-
tum fully-homomorphic-encryption (QFHE). This means that under
computational assumptions any non-local game leads to a single-
prover quantum computational advantage protocol. Building upon
[30] in [37] a DQC protocol is constructed by compiling the CHSH
game using a QFHE scheme (sound against BQP adversaries). These
works are in some sense dual to Theorem 2. They show how to use
nonlocal games to construct more efficient protocols for quantum
advantage and DQC while Theorem 2 shows how to use RSP to
construct nonlocal games.

Generalizations of nonlocality and local simulations. Compared
to the Bell scenario, a larger set of entangled states can be certified
in a scenario where many copies of the state are given [38], or
where more rounds of communication are allowed [26], or in the
broadcasting scenario [12]. However, it is still an open question
whether one of these scenarios (or a combination of them) can
reconcile the concepts of entanglement and nonlocality.

The local simulation of Barrett ([9]) was generalized in [27],
where it was shown that there exist entangled states with local
models for all protocols in a special case of a sequential scenario
called local filtering. These are 3-message protocols, where the
parties first send one bit each to the verifier, then receive a challenge,
and finally reply to the challenge.

Assumptions needed for BQP-sound DQC.. It is believed that BQP
is not in AM, where AM is a class of languages recognizable by
1-round protocols sound against ALL provers. A classical result
shows that for every constant k > 2 we have AM[k] = AM, where
AM[Kk] is the same as AM but with k-messages (each round con-
sists of 2 messages) [8]. These two results imply that ALL-sound,
constant-round DQC protocols don’t exist under the likely as-
sumption that BQP ¢ AM. In [4] a generalization to more rounds
was considered. It was observed that ALL-sound blind DQC with
polynomially-many rounds of interaction does not exist provided
BQP ¢ NP/poly. It was also shown that blind DQC protocols ex-
changing O(n?) bits of communication, which is ALL-sound imply
that BQP € MA/O(n%)—containment which does not hold relative
to an oracle.

Note, that [5] showed that a sufficient assumption for BQP-sound
1-round DQC protocol in the QROM is the QLWE assumption. Our
result shows that BQP # PP is a necessary condition. Similarly, the
assumption of BQP # PP was recently shown necessary for the
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existence of pseudorandom states, which shows that it is a non-
trivial requirement [32]. Pseudorandom states, introduced in [29],
are efficiently computable quantum states that are computationally
indistinguishable from Haar-random states.

4 DISCUSSION AND OPEN PROBLEMS

We have introduced the concept of nonlocality under computational
assumptions by considering nonlocal games in which participating
parties are computationally bounded. In this model, we showed
that all entangled states can be distinguished from separable states,
under the QLWE assumption. This is in contrast to the standard
notion of nonlocality in which states like certain Werner states
cannot be distinguished from separable states. This can be seen
in analogy to the notions of proof systems and argument systems.
The former are interactive protocols that should be sound against
unbounded adversaries, whereas the latter have to be sound merely
against computationally bounded adversaries. It is known that in
many situations argument systems are more expressive than proof
systems. For instance, in the case of zero-knowledge protocols, SZK,
the set of problems that admit statistical zero-knowledge proofs
is believed to be strictly smaller than CZK, the set of problems
admitting computational zero-knowledge arguments. Similarly, we
showed that the set of entangled states that can be distinguished
from separable states is strictly larger when the parties are compu-
tationally bounded. While the QLWE assumption is sufficient for
our results, we also showed that BQP # PP is a necessary require-
ment. From this, we derived the non-existence of certain PP-sound
protocols for delegating quantum computations. Our work opens
up several interesting directions for further exploration.

Operational characterization of ENT and blackbox reductions. As
mentioned in the introduction, one of the main goals of research
into nonlocality is to give an operational characterization of the set
of all entangled states. Importantly, this characterization should not
assume the correctness of quantum mechanics a priori. For this rea-
son, while we showed that all entangled states can be distinguished
from separable ones under the QLWE assumption, we also assumed
the correctness of quantum mechanics because we described the
inner workings of Alice and Bob using quantum circuits. In the
cryptographic terminology, we proved a whitebox reduction from
LWE to the soundness of the NeL protocol. This is inherited from
the soundness proof of the RSP protocol, which uses the prover’s
quantum operations explicitly in order to construct an efficient
adversary that solves LWE. As such, an interesting open problem is
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whether there exists a blackbox reduction. If so, this would indeed
provide the desired operational characterization of ENT under the
QLWE assumption.

It would also be desirable to have a NeL protocol involving only
one round of communication, as opposed to our protocol which
uses 3 rounds.

Further applications of computational entanglement. As we’ve
noted, several recent works have investigated computational no-
tions of entanglement, primarily pseudoentanglement. Much like
how pseudoentanglement provides a separation between compu-
tational and information-theoretic pseudorandomness, we expect
computational nonlocality to provide further interesting separa-
tions with respect to standard, information-theoretic nonlocality.
For instance, one could consider nonlocal games in which both
parties receive the same question from the referee. In standard
nonlocality, this would not allow for the certification of any state,
as both Alice and Bob would know each other’s input. However, in
the semi-quantum games framework, while both parties receive the
same quantum state, due to the uncertainty principle they would
still not know which state they received. This could then be ex-
tended to the NelL setting, showing that nonlocal games with both
parties having the same question can still certify entangled states,
provided the parties are computationally bounded. In essence, in
this computational setting, one is trading the uncertainty princi-
ple for non-rewindability. A similar connection between these two
distinct notions of non-classicality was also observed by [30].

Another avenue would be to explore scaled-down versions of
standard multi-prover complexity classes. For instance, one could
consider instances of MIP or QMA(2) with BQP honest provers. It’s
known that MIP*[BQP] = BQP, where MIP*[BQP] denotes the
set of problems that can be verified efficiently by interacting with
two BQP provers sharing entanglement (and in which soundness is
against unbounded provers). Less is known in the setting where the
provers are only allowed to share a separable state (such as MIP or
QMA(2)) or an entangled state that is local. Connections to local
simulation, along the lines of the proof of Theorem 4, might yield a
separation between MIP[BQP] and MIP*[BQP].

Cryptography and ENT = NeL. It is natural to conjecture that
Theorems 2 and 3 could be strengthened so that an equivalence
between the existence of a cryptographic primitive and ENT = NeL
is achieved. One avenue for strengthening Theorem 2 could be to
base the result on gFHE with auxiliary input [30]. Indeed, this was
shown in [37] to allow for DQC. Likely, their results would also
lead to an RSP protocol, in which case one would indeed derive
ENT = NeL from BQP-sound qFHE, following our approach. This
would also have the intriguing feature of compiling a standard
nonlocal game (in the case of [37], the CHSH game) into a nonlocal
game with computationally bounded parties.

To improve Theorem 3 one could try to use the fact that ENT =
Nel gives us an average-case hardness and not just the worst-case
hardness that we used. Additionally, since the main element in
our proof was the estimation of certain inner products to within
inverse exponential precision, any approach for doing this in a class
that’s lower than PP (i.e. a subset of PP), would directly improve our
result. It would be worth seeing, for instance, whether Stockmeyer’s
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approximate counting could help, in which case one would obtain
that ENT = NeL implies BPP # NP.

It is worth mentioning that connections of a similar flavor have
recently been found in other contexts, e.g. in [15] an equivalence
between a phenomenon in high-energy physics (the hardness of
black-hole radiation decoding) and the existence of standard cryp-
tographic primitives (EFI pairs from [16]) was shown.

Local simulation and DQC.. Further exploration of connections
with local simulations can be fruitful. As we mentioned, [27] gives
a local simulation for 3-message protocols. If one can implement it
in PP also then that would likely imply that PP-sound 3-message
protocols for DQC don’t exist. Moreover, there is a strong connec-
tion between many-round local simulations and the major open
problem of whether information-theoretic sound DQC protocols
exist. For instance, if one could show that there exists a local sim-
ulation for some entangled state, for any number of rounds, then
that should rule out information-theoretic sound EDQC protocols.
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