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ABSTRACT. We consider a class of linear Vlasov partial differential equations
driven by Wiener noise. Different types of stochastic perturbations are treated:
additive noise, multiplicative It6 and Stratonovich noise, and transport noise.
We propose to employ splitting integrators for the temporal discretization of
these stochastic partial differential equations. These integrators are designed
in order to preserve qualitative properties of the exact solutions depending
on the stochastic perturbation, such as preservation of norms or positivity of
the solutions. We provide numerical experiments in order to illustrate the
properties of the proposed integrators and investigate mean-square rates of
convergence.

1. Introduction. In this article, we are interested in stochastic perturbations of
the linear Vlasov equation

O f(t,x,v) +v-Vif(t,z,v) + E(x) - Vo f(t,z,v) =0,
f(O,J?,U) = fO(xav)v

see the next sections for the precise setting. Our objective is to identify some qual-
itative properties of the solutions and to propose temporal discretization schemes
which are able to preserve those properties.

The Vlasov equation has been introduced in the literature in the middle of the
20th century [62], and has become a fundamental tool for the mathematical descrip-
tion of (collisionless) plasma in astrophysics and in plasma physics. It is common
to interpret f(t,x,v) as the density of particles having position x (assumed to take
values in a torus) and velocity v at time ¢, starting from an initial configuration
fo(z,v), and where the particles are transported by the ordinary differential equa-
tion .

Ty = U,
T.Jt = E(:ct)

The linear model above is a simple version, where the vector field E is imposed and
is independent of time. In the Vlasov—Maxwell or the Vlasov—Poisson equations, for
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example, E is not fixed and depends on the solution f, see for instance [6, 23, 54].
We refer to [61] for a review of kinetic models which take into account collisional
effects, which may be linear (for instance Vlasov—Fokker—Planck, Bhatnagar—Gross—
Krook equations) or nonlinear (Boltzmann equation) and to the monograph [42] for
the analysis of kinetic partial differential equations (PDEs), including the Vlasov
equation. Note that kinetic PDEs have also been used as popular models in math-
ematical biology in the recent years.

Let us mention the main qualitative properties satisfied by the linear Vlasov
equations, we refer to Section 3 for details. If the initial value is nonnegative, then
at all times the solution is also nonnegative. In addition, all LP norms are preserved.

Stochastic versions of Vlasov kinetic equations have been considered in some re-
cent works, for instance to model random injection or removal of particles in the
system or to model the influence of stochastic (space-time) perturbations of the ex-
ternal vector field E. In [40] the authors prove regularization by noise results for a
class of linear Vlasov equations with transport noise, and similar results are proved
for nonlinear Vlasov—Poisson(-Fokker—Planck) equations in [4]. See also the arti-
cle [34], where it is shown that introducing a stochastic (space-time) perturbation
of the vector field E can prevent collapse in Vlasov—Poisson systems. Variational
integrators are tested for some stochastic versions of the Vlasov equation in the
article [47]. Finally, numerical methods are applied to some linear collisional ki-
netic equations with stochastic perturbation in the diffusion limit in the article [2].
We refer to [36] for a review of numerical methods applied to kinetic PDEs. The
article [28] promotes the application of particle methods to approximate solutions
of Vlasov equations. See also [41] for a description of various numerical approaches.

Our motivation in this work is driven by the perspective of geometric numerical
integration and the desire to illustrate how the qualitative behavior of the solutions
and of well-chosen integrators are modified under stochastic perturbations of various
types. In addition, in this work we do not provide rigorous convergence analysis
for the proposed integrators. To the best of our knowledge, the numerical schemes
constructed below have not been studied previously in the literature.

The numerical schemes considered in this article combine two techniques which
have been extensively studied for the discretization of the Vlasov equation: the semi-
Lagrangian approach [59, 7, 38, 31, 8, 20] and the splitting technique [19, 39, 30, 56].
The lists of references above are not exhaustive. The semi-Lagrangian approach ex-
ploits characteristic curves to express the numerical solution at time t,,1 at grid
points in terms of the numerical solution at time t,, with the application of an
interpolation procedure. The splitting approach consists in decomposing on each
time interval the dynamics into subsystems which can be solved exactly. We briefly
review semi-Lagrangian and splitting techniques when applied to the determinis-
tic linear Vlasov equation in Section 3. In the sequel, we focus on the temporal
discretization and we thus only deal with semi-discrete splitting methods.

Various types of stochastic perturbations of the linear Vlasov equation are con-
sidered. We illustrate below how the properties of the exact solutions differ for each
type of perturbation, and how this needs to be taken into account in the construc-
tion of the splitting integrators. Basic concepts and results on splitting schemes,
when applied to deterministic differential equations, are found for instance in the
monographs [43, 10] and in the review articles [51, 11], see also references therein.
For applications of splitting schemes to the temporal discretization of stochastic



496 C-E BREHIER AND D. COHEN

partial differential equations, we refer the interested reader to the following (non-
exhaustive) list: [50, 29, 3, 32, 53, 16, 17, 5, 13, 12, 14, 15]. In all the considered
stochastic perturbations of the linear Vlasov equation, a similar strategy is applied
to define the splitting schemes: the contributions of the deterministic and stochastic
parts in the evolution are treated separately. In addition, the deterministic part is
always treated by the same Lie-Trotter splitting scheme. For each type of noise
the exact solution for the stochastic contribution is known exactly. Considering
splitting schemes is appealing in our context since this leads to effective explicit
numerical schemes which are able to preserve some qualitative properties of the
exact solutions. This is justified theoretically and demonstrated numerically for all
the stochastic versions of the linear Vlasov equation considered in this work. Let
us now describe these versions and the main results. We refer to Section 2 below
for the notation.

e Additive noise perturbation: in Section 4 we consider the following stochastic
PDE
dfd(t, z,v) + v - Ve 299, 2, v) dt

+ E(x) - vaadd(t7 z,v)dt = dW(t,x,v) ,

fadd(ov €, U) = fO('r7 U) )
see equation (15). The splitting scheme in this case is given by (19). Since
the noise is additive, the solution is a Gaussian process, thus the positivity
or the LP norm of the initial value fy cannot be preserved. Instead, we prove
trace formulas: the second-order moment of the L? norm of the exact solution
grows linearly with time (see Proposition 1). This linear evolution is preserved
for the numerical solution computed using the proposed splitting scheme (see
Proposition 2).
e Multiplicative noise perturbation with Ité interpretation: in Section 5.1 we
consider the following stochastic PDE

df™l(t,z,v) + v - Ve f™(t, z,0)dt + BE(z) -V, f™(t, z,v) dt
= [t 2, 0) AW (t,z,0)
fmI(Oa'r?v) = f0($7’()) B

see equation (27). The splitting scheme in this case is given by (31). Propo-
sition 3 provides the qualitative properties for the exact solution. First, one
has almost sure preservation of the positivity of the initial value. Second, the
mass of the initial value is preserved in expectation. Finally, under an appro-
priate condition on the diffusion coefficients, the second-order moment of the
L? norm is shown to satisfy a simple evolution law. All those properties are
shown to be preserved by the splitting scheme (31), see Proposition 5.

o Multiplicative noise perturbation with Stratonovich interpretation: in Sec-
tion 5.2 we consider the following stochastic PDE

dfmS(t,z,v) +v- Ve f2S(t, x,v) dt
+ B(z) - Vo f™(t,z,v)dt = f5(t,x,v) o dW (t,z,v) ,
fms(o?mvv) = fo(ﬂ?,v) 3

see equation (33). The splitting scheme in this case is given by (38). Propo-
sition 8 provides the qualitative properties for the exact solution. First, one
has almost sure preservation of the positivity of the initial value. Moreover,
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under an appropriate condition on the diffusion coefficients, the second-order
moment of the L2 norm is shown to satisfy a simple evolution law. All those
properties are shown to be preserved by the splitting scheme (38), see Propo-
sition 9.

e Transport noise perturbation: in Section 6 we consider the following stochastic
PDE

df(t,z,v) + v -V f"(t,z,v)dt
+ E(z) - Vo f"(t,z,v)dt + V, f"(t,2,0) ©dW (t,z) = 0 ,
ftr(05$>v> = fo(ﬂ?,’U) )

see equation (39). The splitting scheme in this case is given by (44). Al-
most preservation of positivity and LP norms are stated in Proposition 11 for
the exact solution. We show that those properties are also preserved by the
splitting scheme (44), see Proposition 12.
All the theoretical results mentioned above are illustrated by numerical experiments
for each stochastic partial differential equation (SPDE). Snapshots of the numerical
solutions also illustrate the influence of the stochastic perturbation on the behavior
of the solutions. Even if we do not provide a rigorous convergence analysis, we
conjecture that the proposed splitting schemes are consistent. Moreover, we report
below numerical experiments to investigate mean-square rates of convergence and
identify that in all cases convergence with order 1 is expected to hold. We leave a
convergence analysis and other questions such as treating nonlinear models or con-
structing higher order integrators for future works. Our implementation is based on
the code from [46] and is available under https://doi.org/10.5281/zenodo.10495233.
Sections 4, 5 and 6 below are organized similarly, this allows us to exhibit the
main common or different features of the considered SPDEs and their numerical
discretizations.

2. Notation. The dimension d € N is an arbitrary integer. Let T? = (R/Z)?
denote the d-dimensional torus. For any differentiable mapping f : T¢ x R — R,
let V. f = (é’mf, cee &Cdf) and V, f = (avlf, e avdf) denote the gradients of f
with respect to the spatial variable € T¢ and the velocity v € R? respectively.
For any real number p € [1,00), and any measurable mapping f : T¢ x R? — R,

define
ez, = ([[1steopasa)”s= ([ [ isorasa)’

and set L, = {f; [fllzz, < o}. Below, to simplify the notation we will not
write the domains of the integrals. In addition, for any measurable mapping f :
T¢ x R¢ — R, define

|flz, = esssup [f(z,v)|

(z,v)eT4 xR
and set L, = {f; ||flrz, < oo}

Given a function f : (t,z,v) € R* x T? x R? + f(t,x,v) € R, the notation f(t)
for ¢ > 0 is frequently used in the sequel to denote the mapping (z,v) € T¢ x RY
f(t,x,v). The expression f(t)(z,v) = f(t,x,v) is also often employed below.

To describe the considered class of (stochastic) partial differential equations, let
us denote by E : x € T — E(x) € R? a vector field which is assumed to be of class
C®. In addition, the initial value is denoted by fo : (z,v) € T¢ x R? — fo(x,v) € R
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in the sequel. Below, it is assumed that fy is non-random. Precise regularity and
integrability conditions on f are imposed below.

It remains to describe the setting for the considered stochastic perturbation of
linear Vlasov equations. Let (2, F,P) be a probability space and (]—'t) £0 be a
filtration satisfying the usual conditions. The expectation operator is denoted by
E[-]. Let K € N be an integer, and let (ﬂk)1<k<K be a family of independent
standard real-valued Wiener processes, adapted to the filtration.

In Sections 4 and 5, the stochastic perturbation is of additive or multiplicative
type, and is written as a real-valued Wiener process defined by

K
W(t,x,v) = Z Br(t)op(z,v), t=0,zeTveR? (1)
k=1

where oy, : (z,v) € T? x R? — o (x,v) € R are real-valued mappings, for 1 < k < K.
In Section 6, the stochastic perturbation is of transport type and it does not
depend on of the variable v. It is written as a R%-valued Wiener process defined by

K
W(t,x) = Z Br(t)oy(z), t=0,2eT?, (2)
k=1

where 0 : v € T¢ — 0jx(x) € R are real-valued mappings, and for all z € T4 one
has o (x) = (lek(x), e ,Jdvk(x)) e R? .

The notation W (t) is also used below for the random mapping (z,v) € T? x
R? s W (t, x,v), associated with (1) while the notation W (¢) stands for the random
mapping = € T? — W (¢, z), associated with (2) respectively, for all ¢+ > 0. We refer
for instance to [33, Chapter 4] and [49, Chapter 10] for details on Wiener processes
and stochastic integrals with values in Hilbert spaces.

It is assumed that the mappings o) and 0%, 1 < j <d, 1 <k < K are of class
C*®. Further growth or integrability conditions on these mappings are imposed
below depending on the considered class of problems.

Finally, the numerical methods considered in this paper use the following nota-
tion. For the temporal discretization, the time-step size is denoted by 7. Without
loss of generality, it is assumed that 7 € (0,1). For any nonnegative integer n > 0,
set t,, = n7, and introduce Wiener increments

Bemn = Br(tns1) — Br(tn) , 1<k<K. (3)

The random variables (T_%(S,Bmk-) are independent standard real-valued

n>0,1<k<K
Gaussian random variables (with mean equal to 0 and variance equal to 1).
Increments of the Wiener processes defined by (1) and (2) are given for any

nonnegative integer n = 0 by

JWn(xv’U) = W(tn+1,x,v) - W(tn,x,v)

K
= Z 6Brmok(z,v), (x,v)eT?xRY, (4)
k=1

K
W (z) = W(tns1,2) = W(tn, ) = > 6Bknon(z), zeT%  (5)

k=1
In this work, we focus on the temporal discretization of stochastic linear Vlasov
equations. However, practical implementation requires some discretization proce-
dure with respect to the spatial and velocity variables z € T¢ and v € R%. In
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the numerical experiments below, a semi-Lagrangian approach is employed, see for
instance [59, 7, 38] or [37, Chapter 6]. The semi-Lagrangian approach exploits
characteristic curves to express the numerical solution at time t,,1 at grid points
in terms of the numerical solution at time ¢,. Since the characteristic curves in
general do not hit grid points, an interpolation procedure is employed to the nu-
merical solution at time ¢,,. Note that, in order to preserve the positivity property
of solutions to the considered SPDEs (see below), we use a linear interpolation
in the implementation of the studied numerical schemes. However the analysis of
semi-Lagrangian discretization is out of the scope of this work. The mesh sizes with
respect to the spatial and velocity domains are denoted by dx and dv respectively.
Since the velocity space R? is unbounded, in practice a truncation procedure at
large velocities v is imposed, whereas for the spatial variable z, periodic boundary
conditions are used. Besides, the verification of trace formulas and evolution laws
for some moments of the solutions and the study of mean-square convergence re-
quire a Monte Carlo averaging procedure in order to compute approximate values
of expectations.

3. Preliminaries on the deterministic linear Vlasov equation. The objec-
tive of this section is to provide basic and well-known background on the determinis-
tic version of the linear Vlasov equation, before considering stochastically perturbed
versions in the next sections. Some notation and fundamental properties introduced
below are employed in the sequel. We study the linear Vlasov equation

Oefe(t, 2, v) + v - Vo fO(t z,0) + E(x) - Vo fI(t,z,0) = 0,
t>02eTveR?, (6)
40, z,v) = fo(z,v), zeT%veR?,

where the unknown is a mapping f9° : (t,2,v) € R* x T? x R? v fdet(¢ 2 v) e R.

Under appropriate regularity and integrability conditions, given any initial value
fo, the partial differential equation (6) admits a unique solution.

3.1. Analysis and properties of the problem. The solution of (6) can be con-
structed using solutions of the associated ordinary differential equation

Let (d)t) +cr denote the associated flow of this differential equation. Recall that this

means that for any initial value (z¢,vo) € T¢ x R?, the solution at time ¢ > 0 is given
by (¢, v) = ¢r(xo,v0). In addition, the flow map property ¢4 = @0, is satisfied
for all t, s € R. Finally, for all t € R, the mapping ¢; is a smooth diffeomorphism and
one has (¢;)~! = ¢_;. Since the vector field (z,v) : T¢ x R? — (v, E(x)) € R¢ x R?
does not depend on the time variable, (¢; ') ver = (¢—1) ,cp 1s obtained by reverting
time in the dynamics (7), i.e. by considering the flow of the ordinary differential

equation
J.}t = —U¢
i)t = *E(It)

The flow ((bt) .cp associated with (7) satisfies a remarkable property: it preserves
the volume in T x R%. This can be written as follows: for any integrable function
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¢ : T x RY - R, one has

H (64 (2, v)) da dv — ﬂm,u)dx dv.

We are now in position to recall the links between the Vlasov PDE (6) and the
ODE system (7). On the one hand, assume that (f9°*(¢)),_  is solution of the

20
PDE (6), then for any solution (z¢,v),_, of the ODE system (7), applying the
chain rule, one has

t=0

ddet(t7 Ty, Vt)
dt
As a consequence, for all t > 0, zo € T¢ and vy € R?, one has

FAUE, pe(wo,v0)) = FIU(t, 2, v0) = FIN(0,20,v0) = fo(xo, o)
Therefore the ODE system (7) provides characteristic curves for the Vlasov equa-
tion (6). This gives a strategy to solve (6) by the method of lines: the solution f(¢)
at any time ¢t > 0 is given by

fEt ) = fo(ér (w,0) , zeTveR™ (8)
On the other hand, under sufficient regularity conditions, one can check that the
mapping f4°t : (t,7,v) € RT x T? x R? v fdet(t 2, 0) € R defined by the expres-
sion (8) solves the Vlasov equation (6).

The expression (8) leads to define a group of linear operators (S’ (t)) i=p as follows:

= 0.

for all t € R and any measurable mapping f : T% x R¢ — R, set

St f = fler' (). (9)
The group property S(t + s) = S(¢)S(s), t,s € R, follows from the group property
of the flow (d)t)teR.
Let us describe some remarkable properties of solutions of the Vlasov equa-
tion (6), which are considered below for stochastic perturbations of this PDE and
for its numerical discretization. Let fd°t(¢) = S(t)fy for all ¢ > 0.

e Preservation of positivity. Assume that fo(x,v) = 0 for all (z,v) € T¢ x R9,
Then one has f4¢*(¢,z,v) > 0 for all t = 0 and (z,v) € T? x RY.

e Preservation of integrals. Let ® : R — R be a real-valued measurable map-
ping. Then for all ¢ > 0 one has

H@(fdet(t,x,v))dxdv = ch(fo(x,v))dxdv.

e Isometry property. For all p € [1,00] and ¢ > 0, the linear operator S(t) :
L?, — L is an isometry: if fo € L2, then fI°(t) = S(t)fo € Lk, for all

t >0 and

[ @Oz, = 15O follz,, = 1folz,,-
The preservation of positivity and the preservation of the L7’, norm are straight-
forward consequences of the expression (8). The preservation of integrals property
follows from the preservation of volume by the flow (gbt) and implies the isometry
property above when p € [1, ) by choosing ® = | - |P.
Finally, the preservation of volume by the flow (gbt)

teR

=0 also implies the following

result. Assume that fy € L., then for any bounded and continuous function

z,v’

¢ :T? x R? - R and for all ¢ > 0, one has

ﬂ £t 2, 0) o, v) da do = H F(0, 2, 0) (0, v)) da do.
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The properties above provide a possible probabilistic interpretation of solutions
to the Vlasov PDE (6). If the initial value f; is a probability density function, in
particular, this requires the conditions fo > 0 and | fo[ 1, =1, then for all ¢ > 0,
the mapping f4¢t(t) = S(t) fo is a probability density function. If (Xp, Vo) is a T x
R?-valued random variable having density f, with respect to the Lebesgue measure,
then f9°t(¢) is the density with respect to the Lebesgue measure of the random
variable (X;,V;) = ¢¢(Xo,Vo). In other words, f4(¢) is the probability density
function associated with the transport by the dynamics (7) of the distribution fy of
the initial values (zg,vp). In some contexts, in particular for Hamiltonian dynamics
(E = —VV where V : T — R is a smooth mapping), the Vlasov equation (6) is
referred to as the Liouville equation associated with the dynamics (7).

3.2. Numerical approximation. Let us describe numerical integrators applied
to the linear Vlasov equation (6). As already mentioned, we focus on temporal
discretization only in this work. To approximate solutions and preserve the proper-
ties mentioned above, it is natural to rely on splitting integrators. We only present
Lie—Trotter versions, for simplicity and motivated by the fact that stochastic per-
turbations usually lead to numerical methods which are of strong order less than
2 (the usual order of Strang splitting for deterministic problems, see for instance
[22, 59, 39, 19]). Let us mention that high-order numerical schemes for the de-
terministic part of the problem (for instance using a Strang splitting instead of
a Lie-Trotter splitting) could however be of interest for stochastic problems with
small noise, see for instance [52, Chapter 4].

The principle of splitting integrators is to combine solutions of subsystems of
evolution equations which can be solved exactly. For the deterministic linear Vlasov
equation (6) it is natural to decompose the problem into the two subsystems

Ouft(t,z,v) +v-Vaftt,z,v) =0, t=0,zeT%veR? (10a)
O f2(t,x,v) + B(x) - Vo f2(t,z,0) =0, t=0,zeTveR% (10b)
Let (S'(t)),.p and (52(t)),.z be the associated groups of linear operators: the
solutions at time t > 0 of (10a) and (10b) are respectively f(t) = S*(t)fo and

f2(t) = S2(t) fo, where for all t € R, z € T, v € R? and any measurable mapping
f: T4 x R* - R, one has

S'(t)f(z,v) = fz —tv,v)
SQ(t)f(x’U) = f(.Z‘,U - tE(.’l?))

Note that the partial differential equations (10a) and (10b) are associated with the
ordinary differential equations

i = v} @ =0
g and 5 )
v; =0, vy = E(xy),
for which expressions of the exact solutions are known: for all ¢ > 0, one has

(t,01) = &1 (25, v0) = (x5 + tvg, v5)

(x?,v?) = (b?(:bg,vQ) = (w%mg + tE(x%))

The link between the Vlasov equation (6) and the dynamics (7) is retrieved for the
subsystems (10a) and (10b) and the associated dynamics: for all ¢ > 0 and any
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measurable mapping f : T¢ x R? — R one has
S'OF=f((@)7'0) . S*Of=F((61)71() (11)

where (@), and (¢7),., are the flows associated with the dynamics introduced
above.

As a consequence, it is straightforward to check that the properties stated above
for solutions of the Vlasov equation (6) (preservation of positivity, preservation
of integrals and isometry property) and the interpretation of the solution as the
probability density functions associated with the transport by dynamics of the dis-
tribution of initial value, persist for the solutions of the subsystems (10a) and (10b).

Applying the Lie-Trotter splitting method yields to the definition of the following
numerical method for the deterministic linear Vlasov equation (6): set fJ¢ = f,
and for any nonnegative integer n = 0, set

nin = S2(1)SH () £ (12)

Using the definitions(11) of S'(¢) and S?(t) above, one has for all n > 0, z € T¢
and v € R?

i (@,0) = (S2()SH(T) i) (@, 0) = (S f3) (@, v = TE(x))
= fid(y — 70 — 2 E(x),v — TE(2)).

With that expression, it appears that the scheme (12) can be interpreted as a
discrete version of the expression (8) for the exact solution of (6), where the flow ¢
is approximated using a splitting integrator based on the two subsystems of ordinary
differential equations above.

It is straightforward to check that the properties stated above for the exact
solution of (6) also hold for the Lie-Trotter splitting scheme (12), for any value of
the time step size 7. In particular, one has the following results.

e Preservation of positivity. Assume that fo(x,v) = 0 for all (z,v) € T¢ x R9,
Then for all n € N one has f3(z,v) > 0 for all (z,v) € T¢ x R%

e Isometry property. Let p € [1,00] and assume that fy € L% . Then for all
n > 0 one has fdet e LP and

xz,v
Ifalze, = Ifollre, -

We conclude these preliminaries on the deterministic linear Vlasov equation (6)
with a numerical experiment with the goal to illustrate the behavior of the solution
to the linear Vlasov PDE (6), in dimension d = 1. In Figure 1 below, snapshots at
times {0,0.5,1,1.5,2, 2.5} of the numerical solution computed using the Lie-Trotter
splitting scheme 12 are displayed. We consider a standard two-stream instability
test case: the initial value fy is given by

—v?/2

f()(iU,'U) = e\/%

The two-stream instability has been extensively used to illustrate wave-particle
interactions since the seminal paper [35], see also for instance [9, 45, 22]. In addition,
the vector field E is given by

E(z) = cos(2mz) , xe€T. (14)

(14 0.05cos (21z))v? , zeT,veR, (13)

The discretization parameters for Figure 1 are dz = 5(1)0, ov = é&), and 7 = 0.1.
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FIGURE 1. Snapshots: approximation of the solution of the
deterministic PDE (6) with initial value fy given by (13),
at times {0,0.5,1,1.5,2,2.5}, using the Lie-Trotter splitting
scheme (12) with time-step size 7 = 0.1.

4. The stochastic linear Vlasov equation perturbed by additive noise. In
this section, we consider a version of the linear Vlasov equation (6) perturbed by
additive noise of the type (1): for ¢t > 0, z € T¢, v e R?

{dfadd(t,x, v) +v- Ve f29%, z,0)dt + E(z) - V, f249(t, 2, v) dt = AW (t, z,v),

fadd(ovxﬁv) = fO(‘Ta U)'
(15)

4.1. Analysis and properties of the problem. We recall that the initial value
fo is assumed to be non-random. The solution of the stochastic partial differential
equation (15) can be interpreted in different ways, as explained below. Those inter-
pretations are equivalent under appropriate regularity and integrability conditions.

On the one hand, using the group (S(t)) g Of linear operators given by (9) in
Section 3 and the definition of the noise (1), one can consider mild solutions in the
sense of [33, Chapter 5], see also [49, Section 10.4] for instance: for all ¢ > 0, one
has

t

29y = S(t) fo + j

0

Kt
S(t—s)dW(s) = S(t)fo+ . L S(t— s)o,dBu(s), (16)
k=1

where Sf) S(t — s)dW(s) is considered as a stochastic integral with values in the
Hilbert space L2 ,, see [33, Chapter 4]. On the other hand, using the expression (9)

T,V

for the linear operator S(t), one has for all t > 0, x € T? and v € R¢

Kt
fadd(t7wrv) = f0(¢;1($,v)) + Z J;) Uk(qst_—ls(w7v))dﬁk(3)7 (17)
k=1
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where (¢;) +r denotes the flow of (7).

Finally note that the expression above can be retrieved by applying the Ito—
Wentzell formula (see Appendix A for the statement): if ¢ — (24, v:) = @¢(20,v0)
is the solution of the ordinary differential equation (7) with arbitrary initial value
(g,v9) € T? x RY, and if the solution of (15) is sufficiently regular, then the
stochastic process t € R* + f2dd(¢ ;. v;) satisfies

K

dfadd t, T¢, V) Z (@, v¢) dBi(t)

i
fadd(ta xt7vt) = fO(‘T(vaU) + Z J O_k(xSaUs) dﬂk(S)
k=10

Let us now study properties of the solution to the SPDE (15). First, note that
the random field (t,z,v) € RT x T? x R? + f2dd(¢ 2 v) is Gaussian. Owing
o (17) one has E[f249(¢t, z,v)] = fo(o; '(x,v)) = fI(t,z,v) for all t > 0, = €
T and v € R?, where (f9°(¢)) +>0 18 the solution of deterministic linear Vlasov
equation (6) with initial value fy. The covariance structure of the Gaussian process
E[f244(ty, 21, v1) f299(t2, 29, v2)] is computed using It6’s isometry formula applied
o (17): for all t1,ty > 0, 21,72 € T? and vy, v, € RY one has

B[4 (1, 1, 01) f24 (b2, w2, v2)] = fo(7, (w1, v1)) fo(7; (w2, v2))

K r~min(ty,t2)
+ ZJ or(0p, " o(21,01)) 0k (p," (w2, 02)) ds.
k=170

Since the solution to the SPDE (15) is a Gaussian process, the preservation
properties satisfied in the deterministic case cannot be satisfied. However, one
has the following remarkable property, which is often called a trace formula in the
literature, see for instance [60, 44, 18, 58, 57, 26, 1, 25, 21, 27, 13].

Proposition 1. Assume that o}, € L2, for all 1 < k < K, and that fo € L2,
Let (fadd(t))t>0 be the solution of the SPDE (15) driven by the additive noise (1).

Then for all t = 0 one has f*4(t) € L*(Q, L2 ) and

K
E[ 0B 1= [l + Y lowls . (18)

k=1
The trace formula (18) is proved below using the two formulations (16) and (17).
First proof of Proposition 1. Choosing t; =ty =1t, 1 = 29 = x and v1 = v3 = v in

the expression of the covariance above, and integrating with respect to the variables
z and v, one obtains

E[||f244(t) HL2 f [£244(t, z,v)?] dz dv

J fo(o; " (x,v) dxdv—l—kzlf jf [0 (¢ (z,v))?] da dv ds
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- H Fola,0)? da dv + ki Lt HE[ak(x,v)ﬂ] dz dv ds

K
= folZ,, +t > lokliz

k=1

using the fact that for all + > 0 the mapping ¢; preserves volume in T¢ x R?, see
Section 3. O

Second proof of Proposition 1. Using the mild formulation (16) of the solution f(t)
of (15), the It6 isometry formula in the Hilbert space L2 , (see for instance [49,
Theorem 10.16]), and the isometry property for the linear operators S(t) : L2,
L2, (see Section 3), for all ¢ > 0, one has

B[ 02 1= EIISO fl2: ] Z f IS(t = s)oulZa  ds

EllAl3: ] Z [ 1ot 0

E[lfolZ2 ] +t2 lowlZ: |

O

4.2. Splitting scheme. Let us now describe the proposed numerical scheme for
the temporal discretization of the SPDE (15). The strategy is to use a splitting
method in order to treat first the deterministic part, second the stochastic part.
Using the Lie-Trotter integrator (12) for the deterministic part yields the following
scheme: given the initial value fy and the time-step size 7 € (0, 1), set f3dd = f,
and for any nonnegative integer n > 0 set

K
299 = S2(1)SH (1) £30 4 W, = SH)SH ) SR+ D 0Bunonk,  (19)

k=1
where the Wiener increments 6W,, and §3,, i are given by (4) and (3) respectively,
see Section 2. The scheme (19) can also be written as follows: for all n > 0, € T¢

and v € R? one has
K

add (z,v) = f292 — 70 — 72E(2),v — TE(x)) + 2 05 (2,0)0Bn, k- (20)
k=1

The main result of this section states that the Lie-Trotter splitting scheme (19)
preserves the trace formula from Proposition 1 for all times and for any value of the
time-step size 7.

Proposition 2. Assume that o}, € L2, for all 1 < k < K, and that fo € L2,
Let (fﬁdd>n>0 be given by the Lie—Trotter splitting scheme (19) with time-step size
€ (0,1). Then for any nonnegative integer n > 0, one has f24% e L?(Q, L2 ) and

K
E[ £ 52 1= 1folZ, , +ta D, lowlis . (21)

where t, = nrt.
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To obtain the trace formula (21), it suffices to prove that for any nonnegative
integer n = 0 one has

E[/2 B 1= BIA 147 Y lonl3s -

Like for Proposition 1, two proofs are given below.

First proof of Proposition 2. Observe that for all x € T? and v € R? the ran-
dom variable f244(z — 7v — 72E(x),v — 7E(7)) and the Gaussian random vari-
able (6ank)1<k<1< are independent. Using the expression (20), one obtains, for all

(z,v) € T? x R?, the identity

E[fadd (7, 0)%) = ELf3% (@ — to — P B(e),0 ~ 1B (x i
Note that applying twice a change of variables formulas one has :
ffE[fzdd(x —7v—T12E(x),v — TE(2))*]dedv = ffE[fﬁdd(x — 7v,v)?]dz dv
= J E[f244(z, v)?] dz dv.

Integrating with respect to the variables x and v, one then obtains

Ell£2940%, ] j f 7299 (2, 0)2] da do
K
= J E[f244(z, v)?] dzdv + 7 Z ffak(x,v)Q dz dv
k=1

K
E[£252 1+ 7 X lowl?
Li,u T k L%,'v'

O

Second proof of Proposition 2. Observe that the random mapping f249 and the
Gaussian random variable ((5 ﬂn,k)l k< Are independent. Using the isometry prop-

erty for the linear operators S*(7), S?(7) : L2, — L2, one then obtains

x,v)

K
E[I£294)3: ] = E[IS*@)S (M3 147 Y lowlis
k=1

K
B[ 2403 1+7 ), loxl3s -
k=1
O

4.3. Numerical experiments. We begin the numerical experiments by illustrat-
ing the behavior of the linear Vlasov equation perturbed by additive noise (15), in
dimension d = 1. Like for Figure 1 in the deterministic case (see Section 3), the
initial value fj is given by (13) and the vector field E is given by (14).

The noise perturbation is given either by

o1(z,v) = cos(v)ljy<3, zeT,veR, (22)
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or by

o1(z,v) =sin(v)l},<3, reT,veR, (23)
with K = 1 in both cases. In Figures 2 and 3 below, snapshots at the times
{0,0.5,1,1.5,2, 2.5} of the numerical solution computed using the Lie-Trotter split-
ting scheme 19 are displayed, with o1 given by (22) and (23) respectively. The
discretization parameters are given by dx = Wlm ov = 540—”0, and 7 = 0.1. One ob-
serves that the solutions behave differently from the deterministic case displayed in
Figure 1. One also observes major differences between Figures 2 and 3 which are due
to imposing a noise perturbation which is either symmetric or skew-symmetric with
respect to the velocity variable v. Recall that the average value E[f2d4(¢, x,v)] =
faet(¢, x, v) is solution of the deterministic PDE (6), which justifies the persistence
of the deterministic behavior and of the influence of the initial condition in the
snapshots.

Time = 0

03
025
02
v v
015
, o1 -
b 005 "
K )
02 04 06 08
x

Time = 1.5

FIGURE 2. Snapshots: approximation of the solution of the sto-
chastic PDE with additive noise (15) with initial value fy given
by (13), with o1 given by (22) at times {0,0.5,1,1.5,2,2.5}, using
the Lie-Trotter splitting scheme (19) with time-step size 7 = 0.1.

We continue these numerical experiments with Figure 4 in order to illustrate the
trace formula (21) from Proposition 2 for the L2 ,-norm of the Lie-Trotter splitting
scheme (19). Let d = 1 and T = 1, the initial value fy is given by (13) and the
vector field FE is given by (14). For the noise perturbation, one has either K = 1
and

o1(z,v) = 0.5sin(v)1},<s, (24)
or K =2 and
o1(x,v) = 0.5¢7""/2 cos (2rx), oa(z,v) = 0.5¢7""/2 sin (27x), (25)

for all z € T and v € R. The discretization parameters are given by dx = ﬁ,

ov = %, and 7 = 0.1. The expectation in the trace formula (21) is approximated
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Time = 0 Time = 0.5 Time = 1

FIGURE 3. Snapshots: approximation of the solution of the sto-
chastic PDE with additive noise (15) with initial value fy given
by (13), with oy given by (23) at times {0,0.5,1,1.5,2,2.5}, using
the Lie—Trotter splitting scheme (19) with time-step size 7 = 0.1.

by a standard Monte Carlo averaging procedure over 10° independent samples.
The exact line in Figure 4 corresponds to the trace formula (18) from Proposition 1
satisfied by the exact solution. Even if Proposition 2 states that the Lie-Trotter
splitting scheme (19) preserves the trace formula at all times ¢,, = n7, some error is
visible. This may be due to the discretization procedure with respect to the spatial
and velocity variables z and v, in particular since a truncation procedure for large
v is applied. We have verified that increasing the Monte Carlo sample size does not
seem to reduce the error visible in Figure 4.

O Lie-Trotter O Lie-Trotter ]
Exact Exact

Tracel2

0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
Time Time

(A) Noise given by (24), K = 1. (B) Noise given by (25); K = 2.

F1cURE 4. Trace formula: illustration of Proposition 2 when ap-
plying the Lie-Trotter splitting scheme (19) to the SPDE with
additive noise (15) with time-step size 7 = 0.1.
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The final experiment in the additive noise case is devoted to investigate the mean-
square order of convergence of the Lie-Trotter splitting scheme (19). In Figure 5,
a loglog plot displays how the error

fupE[ fadd (z,v) — faddief (3 4)|2]

converges to 0 when 7 decreases, where x,v are grid points, the reference solution
faddref g computed using the splitting scheme with time-step size 7ot = 2714, The
time-step size 7 takes values in {277,...,2713} and the expectation is computed
using a Monte Carlo averaging procedure over 500 independent samples. Note that
the sample size used to illustrate the behaviour of the mean-square error is much
smaller than the sample size used for the illustration of the trace formula in Figure 4
above. This is due to the fact that the variance also decreases when 7 decreases.
We have verified that increasing the Monte Carlo sample size does not significantly
modify the behaviour of the mean-square error observed below. The discretization
parameters are 6x = ﬁ, ov = 247”0. The final time is given by T' = 0.5, whereas fj
and E are again given by (13) and (14) respectively. Like for Figure 4 above, the
noise is given by (24) or (25). Based on these numerical experiments, we conjecture
that the order of mean-square convergence of the scheme (19) is equal to 1. We
leave the rigorous verification of this conjecture for future works.

M, = 500 M, = 500

—E— Eror LT f —E— Eror LT
— — Slope 1 — — Slope 1
— — Slope 1/2 — — Slope 1/2

10 10° 102 10 10° 102
™ ™

A) Noise given by (24), K = 1. B) Noise given by (25), K = 2.
(a) g y g Y

FIGURE 5. Mean-square errors: Lie-Trotter scheme (19) applied
to the SPDE with additive noise (15) driven by one-dimensional
noise (K = 1, left) and two-dimensional noises (K = 2, right).

5. The stochastic linear Vlasov equation perturbed by multiplicative
noise. In this section, we consider stochastic perturbations of the Vlasov equa-
tion (6) where the noise is multiplicative. In the analysis and applications of sto-
chastic (partial) differential equations, it is well-known that several interpretations
of multiplicative noise perturbations are possible. The It6 interpretation of the
noise is considered in Section 5.1, then the Stratonovich interpretation is consid-
ered in Section 5.2. The objective of this section is to explain how to construct
numerical schemes which are consistent with the two possible interpretations of the
multiplicative noise, and to investigate which properties of the exact solution can
be preserved at the discrete level.
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In this section, the following condition is imposed: for all 1 < k < K, the mapping
(xz,v) — op(x,v) is bounded. Some arguments below hold assuming in addition that

there exists a real number o such that the mapping Zszl o? is constant equal to

o2

K

Z op(z,v)? =1 0%, V(z,v)eTx R (26)

k=1
For instance the condition (26) is satisfied if d = 1, K = 2, oy (z,v) = cos(27wz) and
oa(x,v) = sin(27z), with 0 = 1. Note that this two-dimensional noise leads to a
different dynamics for the SPDE than the case K = 1 and o1 (z,v) =0 = 1.

5.1. Itd interpretation. We consider the following linear Vlasov equation driven
by multiplicative noise interpreted in the Itd sense: for ¢ > 0, z € T, v e R?

df™i(t, z,v) + v - Ve f2Nt, z,0) dt + E(x) - Vo f™ (¢, z,v) dt
= ot x,0) AW (¢, z,v), (27)
fmI(Oa xz, U) = fO(mv U) ;
where the noise is defined by (1).
5.1.1. Analysis and properties of the problem. Like in the additive noise case (Sec-
tion 4), let us consider several ways to define and deal with solutions of the
SPDE (27).

On the one hand, using the group (S(t)),_, of linear operators given by (9) in
Section 3, one can consider mild solutions: for all ¢ > 0, one has

) = St fo + j S(t — ) [ (s) AW ()
(25)
Do+ Y. j S(t = (" (s)o) ().
k=10

On the other hand, using the expression (9) for the linear operator S(t), one has
forall t =0, z € T4 and v € R¢

F ) = folr! Z f s, 678 (o, 0))ow (67 (2, ) dBi(s). - (29)

Finally, the connection with the ordinary differential equation (7) can also be seen
by applying the It6—Wentzell formula (see Appendix A): if t — (x4, v) = ¢(x0,v0)
is the solution of the ordinary differential equation (7) with arbitrary initial value
(wg,v0) € T? x R, and if the solution of (27) is sufficiently regular, then the
stochastic process t > 0+ f™I(¢, x;,v;) satisfies

df™l(t, xy,v4) Z ot e, ve) o (24, v0) dBr(t). (30)

The formula (30) allows to retrieve the expression (29) of f™I(¢,z,v) above by
writing (z4,v:) = ¢¢(z, ).

Let us now describe the properties of the solutions of the SPDE (27).
Proposition 3. Let (fml(t))t>0 be the solution of the SPDE (27) with (non-
random) initial value fo. One has the following properties.
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e Preservation of positivity. Assume that fo(x,v) = 0 for all (z,v) € T¢ x R?,
Then one has ™ (t,z,v) = 0 almost surely for allt = 0 and (z,v) € T x R,

e Preservation of the expected mass. Assume that fo € L. ,. Then almost
surely one has f™(t) € Ly, for allt >0, and

J E[f™(t,z,v)] dz dv = J fo(z,v) dx dv.

e Evolution law for the L? norm. Assume that fo € L2, and that the condi-

)

tion (20) is satisfied. Then one has f™(t) € L*(Q, L2 ) for allt >0, and

m 0'2
E[lf™®)72 1= "I fol2
Proof of Proposition 3.

e Owing to the expression (30) of the solution and applying a comparison prin-
ciple for solutions of stochastic differential equations, one has f™(t, z¢,vs) = 0
almost surely for all ¢ > 0, and for any arbitrary initial value (zg, vo) € T¢ x R9.
Choosing (z9,v9) = ¢; ' (z,v) then yields f™ (¢, 2, v) > 0 almost surely for all
(t,z,v) e Rt x T x R4,

e Owing to the expression (29) of the solution using the flow (qbt) tere One has
forallt >0

JJE[fmI(t,x,v)] dz dv

J fo(o ))dz dv
+ kZ ﬂ f (67, 0) (5,677 o, ) ()] do o

= J fo(z,v) de do,
since the expectation of the stochastic It0 integral vanishes and since ¢; pre-
serves the volume in T x R? for all t > 0.

e Owing to the expression (29) of the solution using the flow (¢t) rere 2Pplying
[t6’s isometry formula yields

H [F™L(t, z,v)?] dxdv_ffo 2dzdv

+ ;JO ”E[%(¢Z_ls(x, )2 (s, ¢ (2,0))? ] de duds

= Jf fo(z,v)?dzdv + kilJ: ffE[ok(:v, v)2 (s, 2, 1})2] dx dv ds,

since the mapping ¢;_, preserves the volume in T¢ x R? for all t > s > 0.
Using the condition (26) then yields the identity

ff [F™(t, x,v)?] dxdv—f folo 2dz dv

+0° L J E[f™(s,2,v)?] dzdvds.
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This implies that for all £ > 0 one has

m 0'2
Eflf™ 012 1= folZ: -
O

Remark 4. The evolution law for the L? norm in Proposition 3 can be proved by
an alternative approach: using the expression (28) of the mild solution, and using
the Ito isometry formula in the Hilbert space L2, one has

T,V

Kt
EW“W@J=W@h@w+ZLEWW—MP%wM@J@
k=1

Kt
~lfolfs, + 3, [ B ) T s
k=1

since the linear operator S(t —s) : L2, — L2 , is an isometry, for all t > s > 0.
When the condition (26) is satisfied, one has

K
2™ s)anlzs =PI ()2

k=1

and the conclusion is obtained as in the proof above.

5.1.2. Splitting scheme. Let us now describe the proposed numerical scheme for the
temporal discretization of the SPDE (27) driven by multplicative Itd noise. Like
in the additive noise case presented in Section 4, a Lie—Trotter splitting strategy
is applied. The treatment of the deterministic part is not modified. The auxiliary
stochastic subsystem with multiplicative It6 noise

df(t,z,v) = f(t,z,v)dW(t,z,v) , (t,z,v)eR" x T x R?
is solved exactly: for all £ > s = 0, one has

(t=s) 3K | op (2,0)2
(s))———=k= T

f(t,z,v) = eZkK=1 o, (Br(t)—PBr(s f(s,z,v), ¥ (z,v)€ T % RY.

Using the Lie-Trotter integrator (12) for the deterministic part and combining the
discretizations of the deterministic and stochastic parts yields the following scheme:
given the initial value fy and the time-step size 7 € (0, 1), set il = fo and for any
nonnegative integer n = 0 set

ity = 8%(r) St (r) £

vK L2
X ok (,0) 8 — D=L i

(31)
foii(z,v), ze T, v e RY,

1
(T, v)
where the Wiener increments 6, ;, are given by (3) in Section 2.

The Lie-Trotter splitting scheme (31) satisfies the same properties as the exact
solution stated in Proposition 3.

Proposition 5. Let (ffl‘ﬂ)n>0 be the solution of the Lie—Trotter splitting scheme
(31) with initial value fo. One then has the following properties.
e Preservation of positivity. Assume that fo(x,v) = 0 for all (z,v) € T¢ x R?,
Then for any time-step size T € (0,1), one has f™(z,v) = 0 almost surely for
any nonnegative integer n = 0 and all (z,v) € T x R
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e Preservation of the expected mass. Assume that fo € L} ,. Then almost

surely one has f™l e L1 w Joralln =0, and

Jj (z,v) dxdv—ffoa:v ) dx dv.

e Evolution law for the L* norm. Assume that fo € L2, and that the condi-
tion (26) is satisfied. Then one has fi' € L2(Q, L2 ) for alln >0, and

2
B[ £22, ] = e | folZa .
where t, = nt.

Concerning the positivity-preserving property, a similar splitting scheme has been
proposed in the recent work [15] for another class of SPDEs.

Proof of Proposition 5.

e The proof of the positivity preserving property is performed by recursion. It
is satisfied if n = 0 since fi" = fo. Assume that f™(x,v) > 0 almost surely
for all (x,v) € T¢ x R%. Owing to the positivity preserving property for the
deterministic problem (see Section 3), one has for all (z,v) € T¢ x R?

Fty (@, 0) = (S2(r)SH () i) (w,0) = [t (@ — to — 2 B(x),0 — tE(x)) > 0

(t—s) 2| op(z,0)?

T A COET )

Therefore one has f™! (z,v) > 0 almost surely for all (z,v) € T¢ x R%.

e Observe that the random variables A,Til(x,v) and (557171@)1 <n<p are inde-

pendent. As a result, using the well-known expression for the exponential
moments of Gaussian random variables, one has

JJIE[ff;ﬂl(x, v)]dedv = J—[E[GZ£{=1 5Bn ko (z,0)—F Yy Uk(mv”)z] E[ 7?:{1(33 v)] dz dv

Jf ml (z,v)] dz dv.

Finally, one has fl, = S2(7)S* () f! owing to (31), where the linear oper-
ators S1(7) and S%(7) preserve the integral, thus one obtains the identity

JJ ml (z,v)]dzdv = JJ [foL (z,v)] de dv = JfE[ff;‘I(x,v)] da do.

e Applying the same arguments as above, one obtains

Bl £ 5 ] H [2 SE0s 71 (@380 =7 S @) [E[ 0 (5, 0)?] da do

= fJeTZkﬂ"k(w’”)QE[ fol (,0)%] dz do.
Then using the condition (26) and the expression f ml = §2(r) S (7) f1 gives

E(lfhi 13z ] = e TE[(S* (DS () £ 72 ] = ¢ TElL£ME2 ),

using the fact that S'(7) and S*(7) are isometries from L2, to L2 . The
evolution law then follows from a straightforward recursion argument.

O
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Remark 6. If the noise in the SPDE (27) is a purely temporal Wiener process, i.e.
W(t,z,v) = B(t) for all (t,z,v) € Rt x T x R? where (B(t))t>0 is a standard real-
valued Wiener process, then the exact solution of (27) and the numerical solution

given by (31) can be written
fo) = PO ez 05 =PRI s,

where (fdet(t))t>0
by (8), and ( fﬁet)n>o is given by the deterministic Lie-Trotter splitting scheme (12).

In that situation, Propositions 3 and 5 are straightforward consequences of the
results described for the deterministic problem in Section 3.

is the exact solution of the deterministic equation (6), given

Remark 7. Applying the standard Euler-Maruyama scheme to treat the stochastic
part of (27) provides the scheme

K
PN = S2(7)SN () F Y B pern S,
k=1
That scheme does not satisfy the positivity preserving property and the evolu-
tion law for the L? norm stated in Proposition 5 for the proposed Lie-Trotter
scheme (31).

5.1.3. Numerical experiments. We begin the numerical experiments by illustrating
the behavior of the linear Vlasov equation perturbed by multiplicative It6 noise (27),
in dimension d = 1. In all the experiments below, the initial value fy is given by (13)
and the vector field F is given by (14). The discretization parameters are given by
or = ﬁ, v = g%, and 7 = 0.1. The snapshots of the numerical solution at
times {0,0.5,1,1.5,2,2.5} computed using the splitting scheme (31) are provided in
Figures 6 and 7, with K = 1 and diffusion coefficient o7 given by (22) and (23)
respectively. In both experiments, one observes that the solution remains nonnega-
tive, which illustrates the positivity preserving property stated in Proposition 5 on
the considered realization.

Let us now check the almost sure positivity preserving property for the Lie—
Trotter splitting scheme (31) in a more rigorous way: we have run 2.10* independent
samples on the time interval [0, 1], with initial value (13), with the same discretiza-
tion parameters as above, and with different choices of the diffusion coefficients:
either K = 1 and o7 given by (23), or K = 2 and oy and o9 give by

o1(z,v) = cos(2mx) , o9(x,v) = sin(27x). (32)

All the samples only take nonnegative values, which confirms the positivity preserv-
ing property stated in Proposition 5.

Next, we illustrate the preservation of the expected mass and the evolution law
of the L? norm stated in Proposition 5. In these experiments, one hasd =1, T = 1,
ox = Wlo’ ov = % and 7 = 0.1. The expectations are computed using an averaging
procedure over 5.10° samples. Since the solution is nonnegative, the mass is in fact
equal to the L' norm of the solution. The results are presented in Figure 8, with
different choices of the diffusion coefficients: K = 1 with o1(x,v) =1, K = 1 with
o1 given by (23), and K = 2 with oy and o2 given by (32), respectively. Note that
the condition (26) is satisfied in the first and in the third case. We observe a good
agreement with the theoretical results given in Proposition 5.

We conclude these numerical experiments in the multiplicative It6 noise case
by investigating the mean-square order of convergence of the Lie-Trotter splitting
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FIGURE 6. Snapshots: approximation of the solution of the sto-
chastic PDE with multiplicative It6 noise (27) with initial value fy
given by (13), with o1 given by (22) at times {0,0.5,1,1.5,2,2.5},
using the Lie—Trotter splitting scheme (31) with time-step size
T=0.1.

scheme (31). The same procedure as in the additive noise case (Section 4) is applied.
A reference solution is computed using the splitting scheme with time-step size
Tref = 27, and the errors are computed when the time-step size 7 takes values
in {277,...,2713}. The expectation is computed using a Monte Carlo averaging
procedure over 500 independent samples. The discretization parameters are dxr =
i, 0v = 2% The final time is 7 = 0.5. The noise is given by (23) or by (32).
The results are presented in a loglog plot in Figure 9. We observe a mean-square

convergence order equal to 1.

5.2. Stratonovich interpretation. Let us now consider the linear Vlasov equa-
tion driven by a multiplicative noise interpreted in the Stratonovich sense, for ¢ > 0,
z € T% and v e R%:

dfmS(t,z,v) +v- Ve f™S(t,z,0)dt + E(x) - Vo fP5(t,z,v) dt
= /"5t w,0) 0 dW (L, 3,v) (33)
fmS(O’x’,U) = fO(xvv) 5

where we recall that the noise is defined by (1) (Section 2) and that the symbol o
denotes the Stratonovich product. The stochastic partial differential equation (33)
has the equivalent It6 formulation, for ¢ > 0,2 € T%, v € R%:

dfmS(t,z,v) +v- Vo fPS(t, z,0)dt + E(x) - Vo fO5(t, z,v) dt

K
= f™5(t, 2, v) AW (t, 2,v) Z (z,v)2f™S(t,z,v)dt , (34)

k=1

wl»—*

F75(0,2,0) = fo(a,v) -



516 C-E BREHIER AND D. COHEN

Time = 0 Time = 0.5 Time =1

03 6 0%
0zs 02
02 | o2
v s ots"
. 0 - o1 -
E 005 005
. . .
02 04 08 08 02 04 08 08

Time = 1.5 Time = 2

6 02
018
4
2 016
2 014
02
— 012
v — v B
o 01
008
2 p P
! 006
4 . 004
005
002
6 K r
02 04 06 08 02 04 06 08
z x

FIGURE 7. Snapshots: approximation of the solution of the sto-
chastic PDE with multiplicative It6 noise (27) with initial value fy
given by (13), with o1 given by (23) at times {0,0.5,1,1.5,2,2.5},
using the Lie—Trotter splitting scheme (31) with time-step size
T=0.1.

5.2.1. Analysis and properties of the problem. Using the tools described in Section 3
and like in the multiplicative It noise case studied in Section 5.1, solutions of (33)
can be written in different ways.

On the one hand, using the group (S(t)) wep Of linear operators given by (9) in
Section 3, one can consider mild solutions of (34): for all ¢ > 0, one has

K ot
5@ =S+ Y [ S-S 90) o)
k=170 (35)

1 3 ‘ m 2
+ 5,;Jo S(t— 3)(f S(s)ak) ds.

On the other hand, using the expression (9) for the linear operator S(t), one has
forall t >0, z € T¢ and v € R¢

K ot
St m,0) = foldy H(w,v) + ), fo F5 (s, 0 (@, 0) (¢ (2, 0)) dBx(s)
k=1

+ 1 i Jt fmS(S ¢—1 (:L’ U))02(¢_1 (iL’ U)) ds. (36)
2k=1 0 ) Ft—s\* E\Ft—s\L

Finally, the connection with the ordinary differential equation (7) can also be seen
by applying the It6—Wentzell formula (see Appendix A): if t — (z¢,v) = ¢(x0,v0)
is the solution of the ordinary differential equation (7) with arbitrary initial value
(wg,v0) € T? x R, and if the solution of (33) is sufficiently regular, then the
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(A) Noise given by o1(z,v) =1, K = 1. (B) Noise given by (23), K = 1.
g —m- Lo - - - -F -8 -8-
O Lie-Trotter L1-norm
O Lie-Trotter L2-norm
0.07 |-|= = ExactLi-norm
Exact L2-norm
0.06
0.05
L2-norm
0.01 L L L L
0 0.2 0.4 0.6 0.8 1
Time
(¢) Noise given by (32), K = 2.
FIGURE 8. Preservation of the expected mass and evolution law for
the Li’v norm: illustration of Proposition 5 when applying the Lie—
Trotter scheme (31) with 7 = 0.1 to the SPDE with multiplicative
It6 noise (27) with time-step size 7 = 0.1.
M, = 500 M, = 500
Error Error
1 1
—&— Error LT —&— Error LT
Slope 1 lope 1
Slope 1/2 lope 12
s 10 10° 102 s 10 10° 102

(A) Noise given by (23).
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(B) Noise given by (32).

FIGURE 9. Mean-square errors: Mean-square errors: Lie-Trotter
scheme (31) applied to the SPDE with multiplicative It6 noise (27)

driven by one-dimensional noise (K =
dimensional noise (K = 2, right).

1, left) and by two-
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stochastic process t = 0 +— f™5(t, 24, v;) satisfies

fms(ta Tt Ut)O’k(.’I;t, Ut)2 dt

N =
aols

dfms t xtmt Z t l't,’l}t O'k(ﬁ[}t,’l}t)dﬂk( ) +

k=1 k=1

K
Z t , Tty Ut Gk(lft,vt) Odﬂk( )

(37)
The formula (37) allows to retrieve the expression (36) of f™(t,2,v) above by
writing (¢, v) = ¢, v).
Let us now describe the properties of the solutions of the SPDE (33).

Proposition 8. Let (f™8 (t))t>0 be the solution of the SPDE (33) with initial value
fo. One has the following properties.

e Preservation of positivity. Assume that fo(z,v) = 0 for all (z,v) € T¢ x R?,
Then, one has f™S(t,z,v) = 0 almost surely for allt = 0 and (x,v) € T4 x R,
e Evolution law for the L? norm. Assume that fo € L2 v and that the condi-

tion (26) is satisfied. Then one has f(t) € L*(Q,L2 ) for allt =0, and

pant 0'2
E[l ™ ®)Z2 1= e*""IfolZ2 .
Proof of Proposition 8.

e Owing to the expression (37) of the solution and applying a comparison princi-
ple for solutions of stochastic differential equations, one has f™5(t, z,vs) = 0
almost surely for all t > 0, and for any arbitrary initial value (zg, vo) € T¢ x R9.
Choosing (zg,v0) = ¢; ! (x,v) then yields f™S(t,z,v) = 0 almost surely for all
(t,z,v) e Rt x T¢ x RY,

e Owing to the expression (35) of the mild solution, using It6’s formula in the

Hilbert space L2, and the isometry property of the group (S(t)) >0 (see
Section 3), one obtains for all ¢ = 0
mS K

L )12 - § st

) oif ||L2 ]
Using the condition (26) and integrating then yields the identity

m. 0'2
E[l /™72 1 =" fol7s
O

5.2.2. Splitting scheme. Let us now describe the proposed numerical scheme for the
temporal discretization of the SPDE (33) driven by multiplicative It6 noise. Like
in the multiplicative Itd noise case presented in Section 5.1, a Lie-Trotter splitting
strategy is applied. The treatment of the deterministic part is not modified. Com-
pared with Section 5.1, the auxiliary stochastic subsystem needs to be considered
with Stratonovich interpretation of the noise:

df(t,z,v) = f(t,z,v) odW(t,z,v), (t,z,v) e RT x T¢ x R?

The auxiliary stochastic subsystem above is solved exactly: for all ¢ = s > 0 one
has

F(t,z,0) = eZio1 O BO=BL) £(5 1 v} | ¥ (z,v) € T¢ x R
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Using the Lie-Trotter integrator (12) for the deterministic part and combining the
discretizations of the deterministic and stochastic parts yields the following scheme:
given the initial value fy and the time-step size 7 € (0, 1), set fi"® = f, and for any
nonnegative integer n = 0 set

{ iy (z,0) = S2(r)S" (r) £ (2, v)

; (38)
fflnfl(x,v) — eXi- “’“(I’”)‘Sﬁn*kfflns(x,v) , zeT%veR?

where we recall that the Wiener increments 64, ;. are given by (3), see Section 2.
The Lie-Trotter splitting scheme (38) satisfies the same properties as the exact
solution stated in Proposition 8.

Proposition 9. Let (f™5),>0 be the solution of the Lie-Trotter splitting scheme
(38) with initial value fo. One then has the following properties.

e Preservation of positivity. Assume that fo(z,v) = 0 for all (z,v) € T¢ x R%,
Then, for any time-step size T € (0,1), one has f™5(x,v) = 0 almost surely
for any nonnegative integer n € N and all (z,v) € T? x RY.

e Evolution law for the L? norm. Assume that fo € L2, and that the condi-

tion (26) is satisfied. Then, one has f*5 € L*(Q, L2 ), for alln >0, and

fOH%i)va

E[If75)32 ] = 7t
where t, = nt.

The proof is similar to the proof of Proposition 3 from Section 5.1.

Proof of Proposition 9.

e The proof of the positivity preserving property is performed by recursion. It
is satisfied if n = 0 since fi"S = f;. Assume that f25(z,v) > 0 almost surely
for all (z,v) € T¢ x RY. Owing to the positivity preserving property for the
deterministic problem (see Section 3), one has for all (z,v) € T? x R?

Agfl(x, v) = (SZ(T)Sl(T)f,TS)(sc, v) = f,rlns(gc —tv —t*E(z),v — tE(x)) = 0

TILn-El (LE, ’U) — eZkK=1 Uk(mvv)éﬁn‘kf;nfl (I’7 U) > 0

Therefore one has f% (z,v) > 0 almost surely for all (z,v) € T? x R%.
e Observe that the random variables A,T_fl (z,v) and ((5ﬁn7k)1 <h<p are inde-
pendent. As a result, using the well-known expression for the exponential

moments of Gaussian random variables, one has

K A
Bl ) = || Lot or 55 25, (5,002 o do

= ff Y ”k(m’”)zE[frTfl (z,v)?] dz do.

Then using the condition (26) and the expression f5, = S%(7)S(7) fS gives

B[22, 1= 7 TE(S2(0)S (1) 3 ] = < BB, .

using the fact that S'(7) and S*(7) are isometries from L2 , to L3 . The
evolution law then follows by a straightforward recursion argument.

O
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Remark 10 below is a discussion in the Stratonovich noise case of the situation
described in Remark 6 in the Ito noise case above.

Remark 10. If the noise in the SPDE (33) is a purely temporal Wiener process, i.e.
W(t,z,v) = B(t) for all (t,z,v) € Rt x T x R? where (B(t))t>0 is a standard real-
valued Wiener process, then the exact solution of (33) and the numerical solution

given by (38) can be written
) =Pty =05 frS =t nzo,

where (f4°'(1)),.,
by (8), and ( f;}et)n>0 is given by the deterministic Lie-Trotter splitting scheme (12).

In that situatiorf, Propositions 8 and 9 are straightforward consequences of the
results described for the deterministic problem in Section 3.

is the exact solution of the deterministic equation (6), given

5.2.3. Numerical experiments. We begin the numerical experiments by illustrating
the behavior of the linear Vlasov equation perturbed by multiplicative Stratonovich
noise (33), in dimension d = 1. In all the experiments below, the initial value
fo is given by (13) and the vector field E is given by (14). The discretization
parameters are given by dx = ﬁ, ov = %7 and 7 = 0.1. The snapshots of
the numerical solution at times {0,0.5,1,1.5,2,2.5} computed using the splitting
scheme (38) are provided in Figures 10 and 11, with K = 1 and diffusion coefficient
o1 given by (22) and (23) respectively. In both experiments, one observes that the
solution remains nonnegative, which illustrates the positivity preserving property
stated in Proposition 9 on the considered realization.

Time = 0 Time = 0.5 Time =1

FicURE 10. Snapshots: approximation of the solution of the
stochastic PDE with multiplicative Stratonovich noise (33)
with initial value fo given by (13), with o7 given by (22)
at times {0,0.5,1,1.5,2,2.5}, using the Lie-Trotter splitting
scheme (38) with time-step size 7 = 0.1.



SPLITTING FOR STOCHASTIC LINEAR VLASOV EQUATIONS 521

Time = 0 Time = 0.5 Time = 1

Time = 1.5

03

025

02

015

01

005
[ [

FIGURE 11. Snapshots: approximation of the solution of the
stochastic PDE with multiplicative Stratonovich noise (33)
with initial value fo given by (13), with o1 given by (23)
at times {0,0.5,1,1.5,2,2.5}, using the Lie-Trotter splitting
scheme (38) with time-step size 7 = 0.1.

02 04

Next, we illustrate the evolution law of the L? norm stated in Proposition 9. In
these experiments, one has d = 1, T = 1, §z = ﬁ, ov = ;% and 7 = 0.1. The
expectations are computed using an averaging procedure over 5.10° samples. The
results are presented in Figure 12, with different choices of the diffusion coefficients:
K =1 with o1(x,v) = 1, K = 1 with 07 given by (23), and K = 2 with 07 and o9
given by (32), respectively. Note that the condition (26) is satisfied in the first and
in the third case. We observe a good agreement with the theoretical results given
in Proposition 9.

We conclude these numerical experiments in the multiplicative Stratonovich noise
case by investigating the mean-square order of convergence of the Lie-Trotter split-
ting scheme (38). The same procedure as in the multiplicative Itd noise case (Sec-
tion 5.1) is applied. A reference solution is computed using the splitting scheme
with time-step size 7ot = 274, and the errors are computed when the time-step size
7 takes values in {277,..., 273}, The expectation is computed using a Monte Carlo
averaging procedure over 500 independent samples. The discretization parameters
are 6z = b5, 60 = . The final time is 7' = 0.5. The noise is given by (23)
or by (32). The results are presented in a loglog plot in Figure 13. We observe a

mean-square convergence order equal to 1.

6. The stochastic linear Vlasov equation perturbed by transport noise. In
this section, we consider a stochastic perturbation of the Vlasov partial differential
equation (6) where the noise is of transport type: for ¢t > 0,z € T¢ v € R?

df(t,z,v) + v - Vo f"(t,z,v)dt + E(x) - Vo f (¢, z,v) dt
+ Vo f"(t,z,0v) ©dW (t,x) =0, (39)
ftr(ovxav) = fO(I7v) ’
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FI1GURE 12. Evolution law for the L‘?E’v norm: illustration of Propo-
sition 9 when applying the Lie-Trotter scheme (38) with 7 = 0.1 to
the SPDE with multiplicative Stratonovich noise (33) with time-
step size 7 = 0.1.

where the noise W (¢, ) is given by (2) and the notation

K
Vo f™(t,x,0) ©dW (¢, x) = Z Vo f"(t,z,v) - on(z) o dB(t)
k=1

d K
= 2 2 0t , 0)oyle) 0 dB(E),

is used, with o denoting the Stratonovich product and ® denoting the combination
of the Stratonovich product o and of the inner product - in the Euclidean space R?.

To identify the equivalent It6 formulation of the stochastic partial differential
equation (39), it is convenient to set for all z € T? and 1 <i,j < d

K
aij(z) = Z i k(7)o (2).
k=1
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10° M, = 500

(A) Noise: o1 (z,v) = sin(v) for [v] <3 (B) Noise: o1(z,v) = cos(z) and o2(z,v) =
0 else. sin ().

FIGURE 13. Mean-square errors: Lie-Trotter scheme (38) applied
to the SPDE with multiplicative Stratonovich noise (33) driven by
one-dimensional noise (K = 1, left) and by two-dimensional noise
(K = 2, right).

The It6 formulation of (39) is then the following: for t > 0,7 € T4, v € R?
df(t,z,v) + v -V f"(t,z,v)dt
+ E(z) - Vo f*(t,z,v)dt + V, f" (¢, z,v) - AW (¢, )

| E § (10)
=3 g V2F(t, 2, v)dt

\ftr(O,m,v) = fo(z,v) ,

with the notation

Vo™ (t,z,v) - dW (¢, z)

r
M=~
D=

avjf“ t X ’U)Uj k( )dﬂk(t)

<.
Il
—
™

Il
D=
D= -
N

(\;‘

K
Z op(z,v) - V)2 f (¢, z,v) x)oj k(T )(%i@vjftr(t,x,v)

k=1

N
<.
Il
—
ke
Il
—

@3, (2) 0y, O, o (t z,v).

s
<
I

—_

Il
:M&

6.1. Analysis and properties of the problem. Recall that the deterministic
linear Vlasov equation (6) is connected with the ordinary differential equation (7),
see Section 3. This connection is explored in Sections 4 and 5 for some stochastic
perturbations of (6). Contrary to those situations, for the stochastic linear Vlasov
equation driven by transport noise (39), the connection requires to introduce the
stochastic differential equation

dX; = Vi

K
dV, = B(X,)dt + Z o (X0) dB(t), (41)
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for all ¢ > 0, instead of the ordinary differential equation (7). In the second line
of (41), one may use the notation dW (¢, X;) to refer to ZkK=1 o (Xy) dBk ().
Assume that (f"(t)),., is a sufficiently regular solution of the SPDE (39) (or
of its equivalent formulation (40)), then for any solution (Xt,‘/}) =0 of the SDE
system (41), applying the It6—Wentzell formula (see Appendix A) one obtains the
identity
df™(t, Xy, V;) = 0.

This means that the SDE (41) provides characteristic curves for the stochastic
Vlasov equation (39) driven by transport noise. This gives a strategy to solve the
SPDE (39) by the method of lines. Instead of using the flow (¢t)teR associated with
the ODE (7), in the present case this strategy is based on the notion of stochastic
flow of diffeomorphisms, see for instance the monograph [48]. We use the nota-
tion (1/},5) 1=o to denote the stochastic flow of diffeomorphisms associated with the
SDE (41). In particular, for any (deterministic) initial values (Xo, Vo) € T¢ x R?, the
unique solution of the SDE (41) at any time ¢ > 0 is given by (X3, Vi) = ¢+(Xo, Vo).
In addition, almost surely the mapping 1, preserves the volume in T¢ x R for all
t=>0.

It results from the identity above that, for all £ > 0 and all (deterministic)
Xo € T% and Vj € R%, one has

FU (X0, Vo)) = f7 (8 X4, Vi) = (0, Xo, Vo) = fo(Xo, Vo)

Finally one obtains the expression of the solution of (39) using characteristic curves:
for all t = 0, x € T, v € R? one has

ftr(tvxvv) = fo(%_l(%U))- (42)

Conversely, if (t,z,v) € RT x T x R — f¥(¢,z,v) is defined by (42) and if the
initial value fy is of class C2, then the stochastic process (ftr(t))tzo defined by (42)
is a weak solution of the SPDE (40) (the It6 formulation is considered): for any
smooth compactly supported function ¢ : T% x R — R, one has

d(J-Jgo(x,v)f(t,x,v) dz dv) = ffv - Vao(x,v)f(t,z,v)dedvdt

+ HE(x) V(@ 0) f(t 2, v) de do dt

K
+ Jf Z or () - Vyp(z,v) f(t, z,v) de dv dBi(t)
k=1

d
1
+ 3 Jf Z a;,j (1) 0y, 0u,; p(x,v) f(t, 2,v) dz dv dt.
ij=1

(43)
The proof of the identity (43) combines two arguments. First, since the diffeo-
morphism ; preserves the volume of T? x R? for all ¢t > 0, using (42) one has the

identity

J-J o(z,v)f(t, z,v)dedv = JJ- o (x,v)) (0, z,v) dz dv
- [[etxzm v 0.2, dodo,
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where (X", V;"") = ¢4(x,v) is the solution at time ¢ > 0 of (41) with initial
values XY = x and V" = v. It then remains to apply the standard It6 formula
to t — @(X;"",V;"") and to use integration by parts arguments combined with
the identity above obtained by the first argument to obtain (43). The details are
omitted. We refer to [24] for instance where this type of arguments are employed
in the analysis of a class of nonlinear transport equations with transport noise.

Using the expression (42) of the solution of (39), it is straightforward to check
that the preservation properties satisfied in the deterministic case by the solution
(f9et(1)) +>0 of the deterministic linear Vlasov equation (6) are also satisfied when
a transpo?t noise perturbation is applied. The proof is omitted.

Proposition 11. Let (ftr(t))t>o be the solution of the SPDE (39) with (non-
random) initial value fo. One has the following properties.
e Preservation of positivity. Assume that fo(x,v) = 0 for all (z,v) € T¢ x R?,
Then one has f*(t,z,v) = 0 almost surely for allt > 0 and (z,v) € T x R%,
e Preservation of integrals. Let ® : R — R™ be a real-valued measurable map-
ping. Then for all t = 0 one has almost surely

ﬂ@(ftr(t, 2,0)) dr dv — ”cp(fo(x,v)) i do.

In particular, if p € [1,0) and if fo € LP,, then for all t = 0 one has

fot) e Ie ’

Lv almost surely and

Iz, =1 follzz.,-

6.2. Splitting scheme. We are now in position to introduce the proposed nu-
merical scheme for the discretization of the SPDE with transport noise (39). Like
in the previous sections, a Lie—Trotter splitting strategy is applied. To deal with
the stochastic perturbation in (39), one needs to consider the auxiliary stochastic
subsystem
df(t,z,v) + Vo f(t,z,v) ©dW (t,z) =0, (t,z,v) e RT x T? x RY,

This auxiliary stochastic subsystem can be solved exactly: for all £ > s > 0 and all
(z,v) € T? x R? one has

flt,x,v) = f(sgr,v - (W(t,z)— W(s,x)))

Alternative notation for solving the auxiliary stochastic subsystem above can be
used: for all t > s > 0 one has

f(t) =T(W(t) = W(s))f(s) = T?(Ba(t) = Ba(s)) ... T"(Br(t) — Bi(s)) [ (s),
where for any mapping o : z € T¢ — o(z) € R? one has
T(o)f(z,v) = f(z,v—0o(zx)), zeT%veR?

and where the auxiliary linear operators T%(y), with y € R and 1 < k < K, are
defined by

TF(y) f(x,0) = f(z,v — yor(x)), zeTveR?
Using the Lie-Trotter integrator (12) for the deterministic part and combining the
discretizations of the deterministic and stochastic parts yields the following scheme:
given the initial value fy and the time-step size 7 € (0, 1), set f{' = fo and for any
nonnegative integer n = 0 set

i1 = TEW,)S*(1)S (1) £ = TU(0Bn.a)o 0T (88n1)08*(T)SH(7) fiF, >0,
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where the Wiener increments /5, , and JW,, are given by (3) and (5) respectively,
see Section 2.

The Lie-Trotter splitting scheme (44) is consistent with Stratonovich interpre-
tation of the noise in the SPDE (39), and satisfies the same properties as the exact
solution stated in Proposition 11.

Proposition 12. Let (fi%)n>0 be the solution of the Lie—Trotter splitting scheme
(44) with initial value fo. One then has the following properties.
e Preservation of positivity. Assume that fo(x,v) = 0 for all (zv,v) € T¢ x R?,
Then one has fi(z,v) = 0 almost surely for any nonnegative integer n = 0
and all (z,v) € T? x R?,
e Preservation of integrals. Let ® : R — R* be a real-valued measurable map-
ping. Then for all n = 0 one has almost surely

ff@(fff(mm)) dr dv = fj@(fo(x,v)) dz dv.

In particular, if p € [1,00) and if fo € L%, then for all n = 0 one has
fre LP . almost surely and

z,v
I £z, = Ifolzz,

almost surely.

Proof of Proposition 12. All the results are proved by recursion, using the fact that
the operators T'(6W,,), S%(7) and S'(7) satisfy the considered properties. O

Like for the splitting scheme (12) defined in Section 3 for the discretization of
the deterministic linear Vlasov equation (6), the Lie-Trotter splitting scheme (44)
can be interpreted as a discrete version of the expression (42) for the exact solution
of (39), where the stochastic flow ¢, is approximated using a splitting integrator
applied to the SDE system (41).

Remark 13. If the noise in the SPDE (39) is a purely temporal Wiener process,
ie. W(t,z) =W(t) = ZkK=1 Br(t)oy for all (t,z) € R x T¢ where o4,...,0k are
elements of RY, then the exact solution of (39) and the numerical solution given
by (44) can be written

FE@) =TWO) (), t=0; [ =T(W(t))f, n=>0,
where the auxiliary continuous-time process ( fdet (t)) +>0 is the solution of the de-
terministic PDE (6) and the auxiliary continuous-time process ( fget)n>0 is given
by the deterministic Lie-Trotter splitting scheme (12).

In that situation, Propositions 11 and 12 are straightforward consequences of the
results described for the deterministic problem in Section 3.

6.3. Numerical experiments. We begin the numerical experiments by illustrat-
ing the behavior of the linear Vlasov equation perturbed by transport noise (39), in
dimension d = 1. In all the experiments below, the initial value fj is given by (13)
and the vector field E is given by (14). The discretization parameters are given
by dx = ﬁ, ov = g%, and 7 = 0.1. The snapshots of the numerical solution at
times {0,0.5,1,1.5,2,2.5} computed using the splitting scheme (44) are provided
in Figure 14, with K = 1 and diffusion coefficient o1 (z,v) = 0.5. One observes
that the solution remains nonnegative, which illustrates the positivity preserving
property stated in Proposition 12 on the considered realization.
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FIGURE 14. Snapshots: approximation of the solution of the sto-
chastic PDE with transport noise (39) with initial value fy given
by (13), with o1 (z,v) = 0.5 at times {0,0.5,1,1.5,2,2.5}, using the
Lie-Trotter splitting scheme (44) with time-step size 7 = 0.1.

Next, in Figure 15, we illustrate the almost sure preservation of the L', L? and
L5 norms when the Lie-Trotter splitting scheme (44) is applied to the SPDE (39).
This is performed for three independent realizations. The discretization parameters
are chosen to be: dz = ﬁ, ov = 3‘3%, and 7 = 0.1. The final time is T" = 1. In this
figure, we observe the preservation of the norms, which illustrates Proposition 12.
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FIGURE 15. Evolution of the L}M, Li,v and Li‘f’v norms: illustra-

tion of Proposition 12 when applying the Lie-Trotter scheme (44)
to the SPDE with transport noise (39), with time-step size 7 = 0.1.

We conclude these numerical experiments in the transport noise case by investi-
gating the mean-square order of convergence of the Lie-Trotter splitting scheme (44).
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The same procedure as in the previous cases is applied. A reference solution is com-
puted using the splitting scheme with time-step size 7w = 27, and the errors are
computed when the time-step size 7 takes values in {277,...,2713}. The expecta-
tion is computed using a Monte Carlo averaging procedure over 500 independent
samples. The discretization parameters are dx = ﬁ, ov = 24775. The final time
is T = 0.5. The results are presented in a loglog plot in Figure 16. We observe a
mean-square convergence order of at least 1/2.
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FIGURE 16. Mean-square errors: Lie-Trotter scheme (44) applied
to the SPDE (39) driven by one noise (K =1, o1(z,v) = 0.5).

7. Conclusion and perspectives. In this paper, we numerically investigate the
behaviour of solutions of linear Vlasov partial differential equations perturbed by
Wiener noise, which may be additive noise, multiplicative It6 and Stratonovich
noise, and transport noise. For this purpose, we apply Lie-Trotter splitting inte-
grators for the temporal discretization of these SPDEs. We show that these time
integrators are able to preserve key qualitative properties of the exact solutions, such
as preserving norms or ensuring positivity. Several promising theoretical results are
provided and illustrated numerically.

We leave some fundamental questions open for future work. Let us mention a
few of them.

1. Based on the numerical experiments of this paper, we conjecture that the
order of mean-square convergence of the Lie-Trotter splitting scheme is equal
to 1 for all the considered types of noise. Thus the main perspective for a
possible future work is to prove mean-square error bounds.

2. We have only considered the behavior of the temporal discretization error.
It will be interesting to study the full discretization error, and in particular
whether some conditions on the time-step size 7 and the mesh sizes dxr and
dv need to be imposed for stability or accuracy reasons.

3. Constructing higher-order methods could also be an interesting question. For
instance, in the context of SPDEs with small noise, it may be possible to
apply a Strang splitting strategy to deal with the deterministic subsystems
and obtain better rates of convergence.
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4. We have only considered some simple linear Vlasov equations perturbed by
additive or linear noise. It may be interesting to study more complex problems,
for instance with nonlinear terms.

Appendix A. The It6—Wentzell formula. Let D, K € N be two integers. Let
B1, ..., Bk beindependent standard real-valued Wiener processes, and let b; : RP -
R and g; 1 : RP - R,1<j<D,1<k<K, be Lipschitz continuous mappings.

Assume that the RP-valued stochastic process (£(t)) 1=0 1s solution of the sto-
chastic differential equation

K
dg;(t) = bi(E(1) dt+ > Ga(€(t)dBr(t) , 1<j<D, t>0.
k=1

Let G : (t,€) e Rt x RP — G(t,£) € R be a stochastic process, such that for all
¢ eRP and t > 0 one has

dG(t,€) = J(t, &) dt + Y Hy(t,£) dB(t),
k=1

where J : (t,£) e RY x RP s J(t,£) e R and Hy, : (t,€) e RT x RP s Hi(t,€) € R,
1 < k < K, are stochastic processes. Assume that G is almost surely of class C%2.

Then the real-valued stochastic processes t — G(t,£(t)) is solution of the sto-
chastic differential equation

K
AG(t,&(t)) =J (£, &()) dt + > Hy(t,£(t)) dBr(t)

k=1
d

d K
+ 2 b (E()0e, G, (1) dt + D > <k (t,E(1) 0, G2, E(1)) dBi(D)
j=1k=1

We refer to [55, Theorem 1.17] for a statement of the formula above.
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