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The phase transition of the Marcu-Fredenhagen ratio
in the abelian lattice Higgs model
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Abstract

The Marcu-Fredenhagen ratio is a quantity used in the physics literature to differ-
entiate between phases in lattice Higgs models. It is defined as the limit of a ratio
of expectations of Wilson line observables as the length of these lines go to infinity
while the parameters of the model are kept fixed. In this paper, we show that the
Marcu-Fredenhagen ratio exists in all predicted phases of the model, and show that it
indeed undergoes a phase transition. In the Higgs phase of the model we do a more
careful analysis of the ratio to deduce its first order behaviour and also give an upper
bound on its rate of convergence. Finally, we also present a short and concise proof of
the exponential decay of correlations in the Higgs phase.
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1 Introduction

Lattice gauge theories are spin models on the directed edges of lattices, which takes
spins in some group G, referred to as the structure group or gauge group. Lattice gauge
theories were introduced independently by Wilson [26], as lattice approximations of the
quantum field theories that appear in the standard model (known as Yang-Mills theories),
and by Wegner in [25], as an example of a spin system with a phase transition without
a local order parameter. The lattice Higgs model is a lattice gauge theory coupled to
an external field. Since their introduction, lattice gauge theories and the lattice Higgs
model have attracted great interest in the physics community, and have been successfully
used both for simulations and as toy models for the Yang-Mills model [15,24].

The natural observables in lattice Higgs models are Wilson loop observables, Wilson
line observables, and ratios of such observables, such as the Marcu-Fredenhagen ratio
ρ (see, e.g., [3,4,8,13,18,20,21,22,24]), which is the main focus of this paper. These
are all natural observables from a physics perspective (see, e.g. [4,21]), but are also
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Convergence of the Marcu-Fredenhagen ratio

interesting from a mathematical standpoint since they are believed to undergo phase
transitions [24]. We draw the conjectured phase diagram (see, e.g., [7,15,19]) of the
lattice Higgs model with gauge group Z2, also known as the Ising lattice Higgs model,
in Figure 1. For further background, as well as more references, we refer the reader

β

κ

Confinement
phase

Free phase

Higgs phase

ρ 6= 0

ρ 6= 0

ρ = 0

Figure 1: The conjectured phase diagram of the Ising lattice Higgs model. In the Higgs
phase and the confinement phase, the Marcu-Fredenhagen ratio is believed to be non-
zero, and one expects exponential decay of correlations. In contrast, in the free phase,
the Marcu-Fredenhagen ratio is believed to be identically zero, and expects exponential
decay of correlations with polynomial correction.

to [15] and [24].

In recent years, there has been a renewed interest in both lattice gauge theories and
the lattice Higgs model in the mathematical community. In particular, in [1,5,6,10,11,13],
the asymptotic behavior of Wilson loop observables was described, and in [9], similar
results were obtained for Wilson line observables. Further, ideas from disagreement
percolation were used to understand the rate of the decay of correlations in [2, 14].
Unfortunately, the methods applied in these papers cannot be used to understand the
Marcu-Fredenhagen ratio, which requires letting the length of the involved Wilson
lines tend to infinity while the parameters of the models are kept fixed. This problem
was the main motivation for the current paper. Our main results show that the Marcu-
Fredenhagen ratio is non-zero in non-trivial subsets of the Higgs and confinement phases,
while identically zero in a non-trivial subset of the free phase. As a consequence, it
follows that the model undergo at least one phase transition. One of the main tools of the
paper are various special cases of the cluster expansion in [17]. This was inspired by the
use of such expansions for pure lattice gauge theories in [13], but the use of these are
more complicated when a Higgs field is added to the model and also needs to be different
for the different phases of the model. To our knowledge, cluster expansions have not
been used to study neither the Marcu-Fredenhagen ratio nor Wilson line observables
prior to this paper. In particular, Wilson line observables need special handling in the
free phase, where the natural cluster expansion does not converge. Finally, we obtain a
very short proof of exponential decay of correlations, which gives an alternative proof of
the main results of [14] and [2] in the case G = Z2, and also extends these from Wilson
loops to the more general Wilson lines. For simplicity we state and prove all our results
for G = Z2, but expect the proof ideas to work in more general settings, such as for
finite abelian structure groups, with small modifications.
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1.1 Preliminary notation

For m > 2, a graph naturally associated to Zm has a vertex at each point x ∈ Zm with
integer coordinates and oriented edges between nearest neighbors. When e1 and e2 are
two oriented edges between the same vertices but with opposite orientation, we write
e2 = −e1.

Let de1 := (1, 0, 0, . . . , 0), de2 := (0, 1, 0, . . . , 0), . . . , dem := (0, . . . , 0, 1) be oriented
edges corresponding to the unit vectors in Zm. We say that an oriented edge e is
positively oriented if it is equal to a translation of one of these unit vectors, i.e., if
there is a v ∈ Zm and a j ∈ {1, 2, . . . ,m} such that e = v + dej . If v ∈ Zm and j1 < j2,
then p = (v + dej1) ∧ (v + dej2) is a positively oriented 2-cell, also known as a positively
oriented plaquette. We let C0(Zm), C1(Zm), and C2(Zm) denote the sets of oriented
vertices, edges, and plaquettes. Next, we let BN denote the set [−N,N ]m ∩ Zm, and
we let C0(BN ), C1(BN ), and C2(BN ) denote the sets of oriented vertices, edges, and
plaquettes, respectively, whose endpoints are all in BN .

Whenever we talk about a lattice gauge theory we do so with respect to some (abelian)
group (G,+), referred to as the structure group, together with a unitary and faithful
representation ρ of (G,+).

Now assume that a structure group (G,+), a unitary representation ρ of (G,+), and
an integer N > 1 are given. We let Ω1(BN , G) denote the set of all G-valued 1-forms
σ on C1(BN ), i.e., the set of all G-valued functions σ : e 7→ σ(e) on C1(BN ) such that
σ(e) = −σ(−e) for all e ∈ C1(BN ). Similarly, we let Ω0(BN , G) denote the set of all
G-valued functions φ : x 7→ φ(x) on C0(BN ) which are such that φ(x) = −φ(−x) for all
x ∈ C1(BN ). When σ ∈ Ω1(BN , G) and p ∈ C2(BN ), we let ∂p denote the formal sum of
the four edges e1, e2, e3, and e4 in the oriented boundary of p, and define

dσ(p) := σ(∂p) :=
∑
e∈∂p

σ(e) := σ(e1) + σ(e2) + σ(e3) + σ(e4).

Similarly, when φ ∈ Ω0(BN , G) and e ∈ C1(BN ) is an edge from x1 to x2, we let ∂e denote
the formal sum x2 − x1, and define dφ(e) := φ(∂e) := φ(x2)− φ(x1).

For k ∈ {0, 1, . . . ,m}, a k-chain is a formal sum of positively oriented k-cells with
integer coefficients. The support of a 1-chain γ, written supp γ, is the set of directed
edges with non-zero coefficient in γ.

1.2 The abelian lattice Higgs model

In this paper, we will consider the abelian lattice Higgs model in the fixed length limit
(also known as the London limit). Given β, κ > 0, the action SN,β,κ for the abelian lattice
Higgs model on BN (in the fixed length limit) is, for σ ∈ Ω1(EN , G), and φ ∈ Ω0(BN , G),
defined by

SN,β,κ(σ, φ) := −β
∑

p∈C2(BN )

tr ρ
(
dσ(p)

)
− κ

∑
e∈C1(BN )

tr ρ
(
σ(e)− φ(∂e)

)
. (1.1)

Elements σ ∈ Ω1(BN , G) will be referred to as gauge field configurations, and elements
φ ∈ Ω0(BN , G) will be referred to as Higgs field configurations. The quantity β is
known as the gauge coupling constant, and κ is known as the hopping parameter. For a
discussion of this action, see [11].

The Gibbs measure µN,β,κ on Ω1(BN , G) × Ω0(BN , G) corresponding to the action
SN,β,κ is given by

µN,β,κ(σ, φ) := Z−1
N,β,κe

−SN,β,κ(σ,φ), σ ∈ Ω1(BN , G), φ ∈ Ω0(BN , G),
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where ZN,β,κ is a normalizing constant. We refer to this lattice gauge theory as the
(fixed length) lattice Higgs model. We let EN,β,κ denote the expectation corresponding
to µN,β,κ.

Whenever f : Ω1(Bm, G)×Ω0(Bm, G)→ R for some m > 1, then, as a consequence of
the Ginibre inequalities (see, e.g., [9][Section 2.6]), the infinite volume limit〈

f(σ, φ)
〉
β,κ

:= lim
N→∞

EN,β,κ
[
f(σ, φ)

]
exists and is translation invariant.

We say that a 1-chain with finite support is a path if it has coefficients in {−1, 0, 1}.
We say that a path is a loop if it has empty boundary ∂γ (see Section 2). For example,
any rectangular loop, as well as any finite disjoint union of such loops, corresponds to
such a loop. We say that a path is an open path from x1 ∈ C+

0 (BN ) to x2 ∈ C+
0 (BN ) if it

has boundary ∂γ := x2 − x1.
Given a path γ, a gauge field configuration σ ∈ Ω1(BN , G), and a Higgs field configu-

ration φ ∈ Ω0(BN , G), the Wilson line observable Wγ(σ, φ) is defined by

Wγ(σ, φ) := tr ρ
(
σ(γ)− φ(∂γ)

)
= tr ρ

(∑
e∈γ

σ(e)−
∑
v∈∂γ

φ(v)
)
.

If γ is an open path from x1 to x2, then φ(∂γ) = φ(x2)− φ(x1), and if γ is a closed loop,
then φ(∂γ) = 0. If γ is a loop, then Wγ(σ) := Wγ(σ, φ) is referred to as a Wilson loop
observable.

1.3 The Marcu-Fredenhagen ratio

Assume that (Rn)n>1 and (Tn)n>1 are increasing sequences of positive integers. For
each n > 1, let γ(n) be a rectangular loop with side lengths 2Rn and Tn (see Figure 2b).
Let γ(n)

1 be as in Figure 2a, and let γ(n)
2 = γ(n) − γ(n)

1 .
Define

ρ(γ
(n)
1 , γ

(n)
2 ) :=

〈W
γ
(n)
1

(σ, φ)〉β,κ〈Wγ
(n)
2

(σ, φ)〉β,κ
〈Wγ(n)(σ)〉β,κ

. (1.2)

The limit limn→∞ ρ(γ
(n)
1 , γ

(n)
2 ) is referred to as the Marcu-Fredenhagen order parameter

Rn

Tn

γ
(n)
1

γ
(n)
2

(a) The open paths γ(n)
1 and γ(n)

2 .

2Rn

Tn

(b) The loop γ(n).

Figure 2: The open paths γ(n)
1 and γ(n)

2 and the rectangular loop γ(n) that appear in (1.2).

in the physics literature (see, e.g., [8,22]). Note that it is not obvious that this limit
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exists, nor that it is independent of the choice of (Rn)n>1 and (Tn)n>1. If this limit
(assuming it exists) is zero, the corresponding model is argued to have charged states,
and no confinement, whereas if the limit is non-zero, then there should be no charged
states and confinement, see, e.g., [4,16,19,22,24].

Several ratios similar to (1.2) has been considered in the physics literature, see,
e.g., [18], and the main ideas in this paper can be adapted to cover also these cases.

1.4 Main results

Our first main result considers the Marcu-Fredenhagen ratio in the Higgs phase.

Theorem 1.1. Let G = Z2, β > 0, and κ > κ
(Higgs)
0 , where κ(Higgs)

0 = κ
(Higgs)
0 (m) > 0 is

defined in (3.4). Further, let (Rn)n>1 and (Tn)n>1 be increasing sequences of positive

integers such that lim supn→∞ Tn/Rn <∞, and for each n > 1, let γ(n)
1 and γ(n)

2 be as in
Figure 2. Then the following hold.

(i) The limit
ρ = ρβ,κ := lim

n→∞
ρ(γ

(n)
1 , γ

(n)
2 ) (1.3)

exists and is independent of (Rn)n>1 and (Tn)n>1.

(ii) The limit ρ is strictly positive, i.e., ρ > 0.

(iii) For all n > 1 and ε > 0, there is Cε > 0 such that

∣∣log ρn − log ρ
∣∣ 6 4Cε

∞∑
j=1

e−4 max(j,min(Rn,Tn))(κ−κ0−ε)

+ 2Cε max(Tn − 2Rn, 0)e−4 max(2Rn,min(Rn,Tn))(κ−κ0−ε).

(1.4)

Here Cε is defined in (3.12) and does not depend on β nor κ.

In other words, Theorem 1.1 says that the Marcu-Fredenhagen parameter exists and
is strictly positive when κ > κ(Higgs)

0 . Also, it gives a upper bound on the convergence
rate, thus stating how large an estimate for − log ρn has to be for one to be able to
conclude that ρ > 0.

We note that the assumption that lim supn→∞ Tn/Rn <∞ is needed to guarantee that
the right-hand side of (1.4) goes to zero as n→∞.

Our next result complements our first theorem, Theorem 1.1, by showing that the
Marcu-Fredenhagen ratio is non-zero also in parts of the confinement regime, i.e., when
β and κ are both sufficiently small.

Theorem 1.2. Let G = Z2, 0 < β < β
(conf)
0 , and κ > 0, where β(conf)

0 = β
(conf)
0 (m) > 0 is

defined in (4.3). Further, let (Rn)n>1 and (Tn)n>1 be increasing sequences of positive

integers such that lim supn→∞ Tn/Rn <∞, and for each n > 1, let γ(n)
1 and γ(n)

2 be as in
Figure 2. Then the following hold.

(i) The limit
ρ = ρβ,κ := lim

n→∞
ρ(γ

(n)
1 , γ

(n)
2 )

exists and is independent of (Rn)n>1 and (Tn)n>1.

(ii) The limit ρ is strictly positive, i.e., ρ > 0.

Theorem 1.2 shows that in at least parts of the confinement phase of the lattice Higgs
model, the Marcu-Fredenhagen ratio is strictly positive.

Our next result concerns the Marcu-Fredenhagen ratio in the free phase.
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Theorem 1.3. Let G = Z2, β > 0 be suffciently large, and κ > 0 be sufficiently small.
Further, let (Rn)n>1 and (Tn)n>1 be strictly increasing sequences of positive integers,

and for each n > 1, let γ(n)
1 and γ(n)

2 be as in Figure 2. Then

(i) The limit

ρ = ρβ,κ := lim
n→∞

ρ(γ
(n)
1 , γ

(n)
2 )

exists and is independent of (Rn)n>1 and (Tn)n>1.

(ii) The limit ρ is identically zero, i.e., ρ = 0.

The most important consequence of Theorems 1.1, 1.2 and 1.3 is that they together
prove that the Marcu-Fredenhagen ratio indeed has a phase transition, implying in
particular that it can be used as an order parameter.

Our last result gives an upper bound on the decay of correlation in the Higgs phase
of the abelian lattice Higgs model. This result extends the results in [2] and [14] to
Wilson line observables in the case G = Z2. However, the main reason we include this
result here is that the methods used in this paper yields a very short proof which is very
different to the proofs in [2] and [14].

Theorem 1.4. Let G = Z2, β > 0, and κ > κ(Higgs)
0 . Further, let γ1 and γ2 be two paths.

Then, for any ε > 0 there is Cε > 0 such that∣∣〈Wγ1+γ2〉β,κ − 〈Wγ1〉β,κ〈Wγ2〉β,κ
∣∣ 6 Cε

∣∣supp γ1

∣∣e−4(κ−κ0−ε) dist(γ1,γ2),

Here Cε is defined in (3.12) and does not depend on β nor κ, and dist(γ1, γ2) is the
`0-distance between the supports of γ1 and γ2.

Remark 1.5. The proof of Theorem 1.4 can easily be adapted to show that the covariance
decays at most exponentially also in the confinement phase and the free phase. However,
we note that in the free phase such a result would not be sharp since the rate of decay in
the free phase is believed to be exponential with polynomial corrections.

1.5 Relation to other work

The main result of [9] gives the asymptotic decay rate of Wilson loops and lines
γ in the Higgs phase under the two additional assumptions that 6β > κ > κ0 and
| supp γ|e−24β−4κ �∞. In [12], similar results are given in the confinement phase. How-
ever, we are aware of no results about the decay of Wilson lines in the free phase, other
than the well known universal lower bound (tanh 2κ)|γ|. For Wilson loops, several papers
contain similar results, see e.g. [1,5,10]. In all papers mentioned above, assumptions
are made on the parameters so that at least one of them tend to either infinity or zero as
|γ| grows. As a consequence, these results cannot be applied to deduce anything about
the Marcu-Fredenhagen parameter or similar ratios since this limit involves letting |γ|
tend to infinity while keeping the parameters β and κ fixed.

In this paper, we use high temperature expansions and cluster expansions for the
Higgs phase, the confinement phase, and the free phase respectively. The cluster
expansions are special cases of the cluster expansion presented in [17]. In [13], we
used a similar cluster expansion for a lattice gauge theory, but there only the case κ = 0

was considered. This expansion is similar to the expansion we use here in the Higgs
phase. However, in both the confinement and the Higgs phase we here first use high
temperature expansions, while the free phase requires additional work when setting up
the cluster expansion.

In the mathematical literature, the decay of correlations in lattice gauge theories
has been studied in [2] and [14]. In both of these papers, only observables consisting
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of combinations of Wilson loops were considered, and the proofs rely on couplings and
giving upper bounds on events describing the vortices in the model. The proof method
here is very different from this approach, and yields a much shorter proof. In [2,14],
decay of correlations was proven for any finite structure group and any finite abelian
structure group respectively. In this paper, for simplicity, we only give a proof for the
structure group Z2, but the same ideas should with some work be possible to translate
to any finite abelian structure group.

1.6 Structure of paper

In Section 2, we introduce the notation and definitions we will use throughout the
rest of the paper. Section 3, Section 4, and Section 5 contains our results for the three
conjectured phases of the model; the Higgs phase, the confinement phase, and the free
phase respectively.

Section 3 contains the relevant expansion and the proofs of our main results in the
Higgs phase. In Section 3.1, we present the cluster expansion we will use to prove our
main result. We also use this cluster expansion to express the Marcu-Fredenhagen ratio
and covariance in terms of the cluster expansion. In Section 3.2, we give upper bounds
of natural events in terms of the cluster expansion. In Sections 3.3 and 3.4, we give
proofs of Theorem 1.1 and Theorem 1.4.

Section 4 contains the relevant expansions and proofs of our main results in the
confinement phase. In Section 4.1, we present a high temperature expansion in both
parameters which will be useful in this phase. In Section 4.2, we present a cluster
expansion of the model obtained from the high temperature expansion. Section 4.3
contains a upper bounds which will be useful in the proof of the main result of this
section, and, finally, Section 4.4 contains the proof of Theorem 1.2.

Section 5 contains the relevant expansions and proofs of our main results in the free
phase. In Section 5.1, we present a high temperature expansion in κ which will be useful
in this phase. In Section 5.2, we present a cluster expansion of a model related to the
model obtained from the high temperature expansion. In Section 5.3, we give upper
bounds of natural events in terms of the cluster expansion. Finally, Section 5.4 contains
the proof of Theorem 1.3.

2 Preliminaries

Even though we later work with G = Z2, in this section we allow G to be a gen-
eral finite abelian group since this entails no additional work. We assume that a one-
dimensional unitary representation of G has been fixed.

2.1 Discrete exterior calculus

Below we present the notation from discrete exterior calculus that we need in this
paper. In order to keep the background section of this paper short, and since these
definitions have appeared in several recent papers, we will refer the reader to [11] for
further details.

• We will work with the square lattice Zm, where we assume that the dimension
m ≥ 3 throughout. We write BN = [−N,N ]m ∩ Zm. Since m will always be fixed,
we suppress the dependency on m in this notation.

• For k = 0, 1, . . . ,m, write Ck(BN ) and Ck(BN )+ for the set of unoriented and
positively oriented k-cells, respectively (see [10, Sect. 2.1.2]).

• Formal sums of positively oriented k-cells with integer coefficients are called
k-chains, and the space of k-chains is denoted by Ck(BN ,Z), (see [10, Sect. 2.1.2])
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• Let k > 2 and c = ∂
∂xj1

∣∣
a
∧ · · · ∧ ∂

∂xjk

∣∣
a
∈ Ck(BN ). The boundary of c is the

(k − 1)-chain ∂c ∈ Ck−1(BN ,Z) defined as the formal sum of the (k − 1)-cells in
the (oriented) boundary of c. The definition is extended to k-chains by linearity.
See [10, Sect. 2.1.4].

• If k ∈ {0, 1, . . . , n−1} and c ∈ Ck(BN ) is an oriented k-cell, we define the coboundary
∂̂c ∈ Ck+1(BN ) of c as the (k + 1)-chain ∂̂c :=

∑
c′∈Ck+1(BN )

(
∂c′[c]

)
c′. See [10,

Sect. 2.1.5].

• We let Ωk(BN , G) denote the set of G-valued (discrete differential) k-forms (see [10,
Sect 2.3.1]); the exterior derivative d : Ωk(BN , G) → Ωk+1(BN , G) is defined for
0 ≤ k ≤ m− 1 (see [10, Sect. 2.3.2]).

• We write suppω = {c ∈ Ck(BN ) : ω(c) 6= 0} for the support of a k-form ω. Similarly,
we write (suppω)+ = {c ∈ Ck(BN )+ : ω(c) 6= 0}.

• A 1-chain γ ∈ C1(BN ,Z) with finite support supp γ is called a path if for all e ∈
C1(BN ), we have that γ[e] ∈ {−1, 0, 1}. We write |γ| = | supp γ|, and let Λ0 ⊆
C1(BN ,Z) be the set of all paths. A path γ is said to be a closed path or a loop if
∂γ = 0. A path γ is said to be an open path if |∂γ| = 2.

• When γ1 and γ2 are two paths, we let dist(γ1, γ2) be `0-distance between supp γ1 and
supp γ2. Equivalently, dist(γ1, γ2) is the length of the shortest path that connects
the supports of γ1 and γ2.

2.2 Unitary gauge

In this section, we recall the notion of gauge transforms, and describe how these
can be used to rewrite the Wilson line expectation as an expectation with respect to a
slightly simpler probability measure. For more details on gauge transforms and unitary
gauge, we refer the reader to [9].

For η ∈ Ω0(BN , G), let the map

τ := τη := τ (1)
η × τ (2)

η : Ω1(BN , G)× Ω0(BN , G)→ Ω1(BN , G)× Ω0(BN , G)

be defined by {
σ(e) 7→ −η(x) + σ(e) + η(y), e = (x, y) ∈ C1(BN ),

φ(x) 7→ φ(x) + η(x), x ∈ C0(BN ),
(2.1)

where σ ∈ Ω1(BN , G) and φ ∈ Ω0(BN , G). A map τ of this form is called a gauge
transformation, and functions f : Ω1(BN , G)×Ω0(BN , G)→ C which are invariant under
such mappings in the sense that f = f ◦ τ are said to be gauge invariant.

For β, κ > 0 and σ ∈ Ω1(BN , G), we define the probability measure

µ
(U)
N,β,κ(σ) := (Z

(U)
N,β,κ)−1 exp

(
β

∑
p∈C2(BN )

ρ
(
dσ(p)

)
+ κ

∑
e∈C1(BN )

ρ
(
σ(e)

))
, (2.2)

where Z(U)
N,β,κ is a normalizing constant. We let E(U)

N,β,κ denote the corresponding expecta-
tion.

The following lemma, which is considered well-known in the physics literature, will
be crucial in the analysis of the lattice Higgs model.

Lemma 2.1 (Corollary 2.17 in [9]). Let β > 0, κ > 0, and let γ be a path in C1(BN ). Then

EN,β,κ
[
Wγ(σ, φ)

]
= E

(U)
N,β,κ

[
Wγ(σ, 1)

]
= E

(U)
N,β,κ

[
ρ
(
σ(γ)

)]
.
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The main idea of the proof of Lemma 2.1 is to perform a change of variables, where
we for each pair (σ, φ) apply the gauge transformation τ−φ, thus mapping φ to 0. This

maps µN,β,κ to µ(U)
N,β,κ and Wγ(σ, φ) to Wγ(τφσ, 1). Using the Poincaré lemma (see, e.g. [6,

Lemma 2.2]), one can show that this map is k-to-1 for some k ∈ N that depends on
N , and from this the conclusion of the lemma follows. After having applied this gauge
transformation, we say we are working in unitary gauge.

We point out that Lemma 2.1 holds more generally also for 1-chains in the sense that
for any 1-chain c ∈ C1(BN ), one has

EN,β,κ
[
ρ
(
σ(c)− φ(∂c)

)]
= E

(U)
N,β,κ

[
ρ
(
σ(c)

)]
.

However, this more general version of Lemma 2.1 will not be used in this paper.

With the current section in mind, we will work with σ ∼ µ
(U)
N,β,κ rather than with

(σ, φ) ∼ µN,β,κ throughout the rest of this paper, together with the observable

Wγ(σ) := Wγ(σ, 1) =
∏
e∈γ

ρ
(
σ(e)

)
= ρ(σ(γ)).

2.3 Existence of the infinite volume limit

In this section, we recall a result which shows existence and translation invariance
of the infinite volume limit 〈Wγ(σ, φ)〉β,κ defined in the introduction. This result is well-
known, and is often mentioned in the literature as a direct consequence of the Ginibre
inequalities. A full proof of this result in the special case κ = 0 was included in [10], and
the general case can be proven completely analogously, hence we omit the proof here
and the refer the reader to [10].

Proposition 2.2. Let G = Zn, M > 1, and let f : Ω1(BM , G) × Ω0(BM , G) → R. For
M ′ >M , we abuse notation and let f denote the natural extension of f to Ω1(BM ′ , G)×
Ω0(BM ′ , G), i.e., the unique function such that f(σ) = f(σ|C1(BM ), φ|C0(BM )) for all
(σ, φ) ∈ Ω1(BM ′ , G) × Ω0(BM ′ , G). Further, let β ∈ [0,∞] and κ > 0. Then the limit
〈f(σ, φ)〉β,κ = limN→∞EN,β,κ

[
f(σ, φ)

]
exists and is translation invariant.

2.4 The activity

For a > 0 and g ∈ G, we set

φa(g) := eaRe(ρ(g)−ρ(0)).

Since ρ is unitary, for any g ∈ G we have ρ(g) = ρ(−g), and hence Re ρ(g) = Re ρ(−g). In
particular, for any g ∈ G

φa(g) = ea(Re ρ(g)−ρ(0)) = ea(Re ρ(−g)−ρ(0)) = φa(−g). (2.3)

For σ ∈ Ω1(BN , G) and β, κ > 0 we define the activity of σ by

φβ,κ(σ) :=
∏

p∈C2(BN )

φβ
(
dσ(p)

) ∏
e∈C1(BN )

φκ
(
σ(e)

)
.

Note that for σ ∈ Ω1(BN , G), the probability measure corresponding to the Wilson
action lattice gauge theory can be written an

µ
(U)
N,β,κ(σ) =

φβ,κ(σ)∑
σ∈Ω1(BN ,G) φβ,κ(σ)

. (2.4)
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Moreover, in the case G = Z2, for σ ∈ Ω1(BN ,Z2) we have

φβ,κ(σ) =
∏

p∈C2(BN )

φβ
(
dσ(p)

) ∏
e∈C1(BN )

φκ
(
σ(e)

)
=

∏
p∈C2(BN )

e−2β1
(
dσ(p)=1

) ∏
e∈C1(BN )

e−2κ1(σ(e)=1)

= e
−2β

∑
p∈C2(BN ) 1(dσ(p)=1)

e
−2κ

∑
e∈C1(BN ) 1(σ(e)=1)

= e−2β| supp dσ|e−2κ| suppσ|.

We note that, by definition, if σ, η ∈ Ω1(BN , G), supp η ⊆ suppσ, σ|supp η = η and
(dσ)|supp dη = dη, then

φβ,κ(σ) = φβ,κ(η)φβ,κ(σ − η).

2.5 Additional notation

Let D0 = D0(m) be a universal constant such that for any e ∈ C1(BN )+ and any j > 1,
there are at most D0j

m−1 positively oriented plaquettes at distance j from e.
When (γ

(n)
1 )n>1 and (γ

(n)
2 )n>1 are as in Figure 2, we let

Γn :=
{

0, γ
(n)
1 , γ

(n)
2 , γ

(n)
1 + γ

(n)
2

}
. (2.5)

Let G0 be the graph with vertex set C1(BN )+ and an edge between two distinct edges
e1, e2 ∈ C1(BN )+ if supp ∂e1 ∩ supp ∂e2 6= ∅ (written e1 ∼ e2). Note that any e ∈ C1(BN )+

has degree at most M0 := 4m− 1 in G0. When γ ∈ Λ0, we let G0(γ) be the subgraph of G0

induced by supp γ. We say that a path γ ∈ Λ0 is connected if G1(γ) is a connected graph,
and let

Λ1 :=
{
γ ∈ Λ0 : γ is connected

}
.

3 The Higgs phase (κ large)

3.1 A cluster expansion

In this section we describe a cluster expansion for the lattice Higgs model on a finite
box BN in the Higgs phase. The material here is for the most part well-known and is a
natural special case of the cluster expansion as presented in [17]. The expansion we use
here is similar to the expansion in [13,23] but uses polymers in the Higgs field instead
of polymers in the gauge field. This is the reason that we need κ > κ(Higgs)

0 here instead
of β > β0 for some β0 > 0 as in [13].

Throughout this section and in the rest of the paper, we will assume that G = Z2.

3.1.1 Polymers

Let G1 be the graph with vertex set C1(BN )+ and an edge between two distinct vertices
e1, e2 iff supp ∂̂e1 ∩ supp ∂̂e2 6= ∅, i.e. if e1 and ±e2 are both in boundary of some common
plaquette.

Since any edge e ∈ C1(BN )+ in BN is in the boundary of at most 2(m− 1) plaquettes,
and any such plaquettes has exactly three edges in its boundary that are not equal to e,
it follows that there are at most

M1 := 3 · 2(m− 1) = 6(m− 1) (3.1)

edges e′ ∈ C1(BN )+ r {e} with supp ∂̂e ∩ supp ∂̂e′ 6= ∅. As a consequence, it follows that
each vertex in G1 has degree at most M1.
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The graph G1 will be useful when we, in the following sections, describe the cluster
expansion we will use in the Higgs phase. This graph is analog to the graph introduced
in [13, Section 2.3] but has C1(BN )+ as its vertex set instead of C2(BN )+ which was
used in [13].

When σ ∈ Ω1(BN , G), we let G1(σ) be the subgraph of G1 induced by (suppσ)+. We let
Λ be the set of all σ ∈ Ω1(BN , G) such that G1(σ) has exactly one connected component.
The spin configurations in Λ will be referred to as polymers.

3.1.2 Polymer interaction

For σ, σ′ ∈ Λ, we write σ ∼ σ′ if G1(σ) ∪ G1(σ′) is a connected subgraph of G1.
In the notation of [17, Chapter 3], the model given by (4.2) corresponds to a model of

polymers with polymers described in Section 3.1.1 and interaction function ι(σ1, σ2) :=

ζ(σ1, σ2) + 1, where

ζ(σ1, σ2) :=

{
−1 if σ1, σ2 ∈ Λ and σ1 ∼ σ2

0 else.

3.1.3 Clusters of polymers

Consider a multiset

S = {η1, . . . , η1︸ ︷︷ ︸
nS(η1) times

, η2, . . . , η2︸ ︷︷ ︸
nS(η2) times

, . . . , ηk, . . . , ηk︸ ︷︷ ︸
nS(ηk) times

} = {ηn(η1)
1 , . . . , η

n(ηk)
k },

where η1, . . . , ηk ∈ Λ are distinct and n(η) = nS(η) denotes the number of times η occurs
in S. Following [17, Chapter 3], we say that S is decomposable if it is possible to
partition S into disjoint multisets. That is, if there exist non-empty and disjoint multisets
S1,S2 ⊂ S such that S = S1 ∪ S2 and such that for each pair (η1, η2) ∈ S1 ×S2, η1 � η2. If
S is not decomposable, we say that S is a cluster. We stress that a cluster is unordered
and may contain several copies of the same polymer. Given a cluster S, we define

‖S‖1 =
∑
η∈Λ

nS(η)
∣∣(supp η)+

∣∣, ‖S‖2 =
∑
η∈Λ

nS(η)
∣∣(supp dη)+

∣∣,
n(S) =

∑
η∈Λ

nS(η), and suppS =
⋃
η∈S

supp η.

For a 1− chain c ∈ C1(BN ,Z), we define

S(c) =
∑
η∈Λ

nS(η)η(c).

We let Ξ be the set of all clusters.
To simplify notation in the rest of this section, for e ∈ C1(BN )+, γ ∈ C1(BN ,Z), and

i, j, k > 1, we define

Ξi,j,k,e :=
{
S ∈ Ξ: n(S) = i, ‖S‖1 = j, ‖S‖2 = k, e ∈ suppS

}
,

Ξi :=
{
S ∈ Ξ: n(S) = i

}
,

Ξi,j :=
{
S ∈ Ξ: n(S) = i, ‖S‖1 = j

}
,

Ξi,j,e :=
{
S ∈ Ξ: n(S) = i, ‖S‖1 = j, e ∈ suppS

}
,

and
Ξi,j,γ :=

{
S ∈ Ξ: n(S) = i, ‖S‖1 = j, S(γ) 6= 0

}
.
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Further, we let
Ξi+ :=

{
S ∈ Ξ: n(S) > i},

and define Ξi+,j , Ξi,j+ , Ξi+,j+ , etc. analogously.
We note that the sets defined above depend on N but we usually suppress this in

the notation. When we want to emphasize this dependence, we write Ξ(BN ), Ξi(BN ),
Ξi,j(BN ), etc.

The following lemma gives an upper bound on the number of clusters of a given size
and with a given edge in its support.

Lemma 3.1. For any k > 1 and e ∈ C1(BN )+, we have |Ξ1,k,e| 6M2k−2
1 .

Proof. Let k > 1 and e ∈ C1(BN ). Let P be the set of all paths in G1 that starts at e and
have length 2k− 1. Since each vertex in G1 has degree at most M1, we have |P| 6M2k−2

1 .
For {η} ∈ Ξ1,k,e, let Gη be the subgraph of G1 induced by the set (supp η)+. Then Gη is

connected, and hence Gη has a spanning path Tη ∈ P of length 2k − 1 = 2
∣∣(supp η)+

∣∣− 1

which starts at e. Since the map η 7→ Tη is an injective map from Ξ1,k,e to P and
|P| 6M2k−2

1 , the desired conclusion immediately follows.

3.1.4 The activity of clusters

We extend the notion of activity from Section 2.4 to clusters S ∈ Ξ by letting

φβ,κ(S) =
∏
η∈S

φβ,κ(η)nS(η) = e−4β‖S‖2−4κ‖S‖1 .

3.1.5 Ursell functions

In the cluster expansion in [17], which is valid for many different spin models, special
functions known as Ursell functions play an important role. We define the Ursell function
relevant for our setting below.

For k > 1, we let Gk be the set of all connected graphs G with vertex set V (G) =

{1, 2, . . . , k}. Whenever G is a graph, we let E(G) be the (undirected) edge set of G.

Definition 3.2 (The Ursell functions). For k > 1 and η1, η2, . . . , ηk ∈ Λ, we let

U(η1, . . . , ηk) :=
1

k!

∑
G∈Gk

(−1)|E(G)|
∏

(i,j)∈E(G)

1(ηi ∼ ηj).

Note that this definition is invariant under permutations of the polymers η1, η2, . . . , ηk.
For S ∈ Ξk, and any enumeration η1, . . . , ηk (with multiplicities) of the polymers in S,

we define
U(S) = k!U(η1, . . . , ηk). (3.2)

Note that for any S ∈ Ξ1, we have U(S) = 1, and for any S ∈ Ξ2, we have U(S) = −1.

3.1.6 Cluster expansion of the partition function

The partition function for the abelian lattice Higgs model with parameters β, κ > 0 is
given by

Z
(U)
N,β,κ =

∑
σ∈Ω1(BN ,G)

φβ,κ(σ).

Since N is finite, this is a finite sum. An alternative representation of Zβ,κ,N is given by
the cluster partition function which is defined by the following (formal) expression:

Z∗N,β,κ = exp

(∑
S∈Ξ

Ψβ,κ(S)

)
, (3.3)
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where for S ∈ Ξ, we define

Ψβ,κ(S) := U(S)φβ,κ(S)

and U is the Ursell function as defined in Section 3.1.5.

It is not obvious that the series in the exponent of (3.3) is convergent but this follows
from the next lemma, assuming κ is sufficiently large, and we verify below that in
this case logZ

(U)
N,β,κ = logZ∗N,β,κ. In this lemma, the following constants will be used.

Recalling the definition of M1 from (3.1), we define

α = α(Higgs) := arg min
α′∈(0,1)

log(M2
1 + 1/α′)

4(1− α′)
and κ

(Higgs)
0 :=

log(M2
1 + 1/α)

4(1− α)
. (3.4)

Lemma 3.3. Let β > 0 and κ > κ
(Higgs)
0 . Then, for any η ∈ Λ, we have∑

S∈Ξ: η∈S
Ψβ,κ(S) 6

(
φ0,κ(η)

)−α
φβ,κ(η).

Moreover, the series in (3.3) is absolutely convergent.

Proof. Let α > 0 be such that κ > log(M2
1 +1/α)

4(1−α) . We will prove that for each η ∈ Λ we have∑
η′∈Λ

|φβ,κ(η′)|eα| supp η′|1(η ∼ η′) 6 ακ| supp η| = α log φ0,κ(η).

Given this, the conclusion of the lemma follows from [17, Theorem 5.4] choosing the
function a(η) := −α log φ0,κ(η).

By the choice of α, we have

M2
1 e
−4κ(1−α) < 1

and
e−4κ(1−α)

1−M2
1 e
−4κ(1−α)

6 α.

Thus, for any η ∈ Λ, we have∑
η′∈Λ

φβ,κ(η′)ea(η′)1(η ∼ η′) =
∑

η′∈Λ: η∼η′
φβ,κ(η′)φ0,κ(η′)−α 6

∑
η′∈Λ: η∼η′

φ0,κ(η′)1−α

6
∑

e∈(supp η)+

∑
{η′}∈Ξ1,1+,e

φ0,κ(η′)1−α =
∑

e∈(supp η)+

∞∑
j=1

|Ξ1,j,e|
(
e−4κj

)1−α
.

Using Lemma 3.1, we bound the right hand side of the previous equation from above by

∣∣(supp η)+
∣∣ ∞∑
j=1

M2j−2
1 e−4κj(1−α) =

∣∣(supp η)+
∣∣ e−4κ(1−α)

1−M2
1 e
−4κ(1−α)

.

The desired conclusion now follows from the choice of α.

Lemma 3.4. Let β > 0 and κ > κ
(Higgs)
0 . Then

logZ
(U)
N,β,κ = logZ∗N,β,κ =

∑
S∈Ξ

Ψβ,κ(S). (3.5)

EJP 29 (2024), paper 120.
Page 13/36

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1183
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Convergence of the Marcu-Fredenhagen ratio

Proof. The set Ω1(BN , G) is in bijection with the set of subsets of Λ with the property that
the polymers in each subset have pairwise disjoint supports and that their differentials
have pairwise disjoint supports. Therefore, for any β and κ we can write

Z
(U)
N,β,κ =

∑
Λ′⊂Λ

φβ(Λ′)
∏

{ν,ν′}⊂Λ′

1(supp ν ∩ supp ν′ = ∅).

On the other hand, if κ > κ
(Higgs)
0 , we can apply Proposition 5.3 of [17] to see that

the right-hand side in the last display equals logZ∗N,β,κ as defined in (3.3). From this the
desired conclusion follows.

All results in this section will assume that β > 0 and κ > κ
(Higgs)
0 , and using this

assumption, we from now on write Z(U)
N,β,κ also for the cluster partition function Z∗N,β,κ.

3.1.7 Cluster expansion of Wilson line observables

Consider the weighted cluster partition function

Z
(U)
N,β,κ[γ] := exp

(∑
S∈Ξ

Ψβ,κ,γ(S)

)
, (3.6)

where
Ψβ,κ,γ(S) := U(S)φβ,κ(S)ρ

(
S(γ)

)
.

The series on the right-hand side is absolutely convergent when β > 0 and κ > κ
(Higgs)
0 by

the proof of Lemma 3.3 since
∣∣∣ρ(S(γ)

)∣∣∣ = 1 for each S ∈ Ξ. As in the proof of Lemma 3.4,

using [17, Proposition 5.3], replacing the weight φβ(S) by φβ(S)ρ
(
S(γ)

)
, we have

logZ
(U)
β,κ,N [γ] =

∑
σ∈Ω1(BN ,G)

φβ,κ(σ)ρ
(
σ(γ)

)
.

Combining (3.6) and Lemma 3.4 we obtain the following result, which give us an alterna-
tive expression for logE

(U)
N,β,κ[Wγ ].

Proposition 3.5. Let β > 0 and κ > κ
(Higgs)
0 . Then for all N such that supp γ ⊂ BN ,

− logE
(U)
N,β,κ[Wγ ] =

∑
S∈Ξ

(
Ψβ,κ(S)−Ψβ,κ,γ(S)

)
=
∑
S∈Ξ

Ψβ,κ(S)
(
1− ρ

(
S(γ)

))
. (3.7)

Proof. Using (3.6) and Lemma 3.4 we conclude that

logE
(U)
N,β,κ[Wγ ] = log

Z
(U)
N,β,κ[γ]

Z
(U)
N,β,κ

,

which is what we wanted to prove.

Remark 3.6. Notice that Proposition 3.5 implies that E(U)
N,β,κ[Wγ ] ∈ (0, 1] when β > 0 and

κ > κ
(Higgs)
0 . This fact is not a priori clear since Wγ ∈ {−1, 1} for every σ ∈ Ω1(BN ,Z).

3.1.8 Cluster expansion of the Marcu-Fredenhagen ratio

In this section, we assume that two non-trivial paths γ1 and γ2 are given, with disjoint
support and with the same endpoints so that γ := γ1 + γ2 is a loop. The goal of this
section is to use the cluster expansions of (3.3) and (3.6) to give an expression of the
Marcu-Fredenhagen ratio which uses the cluster expansions.
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To simplify notation, we define

ρN (γ1, γ2) :=
E

(U)
N,β,κ[Wγ1 ]E

(U)
N,β,κ[Wγ2 ]

E
(U)
N,β,κ[Wγ1+γ2 ]

.

We note that by the Ginibre inequality (see [9, Section 2.6]), the limit

ρ(γ1, γ2) := lim
N→∞

ρN (γ1, γ2)

exists and is translation invariant.

Lemma 3.7. Let β > 0 and κ > κ
(Higgs)
0 . Then

log ρN (γ1, γ2) = −4
∑
S∈Ξ

Ψβ,κ(S)1
(
S(γ1) = S(γ2) = 1

)
. (3.8)

Proof. Using Proposition 3.5, we obtain

log ρN (γ1, γ2) = logE
(U)
N,β,κ[Wγ1 ] + logE

(U)
N,β,κ[Wγ2 ]− logE

(U)
N,β,κ[Wγ ]

=
∑
S∈Ξ

Ψβ,κ(S)
(
ρ
(
S(γ1 + γ2)

)
− ρ
(
S(γ1)

)
− ρ
(
S(γ2)

)
+ 1
)

=
∑
S∈Ξ

Ψβ,κ(S)
(
ρ
(
S(γ1)

)
ρ
(
S(γ2)

)
− ρ
(
S(γ1)

)
− ρ
(
S(γ2)

)
+ 1
)

=
∑
S∈Ξ

Ψβ,κ(S)
(
ρ
(
S(γ1)

)
− 1

)(
ρ
(
S(γ2)

)
− 1

)
= −4

∑
S∈Ξ

Ψβ,κ(S)1
(
S(γ1) = S(γ2) = 1

)
.

This concludes the proof.

3.1.9 Cluster expansion of the covariance of two Wilson lines

In this section, we use Lemma 3.7 to give an upper bound of the covariance of two Wilson
lines as a sum over clusters. This result, Lemma 3.8 below, will be the main ingredient
in the proof of Theorem 1.4.

Lemma 3.8. Let β > 0 and κ > κ
(Higgs)
0 . Further, let γ1 and γ2 be two paths with disjoint

support. Then∣∣E(U)
N,β,κ[Wγ1+γ2 ]− E(U)

N,β,κ[Wγ1 ]E
(U)
N,β,κ[Wγ2 ]

∣∣ 6 4
∣∣∣∑
V∈Ξ

Ψβ(V)1
(
S(γ1) = S(γ2) = 1

)∣∣∣. (3.9)

Proof. Since the function x 7→ ex is convex for all x ∈ R, we have∣∣E(U)
N,β,κ[Wγ1+γ2 ]− E(U)

N,β,κ[Wγ1 ]E
(U)
N,β,κ[Wγ2 ]

∣∣
6
∣∣logE

(U)
N,β,κ[Wγ1+γ2 ]− logE

(U)
N,β,κ[Wγ1 ]− logE

(U)
N,β,κ[Wγ2 ]

∣∣ =
∣∣log ρN (γ1, γ2)

∣∣.
Using Lemma 3.7, the desired conclusion immediately follows.

One interpretation of the right-hand-side of (3.9) is that a cluster S ∈ Ξ makes a
non-zero contribution to the covariance on the left-hand-side of (3.9) only if its support
connects the two paths γ1 and γ2.
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3.2 Upper bound for clusters

In this section we give upper bounds on sums over the activity of sets of clusters
which naturally arise in the proofs of Theorem 1.1 and Theorem 1.4.

Lemma 3.9. Let β > 0 and κ > κ
(Higgs)
0 , and let e ∈ C1(BN )+. Then

∑
S∈Ξ1+,1+,e

∣∣Ψβ,κ(S)
∣∣ 6 e−(2κ−α)2

1− 4M2
1 e
−2(2κ−α)

,

where α is as in (3.4).

Proof. By Lemma 3.3, for any η ∈ Λ, we have∑
S∈Ξ: η∈S

∣∣Ψβ,κ(S)
∣∣ 6 φβ,κ(η)

(
φ0,κ(η)

)−α
,

and hence∑
S∈Ξ1+,1+,e

∣∣Ψβ,κ(S)
∣∣ 6 ∑

{η}∈Ξ1,1+,e

∑
S∈Ξ: η∈S

∣∣Ψβ,κ(S)
∣∣ 6 ∑

{η}∈Ξ1,1+,e

φβ,κ(η)
(
φ0,κ(η)

)−α
,

(3.10)

By Lemma 3.1, we have

∑
{η}∈Ξ1,1+,e

φβ,κ(η)
(
φ0,κ(η)

)−α
6
∞∑
j=1

|Ξ1,j,e|e−2(2κ−α)j =

∞∑
j=1

(2M1)2j−2e−(2κ−α)2j . (3.11)

Combining (3.10) and (3.11), the desired conclusion immediately follows.

Lemma 3.10. Let β > 0 and κ > κ
(Higgs)
0 . Further, let k > 1 and e ∈ C1(BN ). Then, for

any ε > 0, we have ∑
S∈Ξ1+,k+,e

∣∣Ψβ,κ(S)
∣∣ 6 4−1Cεe

−4k(κ−κ(Higgs)
0 −ε),

where Cε is defined by

Cε := 4 sup
N>1

sup
e∈C1(BN )

∑
S∈Ξ1+,1+,e

∣∣Ψ
0,κ

(Higgs)
0 +ε

(S)
∣∣ < 4e−(2κ−α)2

1− 4M2
1 e
−2(2κ−α)

. (3.12)

Proof. Let ε > 0. From Lemma 3.9 we immediately get the upper bound on Cε in (3.12),
and hence Cε is well defined.

For any S ∈ Ξ, we have φβ,κ(S) = e−2β‖S‖2−2κ‖S‖1 and Ψβ,κ(S) = U(S)ψβ,κ(S), where
U(S) does not depend on β and κ, and hence

Ψβ,κ(S) = e−2(κ−κ(Higgs)
0 −ε)‖S‖1Ψ

β,κ
(Higgs)
0 +ε

(S).

Using this observation, we obtain∑
S∈Ξ1+,k+,e

∣∣Ψβ,κ(S)
∣∣ 6 e−4(κ−κ(Higgs)

0 −ε)k
∑

S∈Ξ1+,k+,e

∣∣Ψ
β,κ

(Higgs)
0 +ε

(S)
∣∣

6 e−4(κ−κ(Higgs)
0 −ε)k

∑
S∈Ξ1+,1+,e

∣∣Ψ
β,κ

(Higgs)
0 +ε

(S)
∣∣.

This concludes the proof.
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3.3 Proof of Theorem 1.4

In this section we give a proof of Theorem 1.4, which gives an exponential upper
bound on the decay of correlations.

Proof of Theorem 1.4. If S ∈ Ξ is such that S(γ1) = S(γ2) = 1, then there is some edge
e ∈ supp γ1 such that S ∈ Ξ1+,dist(γ1,γ2),e. Using Lemma 3.8, it follows that∣∣E(U)

N,β,κ[Wγ1+γ2 ]− E(U)
N,β,κ[Wγ1 ]E

(U)
N,β,κ[Wγ2 ]

∣∣ 6 4
∣∣∣∑
S∈Ξ

Ψβ,κ(S)1
(
S(γ1) = S(γ2) = 1

)∣∣∣
6 4

∑
e∈supp γ

∑
S∈Ξ1+,dist(γ1,γ2),e

∣∣Ψβ,κ(S)
∣∣.

Using Lemma 3.10, the desired conclusion immediately follows.

3.4 Proof of Theorem 1.1

Before giving a proof of Theorem 1.1 we state and prove a useful lemma.

Lemma 3.11. In the setting of Theorem 1.1, for any n > 1 and k > 1, we have∑
S∈Ξ1+,k+

∣∣∣Ψβ,κ(S)1
(
S(γ

(n)
1 ) = S(γ

(n)
2 ) = 1

)∣∣∣
6 2−1Cε

∞∑
j=1

e−4 max(j,k)(κ−κ(Higgs)
0 −ε)+ max(Tn − 2Rn, 0)4−1Cεe

−4 max(2Rn,k)(κ−κ(Higgs)
0 −ε)

where Cε is defined in (3.12).

Proof. Let k > 1, n > 1, and let γ1 = γ
(n)
1 and γ2 = γ

(n)
2 . Further, let be such that

S ∈ Ξ1+,k+ and S(γ1) = S(γ2) = 1. Since S(γ1) = 1, there is e ∈ supp γ1 ∩ suppS.
Since S(γ2) = 1, we also have supp γ2 ∩ suppS 6= ∅. Consequently, we must have∣∣(suppS)+

∣∣ > dist(e, γ2), and hence∑
S∈Ξ1+,k+

∣∣∣Ψβ,κ(S)1
(
S(γ1) = S(γ2) = 1

)∣∣∣ 6 ∑
S∈Ξ1+,k+

∣∣Ψβ,κ(S)
∣∣1(S(γ1) = S(γ2) = 1

)

6
∑
e∈γ1

∑
S∈Ξ1+,k+,e

∣∣Ψβ,κ(S)
∣∣1(∣∣(suppS)+

∣∣ > dist(e, γ2)
)

6
∞∑
j=1

∑
e∈γ1 :

dist(e,γ2)=j

∑
S∈Ξ1+,max(j,k)+,e

∣∣Ψβ,κ(S)
∣∣.

Note that for j > 1, if j 6= 2Rn then there are at most two edges e ∈ γ1 such that
dist(e, γ2) = j. Also, there are at most max(Tn−2Rn, 0) edges e ∈ γ1 such that dist(e, γ2) =

2Rn. Using Lemma 3.10, we thus obtain the desired conclusion.

Proof of Theorem 1.1. Let k > 1, and let nk > 1 be such that Rn, Tn > k for all n > nk.
Further, assume that N is large enough to guarantee that dist(γ(n), ∂BN ) > k. Then, for
any n > nk, we have that

ak :=
∑

S∈Ξ1+,k−

Ψβ,κ(S)1
(
S(γ

(n)
1 ) = S(γ

(n)
2 ) = 1

)

is well defined, and does not depend on n nor the choice of (Rn)n>1 and (Tn)n>1.
Moreover, by Lemma 3.11, the limit limk→∞ ak exists. Since we for all k > 1 have

ak < δ1,ε <∞,
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it follows that limk→∞ ak <∞.
We now show that (i) and (ii) holds. To this end, let n > nk. Then, by Lemma 3.7, we

have

−4−1 log ρN (γ
(n)
1 , γ

(n)
2 ) = ak +

∑
S∈Ξ1+,k+

Ψβ,κ(S)1
(
S(γ

(n)
1 ) = S(γ

(n)
2 ) = 1

)
.

Using Lemma 3.11 and the Ginibre inequality, it follows that

lim
n→∞

−4−1 log ρ(γ
(n)
1 , γ

(n)
2 )

exists and is equal to limk→∞ ak, and hence

ρ = lim
n→∞

ρ(γ
(n)
1 , γ

(n)
2 )

exists and is equal to e−4 limk→∞ ak . Since limk→∞ ak < ∞, it follows that ρ > 0. This
completes the proof of (i) and (ii).

We now show that the (iii) holds. To this end, let n > 1, and let k = min(Rn, Tn) (this
guarantees that n > nk). Then∣∣log ρ(γ

(n)
1 , γ

(n)
2 )− log ρ

∣∣ =
∣∣log ρ(γ

(n)
1 , γ

(n)
2 )− (−4 lim

k→∞
ak)
∣∣

= 4
∣∣−4−1 log ρ(γ

(n)
1 , γ

(n)
2 )− lim

k→∞
ak
∣∣

6 4
(∣∣−4−1 log ρ(γ

(n)
1 , γ

(n)
2 )− ak

∣∣+
∣∣ak − lim

k→∞
ak
∣∣)

Using Lemma 3.11, we thus obtain∣∣log ρ(γ
(n)
1 , γ

(n)
2 )− log ρ

∣∣
6 4Cε

∞∑
j=1

e−4 max(j,k)(κ−κ(Higgs)
0 −ε) + 2Cε max(Tn − 2Rn, 0)e−4 max(2Rn,k)(κ−κ(Higgs)

0 −ε).

This shows that (iii) holds, and thus completes the proof.

4 The confinement phase (β and κ both small)

In this section, we prove our main result for the confinement phase, Theorem 1.2.
The proof strategy is similar to that of Theorem 1.1, with the main difference that we
here need to use a high temperature expansion before we can find a convergent cluster
expansion.

4.1 A high temperature expansion

In this section, we recall the high temperature expansion of Ising lattice gauge theory
from [12]. To this end, for a > 0 and j ∈ {0, 1}, we define

ϕa(j) :=

{
1 if j = 0

tanh 2a if j = 1.

Let γ be a path. For ω ∈ Ω2(BN ,Z2), we let

ϕγβ,κ(ω) :=
∏

p∈C2(BN )+

ϕβ
(
ω(p)

) ∏
e∈C1(BN )+

ϕκ
(
δω(e) + γ[e]

)
ϕκ(γ[e])

. (4.1)
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Further, we let
ẐN,β,κ[γ] := ϕκ

(
1
)|γ| ∑

ω∈Ω2(BN ,Z2)

ϕγβ,κ(ω). (4.2)

The high temperature expansion of the lattice Higgs model is given by the following
lemma.

Lemma 4.1 (Proposition 4.1 in [12]). Let β, κ > 0. Then, for any path γ, we have

E
(U)
N,β,κ[Wγ ] =

ϕκ
(
1
)|γ|

ẐN,β,κ[γ]

ẐN,β,κ[0]
,

and thus

ρN (γ1, γ2) =
ẐN,β,κ[γ1]ẐN,β,κ[γ2]

ẐN,β,κ[γ1 + γ2]ẐN,β,κ[0]
.

For a path γ, we also define

ẐγN,β,κ :=
∑

ω∈Ω2(BN ,Z2) :
6∃p∈suppω : p∼γ

ϕ0
β,κ(σ).

We note that for any path γ, we have

ẐγN,β,κ 6 ẐN,β,κ.

4.2 A cluster expansion

In this section we will describe the cluster expansion of [17] for the model obtained
from the high temperature expansion in the previous section. The setup for this expansion
will be very similar with the corresponding setup in the Higgs phase, and for this reason
we will aim to keep the exposition short here.

4.2.1 Polymers

In this section, we assume that a path γ ∈ Λ0 is given.
Let G2 be the graph with vertex set C2(BN )+, an edge between two distinct plaquettes

p1, p2 ∈ C2(BN )+ if supp ∂p ∩ supp ∂p′ 6= ∅ (written p1 ∼ p2). In other words, p1 ∼ p2

if they have some common edge in their boundaries. Note that any p ∈ C2(BN )+ has
degree at most M2 := 4 · (2(m− 1)− 1) = 8m− 12 in G2.

For ω ∈ Ω2(BN ,Z2), we let G2(ω) be the subgraph of G2 induced by (suppω)+. In
other words, G2 is the graph with vertex set (suppω)+ and an edge between two vertices
p1, p2 ∈ (suppω)+ if p1 ∼ p2.

In this section, we let

Λ :=
{
ω ∈ Ω2(BN ,Z2) : G2(ω) has exactly one connected component

}
.

The spin configurations in Λ will be referred to as polymers.

4.2.2 Polymer interaction

For ω, ω′ ∈ Λ, we write ω ∼ ω′ if G2(ω) ∪ G2(ω′) is a connected subgraph of G2.
In the notation of [17, Chapter 3], the model given by (4.2) corresponds to a model of

polymers with polymers described in Section 4.2.1 and interaction function ι(ω1, ω2) :=

ζ(ω1, ω2) + 1, where

ζ(ω1, ω2) :=

{
−1 if ω1 ∼ ω2

0 else,
ω1, ω2 ∈ Λ.
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For ω ∈ Ω2(BN ,Z2), we write ω ∼ γ if there is p ∈ suppω such that supp ∂p∩supp γ 6= ∅.
Finally, we also write γ ∼ γ.

4.2.3 Clusters of polymers

Consider a multiset

S = {η1, . . . , η1︸ ︷︷ ︸
nS(η1) times

, η2, . . . , η2︸ ︷︷ ︸
nS(η2) times

, . . . , ηk, . . . , ηk︸ ︷︷ ︸
nS(ηk) times

} = {ηn(η1)
1 , . . . , η

n(ηk)
k },

where η1, . . . , ηk ∈ Λ are distinct and n(η) = nS(η) denotes the number of times η occurs
in S. Following [17, Chapter 3], we say that S is decomposable if it is possible to
partition S into disjoint multisets. That is, if there exist non-empty and disjoint multisets
S1,S2 ⊂ S such that S = S1 ∪ S2 and such that for each pair (η1, η2) ∈ S1 ×S2, η1 � η2. If
S is not decomposable, we say that S is a cluster. We stress that a cluster is unordered
and may contain several copies of the same polymer.

We let Ξ be the set of all clusters.

For S ∈ Ξ, we let S0 be the the set of all η ∈ S such that ω � γ. We let Sγ := S r S0.

Given a cluster S ∈ Ξ, we let

‖S‖ =
∑
η∈Λ

nS(η)
∣∣(supp η)+

∣∣,
and

‖S‖γ :=
∑
η∈Λ

nSγ (η)
∣∣supp δη ∩ supp γ

∣∣.
We also let

suppS =
⋃
η∈Λ

(supp η)+.

For p ∈ C2(BN )+ and j > 1, we let

Ξ1,j,p :=
{
{η} : η ∈ Λ and p ∈ supp η and ‖{ω}‖ = j

}
and

Ξ1+,j+,p :=
{
S ∈ Ξ: p ∈ suppS and ‖S‖ > j

}
.

As in Section 3.1.3, these sets depends on N , and when this is important, we write
Ξ(BN ), Ξ1,j,p)(BN ), and Ξ1+,j+,p)(BN ) respectively.

The following lemma is analogous to Lemma 3.1 and gives an upper bound on the
number of clusters of a given size and with a given plaquette in its support.

Lemma 4.2. For any k > 1 and p ∈ C2(BN )+, we have |Ξ1,k,p| 6M2k−2
2 .

Proof. Let k > 1 and p ∈ C2(BN )+. Let P be the set of all paths in G2 that starts at p and
have length 2k− 1. Since each vertex in G2 has degree at most M2, we have |P| 6M2k−2

2 .

For any {ω} ∈ Ξ1,k,p, the graph G2(ω) is connected, and hence G2(ω) has a spanning
path Tω ∈ P of length 2k − 1 = 2

∣∣(suppω)+
∣∣− 1 which starts at p. Since the map ω 7→ Tω

is an injective map from Ξ1,k,p to P and |P| 6M2k−2
2 , the desired conclusion immediately

follows.
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4.2.4 The activity of clusters

We extend the notion of activity from (4.1) to clusters S ∈ Ξ as follows.

ϕγβ,κ(S) :=
∏
η∈S

ϕγβ,κ(η).

Note that
ϕγβ,κ(S) = ϕ0

β,κ(S)ϕκ(1)−‖S‖γ .

The following lemma, which we now state and prove, will be useful later.

Lemma 4.3. Let β, κ > 0, let γ ∈ Γn, and let ω ∈ Λ. Then

ϕγβ,κ(ω) 6 ϕβ(1)(1−on(1))|(suppω)+|.

Proof. For any ω ∈ Λ, we have

ϕγβ,κ(ω) = ϕβ(1)|(suppω)+|ϕκ(1)|(supp δω)+rsupp γ|−|(supp δω)+∩supp γ|.

Assume first that ω ∈ Λ is such that |(suppω)+| > RnTn. In this case we have

ϕγβ,κ(ω) 6 ϕβ(1)|(suppω)+|ϕκ(1)−|γ|

6 ϕβ(1)(1−on)(1)|(suppω)+|ϕβ(1)−on(1)RnTnϕκ(1)−(Rn+Tn).

Since Rn, Tn → ∞, RnTn tends to infinity much quicker than Rn + Tn, and hence the
desired conclusion follows if on(1) goes to zero slowly enough.

Now instead assume that we are given |(suppω)+| < RnTn and | supp δω ∩ supp γ| 6= 0.

Then | supp δω| is minimized if suppω is a subset of the flat surface q that spans γ(n)
1 +γ

(n)
2 .

Assume that this is the case. For each edge e ∈ supp δω ∩ supp γ, either all plaquettes
in supp q between e and the opposite side of γ1 + γ2 are in suppω, or there is some such
plaquette that is not in suppω, and in this case there there is at leat two edges parallell
to e that is in (supp δω)+r supp γ. Note that in the first of these cases, there are a total of
at least min(Rn, Tn) plaquettes that are in suppω. Moreover, each plaquette appearing
in one of these sets are in sets corresponding to at most four edges. Hence

|(supp δω)+ ∩ supp γ| − |(supp δω)+ r supp γ| 6 4|(suppω)+|
min(Rn, Tn)

.

Consequently, in this case, we have

ϕγβ,κ(ω) 6 ϕβ(1)|(suppω)+|ϕκ(1)−
4|(suppω)+|
min(Rn,Tn) .

From this the desired conclusion immediately follows.

4.2.5 Ursell functions

The Ursell functions we will use in the confinement phase are analogous to the Ursell
functions used for the Higgs phase (see Definition 3.2), except the set Λ is different and
we use the graph G2 instead of G1.

4.2.6 Cluster expansion of the partition function

For β > 0, κ > 0, γ ∈ Λ, and S ∈ Ξ, we let

Ψγ
β,κ(S) := U(S)ϕγβ,κ(S).
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Further, we let

β
(conf)
0 := sup

{
β > 0: M2

2ϕβ(1) < 1 and ∃α ∈ (0, 1) s.t.
M3

2ϕβ(1)1−α

1−M2
2ϕβ(1)1−α < 2α

}
(4.3)

and for β > β
(conf)
0 , we let

α := αβ := inf{α ∈ (0, 1) :
M3

2ϕβ(1)1−α

1−M2
2ϕβ(1)1−α < 2α}. (4.4)

Lemma 4.4. Let 0 < β < β
(conf)
0 and κ > 0, and let γ ∈ Γn. Then, for any ω ∈ Ξ, we have∑
S∈Ξ: ω∈S

∣∣Ψγ
β,κ(S)

∣∣ 6 ϕγβ,κ(ω)1−α.

Moreover,

log ẐN,β,κ[γ] =
∑
S∈Ξγ

Ψγ
β,κ(S) (4.5)

and

log ẐγN,β,κ =
∑

S∈Ξ: Sγ=∅

Ψ0
β,κ(S). (4.6)

Furthermore, the series on the right-hand sides of (4.5) and (4.6) are both absolutely
convergent.

Proof. For ω ∈ Ω2(BN ,Z2), let a(ω) := −α logϕγβ,κ(ω). We need to show that for any
ω ∈ Λ we have ∑

ω′∈Λ

ϕγβ,κ(ω′)ea(ω′)1(ω ∼ ω′) 6 α| suppω|. (4.7)

Given this, the conclusion follows from [17, Theorem 5.4].
We now show that (4.7) holds. To this end, fix any ω ∈ Λ. Then∑

ω′∈Λ

ϕγβ,κ(ω′)ea(ω′)1(ω ∼ ω′) =
∑
ω′∈Λ

ϕγβ,κ(ω′)1−α1(ω ∼ ω′)

6
∑

p∈(suppω)+

∑
p′∼p

∑
ω′∈Λ:
p′∈suppω

ϕγβ,κ(ω′)1−α.

Since any p ∈ C2(BN )+ has degree at most M2 in G2, we can bound the previous
expression from above by

M2|(suppω)+|
∞∑
j=1

max
p∈C2(BN )+

∑
{ω′}∈Ξ1,j,p

ϕγβ,κ(ω′)1−α

6M2|(suppω)+|
∞∑
j=1

max
p∈C2(BN )+

|Ξ1,j,p| max
{ω′}∈Ξ1,j,p

ϕγβ,κ(ω′)1−α.

Using Lemma 4.3 and Lemma 4.2, we obtain

∑
{ω′}∈Ξ

ϕγβ,κ(ω′)ea(ω′)1(ω ∼ ω′) 6M2|(suppω)+|
∞∑
j=1

M2j−2
2 ϕβ(1)(1−on(1))(1−α)j .

The desired conclusion now follows from the choice of α.
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4.3 Upper bounds for clusters

In this section we give upper bounds on sums over the activity of sets of clusters
which naturally arise in the proofs of Theorem 1.2.

Lemma 4.5. Let 0 < β < β
(conf)
0 and κ > 0, let γ ∈ Γn, and let p ∈ C2(BN )+. Then

∑
S∈Ξ1+,1+,p

∣∣Ψγ
β,κ(S)

∣∣ 6 ϕβ(1)(1−on(1))(1−α)

1−M2
2ϕβ(1)(1−on(1))(1−α)

=: C(2)
ε,n (4.8)

where α is as in (4.4).

Proof. By Lemma 4.4, for any ω ∈ Ξ, we have∑
S∈Ξ: ω∈S

∣∣Ψγ
β,κ(S)

∣∣ 6 ϕγβ,κ(ω)1−α

and hence∑
S∈Ξ1+,1+,p

∣∣Ψγ
β,κ(S)

∣∣ 6 ∑
{ω}∈Ξ1,1+,p

∑
S∈Ξ: ω∈S

∣∣Ψγ
β,κ(S)

∣∣ 6 ∑
{ω}∈Ξ1,1+,p

ϕγβ,κ(ω)1−α.
(4.9)

Next, by Lemma 4.2 and Lemma 4.3, we have

∑
{ω}∈Ξ1,1+,p

ϕγβ,κ(ω)1−α 6
∞∑
j=1

|Ξ1,j,p| max
ω∈Ξ1,j,p

ϕγβ,κ(ω)1−α 6
∞∑
j=1

M2j−2
2 ϕβ(1)(1−on(1))(1−α)j .

(4.10)

Combining (4.9) and (4.10), the desired conclusion immediately follows.

Lemma 4.6. Let 0 < β < β
(conf)
0 and κ > 0, let γ ∈ Γn, and let p ∈ C2(BN )+. Further, let

k > 1 and ε ∈ (0, β
(conf)
0 − β). Then

∑
S∈Ξ1+,k+,p

∣∣Ψγ
β,κ(S)

∣∣ 6 C(2)
ε,n

( ϕβ(1)

ϕβ+ε(1)

)k
,

where C(2)
ε,n is defined in (4.8).

Proof. Note first that, by definition, we have

Ψγ
β,κ(S) =

( ϕβ(1)

ϕβ+ε(1)

)‖S‖
Ψγ
β+ε,κ(S).

Using this observation, we obtain

∑
S∈Ξ1+,k+,p

∣∣Ψγ
β,κ(S)

∣∣ 6 ( ϕβ(1)

ϕβ+ε(1)

)k ∑
S∈Ξ1+,k+,p

∣∣Ψγ
β+ε,κ(S)

∣∣
6
( ϕβ(1)

ϕβ+ε(1)

)k ∑
S∈Ξ1+,1+,p

∣∣Ψγ
β+ε,κ(S)

∣∣.
Applying Lemma 4.5, we obtain the desired conclusion.
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4.4 Proof of Theorem 1.2

In this section we prove Theorem 1.2. Before doing so we provide a useful lemma.

Lemma 4.7. Let 0 < β < β
(conf)
0 and κ > 0. Further, let γ ∈ Γn, let k > 0, and let

ε ∈ (0, β
(conf)
0 − β). Then

∑
S∈Ξ: ‖S‖>k,
Sγ1 6=∅,Sγ2 6=∅

∣∣Ψγ
β,κ(S)

∣∣ 6 2(m− 1)C(2)
ε,n

(
2

∞∑
j=1

( ϕβ(1)

ϕβ+ε(1)

)max(j,k)

+ max(0, Tn − 2Rn)
( ϕβ(1)

ϕβ+ε(1)

)2Rn
)
,

where C(2)
ε,n is defined in (4.8).

Proof. Note first that∑
S∈Ξ: ‖S‖>k,
Sγ1 6=∅,Sγ2 6=∅

∣∣Ψγ
β,κ(S)

∣∣ 6 ∑
e∈γ1

∑
p∈supp ∂̂e

∑
S∈Ξ1+,k+,p :
‖S‖>dist(e,γ2)

∣∣Ψγ
β,κ(S)

∣∣. (4.11)

Using Lemma 4.6 and noting that | supp ∂̂e| 6 2(m− 1) for any e ∈ C1(BN ), we can upper
bound the right hand side of (4.11) by

2(m− 1)C(2)
ε,n

∑
e∈γ1

( ϕβ(1)

ϕβ+ε(1)

)max(k,dist(e,γ2))

6 2(m− 1)C(2)
ε,n

(
2

∞∑
j=1

( ϕβ(1)

ϕβ+ε(1)

)max(j,k)

+ max(0, Tn − 2Rn)
( ϕβ(1)

ϕβ+ε(1)

)2Rn
)
.

This concludes the proof.

Proof of Theorem 1.2. By combining Lemma 4.1 and Lemma 4.4, we see that

log ρN (γ
(n)
1 , γ

(n)
2 ) = log

ẐN,β,κ[γ1]ẐN,β,κ[γ2]

ẐN,β,κ[γ1 + γ2]ẐN,β,κ
.

To simplify notation, we now let γ1 := γ
(n)
1 and γ2 := γ

(n)
2 .

Let ε ∈ (0, β
(conf)
0 − β). For each path γ ∈ Γn we have

log ẐN,β,κ[γ] =
∑

S∈Ξ: Sγ1+γ2=∅

U(S)ϕγβ,κ(S) +
∑

S∈Ξ: Sγ1=∅,Sγ2 6=∅

U(S)ϕγβ,κ(S)

+
∑

S∈Ξ: Sγ1 6=∅,Sγ2=∅

U(S)ϕγβ,κ(S) +
∑

S∈Ξ: Sγ1 6=∅,Sγ2 6=∅

U(S)ϕγβ,κ(S).

Note that if we e.g. have Sγ1 = ∅, then ϕγ1β,κ(S) = ϕ0
β,κ(S) and ϕγ1+γ2

β,κ (S) = ϕγ2β,κ(S).
Using these observations, it follows that

log
ẐN,β,κ[γ1]ẐN,β,κ[γ2]

ẐN,β,κ[γ1 + γ2]ẐN,β,κ

=
∑

S∈Ξ: Sγ1 6=∅,Sγ2 6=∅

U(S)
(
ϕγ1β,κ(S) + ϕγ2β,κ(S)− ϕγ1+γ2

β,κ (S)− ϕ0
β,κ(S)

)
=

∑
S∈Ξ: Sγ1 6=∅,Sγ2 6=∅

(
Ψγ1
β,κ(S) + Ψγ2

β,κ(S)−Ψγ1+γ2
β,κ (S)−Ψ0

β,κ(S)
)
.
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Now note that for any k > 1, n > 1 such that Rn, Tn > k, and N sufficiently large,∑
S∈Ξ: ‖S‖6k
Sγ1 6=∅,Sγ2 6=∅

(
Ψγ1
β,κ(S) + Ψγ2

β,κ(S)−Ψγ1+γ2
β,κ (S)−Ψ0

β,κ(S)
)

is independent on n. Using Lemma 4.7, it follows that the limit limn→∞ limN→∞ ρN (γ
(n)
1 ,

γ
(n
2 ) exists. This completes the proof of the first part of Theorem 1.2.

Next, note that by Lemma 4.7, we have∑
S∈Ξ: Sγ1 6=∅,Sγ2 6=∅

(
Ψγ1
β,κ(S) + Ψγ2

β,κ(S)−Ψγ1+γ2
β,κ (S)−Ψ0

β,κ(S)
)

> −8(m− 1)C(2)
ε,n

(
2

∞∑
j=1

( ϕβ(1)

ϕβ+ε(1)

)j
+ max(0, Tn − 2Rn)

( ϕβ(1)

ϕβ+ε(1)

)2Rn
)
.

Define

C(2)
ε := lim

n→∞
C(2)
ε,n. (4.12)

Letting first N →∞ and then n→∞, we obtain

lim
n→∞

log ρ(γ
(n)
1 , γ

(n)
2 ) >

−16(m− 1)C
(2)
ε tanh 2β

tanh(2β + 2ε)− tanh 2β
.

This concludes the proof.

5 The free phase (β large and κ small)

In this section, we provide a proof of Theorem 1.3. The proof strategy is similar to
that of Theorem 1.2, but here we use a different high temperature expansion and also
have to deal with a few additional complications before we can use a cluster expansion.

5.1 A high temperature expansion

In this section, we use a high temperature expansion of the Ising lattice Higgs model
to obtain alternative expressions for ZN,β,κ[γ] that are useful when κ is small and β is
large.

When γ is a closed loop, we let qγ be a corresponding oriented surface. We note that
by the discrete Stoke’s theorem (see, e.g., [10, Section 2.3.2]), when ω ∈ Ω2(BN ,Z2) is
such that dω = 0, then ω(qγ) does not depend on the choice of qγ .

For a path γ ∈ Λ0, we define

ŽN,β,κ[γ] :=
∑

ω∈Ω2(BN ,Z2) :
dω=0

∑
γ′∈Λ0 :
δ(γ+γ′)=0

e
β
∑
p∈C2(BN ) ρ(ω(p))

(tanh 2κ)|γ
′|ρ(ω(qγ+γ′)). (5.1)

The following lemma gives a connection between Z(U)
N,β,κ[γ] and ŽN,β,κ[γ].

Lemma 5.1. Let β, κ > 0. Then

Z
(U)
N,β,κ[γ] = (cosh 2κ)|C1(BN )+| |Ω1(BN ,Z2)|

|{ω ∈ Ω2(BN ,Z2) : dω = 0}|
ŽN,β,κ[γ].
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Proof. For any σ ∈ Ω1(BN ,Z2), we have

e
κ
∑
e∈C1(BN ) ρ(σ(e))

= e
2κ

∑
e∈C1(BN )+ ρ(σ(e))

=
∏

e∈C1(BN )+

(cosh 2κ+ ρ(σ(e)) sinh 2κ)

= (cosh 2κ)|C1(BN )+|
∏

e∈C1(BN )+

(
1 + ρ

(
σ(e)

)
tanhκ

)

= (cosh 2κ)|C1(BN )+|
∑
γ′∈Λ0

(tanh 2κ)|γ
′|ρ
(
σ(γ′)

)
.

Using the definition of Z(U)
N,β,κ[γ], it follows that

Z
(U)
N,β,κ[γ] =

∑
σ∈Ω1(BN ,Z2)

e
β
∑
p∈C2(BN ) ρ(dσ(p))+κ

∑
e∈C1(BN ) ρ(σ(e))

ρ(σ(γ))

= (cosh 2κ)|C1(BN )+|
∑

σ∈Ω1(BN ,Z2)

e
β
∑
p∈C2(BN ) ρ(dσ(p))

∑
γ′∈Λ0

(tanh 2κ)|γ
′|ρ(σ(γ + γ′)).

Now note that if γ′ ∈ Λ0 is such that supp γ ∩ supp γ′ 6= ∅ and δ(γ+ γ′) 6= 0, then by gauge
invariance, we have∑

σ∈Ω2(BN ,Z2)

e
β
∑
p∈C2(BN ) ρ(dσ(p))

(tanh 2κ)|γ
′|ρ(σ(γ + γ′)) = 0.

Using this observation it follows that

Z
(U)
N,β,κ[γ] = (cosh 2κ)|C1(BN )+|

∑
σ∈Ω2(BN ,Z2)

e
β
∑
p∈C2(BN ) ρ(dσ(p))

×
∑

γ′∈Λ0 : δ(γ+γ′)=0

(tanh 2κ)|γ
′|ρ(σ(γ + γ′)).

Finally, using the Poincaré lemma (see, e.g., [6, Lemma 2.2]), we obtain

Z
(U)
N,β,κ[γ] = (cosh 2κ)|C1(BN )+| |Ω1(BN ,Z2)|

|{ω ∈ Ω2(BN ,Z2) : dω = 0}|
·

∑
ω∈Ω2(BN ,Z2) :

dω=0

∑
γ′∈Λ0 :
δ(γ+γ′)=0

e
β
∑
p∈C2(BN ) ρ(ω(p))

(tanh 2κ)|γ
′|ρ(ω(qγ+γ′))

as desired. This concludes the proof.

When γ is a closed path, we verify in Section 5.2 that ŽN,β,κ[γ] has a cluster expansion.
However, when γ is an open path, this argument fails. For this reason, we now give an
alternative expression for (5.1). To this end, for a closed loop γ and an open path γ0, we
let

ŽN,β,κ[γ, γ0] :=
∑

ω∈Ω2(BN ,Z2) :
dω=0

∑
γ′∈Ω1(BN ,Z2) :
γ′�γ0, δγ′=0

e
β
∑
p∈C2(BN )(ρ(ω(p))−1)

(tanh 2κ)|γ
′|ρ(ω(qγ+γ′)).

Further, for any open connected path, we let Lγ be the set of all connected paths γ0 such
that γ + γ0 is closed (see Figure 3a).

Lemma 5.2. Let β, κ > 0. Then the following holds.

(i) For any closed path γ, we have

ŽN,β,κ[γ] = ŽN,β,κ[γ, 0].
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(ii) For any open connected path γ, we have

ŽN,β,κ[γ] =
∑
γ0∈Lγ

(tanh 2κ)|γ0|ŽN,β,κ[γ + γ0, γ0].

Proof. Assume first that γ is a closed path. Then, by definition, we have

ŽN,β,κ[γ] =
∑

ω∈Ω2(BN ,Z2) :
dω=0

∑
γ′∈Λ0 :
δγ′=0

e
β
∑
p∈C2(BN ) ρ(ω(p))

(tanh 2κ)|γ
′|ρ(ω(qγ+γ′)).

and hence (i) holds.
Now instead assume that γ is a connected open path with | supp ∂̂γ| = 2. Then, by

definition, we have

ŽN,β,κ[γ] =
∑
γ0∈Lγ

(tanh 2κ)|γ0|

·
∑

ω∈Ω2(BN ,Z2) :
dω=0

∑
γ′∈Λ0 : γ′�γ0

δγ′=0

e
β
∑
p∈C2(BN ) ρ(ω(p))

(tanh 2κ)|γ
′|ρ(ω(qγ+γ0+γ′)).

This completes the proof of (ii).

5.2 A cluster expansion

In this section, using the high temperature expansion of Section 5.1, we present a
cluster expansion which is useful in the free phase.

5.2.1 Polymers

Let G3 be the graph with vertex set C2(BN )+ and an edge between two distinct plaquettes
p1, p2 ∈ C2(BN )+ if supp ∂̂p ∩ supp ∂̂p′ 6= ∅ (written p1 ∼ p2). Note that any p ∈ C2(BN )+

has degree at most M3 := 10(m− 2) in G3. For ω, ω′ ∈ Ω2(BN ,Z2), we write ω ∼ ω′ if the
subgraph of G3 induced by (suppω)+ ∪ (suppω′)+ is connected. When ω ∈ Ω2(BN ,Z2),
we let G3(ω2) be the subgraph of G3 induced by (suppω)+. We let

Λ2 :=
{
ω ∈ Ω2(BN ,Z2) : G3(ω) has exactly one connected component

}
.

Recall the definitions of G0, M0, and Λ1 from Section 2.5.
For two paths γ, γ′ ∈ Λ0, we write γ ∼ γ′ if the subgraph of G0 induced by supp γ ∪

supp γ′ is connected.
In this section, thee elements in Λ1 and Λ2 will be referred to as polymers.

5.2.2 Polymer interaction

For ω, ω′ ∈ Λ2, we write ω ∼ ω′ if G3(ω) ∪ G3(ω′) is a connected subset of G3.
For γ, γ′ ∈ Λ1, we recall that γ ∼ γ′ if G0(γ) ∪ G0(γ′) is a connected subset of G0.
For γ ∈ Λ1 and ω ∈ Λ2, we write γ ∼ ω and ω ∼ γ if ρ(ω(qγ)) = −1.
In the notation of [17, Chapter 3], the model described by Ž[γ, γ0] corresponds to a

model of polymers with polymers described in Section 5.2.1 and interaction function
ι(η1, η2) := ζ(η1, η2) + 1, where

ζ(η1, η2) := ι(η1, η2)− 1 =



−2 if η1 ∈ Λ1, η2 ∈ Λ2 and ρ(η2(η1)) = −1

−2 if η1 ∈ Λ2, η2 ∈ Λ1 and ρ(η1(η2)) = −1

−1 if η1, η2 ∈ Λ1 and η1 ∼ η2

−1 if η1, η2 ∈ Λ2 and η1 ∼ η2

0 else.
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5.2.3 Clusters of polymers

Consider a multiset

S = {η1, . . . , η1︸ ︷︷ ︸
nS(η1) times

, η2, . . . , η2︸ ︷︷ ︸
nS(η2) times

, . . . , ηk, . . . , ηk︸ ︷︷ ︸
nS(ηk) times

} = {ηn(η1)
1 , . . . , η

n(ηk)
k },

where η1, . . . , ηk ∈ Λ1 ∪ Λ2 are distinct and n(η) = nS(η) denotes the number of times η
occurs in S. Following [17, Chapter 3], we say that S is decomposable if it is possible to
partition S into disjoint multisets. That is, if there exist non-empty and disjoint multisets
S1,S2 ⊂ S such that S = S1 ∪ S2 and such that for each pair (η1, η2) ∈ S1 × S2, η1 � η2.
If S is not decomposable, we say that S is a cluster of polymers. We stress that such a
cluster is unordered and may contain several copies of the same polymer.

In this section, we let Ξ be the set of all clusters.
When S ∈ Ξ, we let S1 denote the multiset {ηn(η)}η∈S : η∈Λ1 and analogously let S2

denote the multiset {ηn(η)}η∈S : η∈Λ2 . Further, we let

‖S‖ :=
∑
η∈S

n(η)|(supp η)+| and n(S) :=
∑
η∈S

n(S).

When γ ∈ Λ0 and v ∈ C0(BN )+, we write v ∼ γ if there is e ∈ γ such that v ∈
(supp ∂e)+. Similarly, if ω ∈ Ω2(BN ,Z2) and p ∈ C2(BN )+ we write ω ∼ p if there is
p′ ∈ (suppω)+ such that supp ∂̂p ∩ supp ∂̂p′ 6= ∅.

When S ∈ Ξ and γ0 is a path, we write S1 ∼ γ0 if there is γ′ ∈ S1 such that γ ∼ γ0.
For i > 0, we let

Ξi :=
{
S ∈ Ξ: n(S) = 1

}
.

As in Sections 3.1.3 and 4.2.3, the sets Ξ and Ξi depend on N , but we usually suppress
this dependency.

5.2.4 The activity of clusters

For a closed path γ ∈ Λ0 and a path γ0 ∈ Λ0, we define the activity of clusters S ∈ Ξ by

ϕγ,γ0β,κ (S) :=
∏
ω∈S2

ρ(ω(γ))eβ
∑
p(ρ(ω(p))−1)

∏
γ′∈S1

(tanh 2κ)|γ
′|1(γ′ � γ0).

5.2.5 Ursell functions

The Ursell function which is relevant in the free phase, which we define below, is slightly
different than the Ursell function associated to hard-core interaction which was used in
the Higgs phase and the confinement phase.

Recall the definition of Gk from Section 3.1.5.

Definition 5.3 (The Ursell functions). For k > 1 and η1, η2, . . . , ηk ∈ Λ1 ∪ Λ2, we let

U(η1, . . . , ηk) :=
1

k!

∑
G∈Gk

(−1)|E(G)|
∏

(i,j)∈E(G) :
ηi,ηj∈Λ1

1(ηi ∼ ηj)
∏

(i,j)∈E(G) :
ηi,ηj∈Λ2

1(ηi ∼ ηj)

·
∏

(i,j)∈E(G) :
|{ηi,ηj}∩Λ1|=1

2 · 1(ηi ∼ ηj).

Note that this definition is invariant under permutations of the polymers η1, η2, . . . , ηk.
For S ∈ Ξk, and any enumeration η1, . . . , ηk (with multiplicities) of the polymers in S,

we define
U(S) = k!U(η1, . . . , η1). (5.2)

EJP 29 (2024), paper 120.
Page 28/36

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1183
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Convergence of the Marcu-Fredenhagen ratio

Note that for any S ∈ Ξ1, we have U(S) = 1, and for any S ∈ Ξ2, we have either
U(S) = −1 or U(S) = −2.

5.2.6 Cluster expansion of the partition function

Before we state and prove the main result of this section, we will state and prove a few
useful lemmas.

Lemma 5.4. Let β > 0 and κ > 0. Further, let γ be a closed path, let γ0 be a path, and
let γ′ be a non-empty path. Then, for any a ∈ (0, 1), we have∑

γ′′∈Λ1 :
γ′′∼γ′

ϕγ,γ0β,κ ({γ′′})a 6
∣∣{v ∈ C0(BN )+ : v ∼ γ′}

∣∣ ∞∑
j=2

2j(2m)2j(tanh 2κ)2aj .

Proof. If γ′′ ∈ Λ1 is such that γ′′ ∼ γ′, then there must exist some v ∈ C0(BN )+ such that
v ∼ γ′ and v ∈ γ′′. Hence∑

γ′′∈Λ1 :
γ′′∼γ′

ϕγ,γ0β,κ ({γ′′})a 6
∑
γ′′∈Λ1 :
γ′′∼γ′

ϕ0,0
β,κ({γ′′})a =

∑
γ′′∈Λ1 :
γ′′∼γ′

(tanh 2κ)a|γ
′′|.

Since any γ′′ ∈ Λ1 is closed, |γ′′| is even. Moreover, any non-trivial γ′′ ∈ Λ1 satisfies
|γ′′| > 4. Combining these observations, we obtain∑

γ′′∈Λ1 :
γ′′∼γ′

(tanh 2κ)a|γ
′′| 6

∑
v∼γ′

∞∑
j=2

∣∣{γ′′ ∈ Λ1 : v ∼ γ′′ and |γ′′| = 2j}
∣∣(tanh 2κ)2aj .

Since any v′ ∈ C0(BN )+ has degree at most 2m, for any j > 1 there can be at most
2j(2m)j paths γ′′ ∈ Λ1 such that v ∈ γ′′ and |γ′′| = j, and hence∣∣{γ′′ ∈ Λ1 : v ∼ γ′′ and |γ′′| = 2j}

∣∣ 6 2j(2m)2j .

Combining the above inequalities, the desired conclusion now follows.

Lemma 5.5. Let β > 0 and κ > 0. Further, let γ be a closed path, let γ0 be a path, let
ω ∈ Λ2, and let a ∈ (0, 1). Then∑

ω′∈Λ2 :
ω′∼ω

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a 6

∣∣(suppω)+
∣∣ ∞∑
j=2(m−1)

M2j+1
3 e−4βaj .

Proof. Since any non-trivial ω′ ∈ Λ2 satisfies |(suppω′)+| > 2(m− 1) (see, e.g., [6]), we
can write∑

ω′∈Λ2 :
ω′∼ω

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a =

∑
ω′∈Λ2 :
ω′∼ω

e−2βa| suppω′|

6
∑

p∈(suppω)+

∞∑
j=2(m−1)

∣∣{ω′ ∈ Λ2 : ω′ ∼ p and |(suppω′)+| = j}
∣∣e−4βaj .

If ω′ ∈ Λ2 and p ∈ (suppω)+ are such that ω′ ∼ p, then {p} ∪ (suppω′)+ is a induces a
connected subgraph G of G3. Since G is a connected graph, it has a spanning path of
length at most 2|(suppω′)+| + 1 that starts at p. The number of paths in G3 of length

2|(suppω′)+|+ 1 that starts at p is at most M2|(suppω′)+|+1
3 . Hence∣∣{ω′ ∈ Λ2 : ω′ ∼ p and |(suppω′)+| = j}

∣∣ 6M2j+1
3 .

Combining the above inequalities, we obtain the desired conclusion.
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Lemma 5.6. Let β > 0 and κ > 0. Further, let γ be a closed path, let γ0 be a path, let
γ′ ∈ Λ1, and let a ∈ (0, 1). Then

∑
ω′∈Λ2 :
ω′∼γ′

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a 6 |γ′|

∞∑
j=1

D0j
3

∞∑
k=max(4j,2(d−1))

M2k−1
3 e−4βak.

Proof. Note first that∑
ω′∈Λ2 :
ω′∼γ′

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a 6

∑
e∈γ′

∞∑
j=1

∑
p∈C2(BN )+ :
dist(p,e)=j

∑
ω′∈Λ2 : p∈suppω′,

dist(ω′,γ′)>j

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a.

If ω′ ∈ Λ2 is such that ω′ ∼ γ′, then every oriented surface q with ∂q = γ′ ω must
intersect q, and hence the support of ω′ must loop around γ′. Consequently, if ω′ ∈ Λ2 is
such that dist(ω′, γ′) = j and ω′ ∼ γ′, then we must have |(suppω′)+| > 4j. Moreover, for
any ω′ ∈ Λ2, we have |(suppω′)| > 2(m− 1) (see, e.g., [6]). Consequently, for any j > 1

and p ∈ C2(BN )+ such that dist(p, e) = j, we have∑
ω′∈Λ2 : p∈suppω′,

dist(ω′,γ′)>j

∣∣ϕγ,γ0β,κ ({ω′})
∣∣a

6
∞∑

k=max(4j,2(d−1))

∣∣{ω′ ∈ Λ2 : p ∈ suppω′ and |(suppω′)+| = k}
∣∣ e−2βa·2k.

Now note that any ω′ ∈ Λ2 corresponds to a connected component in G3 which has a
spanning path of length at most 2|(suppω′)+| − 1 that starts at some given p ∈ suppω′.
This implies in particular that for any p ∈ C2(BN )+ and any k > 1, we have∣∣{ω′ ∈ Λ2 : p ∈ suppω′ and |(suppω′)+| = k}

∣∣ 6M2k−1
3 .

Finally, we note that for any edge e ∈ C1(BN )+ and j > 1, we have∣∣{p ∈ C2(BN )+ : dist(e, p) = j}
∣∣ 6 D0j

3.

Combining the above equations, the desired conclusion follows.

Lemma 5.7. Let β > 0 and let κ > 0. Further, let γ be a closed path, let γ0 be a path,
and let ω ∈ Λ2. Further, let a ∈ (0, 1). Then

∑
γ′∈Λ1 :
γ′∼ω

∣∣ϕγ,γ0β,κ ({γ′})
∣∣a 6 |(suppω)+|

∞∑
j=1

D0j
3
∞∑
k=4j

(2m)k(tanh 2κ)ak.

As the proof of Lemma 5.7 is completely analogous to the proof of Lemma 5.6, we
omit it here.

For β, κ > 0, a closed loop γ, a path γ0, and S ∈ Ξ, we let

Ψγ,γ0
β,κ (S) := U(S)ϕγ,γ0β,κ (S).

Note that with this notation, we have

Ψγ,γ0
β,κ (S) = Ψ0,0

β,κ(S)
∏
γ′∈S

1(γ′ � γ0)
∏
ω∈S

ρ(ω(γ)).
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Proposition 5.8. For α ∈ (0, 1), there are β(free)
0 (α) > 0 and κ(free)

0 (α) > 0 such that the
following holds.

1. For all α ∈ (0, 1), β > β
(free)
0 (α), κ < κ

(free)
0 (α), γ ∈ Λ1, γ0 ∈ Λ0, and η ∈ Ξ, we have∑

S∈Ξ: η∈S

∣∣Ψγ,γ0
β,κ (S)

∣∣ 6 ∣∣ϕγ,γ0β,κ (η)
∣∣1−α.

2. Let β > β
(free)
0 (α) and κ < κ

(free)
0 (α) for some α ∈ (0, 1). Then, for any γ ∈ Λ, and

γ0 ∈ Λ0 we have
log Ž[γ, γ0] =

∑
S∈Ξ

Ψγ,γ0
β,κ (S). (5.3)

Furthermore, series on the right-hand side of (5.3) is absolutely convergent.

Proof. We will show that for all α ∈ (0, 1), if β is sufficiently large and κ is sufficiently
small, then, if we for η ∈ Λ1 ∪ Λ2 let a(η) := −α log

∣∣ϕγ,γ0β,κ (η)
∣∣, we have∑

η′∈Λ1∪Λ2 :
η′∼η

∣∣ϕγ,γ0β,κ ({η′})ζ(η, η′)
∣∣ea(η′) 6 α|(supp η′)+|. (5.4)

Given this, the conclusion of the proposition follows from [17, Theorem 5.4]. To this end,
let γ′ ∈ Λ1 and ω ∈ Λ2. Note that there are four different cases in (5.4), corresponding
to (i) η, η′ ∈ Λ1, (ii) η1 ∈ Λ1 and η2 ∈ Λ2, (iii) η1 ∈ Λ2 and η2 ∈ Λ1, and (iv) η1, η2 ∈ Λ2

respectively. We now treat these cases separately.
(i) Let γ′ ∈ Λ1. Since γ′ is closed, we have

∣∣{v : v ∼ γ′}
∣∣ 6 |γ′|. Using, by Lemma 5.4,

is follows that for any α ∈ (0, 1) we have∑
γ′′∈Λ1 :
γ′′∼γ′

∣∣ϕγ,γ0β,κ ({γ′′})ζ(γ′, γ′′)
∣∣ea(γ′′) =

∑
γ′′∈Λ1 :
γ′′∼γ′

ϕγ,γ0β,κ ({γ′′})1−α

6 |γ′|
∞∑
j=2

2j(2m)2j(tanh 2κ)2(1−α)j .

(ii) Let ω ∈ Λ2. Then, by Lemma 5.5, for any α ∈ (0, 1) we have∑
ω′∈Λ2

∣∣ϕγ,γ0β,κ ({ω′})ζ(ω, ω′)
∣∣ea(ω′) =

∑
ω′∈Λ2 :
ω′∼ω

∣∣ϕγ,γ0β,κ ({ω′})
∣∣1−α

6
∣∣(suppω)+

∣∣ ∞∑
j=2(m−1)

M2j+1
3 e−4β(1−α)j .

(iii) Let γ′ ∈ Λ1. Then, by Lemma 5.6, for any α ∈ (0, 1) we have∑
ω′∈Λ2

∣∣ϕγ,γ0β,κ ({ω′})ζ(γ, ω′)
∣∣ea(ω′) = 2

∑
ω′∈Λ2 :
γ′∼ω′

∣∣ϕγ,γ0β,κ ({ω′})
∣∣1−α

6 2|γ′|
∞∑
j=1

D0j
3

∞∑
k=max(4j,2(d−1))

M2k−1
3 e−4βak

(iv) Let ω ∈ Λ2. Then, by Lemma 5.7, for any α ∈ (0, 1) we have∑
γ′∈Λ1

∣∣ϕγ,γ0β,κ ({γ′})ζ(ω, γ′)
∣∣ea(γ′) = 2

∑
γ′∈Λ1 :
γ′∼ω

ϕ0,0
β,κ({γ′})1−α

6 2|(suppω)+|
∞∑
j=1

D0j
3
∞∑
k=4j

(2m)k(tanh 2κ)ak.
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Note that for any α ∈ (0, 1), if β is sufficiently large and κ is sufficiently small, then
the upper bounds for all cases are finite. In particular, for any α ∈ (0, 1), if β is sufficiently
large and κ is sufficiently small, then for any η ∈ Λ1 ∪ Λ2 we have the upper bound∑

η′∈Λ1∪Λ2

∣∣ϕγ,γ0β,κ (η′)ζ(η, η′)
∣∣ea(η′) 6 α|(supp η)+|.

This concludes the proof.

5.3 Upper bounds for clusters

Since the limiting measure 〈·〉β,κ is translation invariant, without loss of generality we
can and will assume that for each n > 1 and all N sufficiently large, we have ŽN,β,κ[γ1] =

ŽN,β,κ[γ2]. Also, without loss of generality, we can and will assume that for each n > 1,

γ
(n)
1 and γ(n)

2 lie in the x1x2-plane and has its endpoints at the x1-axis. When γ ∈ L
γ
(n)
1

,

we will let γ̂ denote the path defined for each edge ((x1, x2, . . . , xm), ((x′1, x
′
2, . . . , x

′
m))) ∈

C1(BN )+ by

γ̂[((x1, x2, . . . , xm), (x′1, x
′
2, . . . , x

′
m))] = −γ[((x1,−x2, . . . , xm), (x′1,−x′2, . . . , x′m))]

(see Figure 3).

Rn

γ
(n)
2

γ

γ̂

(a) The paths γ(n)
1 , γ(n)

2 , γ, and γ̂.

γ
(n)
1 + γ

γ
(n)
2 + γ̂

(b) The paths γ(n)
1 + γ and γ(n)

2 + γ̂.

Figure 3: In the two figures above we illustrate the setting of the Proof of Theorem 1.3.
In both pictures, we draw the open paths γ(n)

1 and γ(n)
2 , and also draw a path γ ∈ L

γ
(n)
1

.

Before we prove Theorem 1.3 we will state and prove three lemmas.

Lemma 5.9. Let α ∈ (0, 1), and let β > β(free)
0 (α) and κ < κ(free)

0 (α). Further, let γ ∈ Λ0

Then

∑
S∈Ξ: S1∼γ

∣∣Ψ0,0
β,κ(S)

∣∣ 6 (|γ|+ 1
) ∞∑
j=2

2j(2m)2j(tanh 2κ)2(1−α)j .

Proof. By Proposition 5.8, we have∑
S∈Ξ: S1∼γ

∣∣Ψ0,0
β,κ(S)

∣∣ 6 ∑
γ′∈Λ1 : γ′∼γ

∑
S∈Ξ: γ′∈S

∣∣Ψ0,0
β,κ(S)

∣∣ 6 ∑
γ′∈Λ1 : γ′∼γ

∣∣ϕ0,0
β,κ({γ′})

∣∣1−α.
Applying Lemma 5.4 with a = 1− α, we obtain the desired conclusion.

EJP 29 (2024), paper 120.
Page 32/36

https://www.imstat.org/ejp

https://doi.org/10.1214/24-EJP1183
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Convergence of the Marcu-Fredenhagen ratio

Lemma 5.10. Let α ∈ (0, 1), and let β > β(free)
0 (α) and κ < κ(free)

0 (α). Further, let γ be a
closed path. Then

∑
S∈Ξ: S2∼γ

∣∣Ψ0,0
β,κ(S)

∣∣ 6 D0|γ|
∞∑
j=1

j3
∞∑

k=max(4j,2(d−1))

M2k−1
3 e−4β(1−α)k.

Proof. By Proposition 5.8, we have∑
S∈Ξ: S2∼γ

∣∣Ψ0,0
β,κ(S)

∣∣ 6 ∑
ω∈Λ2 : ω∼γ

∑
S∈Ξ: ω∈S

∣∣Ψ0,0
β,κ(S)

∣∣ 6 ∑
ω∈Λ2 : ω∼γ

∣∣ϕ0,0
β,κ({ω})

∣∣1−α
Applying Lemma 5.6 with 1 = 1− α, we obtain the desired conclusion.

Lemma 5.11. Let α ∈ (0, 1), and let β > β(free)
0 (α) and κ < κ(free)

0 (α). Further, let γ ∈ Lγ1 ,

let k > 2(m − 1), and let ε > 0 be such that (1 − ε)β > β
(free)
0 (α) and (tanh 2κ)1−ε <

tanh(2κ
(free)
0 (α)). Then

∑
S∈Ξ: S2∼γ1+γ̂,
S2∼γ2+γ̂

∣∣Ψ0,0
β,κ(S)

∣∣ 6 2D0|γ|e−8βε(m−1)
∞∑

k=2(m−1)

M2k−1
3 e−4(1−ε)βk

·
∞∑
j=1

j3 max(e−4β , tanh 2κ)εmax(4j−2(m−1),0).

Proof. To simplify notation, let β′ := (1− ε)β and κ′ := tanh−1((tanh 2κ)1−ε)/2. Note that,

by assumption, we have β′ > β
(free)
0 (α) and κ′ < κ

(free)
0 (α). Further, note that with this

notation, for any S ∈ Ξ we have

|Ψ0,0
β,κ(S)|1−ε = |Ψ0,0

β′,κ′(S)|.

Let j > 1 and S ∈ Ξ be such that S2 ∼ γ1 + γ, S2 ∼ γ2 + γ̂, and dist(S2, {γ, γ̂}) = j.
Then we must have ‖S‖ > 4j and ‖S2‖ > 2(m− 1), and hence∣∣Ψ0,0

β,κ(S)
∣∣ =

∣∣Ψ0,0
β,κ(S)

∣∣ε∣∣Ψ0,0
β,κ(S)

∣∣1−ε =
∣∣Ψ0,0

β,κ(S)
∣∣ε∣∣Ψ0,0

β′,κ′(S)
∣∣

6 e−8βε(m−1) max(e−4β , tanh 2κ)εmax(4j−2(m−1),0)
∣∣Ψ0,0

β′,κ′(S)
∣∣.

Consequently, we have

∑
S∈Ξ: S2∼γ1+γ,
S2∼γ2+γ̂

∣∣Ψγ,γ0
β,κ (S)

∣∣ =

∞∑
j=1

∑
S∈Ξ: S2∼γ1+γ,γ2+γ̂,

dist(S2,{γ,γ̂})=j

∣∣Ψ0,0
β,κ(S)

∣∣
6 e−8βε(m−1)

∞∑
j=1

max(e−4β , tanh 2κ)εmax(4j−2(m−1),0)
∑
S∈Ξ:

dist(S2,{γ,γ̂})=j

∣∣Ψ0,0
β′,κ′(S)

∣∣.
By Proposition 5.8, we have∑

S∈Ξ:
dist(S2,{γ,γ̂})=j

∣∣Ψ0,0
β′,κ′(S)

∣∣ 6 ∑
ω∈Λ2 :

dist(S2,{γ,γ̂})=j

∑
S∈Ξ: ω∈S

∣∣Ψ0,0
β′,κ′(S)

∣∣
6

∑
ω∈Λ2 :

dist(S2,{γ,γ̂})=j

∣∣ϕ0,0
β′,κ′(ω)

∣∣.
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Recall that there are at most 2D0j
3|γ| positively oriented plaquettes at distance j from

supp γ ∪ supp γ̂. Also, note that each ω ∈ Λ2 corresponds to a connected subgraph

of G3 which has a spanning path of length at most M2|(suppω)+|−1
3 . Combining these

observations, we obtain the upper bound∑
ω∈Λ2 :

dist(S2,{γ,γ̂})=j

∣∣ϕ0,0
β′,κ′(ω)

∣∣ 6 2D0j
3|γ|

∞∑
k=2(m−1)

M2k−1
3 e−4β′k.

Combining the above equations, the desired conclusion follows.

5.4 Proof of Theorem 1.3

Proof of Theorem 1.3. For some α ∈ (0, 1), let β > β(free)
0 (α) and κ < κ(free)

0 (α)

Fix n > 0. To simplify notation, let γ1 = γ
(n)
1 and γ2 = γ

(n)
2 .

By Proposition 5.8 that ŽN,β,κ[γ1], ŽN,β,κ[γ2], ŽN,β,κ[γ1 + γ2], and ŽN,β,κ[0] are all
strictly positive. By combining Lemma 5.1 and Lemma 5.2, we can thus write

ρN (γ1, γ2)1/2 =

(
ŽN,β,κ[γ1]ŽN,β,κ[γ2]

ŽN,β,κ[γ1 + γ2]ŽN,β,κ

)1/2

=
ŽN,β,κ[γ1]

(ŽN,β,κ[γ1 + γ2]ŽN,β,κ)1/2

=
∑
γ∈Lγ1

(tanh 2κ)|γ|
ŽN,β,κ[γ1 + γ, γ](

ŽN,β,κ[γ1 + γ2, 0]ŽN,β,κ[0, 0]
)1/2 .

Now fix any γ ∈ Lγ1 and let

ρN (γ1, γ2, γ) :=
ŽN,β,κ[γ1 + γ, γ]2

ŽN,β,κ[γ1 + γ2, 0]ŽN,β,κ[0, 0]
.

By Proposition 5.8, we have

log ρN (γ1, γ2, γ) = 2 log ŽN,β,κ[γ1 + γ, γ]− log ŽN,β,κ[γ1 + γ2, 0]− log ŽN,β,κ[0, 0]

= 2
∑
S∈Ξ

Ψγ1+γ,γ
β,κ (S)−

∑
S∈Ξ

Ψγ1+γ2,0
β,κ (S)−

∑
S∈Ξ

Ψ0,0
β,κ(S).

Now note that

2
∑
S∈Ξ

Ψγ1+γ,γ
β,κ (S)−

∑
S∈Ξ

Ψγ1+γ2,0
β,κ (S)−

∑
S∈Ξ

Ψ0,0
β,κ(S)

=
∑
S∈Ξ

Ψ0,0
β,κ(S)

(
2
∏
ω∈S

ρ
(
ω(qγ1+γ)

) ∏
γ′∈S

1(γ′ � γ)−
∏
ω∈S

ρ
(
ω(qγ1+γ2)

)
− 1
)

= −2
∑
S∈Ξ

Ψ0,0
β,κ(S)

(∏
ω∈S

ρ
(
ω(qγ+γ1)

))(
1−

∏
γ′∈S

1(γ′ � γ)
)

(=: A0)

+
∑
S∈Ξ

Ψ0,0
β,κ(S)

(
2
∏
ω∈S

ρ
(
ω(qγ1+γ)

)
−
∏
ω∈S

ρ
(
ω(qγ1+γ2)

)
− 1
)
.

Further, we have∑
S∈Ξ

Ψ0,0
β,κ(S)

(
2
∏
ω∈S

ρ
(
ω(qγ1+γ)

)
−
∏
ω∈S

ρ
(
ω(qγ1+γ2)

)
− 1
)

=
∑
S∈Ξ

Ψ0,0
β,κ(S)

(∏
ω∈S

ρ
(
ω(qγ1+γ)

)
+
∏
ω∈S

ρ
(
ω(qγ2+γ̂)

)
−
∏
ω∈S

ρ
(
ω(qγ1+γ2)

)
− 1
)

= −
∑
S∈Ξ

Ψ0,0
β,κ(S)

( ∏
ω∈S

ρ
(
ω(qγ1+γ)

)
− 1
)( ∏

ω∈S
ρ
(
ω(qγ2+γ̂)

)
− 1
)

(=: A1)

−
∑
S∈Ξ

Ψ0,0
β,κ(S)

∏
ω∈S

ρ
(
ω(qγ1+γ2)

)
(1−

∏
ω∈S2

ρ(ω(qγ+γ̂)))
)

(=: A2).
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Consequently, if we define A0, A1, and A2 as above, then

log ρN (γ1, γ2, γ) = A0 +A1 +A2.

We now give upper bounds for A0, A1, and A2. To this end, note first that by Lemma 5.9,
we have

|A0| 6
∑

S∈Ξ: S1∼γ

∣∣Ψ0,0
β,κ(S)

∣∣ 6 (|γ|+ 1
) ∞∑
j=2

2j(2m)2j(tanh 2κ)2(1−α)j .

Next, by Lemma 5.10, we have

|A2| 6 D0|γ|
∞∑
j=1

j3
∞∑

k=max(4j,2(d−1))

M2k−1
3 e−4β(1−α)k.

Finally, by Lemma 5.11, we have

|A1| 6 4
∑

S∈Ξ: S2∼γ1+γ,
S2∼γ2+γ̂

∣∣Ψ0,0
β,κ(S)

∣∣
6 8D0|γ|e−8βε(m−1)

∞∑
k=2(m−1)

M2k−1
3 e−4(1−ε)βk

·
∞∑
j=1

j3 max(e−4β , tanh 2κ)εmax(4j−2(m−1),0).

for some small ε > 0. Combining the three previous equations, it follows that as β →∞
and κ→ 0, we have

log ρN (γ1, γ2, γ)

|γ|
6 oβ(1) + oκ(1), (5.5)

where the right hand side is independent of γ1, γ2, γ, N , and n. In particular, if β is
sufficiently large and κ is sufficiently small, then the right-hand-side of (5.5) is strictly
smaller than 1/(2m tanh 2κ). Finally, we note that since any vertex of BN has degree 2m,
we have

lim
n→∞

∑
γ∈L

γ
(n)
1

(tanh 2κ)|γ| 6 lim
n→∞

∞∑
j=Tn

(2m)j(tanh 2κ)j = 0.

Noting that
ρN (γ

(n)
1 , γ

(n)
2 )1/2 =

∑
γ∈L

γ
(n)
1

(tanh 2κ)|γ|ρN (γ1, γ2, γ),

the desired conclusion immediately follows.
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